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We analyze the evolution of a multidimensional quantitative trait in a class-structured focal species
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species as well as the ecological dynamics of the whole metacommunity is described as a continuous-
time process with birth, physiological development, dispersal, and death given as rates that can depend
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local environmental stochastic fluctuations. For the focal species, we derive a fitness measure for a
mutant allele affecting class-specific trait expression. Using classical results from geometric singular
perturbation theory, we provide a detailed proof that if the effect of the mutation on phenotypic
expression is small (“weak selection”), the large system of dynamical equations needed to describe
selection on the mutant allele in the metacommunity can be reduced to a single ordinary differential
equation on the arithmetic mean mutant allele frequency that is of constant sign. This invariance
on allele frequency entails the mutant either dies out or will out-compete the ancestral resident (or
wild) type. Moreover, the directional selection coefficient driving arithmetic mean allele frequency
can be expressed as an inclusive fitness effect calculated from the resident metacommunity alone,
and depends, as expected, on individual fitness differentials, relatedness, and reproductive values.
This formalizes the Darwinian process of gradual evolution driven by random mutation and natural

selection in spatially and physiologically class-structured metacommunities.
© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
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result of natural selection. Each fixation thus displays invariance
in the direction of selection with respect to gene frequency, and
repeated fixations under the constant influx of mutations enable
gradual phenotypic evolution and adaptation. Such invariance
with respect to gene frequency is, however, not expected to hold
under general biological processes. In particular, social as well
as ecological interactions can lead to survival and reproduction
being frequency dependent, and this may result in genetic poly-
morphisms preventing allelic fixation. Furthermore, in spatially
and physiologically structured populations, it is not obvious to
identify the conditions under which selective sweeps occur owing
to the complications arising from genetic correlations at local
spatial scales and across physiological classes.

In this paper we provide sufficient conditions for selective
sweeps when evolution occurs in an asexual focal species that
resides in a wider metacommunity (Wilson, 1992; Leibold et al,,
2004), and where socially interacting individuals are structured

Invariance that had appeared in the criterion for altruism with
respect to gene frequency in the case of sibs had seemed a gift
from God, and I did not expect to see it repeated in the more
complex trial cases I had moved on to. So it was with joy and
almost with incredulity that I at last found emerging out of
acres of my tedious and usually wrong algebra for the case of
uncles, and then for the case of cousins, the same invariance
as I had found before.

[(Hamilton, 1988, p. 189)]
1. Introduction
Darwinian evolution - the gradual, step-by-step transforma-

tion of traits due to random mutation and non-random cu-
mulative natural selection - is the central mechanism of

adaptation (Dawkins, 1986, 1997). A proof of principle of Dar-
winian evolution is given by selective sweeps, in that mutations
that increase in frequency also tend to fix in the population as a
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into discrete classes that determine their physiological state, such
as age and size, as well as their local biotic and abiotic envi-
ronment. We provide these conditions in terms of an “invasion
implies substitution”-principle, which is a formal characterization
of the invariance of selection with respect to a population-wide
frequency of a mutant allele that affects quantitative traits in the
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context of density- and frequency-dependent selection (Hamil-
ton, 1964; Rousset, 2004; Meszéna et al., 2005; Dercole and Ri-
naldi, 2008; Lehmann and Rousset, 2014; Dercole, 2016; Cantrell
et al,, 2017; Ito et al., 2020; Cai and Geritz, 2020; Priklopil and
Lehmann, 2020). The principle consists of two propositions (Prik-
lopil and Lehmann, 2020). The first says that if a mutation in
the focal species results in a phenotype with a closely similar
expression to its ancestral resident (wild)-type, a successful in-
vasion of the mutant allele will generically lead to its fixation.
In the present metacommunity model, moreover, the dynamical
process for some weighted population-wide mutant frequency in
the focal species p(t) € [0, 1] is supposed to take the form of a
scalar-valued ordinary differential equation

d
3P0 = PO = p(t))3S,(z) + 0(5%). (1)

Here, § is a small parameter characterizing the distance between
the mutant phenotype z + &n and the resident phenotype z
(za)aec, With z, denoting the phenotype produced by a carrier of
the resident allele in class A € C where C is the set of relevant
classes individuals can be in, and where 5§ = (74 )acc is the mutant
phenotypic deviation. The expression 85,(z) in (1) is the so-called
directional selection coefficient, and because it is frequency inde-
pendent the allele frequency affects the evolutionary dynamics
only via the term p(t)(1—p(t)). Since S,(z) is independent of time
t, a successful invasion of the mutant allele implies its substitu-
tion and thus a selective sweep is obtained in the focal species.
This in turn implies that in longer timescales recurrent mutation
and invasion events will gradually transform the phenotype z of
interest until the phenotype reaches the boundary of its feasible
values or 5,(z) becomes zero, which allows to identify singular
points where the selection on z changes from directional to either
stabilizing or disruptive (e.g. Geritz et al., 1998; Rousset, 2004).

The second proposition says that the rate of substitution of the
invading mutant allele is model independent, and that it can be
expressed in terms of an inclusive fitness effect as

oh oh
Sy(z) = Z VA |:82?UB + Z aziBrBCUC] ug,

A.BeC cec
where all quantities are calculated from the resident population.
Here, hga is an element of a resident growth-rate matrix H giving
the rate at which a single individual in class A € C that expresses
phenotype z, produces individuals in class B € C. The first partial
derivative inside the brackets is taken with respect to the pheno-
type of the focal individual whose growth-rate we are considering
and measures the (direct fitness) effect of the mutation on its
own growth-rate, where the mutational effect is of magnitude
ne. The second partial derivative is taken with respect to the
phenotype of an individual of class C inhabiting the same group
as the ‘focal’ individual, and measures the (indirect fitness) effect
that mutant individuals in class C have on the growth-rate of the
focal individual. This derivative is weighted with the relatedness
coefficient rgc giving the probability that an individual in class C €
C and the focal individual in class B € ¢ have a common ancestor,
that is, their lineages coalesce backward in time. The vector r =
(rBc)B.cec collecting all these relatedness coefficients thus gives
the conditional probability of group members inheriting the same
allele, and captures the effect of limited genetic mixing on the
evolutionary dynamics (r = 0 in spatially well-mixed species).
Finally, the vectors u (ua)aec and v (va)aec are the
right and left dominant eigenvectors of H and are normalized
to give class frequencies and reproductive values, respectively.
Expressions taking broadly the form (2) and special cases thereof
are routinely applied in evolutionary biology to ascertain the
directions of selection and evaluate singular points, be it in the

(2)
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kin selection, quantitative genetics, life-history, demography, and
adaptive dynamics literatures (e.g., Charlesworth, 1994; Frank,
1998; Caswell, 2000; Rousset, 2004; Dercole and Rinaldi, 2008;
Lynch and Walsh, 2018 for textbook treatments).

In this paper, we extend our earlier result on the “invasion im-
plies substitution”-principle (1)-(2) derived for well-mixed eco-
logical communities (Priklopil and Lehmann, 2020) to spatially
structured metacommunities where local communities are of fi-
nite size and follow an island model of dispersal. For such spatial
structure, the “invasion implies substitution”-principle has been
previously considered in Roze and Rousset (2003, 2004), Rousset
and Ronce (2004), Rousset (2004), Van Cleve et al. (2010) [see
also closely related results in Rousset, 2006; Lion and Gandon,
2009 for lattice spatial structure and Cantrell et al., 2017 where
dispersal follows a diffusion model], and our approach and results
here extend and complement this earlier work in various aspects.
First, we formulate our model in continuous time and for sev-
eral interacting and stochastically reproducing species that can
be physiologically class structured. Second, we provide a step-
by-step proof of (1)-(2) by singularly perturbing the limiting
metacommunity model where § = 0 (Fenichel, 1979; Hek, 2010;
Kuehn, 2015; Priklopil and Lehmann, 2020). Third, we pay partic-
ular attention to tie up all underlying concepts needed to prove
gradual evolution in metacommunities, from the individual based
demographic processes to the dynamics of moments of allelic
states and the fast-slow analysis of all the relevant dynamical
variables. We find that the approximation (1)-(2) holds for small
but non-zero § where the perturbation of steady states caused
by the invasion is taken into account, a result given without
proof previously. More importantly, we sharpen earlier represen-
tations of (1) in terms of the reproductive value weighted average
frequency (Roze and Rousset, 2004; Rousset and Ronce, 2004;
Rousset, 2004; Van Cleve et al., 2010; Priklopil and Lehmann,
2020) by allowing p(t) to be defined as any population-wide aver-
age mutant frequency, with special cases being the reproductive
value weighted mutant frequency as well as the arithmetic mean
mutant frequency. In terms of the arithmetic mean, Eq. (1) be-
comes functionally equivalent to the standard and widely applied
textbook representation of natural selection under additive gene
action in spatially and physiologically homogeneous populations
without social interactions nor ecological feedback (e.g., Crow and
Kimura, 1970; Gillespie, 2004; Hartl et al., 1997).

The rest of the paper is organized as follows. In Section 2 we
introduce the main modeling assumptions and in Section 3 we
detail the specifics of the purely resident (ecological) metacom-
munity model. All the species dynamical variables and growth-
rates that are present in the directional selection coefficient §S,(z)
as characterized in (2) are derived in this section. The remainder
of the paper is then dedicated in proving the “invasion implies
substitution”-principle (1)-(2) for the metacommunity model. To
do this, we first present in Section 4 a mutant-resident metacom-
munity model for arbitrary mutant and resident phenotypes and
thus arbitrary strength of selection. Then, in Sections 5-6, we will
derive several results for the limiting metacommunity processes
where § 0, and the formal proof of the “invasion implies
substitution”-principle where § is small but non-zero is given in
Section 7. In Section 8 we will conclude the paper by discussing
the results and a particular focus is given in relating our results
to the theory of adaptation and gradual evolution.

2. Outline of the model

We consider a metacommunity consisting of an infinite num-
ber of local communities connected to each other by random
uniform dispersal. Each local community, which we will generally
refer to as a local group, consists of a finite number of interacting
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asexual species and we assume each local community to be
bounded in size. We focus on the ecological and evolutionary
dynamics occurring in some focal species of interest and assume
a continuous-time demographic process.

At each moment in time, each individual in the focal species is
assumed to be in one of a finite number kp of individual-level (i-
level) physiological states, such as of certain age and size, and we
denote the set of physiological states of the focal species with P.
All the other non-focal species can be similarly structured, and in
addition each group is characterized by a set of abiotic factors such
as the temperature or quality of the habitat. An abiotic factor is
defined as any factor outside of the focal and non-focal species, be
it a factor that is affected by the species or not, in which case we
call it an external factor. Each group of individuals will therefore
be in one of a finite number ks of group-level states, defined as a
union of physiological states of each and every individual of every
species inhabiting the group, including any abiotic factors. The set
of all group states (g-state) is denoted with S. As each element of
S prescribes exactly the size distributions of all species, including
the focal, we will use N, to denote the number of individuals
a € P in the focal species inhabiting a group in g-state s € S.

Each group in the metacommunity changes its state in S
due to individual processes (i-processes) of the focal and non-
focal species, as well as due to processes of abiotic factors such
as changes in the temperature or quality of the habitat. The i-
processes of the focal species are birth, where offspring of any
physiological state is being produced, and dispersal, where each
offspring either disperses randomly to other groups or stays in
its natal group. Individuals may also undergo physiological de-
velopment defined as a transition from one physiological state to
another, as well as death. Whenever a group s € S transitions to
u € S due to an event where an individual a € P is produced
into or removed from the group, we have the identities Ny, =
Ng + 1 or Ny, = Ngs — 1, respectively, and otherwise Ny, = Ng.
Individuals of the other non-focal species may undergo similar
i-process. All the processes are assumed stochastic occurring on
a Poissonian basis (e.g., Kingman, 1992), and can depend in an
arbitrary way on the physiological state of the individual, the g-
state of the group it inhabits as well as the state of all the other
non-focal groups.

Because the i-processes of individuals may differ not only
due to their physiological state but also the g-state of the group
they inhabit, we will use the notion of a class of an individual.
This is defined such that whenever any two genetically identical
individuals (see below) are also identical in terms of their i-
processes, they belong to the same class (Taylor, 1990; Rousset,
2004; Grafen, 2015). In the present model, individuals are in the
same class whenever they are in the same physiological state and
inhabit a group that is in the same g-state. The class space is
denoted with ¢ = P x S and it is of size ke = kp X ks.

Finally, individuals in the focal species express a genetically
evolving phenotype that may affect the i-processes of any in-
dividual in the metacommunity. We assume that phenotypic
expression is a class-specific function. For example, the pheno-
type may depend on the physiological state of the individual
as well as the abiotic factors of the group that it inhabits. An
individual in class as € C expresses phenotype z;; € R such that
Z = (z45)asec € Z denotes the vector-valued phenotypic profile
across classes and where Z C Rk is the phenotype space. We
assume that offspring inherit faithfully the phenotype of their
parent and that two alleles that can result in different phenotypic
expression segregate in the focal species, a mutant allele M and a
resident allele R. We assume that the mutation rate is exceedingly
small so that no other alleles interfere with the mutant-resident
dynamics (this assumption can be mildly relaxed, see Section 8).
Characterizing the spread of the mutant allele is the focus of our
analysis.
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We note that many closely connected ecological or evolution-
ary models allowing for various heterogeneities within and/or be-
tween groups have been considered before for both continuous-
or discrete-time processes e.g. by Chesson (1981, 1985), Grey
et al. (1995), Frank (1998), Gandon and Michalakis (1999), Ronce
et al. (2000), Metz and Gyllenberg (2001), Arrigoni (2003), Cadet
et al. (2003), Barbour and Pugliese (2004), Rousset (2004), Rousset
and Ronce (2004), Martcheva and Thieme (2005), Lehmann et al.
(2006), Martcheva and Thieme (2006), Martcheva et al. (2006),
Alizon and Taylor (2008), Wild et al. (2009), Ronce and Promis-
low (2010), Wild (2011), Pefia (2011), Rodrigues and Gardner
(2012), Parvinen (2013), Massol and Débarre (2015), Lehmann
et al. (2016), Rodrigues (2018), Parvinen et al. (2018), Kuijper
and Johnstone (2019) and Ohtsuki et al. (2020). No prior model
has however considered metacommunities with multiple inter-
acting species where individuals and groups are characterized by
arbitrary states and as such all these previous models, as well as
models with finite class-structure in panmictic populations, can
be conceptually subsumed to the present analysis.

3. Resident dynamics in the metacommunity

The aim here is to describe the population dynamics (ecology)
of the focal species in the metacommunity assuming that the
focal species is monomorphic for the resident allele. For this, we
need to characterize the dynamics of the entire resident meta-
community. We define the state of the resident monomorphic
metacommunity as a discrete probability (frequency) distribution
over the state space of groups S. The metacommunity state
space is therefore the space of frequency distributions A(S) on
S, which is the simplex in R¥s. We will represent the frequency
distribution of the metacommunity at time t € R with the vector
x = X(t), where X = (X5)ses € A(S) and where x; is the frequency
of groups in state s € S with ) s = 1, and next we track
the dynamics of this vector. While the upcoming characterization
may at first appear lengthy, we fully work it out as (i) it plays a
central role in the analysis of selection and (ii) it is of interest in
the formulation of purely ecological metacommunity models.

3.1. Individual-level processes

To construct dynamical equations for the metacommunity dy-
namics, we start from i-processes of the focal species. To that
end, we introduce four elementary individual-level rates (i-rates).
First, the rate y,_,. at which an individual in physiological state
b € P inhabiting a group s € S, that is, an individual in class
bs € ¢, transitions into physiological state a # b € P. By con-
struction, ), 2bep Yabs then stands for the total rate at which
an individual in class bs € C undergoes a transition and y,_,. is
undefined as a transition rate for a = b € P. Second, the rate p,,
at which an individual in class bs € C dies. Third, the rate ﬂ};(_bs
at which an individual in class bs € C produces by reproduction
an offspring individual in physiological state a € P that stays in
the focal group (hence superscript ‘p’ for philopatry), and finally,
the rate 8¢, at which an individual in class bs € ¢ produces by
reproduct%_n an offspring individual a € P into a non-focal group
w € &, conditional on offspring landing in that group (hence
superscript ‘d’ for dispersal). We further assume that dispersed
offspring land into a group w € S with probability x,,, and this
assumption allows us to write g¢_, = > _x,B%, . 8ving the
total rate at which bs € C gives birth to a € P ‘into non-focal
groups. By convention we assume that whenever Ny = 0 then
Yaeps = 00 Hps =0, Bb_,- = 0 and ﬂ:ﬁbs =0, and if group s € S
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individual-level processes

philopatric
4'-.. B 4'-.~
¢ S Ap ¢ b S
s b °, au,bs 4 asqy
o — 50+0
‘s ,' - ,'
RSN T PR
s b ¥ )‘au bs X Oa ‘lu
. * 4 .
RERRER D Lot
s b ¥ )‘bu,bs 5t U
. * T4 :.
~~..-" ’~.--"
a,beP
s,u,w €S
O focal species
D A other (non-focal) species :
A\ S
'¢-~‘ \‘
. ' group .

. . ‘-..-"

O A/ '\ .

dispersal

group dynamics

dispersal

o .

-
“Enm=®

Fig. 1. Individual-level processes of the focal species (top panels) and the group dynamics of the metacommunity (bottom panels). Top panel: As given in Section 3.1,
the focal resident species undergoes philopatric individual-level processes of birth, physiological transition and death (top left panel), as well as birth and dispersal
(top right panel). The dashed ovals represent groups and circles represent individuals of the focal species. In all processes the parent individual is in physiological
state b € P and inhabits a group in state s € S, and the arrow indicates who was being produced or removed as a result of this process. Bottom panel: Group
transitions (11)-(14) are caused by the individual-level processes of the focal and all non-focal species as well as fluctuations in external factors. Group transitions
determine the change in the composition of groups and the metacommunity at large as given in (10).

is at its maximum size then g’ 0 for all

a,beP,s,wes.
Formally, we can express the four basic rates of the focal
species as the mappings

a<bs

=0and B4, =
a<-bw

d .
Vacbss Mpss ﬂgebs, ﬂaibs 12 X ZXSXZXAS)—~> Ry

foralla,be P, ses, (3)

such that, for instance, the first argument in y,_ (2, 2, S, 2, X)
indicates the class-specific phenotype z,; € Z. expressed by the
focal individual who undergoes the i-process, and the remaining
arguments describe the group of the focal individual and the
rest of the metacommunity that affect these i-processes. That is,
the second argument z € Z indicates the phenotypic profile of
resident individuals of the focal species that inhabit the group of
the focal individual and the third argument s € S gives the state
of the entire focal group, namely, the distribution of the focal and
non-focal species as well as abiotic factors (Section 2). Likewise,
the fourth argument z € Z indicates the phenotypic profile
of resident individuals in the focal species outside of the group
of the focal individual and the final argument gives the g-state
distribution of the entire metacommunity x € A(S). Moreover,
in calculations involving the i-rates (3), it will be useful to use
the short-hand notation

Vacbs(X) = Vaps(2bs, 2,5, 2, X) foralla,be P, sesS, (4)

indicating the dependence on the state of the metacommu-
nity. The arguments and the short-hand notation of functions
ubs,ﬂakbs and /3 » » as well as other individual-level func-

tions introduced haenceforth are interpreted identically. Note that

15

the mapping for the total birth rate via dispersal g¢_, can be
obtained by using B¢ w

For ease of presentatlon and calculation, we will further use
a single symbol for all the i-rates (3), and in addition indicate
the g-state of the group after the focal individual has undergone
the i-process (Fig. 1). To this end, and for all au, bs € C, the

class-specific physiological transition rate satisfies

a<bs

Vaeps(X) for a#b and Ng = Ng+ 1

Mg ps(X) = and Npy = Nps — 1 (5)
0 otherwise,
the class-specific death rate satisfies
Mp(X) for a=band Np, = Np; — 1
AD = 6
aups(X) = :0 otherwise, )
and the class-specific philopatric birth rate satisfies
b for Ngy = Ngs + 1
A PB _ aebs(x) au as 7
au.15(%) {0 otherwise. @
The class-specific conditional birth rate via dispersal satisfies
d
» (X) for Ng = Ng, +1
A8 00 = | Pors® oo (8)
0 otherwise,
and so the total birth rate via dispersal is
uu bs Z Xw)‘au w, bs X). (9)

wes
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3.2, Group state dynamics

The dynamics of the frequency of g-states in the metacom-
munity X € A(S) can now be expressed as a system of ODE’s

X = Q(X)x,

where the dot represents the time derivative and Q(x)
(qus(X)uses € Rks*ks is a group transition-rate matrix where
qus(X) is the rate at which a group in state s € S transitions to
state u € S. Consistency requires that s qus(x) = O for all
s € S and hence ¢s4(x) = — Zw#ses quw s(X) gives the rate at
which a group transitions from s € S to any other g-state (Fig. 1).
Due to the independence of the i-processes (Section 3.1), we can
write

Qus(X) = q5 (%) + ¢ (%) + qJ'S(x),

where the group transitions due to philopatric i-processes of the
focal species as

(10)

(11)

qus Z )‘au bs(X)Nbs, (12)
a,beP
with
au bs(x) au bs( ) + )‘Zu,bs(x) + )‘c?u,bs(x)! (13)
and that due to dispersal as
G =D Y s cwCONeuXu- (14)

a,ceP weS

This sums both over all physiological states of the parents and
their possible progeny as well, and recall that N, is a constant
specifying the number of individuals a € P in group s € S
(Section 2). Finally, all other non-focal species processes affecting
the metacommunity state dynamics are captured by the rate
Qs (X).

We note that there are two biologically relevant perspectives
on the process generated by (10). First, one can interpret X as
the frequency distribution of an infinite collection of groups and
which is taken as the state of the metacommunity (as discussed
above). In this view the ODE in (10) describes a deterministic
processes on how the state of an infinite collection of groups
changes in time. We will call it the deterministic perspective.
Second, one can look at a single group and interpret the vector
x = X(t) as a probability distribution over the state space S, each
element giving the probability of the state the group is in at time
t. The rates (11) are then interpreted as the rates at which the
group transitions from one state in S to another state in S. Taking
this perspective, all groups in the metacommunity are assumed
to undergo a non-homogeneous continuous-time Markov chain
losifescu (2007, chap. 7) with transition matrix Q(x) that is a
function of the state X of the metacommunity (hence the non-
homogeneity). We call this the probabilistic perspective. In the
main text, we follow for ease of presentation the deterministic
perspective and for the final results in Section 7 we discuss the
probabilistic perspective.

3.3. Resident population and reproductive value dynamics

We now describe the population dynamics of the focal species,
which needs to be done in the backdrop of the full metacom-
munity state dynamics (10). Let n = (Ngs)asec € R’jf denote the
density vector of individuals of the focal species in a monomor-
phic metacommunity, where ng; = Nyx; defines the density of
individuals in class as € C. Because groups are assumed to be
well-mixed in the meta-community, the density of individuals
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refers to the number of individuals per unit space on the scale

of groups. The vector n € R’jf satisfies the system of ODEs
n = H(x)n, (15)

where H(X) = (hay,ps(X))au.pscc € R¥¢¥ke is the resident individual
growth-rate matrix. The elements of this matrix are

hau,bs( ) - )‘au bs( ) + )‘Zlug bs( ) + )‘Zu.bs(x)

Z )‘cu bs

ceP

(16)

+ 8a,b |:Qu s )‘l?u bs(x):|

for all au, bs € ¢, which is the rate at which a focal ‘parent’
individual in class bs € C produces or removes an ‘offspring’
individual of class au € C (see for a derivation Appendix A.1).

Eq. (16) gives a representation of the class-specific individual
growth-rate, or individual fitness, whose arguments are identi-
cally interpreted to those of the i-rates (3)-(4) and it consists
of four terms. The first three terms describe the rate at which
a parent individual bs € C produces offspring individuals au €
C via dispersal, philopatric birth and physiological transition as
detailed in Section 3.1, and in the case of physiological transition
the parent and offspring individuals are interpreted as one and
the same individual. The final term in (16) describes the ‘survival’
of the parent individual bs € C in a changing local environment,
where §, p is the Kronecker delta taking value 1 whena =b € P
and otherwise 0. More specifically, for s # u € S, the final term
in (16) gives the rate at which the parent a = b € P survives
the group transition from s € S to u € S, and because gy s(X)
contains the i-processes of all individuals including the focal
parent, the physiological transition and death of the parent are
being subtracted in (16). For s = u € S, the survival term reduces
to gss(X) = — Zw 25 Qw, s(x) and gives the rate at which the parent
au = bs € C is removed from class au = bs € C due to any
event that causes the group to transition frorn Ss=u € Stoany
other state in S, including events caused by the focal individual
(and note that in contrast to other processes dispersal may also
contribute to fitness for s = u € S). The first term in (16) thus
contributes to the rate of offspring production through dispersal
while the second, third and fourth terms together give the net
philopatric fitness. We note that in order to study the dynamics
of n, the ODE (15) needs to be coupled with the dynamics for the
metacommunity state x in (10).

The dispersal and net philopatric fitness contributions of in-
dividual fitness (16) correspond to those of previous discrete
time models, which are not expressed in terms of individual
and group transition rates but directly in terms of the two net
fitness contributions (Lehmann et al.,, 2016, eq. 6, Ohtsuki et al.,
2020, eq. 38, and see Appendix A.1.1). By using (16), we can also
represent the individual fitness for models that have been pre-
viously considered in the literature. For instance, supposing that
the metacommunity is composed only of the focal species that
is physiologically unstructured and where groups are identical
in terms of abiotic factors, the individual fitness (16) reduces to

() = 1, (0 +27% (0)+ (g, () — 5,00 with g, () =

(ADB (%) + 42, (x )N + Pes M2 (KK, for all N,N € s,
where the set of g-states S = {0, 1,2, ..., Nmay) specifies the

number of individuals inhabiting a group and where N,y is the
maximum group size (Appendix A.1.1). Thus, the only processes
occurring in each group are death, philopatric birth and birth via
dispersal of individuals in the focal species, which is conceptually
similar to a number of previous models (Metz and Gyllenberg,
2001; Cadet et al., 2003; Rousset and Ronce, 2004; Lehmann
et al,, 2006; Alizon and Taylor, 2008; Parvinen, 2013). Further,
for well-mixed populations where each ‘group’ is either empty or
is inhabited by a single physiologically structured individual of
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the focal population, the individual fitness reduces to hyp(n) =
Ad,m) + A7) = 8ap (X cep AL y(m)+ AP (m)), for all a,b €
C, where we have S {0} U P and where the population
demographic state can be characterized directly in terms of the
vector n = (1g)qep Of class-densities (Appendix A.1.1). Now, the
only processes are physiological transition, death and birth via
dispersal because each ‘group’ can contain only a single individ-
ual, and which is similar to that of the spatially well-mixed model
of Lion (2018a,b, eq. 1) and Priklopil and Lehmann (2020, eq. 3)
and conceptually equivalent to standard discrete models of only
physiologically class-structured populations (e.g., Caswell, 2000).
This model reduces to an age-structured model with T discrete
age groups (classes) by setting P {1,2,...,T} and where
newborns are individuals of age group 1 € P produced at rate
Bp by an individual of age group b € P so that Af}’b(n) = By when
a = 1 and zero otherwise, and where A ,(n) = y; is the constant
rate at which an individual in age group b € P progresses to age
group a € P and where the (average) unit of time an individual
spends in an age group b € P is 1/y, (e.g., Li and Brauer, 2008).
Setting y, = y for all b € P where age progresses at a steady rate
is conceptually similar to the classic discrete-time age-structured
models (e.g. Charlesworth, 1994; Caswell, 2000).

Because we are eventually interested in the asymptotic resi-
dent species population dynamics, we will utilize the concept of
a reproductive value (Fisher, 1930; Taylor, 1990; Rousset, 2004;
Grafen, 2006; Lion, 2018b) and use the following population
dynamical definition of reproductive values v* = (/% )sscc € RXC:

—v" = v"H(x), (17)

normalized such that v®-n = 1 for all t. Because (17) is the adjoint
equation (backward in time counterpart) to (15), the superscript
in v" indicates that the reproductive value is an adjoint variable
to n. Adjoint variables are useful in the analysis of dynamical
systems because, by definition, the product of a variable with its
adjoint variable is constant in time (e.g. Greiner et al., 1994; Inaba,
2017 in the context of age-structured populations) and one can
readily check by applying (15) that v* - n indeed stays constant
in time. Similarly to (15), in order to study the dynamics of v",
the ODE (17) needs to be coupled with the dynamics for the
metacommunity state X in (10). We note that the above definition
of reproductive values departs slightly from the standard defini-
tion (Taylor, 1990; Lion, 2018b) given as an adjoint to the class
frequencies, see further discussion in Section 7.2.

The biological interpretation of v" is obtained from (17) and
is tied to a final value problem where (17) is coupled with a
final condition v"(t;) where t; € [t,o00] is some final time:
the reproductive value vj(t) is the probability that a randomly
sampled individual at t; descends from a single individual of class
as € C at time t. Or alternatively, considering an individual
of class as € C at time ¢, vj(t) is the frequency of individuals
at the final time t; who are its descendants. In most previous
use of reproductive value in evolutionary analysis, as well as in
the present paper later on, the final time is usually the distant
future (tf — oo) so that v](t) is interpreted as an asymptotic
contribution to fitness.

3.4. Relatedness dynamics

The remaining variable that appears in (2) and whose dy-
namics we aim to characterize in the resident population is
relatedness. We define relatedness between two different indi-
viduals a, b € P inhabiting the same group s € S at time t
as the probability rgps = rgps(t) that the two individuals have a
common ancestor. In other words, it is the probability that the
ancestral lineages of the two individuals coalesce in a common
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ancestor, and because we assume an infinite number of groups
the probability that two individuals sampled from two different
groups share a common ancestor is 0. Relatedness can be calcu-
lated by studying the purely resident i-processes backwards in
time (see Michod and Hamilton, 1980 for the original definition
and Rousset, 2004 for an analysis of relatedness under a large
class of different discrete time scenarios in the island model),
but we will here derive it from the forward perspective of the
demographic process so as to treat all variables in a similar
fashion.

Two individuals that inhabit the same group are related if they
either share a parent, who is their common ancestor, or if any of
their ancestors shared a parent. Note that in a continuous-time
Poisson-based model with one birth per unit of time, one of the
two individuals that share a parent must be the parent through
survival. To find a dynamical equation for relatedness we thus
only need to keep track of the ancestors of local parents and to
that end we focus on densities of local pairs. We denote a pair of
individuals in physiological states a, b € P that inhabit the same
group that is in state s € S with (as, bs) = (abs) € B, where
B = P? x S is the space of local pairs and whose size is denoted
with k. Then,

”st = TabsTabs (18)

is the density of pairs of individuals who are related and where

Nabs = NabsXs (19)
is the total density of pairs abs € B in that group. Here,

NgsNps for b#a
Naps = {Nasuvzasn for b=a (20)

is the number of pairs abs € B.

We start by deriving ODEs’ for ngs and np, ., which in turn
will allow us to determine rg,,. Because we are interested in the
ancestry of each pair we will pay special attention to the state
and location of ‘parent’ individuals associated to each ‘offspring’.
By differentiating (19) we obtain an ODE for the pair dynamics

Nabu = NabuXu = Nabu E qu,s(X)Xs
seS

=Napu Y QX —Nabu Y, quu(X), for all abu € 5,

S#UES WH#UES
(21)

where we used (10), (19) and the fact that ), s qus(X) = 0
(Section 3.2). By substituting (11)-(14) into (21) and using the
relationship ng; = NgsXs, we get

: CA M
Nagpy = Z [ Zaabu.ds(x)nds + Zaabu,dg(x)nds

s#FueS  deP deP
+ Z a(];)b[ii,cds(x)nCdS] - (22)
c,deP
— Nabu Z Guw.u(x), forall abu € B,
wH#UES
which depends on three rates. First,
ADS () for d=b,
agh as(X) = Agfyas(x) for d=a, (23)
0 otherwise,
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which is the rate at which a single parent individual ds € C
produces offspring pairs abu € B by philopatric birth and its own
survival and is thus said to be the common ancestor to these pairs
(hence the superscript). Second,

Zwes Zee’P gu s, ew(x)Newa for d=b,

Zwes Zee’P bu,s,ew X)Newxw for d= a,
0 otherwise,

IM
abu ds(x) =

(24)

which is the rate at which a single local parent individual ds €
C is being paired up with an immigrant offspring (hence the
superscript) to produce an offspring pair abu € B. Recall from
Section 3.1 that the probability for an immigrant offspring to land
in the group of the individual ds € C depends on the state of the
entire group s € S. Finally,

pBT

DP S
abu cds( ) + Sab,Cdaabu,abs(x)7

aabu.cds(x) - (25&)

which is the rate at which a local parent pair cds € B (two
different parents, hence the superscript) produces an offspring
pair abu € B and this depends on two processes. First,

pBT

abu CdS(x)
ALK+ AT (x)  for d=b and c#b,
20088 (%) + AT, (x)) for d=b and c=b,
bs ,bs (25b)
= 1 Abe (X) + A0, as(x) for c=a and d#a,
2000 LX)+ MuoX)) for c=a and d=a,
0 otherwise,

which is the rate at which the local parent pair cds € B produces
an offspring pair abu € B by birth and physiological transition.
Because these rates are given for parent pairs, a factor 2 ap-
pears whenever both parents can undergo the i-processes that
contribute to the birth of the considered offspring pair. Second,

agbu,abs( = Qu,s(X) — [Agy, as( )+ )”Eu,bs(x)]
- Z[kcu W)+ 2T L (X1, (25¢)
ceP

which is the rate at which each existing pair abs € B survives
upon any i-process occurring in the group (note the similarity
of this expression with the ‘survival’ term in (16)). The minus
term appears here because parents a, b € P that die or transition
contribute negatively to the formation of offspring pairs abu €
B. Note that all these rates for production of offspring pairs
depend on the rates (5)-(9) at which single individuals undergo
demographic i-processes.

The dynamics of n is obtained from (22) by subtracting the
immigration term, because immigrants are not related, and by
only considering the fraction of local pairs that are related and
we get

abu = E § :aabu ds X)ngs + E § : Olabu cds(x)ncds

s#UeS deP S#UES c,deP

My Y GuulX)

w#UES

(26)

for all pairs abu € B. We see from the first two terms in (26)
that the density of related pairs abu € B increases due to a single
local parent producing pairs anew, or, due to two related local
parents producing offspring-pairs. From the last term in (26) we
see that the density of related pairs abu € B decreases due to
any event that changes the state of the focal group u € S. The
ODE for the vector of relatedness r = (rgps)apses € [0, 115 can be
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given in terms of its elements rg,; = n’
differentiation

o |

+ Z Zaz?t:ju,cds(x

s#ues c,deP

vbs/Mabs and is obtained by

Tabu =

2 2 aabu ds X)Ngs

s#ueS deP
)ncdsrcds - rabuNabu } qu,s(X)Xs :|
S#UES

(27)

for all abu € B, and where we have used (21), (26) and n,
TeasTegs- Notice that the rates that appear in (21) and (26) at which
pairs abu € B are removed due to the group u € S changing its
state, cancel in (27). Hence, the rate at which relatedness changes
is the relative rate of producing pairs abu € B by a common
parent or by parents that share an ancestor, relative to an average
rate of producing pairs abu € B. We note that similarly to (15)
and (17), in order to study the dynamics in (27) it needs to be
coupled with the dynamics for the metacommunity state X in
(10).

By ignoring physiological structure in the focal species, the
dynamics in (27) reduces to the expression given in Wild et al.
(2009, Supplementary Information, Eq. S4 and Table S1). More-
over, assuming no class-structure so that all groups consists only
of the focal species of constant size N and where the vector
x plays no role, the continuous-time dynamical equation for
relatedness (27) is simplified further to

__ 2 N(N 1)i| ’ (28)
N(N —1) 2

2 N(N —1
[aCAN 4P ( )
where q is the total rate at which events happen in a group. When
each birth event is coupled with a death event (i.e.,, the Moran
process, Ewens, 2012), the rates in (28) can be written as

1 /N-1
my <T)q
o-my () < (1-7)Je
N N N

where m is the probability that upon a birth event the offspring
disperses. Here, «“? is interpreted as the rate at which events
happen in the group g times the probability that the parent
individual reproduces locally (1 — m)% and does not die %
The rate oP" is interpreted as the rate at which events happen
in the group g times the probability that either individual in the
pair reproduces locally and does not die 2(1 — m)% *=1, or, the
probability that neither individual in the pair dies 1 — £

(29)

3.4.1. The jump process for relatedness

Next we represent the continuous-time dynamics of related-
ness (27) as a discrete-time jump-process, with jumps occurring
whenever an event changes the state of the group. This repre-
sentation is useful when only the steady state is considered and
also in connecting our result to previous models that have mostly
been formulated in discrete time. We thus consider a jump chain
(or embedded Markov chain, e.g., losifescu, 2007, chapter 8.3)
associated to the continuous-time Markov chain given in (10) (see
further details in Appendix B.1). An embedded Markov chain is
a discrete-time Markov chain that records state transitions upon
jump times Ty, Ty, ..., where each jump time Tj is a random
variable at which the focal group undergoes an event either due
to local or non-local (via immigration) i-processes. The jump
process for relatedness is given in vector form as

r = ¢(x) + D(X)r, (30)
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where r = (rgps)ases € [0, 11%8 and where ¥ = r(Ti;;) and
r = 1(T}). Here, ¢(X) = (Caps(X))abses € [0, 1]*8 is a vector where
entry cqs(X) is the probability that a randomly sampled offspring-
pair abs € B has a common parent in the same group, and hence
a common ancestor. This is the coalescence probability and is
computed as Copu(X) = Y gece Cabu,ds(X) With

CA
aabu,ds(x)NdS ﬁ
Naby qu

fors # u € c and 0 otherwise, and where g = 3, ;e Gy o, (X)Xw
is the rate at which groups transition to state u € S. Eq. (31)
was obtained using the rates (23), and q, is obtained from the
first expression on the right hand side of (21). Eq. (31) gives the
probability, conditional on the occurrence of a group transition
to u € S, that the group was in state s € S before the transition
and a randomly sampled offspring-pair abu € B was produced
anew by a local parent individual in class ds € C. The matrix
D(X) = (Dapu,cds(X))abu,cases € R¥5*¥5 has entries

Cabu,ds(x) = (31)

at?bpu,cds(x)Nde Xs

Nabu qu !

for all s # u € C and 0 otherwise, and gives the probability that,
conditional on the occurrence of a group transition to u € S, that
the group was in state s € S before the transition and a randomly
sampled offspring-pair abu € B was produced by a local parent-
pair cds € B (and where we used (25)). Note that the probabilities
(31)-(32) are both defined to be 0 whenever Ny, = 0.

The recursion (30) along with (31)-(32) reduces to recursion
(A.5) of Alizon and Taylor (2008) who considered group size as
the only class structure and hence ¢ = S. The recursion (30) is
also conceptually analogous to the recursion for relatedness in
the presence of class structure in the discrete-time island model
(e.g., Ronce et al., 2000, A.9 for ¢ = P x S, Ohtsuki et al., 2020,
eq. 33 for ¢ = S). Yet owing to the continuous-time nature of our
model, expressions (31)-(32) do not exactly match those of the
discrete-time process since only one individual-level event can
occur per unit of time in a continuous-time process, while two or
more events can occur in discrete-time models. Finally, note that
in a model with no class-structure and thus no dependence on X,
the recursion (30) simplifies to

Dabu,cds(x) = (32)

' =c+Dr, (33)
where
22N 12
T NN-1)q N2
o (4
o 1/N-1 2
D=""—21-m-(——)+(1-2),
q NUN N
and where the expressions and the interpretation for a*, «®” and

q are given in (28)-(29).
3.5. Steady states

In the evolutionary analysis that follows we assume that a
non-trivial steady state of the metacommunity state dynamics
(10) satisfying 0 = Q(X)X exists, and that it is hyperbolically
stable. A steady state is said to be hyperbolically stable if the real
part of the dominant eigenvalue of the linearized version of the
dynamical system, evaluated at the steady state, is negative and
bounded away from zero (Hirsch et al., 1974). This implies that
there exists a neighborhood of X such that for any initial condition
X(tp) in this neighborhood where t; is some initial time, the vector
X(t) = X as t — oo.

Because in (15) the population densities of the focal species
satisfy ngs = Ngxs for all as € C where Ny is a constant, then
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n(t) — n whenever x(t) — Xast — oo. Since i must also satisfy
0 = H(x)n, the vector n is the dominant right eigenvector of
H(X). Moreover, because (17) is linear in v, we have v*(t) — v
whenever x(t) — X as t — oo and the steady state for v® can be
found by solving 0 = V™H(X). Due to the constraint V" - i = 1,
the vector V" is the (unique) dominant left eigenvector of H(X).
Finally, the steady-state for relatedness r can be found by either
solving the system of ODEs (27) or the jump-process in (30). By
a direct calculation we get

f=(1—-DX)) 'e(R), (35)

where I is the identity matrix and (I-D(X))~! is the inverse matrix
of I — D(X) evaluated at X thus allowing to compute relatedness
explicitly in terms of resident i-processes (Section 3.1). Because
its growth-rate is at most linear in r and the vector ¢(x) and D(x)
depend only on X, we have that r(t) — I whenever X(t) — X
as t — oo. In summary, we have that whenever x(t) converges
to the hyperbolically stable steady state of interest X as t — oo,
the vectors (n(t), v™(t), r(t)) converge to their unique steady state
(R, V", F) as t — oo.

As a check of the recurrence equations for relatedness, we note
that for the homogeneous island model we obtain ¥ = c/(1-D) =
(1 = m)/(1 — m + Nm) from (34), which recovers, as it should,
the relatedness for the discrete-time Moran process in the island
model (Lehmann et al., 2015, eq. 8-e). Note that at the steady state
the relation ¢ = (1 — D)F must hold, saying that the probability
¢ that two randomly sampled offspring have a common parent
must be equal to the probability 1—D that two randomly sampled
individuals have two different parents times the probability  that
they are related.

4. Mutant-resident dynamics in the metacommunity

We now study the full mutant-resident system and to that
end we need to consider that phenotypic expression depends,
in addition to class, on the genetic state of the individual. We
denote with zy € Z the phenotypic profile of a carrier of allele
6 € {M, R}. Whenever allele 0 is in an individual in class as € C
the expression of the phenotype is zy os € Z¢ C R. We thus need
to expand the group state space of the metacommunity since
the different alleles can be distributed in any way across groups.
Following the construction of Section 2, it will be convenient to
define the state space of groups for the mutant-resident system
as 2 S x Z. The set T = {Z;}ses gives the set of size
distributions of mutants of the focal species over all g-states,
where each element Z; € 7 denotes the set of all possible size
distributions in a group s € S. This is defined as Z; = {Zys}aep
with Zys = {igs}o<ii <N, Where igs is the number of mutants in
physiological state a € P that inhabit a group s € S. We note
that an element i € Z; is a vector giving the number of mutants
in each physiological state in a group s € S (the set Z; has
potentially many elements because a group s € S can be in
different genetic states). The number of residents in a group can
be obtained simply by subtracting the number of mutants from
the total number of individuals e.g. Ngs — ig is the number of
residents a € P in a group s € S. We note that while S gives
the demographic structure of the entire group including non-focal
species and abiotic factors, the set Z refers only to the genetic
structure of the focal species.

Similarly to Section 3, we need to track the dynamics of
mutant-resident group state frequencies in order to characterize
the mutant-resident dynamics. We represent the mutant-resident
state of the metacommunity with a vector y = (ysi)sico € A(£2)
of length kg, where yg is the frequency of groups in mutant-
resident state (s,i) = si € £ and hence ) ; Vs = 1 and
Xs = ZieIs ysi for all s € S where X = (X5)ses € A(S). All the
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upcoming rates describing the mutant-resident metacommunity
dynamics are identical to those given for the resident dynamics
(Section 3), the only difference is that it takes into account the
genetic structure of the group and the metacommunity at large.

4.1. Individual-level processes

The rates at which i-processes of the focal species in the
mutant-resident metacommunity occur are defined, similarly to
the resident metacommunity in Section 3.1, as mappings

0.p 0.d

0 0 . 2 2
Yacbsiv Mbsi> Baepsis v TZe X Z°X 2 X 2 X A(R2) > Ry

bsi
forall au,bs € C, i€ I, (36)

where 6 € {M, R} specifies whether it is a mutant or a resident
who undergoes the process. We also use a shorthand notation
Ye W) = ¥l 1s(20.bs. Zm, Zr, SI, Zum, 2R, ¥) Where the arguments
are interpreted similarly to Section 3.1, and the interpretation
and shorthand notation for the other rates in (36) is similar.
Moreover, we assume that dispersed offspring land into a group
wi € §2 with a probability x,,, that is, independent of 1ts genetic
state, and hence we will write ﬂaebﬂ(y) =) ves xw,B 1,,b (y). The
constraints for the i-rates (36) are also analogous to ‘Section 3.1.
Finally, and for all au, bs € C and j € Z,, i € T, the class-specific
physiological transition rate satisfies

VaN<l—bsi(Y) for a#Db and jo =ig+ 1
Mo psi(¥) = and jpy = ips — 1 (37)
0 otherwise,
the class-specific death rate satisfies
M for a=band jp, =ips — 1
AMD _ Mbs(y) u s 38
a bs(Y) 0 otherwise, (38)
and the class-specific philopatric birth rate satisfies
M,p . .
MDB ﬂaebsi(Y) for gy =igs+1 39
Fapsil¥) = 0 otherwise. (39)

The class-specific conditional birth rate via dispersal satisfies

ﬂM&,vd (y) for gy =gy +1
a<bs

At = 40
au. i silY) 0 otherwise, (40)
and so the total birth rate via dispersal is
M dB
aUJ bsz Z Xwh auj,w, bsz (41)

weS

The rates for resident individuals are defined similarly, one only
needs to replace the number of mutants i;; with the number of
resident Ny — iy for all as € C.

4.2. Group state dynamics

The mutant-resident metacommunity dynamics is expressed
analogously to the resident metacommunity dynamics (10) as a
system of ODEs’

y =P(y)y, (42)

where P(y) = (7 siujsice(y) € Rk2>*ke s the group transition-
rate matrix with

nuj,si(Y) = T[lll)j’si(y) + nl%,si(Y) + N;]ms;(y) (43)

giving the rate at which a group in state si € £2 transitions
to state uj € £2, and where ZWEQ m,J si = 0 for all si € £2.
Here, nuj «(y) are the phllopatrlg and nu i(y) the dispersal group
transition rates of the focal species, and where all other transition
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rates due to other species and abiotic factors are given in Ty i)
The transition rates due to the focal species can be expressed
in terms of i-processes given in (37)-(41) by summing over all
physiological states of the parents and their possible progeny,
that is, we have

HUJ si Z )"au] bsi Y)Nbs
a,beP (443)
uj sz Z Z )\auj s,cwk Y)NCwaky
a,ceP wkes2
forall au, bs € C,j € Z,,,i € Z; and 6 € {M, R}, where
ib Nb - ib
)\“puf wilY) = )”GUJ bsz(Y)Nis + Asﬁ?,bsi(y)%
Md bj( bs .y (44b)
X cw w
)\auj seuky) = )Laujvsvfwk(Y)N +A ClUj s, ka(Y)T
cw cw
with
9 B 0T
au] bg,(y) aul;,bsi(y) + )\’HU] bsi y) + )‘au] bsz(Y) (45)

are the rates of an average individual where the average is taken
over the allelic states M and R.

4.3. Mutant-resident population dynamics

Consider the focal species in the metacommunity and let ny; =
(NM.as)asec € R{‘f denote the mutant density vector where ny o3 =
Ziezs igsysi is the density of mutant individuals in class as € C,
and let ng (NR.as)asec € R’f denote the resident density
vector where ng qs = ZieIS(NGS — 1g45)ysi is the density of resident
individuals in class as € C. The mutant-resident density dynamics

is given by
ny = Gu(y)nm (46)
ng = Gr(y)ng,

where Gu(y) = (8M ,(W))aupsec € RFe*k¢ is the mutant fitness
matrix with elements

M,pB
gtll\{ll bs Z Z |: auj, bSl(y + )‘auﬁbsi(y) + )‘au] bSl(Y)+
JE€Ty €T (47)
+ 80 (nuj,si(y) =D M) — Aﬁf,,"@y)) } YM.bsiiM.bs-
ceP

giving the rate at which a single mutant in class bs € C produces
mutants in class au € C, and where Gg(y) = (ggu.bs(y))au,bsec €
Rkexke js the resident fitness matrix with elements

g(‘}u,bs(y) = Z Z [
JjeTy i€eZs
>

ceP

R,pB

Rd , RT
)‘aUJ bSl(y) + }‘auj,bsi(y) +A

auj, bSl(y)+

AaRil?,as,-(Y)> :| YR,bsilR,bs

giving the rate at which a single resident in class bs € C produces
residents in class au e C. Here, ym bsim,bs = (ipsYsi)/Nm,ps denotes
the probability that a mutant bs € C inhabits a group in genetic
state i € Z; and yrpsirbs = ((Nps — ins)¥si)/Nr,ps denotes the
probability that a resident bs € C inhabits a group in genetic
state i € Z; (Appendix A.2.1). Note that similarly to the resident
species population dynamics, all the densities of all species are
functions of the mutant-resident metacommunity state y and
hence in order to study the dynamics of ny and/or ng in (46)
they need to be coupled with the dynamics of y in (42).

(48)

RT

+ dab (T[uj,si(y) - cizj,asi(y) -
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4.4. Relative mutant-resident population dynamics

To analyze the spread of the mutant allele, it is convenient
to rewrite the mutant-resident population dynamics (46)-(48)
by using two new vectors. First, with a slight abuse of notation,
we use the vector n = (Ngs)asecc € R"f of total densities where
Nngs = NgsXs for all as € C is the total density of mutant and
resident individuals in class as € C. Second, we use the vector
P = (Pm.as)asec € [O, 1]¥¢ to describe the within-class mutant
frequencies where py gs Nm,es/Ngs for all as € C is the
proportion (frequency) of mutants within class as € C. Note that
the pair of vectors (my, ng) can be expressed in terms of (n, p),
and vice versa, because (1 gs, MR.as) = (PM,asNas» (1 — Pm,as)Nas) for
all as € ¢ and (ngs, Pm,as) = (MM.as + MR.as> MM,as/(MM,as + MR as))
for all as € C. The latter representation is common in population
genetics (e.g., Nagylaki, 1992).

The vector of density dynamics satisfies

n = G(y)n, (49)

where G(Y) = (Zaups(¥))aupsec € R¥e*ke is the average mutant-
resident fitness matrix where each element

gau,bs(y) = Z Z

JETy i€Ts

+ 8ap <7Tuj,gi(Y) - Z)_\zuj,agi(w - )_\aDuj,agi(Y)) j| Ysils

ceP

_ - _
|: )‘guj,bsi(y) + )‘apuj,bsi(y) + )‘Zuj,bsi(Y)+

(50)

gives the rate at which an average individual in class bs € C
produces individuals of class au € C. The average is taken over
the allelic states M, R and over all the genetic states the group it
inhabits can be in, so that ys = ysi/Xs is the probability that the
group s € C that the average individual inhabits is in genetic state
i € Z; (see Appendix A.2.2). The vector of within-class mutant
frequency dynamics satisfies

p = Ky)p, (51)
where
F = F(y) + F(y). (52)

l'!ere‘ Fsel(w (f;;,lbs(y))au.bsec € Rkexke and F(Y)
(Faubs(¥))aupscc € RKe*ke have elements, respectively, given by

np _
aubs ) = = (g5 ¥) — Eauns(¥)] (53)
au
and
Nps &
r - 8au bs(y) for bs # au
Jaups(y) = " _ (54)
b - ch;&au %gau,cw(y) fOl' bS = qau.

Because the rate in (53) describes differential growth due to
different individuals having different phenotypes it captures the
effect of selection on allele frequency change (hence the super-
script). And because the rate in (54) depends only on the average
phenotype it captures effects on allele frequency change due to
individuals in different classes having different average growth
rates. We have added a bar analogously to (49) as it depends only
on the average phenotype where the average is taken over the
allelic states (see further discussion in Section 8). A similar parti-
tioning of F was given for well-mixed populations in Lion (2018b,
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Appendix 3) and Priklopil and Lehmann (2020, eq. 8a), and be-
cause the changes due to non-selective forces have generally been
referred to as changes due to “transmission” (Kirkpatrick et al.,
2002) in the present context we refer to these changes as “class
transmission”. We note that because n and p are functions of the
state of the mutant-resident metacommunity y, in order to study
the relative mutant-resident population dynamics of n and/or p,
(49) and/or (54) need to be coupled with the dynamics of y in
(42).

4.5. Average mutant frequency

The total proportion (frequency) of mutants in the metacom-
munity given as an arithmetic mean is defined as

Ny 1

(: - nM)a
n n

= (55)
where ny = Zases Nm,gs 1S the total mutant density, n =
Zase s Ngs s the total mutant and resident density in the focal
species (with a slight abuse of notation) and 1 is a vector of all 1 of
length kc. The dynamics of p in (55) is obtained by differentiation
and by using Sections 4.2-4.4, and it can be written as

1 _
p=- [Gm(y)nu — G(y)np]
1 M _ (56)
= ; Z [gau,bs(y)pM,bs - gau,bs(Y)p]nbs-
au,bseC

In order to study its dynamics it must be coupled with the
dynamics of y in (42).

5. Mutant-resident dynamics for similar phenotypes

We now study mutant-resident dynamics for closely similar
phenotypes, with a particular focus on the change in the arith-
metic mean allele frequency (55). To that end, we set z; = zr+387
where the vector § = (1gs)asec € R¥¢ gives the direction of the
deviation (where zg = z € Z) and § is a small parameter. To
evaluate the mutant-resident dynamics for small §, we Taylor ex-
pand about § = 0 the dynamical equations for y, n and p in (42),
(49) and (51), respectively. To facilitate the Taylor expansion, we
use the following consistency relation relating mutant-resident
i-processes (Section 3.1) to the resident i-processes (Section 4.1):

0.§ §
)‘auj,bsi(y) 5=0 = )‘au,bs(x)’

and 6 € {M, R},

forall au,bs € C, i € Z;,j € T,
s5) u (57)

and for £ € {d, pB, T, D}, and we will also use Aﬁ;“fw,bsi(y)

=0
A%, »s(X). These consistency relations say that whenever mu-

tants and residents express identical phenotypes, the i-processes
are independent of the genetic structure of the metacommunity.
From (57), it directly follows that

”uj,si(Y) =q,,x), forallu,ses, i€i;jel, (58)
6=0

and

gfu,bs(y) = hayps(X), for 6 € {M, R} and for all au, bs € C,
5=0

(59)
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and consequently the growth-rates in (49) and (51) satisfy

gau,bs(Y)’ = haubs(X)
b gups(X) for bs # au
_ o . au,bs
fawbS(Y)’S:O - au,bs(x) {— ch#au %hau,bs(X) for bs = au
(60)

for all au, bs € C.
It follows from the above relations that the dynamics for y, n
and p for small § can be written as

X = Q(x)x + 0(8)
i = H(x)n + 0(5)
P =F(x)p + 0(3),

where we used (58) and (60) and where F°(x) = Ua?l,bs(x))au.bssc
is the relative fitness matrix for mutants (when & 0) with
elements as defined in (60). Note that because the dynamics of n
and p depend only on x up to order O(1), we have represented
the dynamics of the genetically explicit vector y by using the
genetically implicit vector x whose dynamics in (61) up to order
0(1) follows from (42), (58) and x; Z,—Ezs ysi (the dependency
onyin (61) comes only via the terms of order O(8)). The dynamics
of the arithmetic mean mutant frequency p in (55) for small § is
obtained by Taylor expansion and by using (59)-(60), in which
case (56) reduces to

(61)

1
p=- .H(x)[nM - np] + 0(5)
n
: (62)
“hn > auwbs(X)[Puos — pJnes + O(5),
au,bseC

which must be coupled with the dynamics for p and x in (61) and
where the dependency on y comes only via O(§).

The remaining aim of this paper is to prove the “invasion
implies substitution”-principle by way of applying geometric
singular perturbation theory developed for fast-slow ODE sys-
tems in Fenichel (1979). A fast-slow ODE system in a standard
form (Fenichel, 1979; Kuehn, 2015; Wechselberger, 2020), which
is relatively easy to analyze, is a system of ODEs where a model
parameter tunes the rate at which the various dynamical vari-
ables operate: for small parameter values § some variables are
fast variables in that their Taylor expansion about § = 0 is
dominated by O(1), while others are slow variables and their
Taylor expansion about § = 0 is dominated by O(§). We see from
(61), however, that for small § the dynamics of the vectors x, n
and p, as well as the arithmetic mean mutant frequency p in (62),
are all dominated by the terms O(1) thus all having a phase of fast
dynamics. As a consequence, the mutant-resident system is not
readily in the desired (standard) fast-slow form.

In order to construct an appropriate fast-slow system, we
proceed in three steps. First, we study the purely fast dynamics of
the within-class mutant frequency vector p where § = 0, and find
its steady state p (Section 5.1). Second, by using the properties
of p we find a slow variable that can be used, on a suitably
chosen slow timescale, as a proxy for the arithmetic mean mutant
frequency (Section 5.2). Finally, we study the slow dynamics of
this slow variable and calculate all the necessary fast variables
(Section 5.3) that define the complete mutant-resident fast-slow
system which will be then studied in Section 6.

5.1. Fast dynamics of the within-class mutant frequency

To study the fast dynamics of the vector p we set § = 0 in the
third equation in (61), which gives

p =FX)p. (63)
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Because the rows of F° sum to 0 it is well-known that the steady
state satisfies

p=1p (64)

for some constant p. € R (e.g., Lessard and Soares, 2018). This
implies that the within-class mutant frequencies at the steady
state are all equal py g = pc for all as € C. For biologically
meaningful values we need p. € [0, 1], and the exact value of p,.
that py qs(t) for all as € C converges to as t — oo depends on the
initial condition (x(ty), p(to)) for some initial time t,. The system
(63) thus contains infinite number of steady states (equilibria)
and the biologically meaningful values lie on a line [0, 1]. This
has two important consequences. First, any linear combination
of within-class frequencies, at the steady state (64), is equal to
pc. More specifically, every arbitrarily weighted average mutant
frequency

D¢ = ¢ -ny (= Z GasNasPM,as)
aseC

where ¢ = (¢gs)asec is some arbitrary vector of weights normal-
ized such that ¢ - n = 1, must satisfy

(65)

Py = Dc (66)

at the steady state where Py o = pc for all as € ¢. This is in
particular true also for the arithmetic mean frequency p in (55)
where ¢ = 1/n. This implies that every average mutant frequency
pg(t) = pc as t — oo, and where the exact value of p. depends
on the initial condition (x(ty), p(to)). Second, the k.--dimensional
vector p is, at the steady state (64), a 1-dimensional vector p =
1p. because it can be spanned by using a single vector 1p. (Hirsch
et al., 1974). This will play an important role in the proof of the
“invasion implies substitution”-principle (Section 7). Finally, we
want to note that so far we have analyzed the fast dynamics of p
and ps dominated by O(1) only; in later sections we will see that
these variables have also a phase of slow dynamics and this will
be analyzed in later sections (see in particular Section 6).

5.2. Reproductive value weighted mutant frequency

In the previous Section 5.1 we found that for § = 0 and for any
weights ¢, the average mutant frequency (65) satisfies pg(t) — pc
as t — oo with the exact value of p. depending on the initial
condition (X(to), p(ty)). If one were then to find weights ¢ for
which pg(t) = p. for all t > to, then such an average frequency
would stay constant in the fast dynamics where § = 0, and hence
would be a slow variable for a system where § is small but non-
zero (a pre-requisite to construct a standard fast-slow system).
We can achieve this by setting ¢ = v" where the weights v" for
non-zero § are (with a slight abuse of notation) defined as average
reproductive values, where the average is taken over allelic states
(Priklopil and Lehmann, 2020; see also Lion, 2018a,b), and is
thus the mutant-resident reproductive value analogue to the one
defined for the resident population in Section 3. Such average
individual reproductive values satisfy

—V" = v"G(y), (67)

for any 8, with the normalization v" - n = 1 where n is given
by (49). By defining a reproductive values weighted mutant fre-
quency (see (65)) as

py=V"-ny= Z vgsnaspM,as’ (68)
aseC
its dynamics is obtained by differentiation and satisfies
By =" [Gu(y) - 6y) |
(69)

=y v!}u(gé‘f,,bs(y)—éau,bs(y))pm,bsnbs,

au,bseC
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for any §. Indeed, because Gy(y) — G(y) = 0 for § = 0 (59)-
(60), the Taylor expansion of (69) about § = 0 is dominated by
0(8) and hence the reproductive value weighted average mutant
frequency py is a slow variable. We note that since (69) is valid
for arbitrary § and thus arbitrary strength of selection, it must be
coupled with the dynamics of y in (42).

5.3. Slow dynamics of the weighted mutant frequency

We here study the slow dynamics of the weighted mutant
frequency py in (68)-(69), with a specific aim to identify all the
dynamical variables that it depends on in order to construct
a complete fast-slow mutant-resident system. To that end, we
Taylor expand (69) about § = 0 and then change the timescale
to slow time while letting § go to 0. To this end, we introduce a
slow time variable 7, set t = §t from which we get the relation

¢ =61, and by letting § go to 0 we get

dat —
d  d
T B

giving the rate at which the reproductive valued weighted fre-
quency changes in a pure slow time T where § = 0. Note that in
the fast timescale t, the above expression is nothing else than the
O(8)-term of the Taylor expansion.

Next, we take the derivative in (70) in such a way that it
allows us to arrive at an expression for the directional selection
coefficient as given in (2). To do this, we must take separate
(partial) derivatives with respect to phenotypes of individuals
according to the ‘spatial’ relationship between the focal individual
and other individuals from the focal species who affect its fitness
either via interactions or directly (the effect on itself). For ease of
presentation, we label the phenotypes and write the individual
fitness (16) as

> vgu(ga“ﬁ,bs(y)—gau,bs(y))pM,bsnbs} :
=0

au,bseC

(70)

hau,bs(x) = hau,bs(zfoc,bs, Zjocs S, Zpopv X), (71)

where Zzgc ps (and zg,) indicates the phenotype of the focal in-
dividual (hence the subscript), zj,. indicates the phenotype of
the local group members of the focal individual (hence the sub-
script) but excluding the focal individual, and zp,, indicates the
phenotype of individuals outside of the group of the focal in-
dividual (i.e. population/species at large, hence the subscript).
We emphasize that all individuals in the resident metacommu-
nity express the resident phenotype z € Z and that these are
just labels to distinguish the spatial relationship of individuals
to the focal individual according to which the different partial
derivatives will be taken in Section 5.3.1. Likewise, we write
Eaubs(Y) = Zau.bs(ZM,bs» ZM.loc> ZR loc Sis ZM.pop» ZR,pop» V) for a fo-
cal mutant and gau,bs(y) = gau,bs(zM,IOCa ZR,loc» Si7 ZM,pop» ZR,pop» Y)
for an average individual where the notation and interpreta-
tion of zy, ., Zm, and zwm,,, (and zg, ., zg, and zg,,) for the
mutant-resident metacommunity is similar.

5.3.1. Properties of fitness

To take the derivative in (70) we apply a property that relates,
for small §, mutant-resident fitnesses (47)-(48) to the resident
fitness (16). This property follows from the so-called generalized
law of mass action in situations where weak selection results
from small differences in phenotype (Diekmann et al., 20071;
Meszéna et al,, 2005; Dercole, 2016, for discussion on the dif-
ferent forms of weak selection see Wild and Traulsen, 2007;
Lehmann and Rousset, 2014). The generalized law of mass action
says that the first-order perturbation of the mutant phenotype of
all mutant individuals in a spatially well-mixed mutant-resident
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species, is equal to the first-order perturbation of the phenotype
of all individuals in a purely resident species when multiplied
by the frequency of mutant individuals. This is computationally
convenient because instead of considering full distributions of
individuals only population means need to be calculated. This
property holds for non-linear environmental feedbacks and is
secured by assuming that all individuals undergo pairwise inter-
actions in continuous time and that individuals with the same
phenotype are exchangeable (Dercole, 2016). Below we will pro-
vide an analogue of this property for the present metacommunity
model.

For small but non-zero §, the mutant fitness matrix Gy(y) is
related to the resident fitness matrix H(x) in the following way.
First,

8, 5(Y)
aZMfOC,bS

_ 8huu,bs(x)
=0 -

for all au, bs € C (72)

0Zfoc,bs

and where all other partial derivatives with respect to zy,.c. for
cw # bs € C are 0. Second,

0gau,b5(¥)

8ZM10055

_ ahau,bs(x)

forall au,bs e Cc,c € P
0Zioc,cs

pM,cs|M,bs
§=0

(73)

where all other partial derivatives with respect to zw,, ., for
w # s € S are 0, and finally,

aggfl,bs(y) _ Ohay bs(X)

aZMpop,cw 5=0 8Zpop.cw

Pm.ew for all au, bs, cw € C. (74)
In (73) we introduced the conditional within-group mutant fre-
quency pum = (Pm.asim.bs)abses € [0, 1]°8 defined as

PMM, abs
pM,as|M,bs = )

DM, bs

where pum.aps iS an element of the vector of (within-group)
mutant-pair frequencies pyy = (Pmm.abs)Javses € [0, 1]¥5 defined
as

foralla,b e P,s € S, (75)

nMM,abs

DPMM,abs = >
Naps

Here, Nym,abs = D ;e 7 lasibsYsi denotes the density of mutant-pairs
abs € B and ngs is the total density (with a slight abuse of
notation) of pairs abs € B, that is, the total density of pairs inde-
pendent of their phenotype. The conditional mutant frequencies
pwvm thus give the frequency of mutants conditional that another
(randomly sampled) individual in the group is a mutant.

In (72), the partial derivative is taken with respect to the focal
individual itself and because any mutant individual is (trivially)
a mutant with probability 1, the proportionality coefficient is
simply 1. In other words, the ‘frequency’ of a mutant allele in a
single mutant individual is 1. The derivative on the right-hand-
side measures (when multiplied by §) the additional offspring
the focal individual produces per unit of time due to the focal
individual itself expressing the mutation (‘direct fitness effect’).
In (73), the partial derivative with respect to all local individuals
is proportional to the conditional within-group mutant frequency
in class ¢s € C, pwm.csim,ps,» conditional on the focal individual
being a mutant bs € (. This property reflects the fact that
genetic correlations between conspecifics build up within groups
of finite size, and the derivative on the right-hand-side mea-
sures (when multiplied by §) the additional offspring the focal
individual produces per unit of time due to interactions with
all local individuals that express the mutation (‘indirect fitness
effect’). Finally, the partial derivative with respect to non-local
individuals in (74) is proportional to the (unconditional) within-
class mutant frequency because no genetic correlations build up

for all abs € B. (76)
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between members in different groups in the infinite island model
(see, e.g., Rousset, 2004 for the finite island model).

Using (72)-(74) and analogues properties for (mutant-
resident) resident fitness (not shown here), the average fitness
matrix G(y) is related to the (pure resident) resident fitness
matrix H(x) as

agau,bs(y) ahau,bs(x)
= M, bs
aszoc,bS §=0 aZfoc,bs
agau,bs(y) _ ahau,bs(x) Mics (77)
0ZMype, s 18=0 0Zjoc,cs
0g oh X
gau,bs(y) _ au,bs( ) M.cw for all au, bS, cw ecC,
8ZMpop,cw =0 8Zpop,cw

and where all other partial derivatives with respect to zy,,cw for
cw # bs € ¢ and with respect to zy, ¢ for w # s € S are all
0. Notice that all proportionality coefficients are (unconditional)
within-class mutant frequencies. In the first relation in (77) this is
because an average individual is a mutant with probability given
by the within-class mutant frequency, in the second relation this
is because no genetic correlations arise for an average individual
and in the final relation this is because no genetic correlations
arise between non-group members.

5.3.2. Slow dynamics of the weighted mutant frequency and the fast
variables

Taking the derivative in (70) and partitioning it according to
the different individuals as discussed above, we obtain

d 8hau bs(x)
o " [ ,
de*" au%C o 0Zfoc,bs

T T

cseC

NbsPm,bs(1 — Pwm,bs)+

78
8hau bs ( )

pMM bes — pM,bspM,Cs) ] MNps,
aZloc cs

where we used the definition for directional derivatives, the
properties (72)-(74), (77) and (75). We can see from (78) that the
dynamics of the slow weighted mutant frequency py depends on
the dynamics of X, n, p, v* and pyy. This is convenient because
instead of analyzing the dynamics of the large system for y it
is enough to study the simpler dynamics of x, n, p, v* and pyum
(and as will be shown below). Because we have already derived
dynamical equations for X, n and p, and in (61) showed that they
are dominated by O(1) and so is v™ because under the consistency
relation (59) its dynamics reduces to (17), the next task is to
find the equation for a vector of mutant-pair frequencies pywm
(Section 5.3.3).

5.3.3. Mutant-pair frequencies

In order to see whether pyw defined in (76) is a fast or
slow variable, we study its dynamical equation for § = 0 (Ap-
pendix B.2). The dynamics of pyum (PMM. abs Jabues 1S given as

Ngs
pMM abu = Z Z [ (%\u das + o‘abu ds]pM ds
s#UeS deP Mabu
Neds. oPP
+ Z % abu,cdsPMM, cds — (79)
s;éue.s‘ c,deP Nabu
- pMM,abu Z q,sXs forall abu € B,
abu
s#FueS
which can be written in vector form as
Pum = E(p, pum, X). (80)

Here, E(p, pum, X) € R¥5 is a vector of rates at which pum
changes, and because the elements are non-zero the vector of

24

Theoretical Population Biology 142 (2021) 12-35

mutant-pair frequencies pyy is dominated by terms of order O(1)
and is hence a fast variable (it is to be seen whether it changes
also in slow time, Section 6).

To characterize for § = 0 the steady state of pyy we focus
for convenience on the equivalent discrete-time jump-process
dynamics, which is given by

P = [C(X) + M(p, X)]p + D(X)Pum, (81a)
where C(x) and D(x) are as in (30), and M(p,x) =
(Mapu,as(P, X))abues.dsec € Rksxke  where Mapuas(P, X) =
Zewec Mabu,ds.ew(x)pMsew and

1 o™ (X)NgsXsNewXo
Mabu,ds,ew(x) = Dudsew — (S]b)

Nabu Zw;ﬁues Qu.w(x)xw

gives the conditional probability that a randomly sampled
mutant-pair abu € B was produced when a local mutant parent
bs € C paired up with a new immigrant mutant offspring ew € C
(note the dependency on the mutant frequency in (81)). For all
pairs abu € B we have

Z Cabu as(X) + Z Z M apu,as, ew(X) + Z Dabu,cas(X

dseC dseC eweC cdseB

=1, (82)

saying that with probability 1 each pair of individuals has either
a common (local) parent, a non-local parent, or different local
parents (the rows of the matrices C(x), D(x) and M(p, X) sum to
1).

The steady state solution pyy for § = 0 is obtained by solving
Pvm = [C(X) + M(p, X)1p + D(X)Ppmum in (81) evaluated at p and X,
and we get

Pwm = (I— D(X))"'C(X)p + (I — D(X))~'M(p, X)p
= (I - D(X))"'C(X)1p. + (I — D(X))" (I — D(X) — C(X))1p}
= (I - D(X))~"e(X)pc + (1 — (I — D(X))~'e(X))p?
= fpc + (1 - B)p;

(83)

where we used (64), (82) and (35), respectively, and where p. €
[0, 1] is a constant that depends on the initial condition as dis-
cussed in Section 5.1 (we can also obtain this solution by solving
(79)-(80)). We have thus obtained that whenever x(t) — X as
t — oo (Section 3.5), then pum(t) — Pwm = tpc + (1 — £)p? as
t — oo. Moreover, pyv can be expressed in terms of the steady
state value for relatedness t (Section 3.5) and p. (Section 5.1),
and hence its general solution consist of infinite (curve of) steady
states (equilibria) because it is a quadratic function of p. €
[0, 1]. Finally, we note that we have made no assumptions on
the relationship between within-group mutant pair frequencies
pum(t), relatedness r(t) and the average mutant frequency py(t)
for t < oo: their relationship given in (83) is obtained only as a
limit when t — oo.

6. Mutant-resident dynamics as a fast-slow system

We are now ready to analyze the fast-slow ODE system where
mutant and resident individuals have closely similar phenotypes
(8§ is small). Owing to Section 5, the complete fast-slow system
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for the mutant-resident dynamics is given in fast time t as
X = Q(X)x + 0(6)
n = H(x)n + 0(§)

—v" = v"H(x) + 0(§)
p=F(x)p + 0(3)

Pvm = E(P, Pmm., X) + O(8)

9hau,ps(X)
Dv = =34 Z [ i nbspM,bs(] - pM,bsH'
aZfoc bs
au,bseC
8hau bs 2
+ Z rlcs (PMM,bes — pM.bspM,cs):I Mps + 0(5°),
e 0Z1oc,cs
§=0

(84)

which, on using d/dt = §d/dr can be equivalently written in
slow time 7 = §t as

8ix = Q(x)x + 0(6)

dr
d
§—n = H(x)n + 0(3)
dr
d
—8§—v" = v"H(x) + 0(8)
dr
d
§—p =Fx)p+ 0(6)
dr
d
5EPMM = E(p, pmm, X) + O(6)
d oh X
Tpv = Z vgu [ MT’HJSPM,IJS“ — PM,bs)+
T au,bseC azfoc,bs
dh X
+ Z Mncs(pMM,bcs - pM,bspM,Cs)] Mps
oseC 0Zi0c cs 5—0
+0(8).

(85)

The two systems (84) and (85) are equivalent, the only difference
is the notation. Next we study the fast and slow subsystems of
(84) and (85) by setting § = 0, respectively, and then in Section 7
we will join the two subsystems together.

6.1. Fast subsystem and the critical manifold

We obtain the fast subsystem by setting § = 0 in (84), which
yields

X = Q(X)x
n = H(x)n
—v" = v"H(x) (86)
p=Fxp
Pvm = E(P, Pmm, X)
py = 0.

The fast variables (x, n, v®, p, pum) thus change in the fast sub-
system while the purely slow variable p, stays constant. More
specifically, whenever x(t) — X as t — oo (Section 3.5), then
also (n(t), v(t), p(t), pmm(t)) — (1, V", P, Pum)- Recall that the
vectors n and V" describe the unique steady state of the size
and class structure (Section 3.5), and p 1p. and Pum
fp. + (1 — t)p? give its genetic structure at the steady state of
the fast subsystem. Because py(t) = p. for all t (Section 5.1),
the variable py is a constant in the fast subsystem (86) and we
can identify p. with py. Thus, as t — oo, the general solution
of (x, n, v, p, pmm, Pv) Cconverges to a curve (X, 0, vV, P, Pvm, Pv)
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that is parametrized by py € [0, 1], and a specific ‘initial value
problem’ with an initial condition (X(to), p(to)) for some initial
time tp converges to a single point on this curve.

We collect all the steady states of the fast subsystem into a
single set

Mo = {(X, n, V", p, pum, Pv) € RES x Rke x Rke
x Rfe x R¥B xR :

87

X=X, n=n,v"=V", p=1py, pum = Ipy &7
+(1—#)p;. pv €0, 1]},

which defines the critical manifold of the system (e.g., Kuehn,

2015 for general considerations and Priklopil and Lehmann, 2020
in the context of the “invasion implies substitution”-principle).
The critical manifold thus gives the steady states of the general
solution of (86) and is a curve consisting of an infinite number
of steady states (equilibria) parametrized by py, € [0, 1] (see
Fig. 2, panels (a)-(c) for a graphical representation). Because X
is assumed to be hyperbolically stable (Section 3.5) the critical
manifold is said to be a normally hyperbolically stable invariant
manifold. For such manifolds the dynamics near the manifold is
dominated by the hyperbolicity condition (i.e. in the normal di-
rection to the manifold) while the fast dynamics on the manifold
is constant (in the fast subsystem). Indeed, all the variables are
constant on Mg and because py is defined on an interval [0, 1]
the manifold is a 1-dimensional manifold in a (3k¢ + ks + ks +1)-
dimensional space and can be seen as the state space for the
pure slow dynamics where § = 0 in (85) (studied in detail in
Section 6.2). This manifold plays an important role in the proof
of the “invasion implies substitution”-principle: in the fast-slow
mutant-resident system where § is small but non-zero the critical
manifold persists as a so-called slow manifold (Fenichel, 1979),
and, the dynamics of the fast-slow mutant-resident system (84)-
(85) on and near the slow-manifold is equivalent to the dynamics
of py on and near My in the slow subsystem (Section 6.2).

6.2. Slow subsystem on the critical manifold

We obtain the slow subsystem by setting & 0 in (85).
However, motivated by Section 6.1, we are in fact not interested
in every possible slow subsystem of (85), only the one associated
to X and the critical manifold Mg (87). Indeed, there may be
other steady states satisfying 0 = Q(x)x and hence other critical
manifolds and slow subsystems. The slow subsystem of interest
is then given jointly by the critical manifold Mg in (87) and the

dynamics of the weighted mutant frequency py restricted to this
manifold,

d Oy, ps(X)
?pv = Z Ugu [ LanPM.bs(l — Pm,bs)+
T au,bseC azfoc,bs
Ohgy ps(X)
+ Z &ncs(pMM,bcs — PM,bsPM,cs) ] Nps
cseC 82l«::c,cs
Mo
=pu(1 pv)sn( )
(88a)
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Fig. 2. Panels (a)-(c) depict the fast and slow subsystems and the critical manifold M, (86)-(87) (where § = 0, Sections 6.1-6.2), and, panels (d)-(f) depict their
singular perturbations and the slow manifold M; (where § small but non-zero, Section 7). (a) The phase-plane for the fast variables (x, n, v") (the “x-axis”) and the
slow variable p, (the “y-axis”). In the fast subsystem (Section 6.1) the slow variable py stays constant while the fast variables converge to (X, fi, V") whenever X(to)
is in the neighborhood (indicated by gray semi-circles) of X for some initial time to. A specific solution for the fast subsystem is depicted with small arrows and
where the empty circle shows the initial condition for to. The slow subsystem (Section 6.2) is constrained on My, and a particular solution is constructed by taking
the steady state of the fast subsystem (where t — oo) as the initial condition for the slow subsystem (x(7o), n(zo), V*(10), pv(T0)) = (X, fi, V", p.). In this example
pv(t) > 1 as t — oo. (b) The shape of Mo on the (p, py)-plane where p = 1py (top panel) and (Pmwm., pv)-plane where pwm = £py + (1 — F)p2 (bottom panel). Note
that the shape of My in the bottom panel depends on the steady state for relatedness t. (c) Phase-plane for the fast (and slow) arithmetic mutant frequency p
(55) and the slow reproductive value weighted mutant frequency p, (the notation is identical to panel (a)). Note that p = p, on M, and that their dynamics on
My is as given in (88) and (91). (d) The phase plane for (x, n, v", py) as a singular perturbation of (a) where, in particular, the slow manifold M; is O(8)-close to
My as is the initial condition (gray circle) and the solution on M. Moreover, because M; is a stable manifold, the solutions in the neighborhood of AM; approach
the solutions on AM;. (e) The shape of M; as a perturbation of M, discussed in (b). (f) The phase plane for (p, py) as a singular perturbation of (c). Note that the
solutions p(7)| at; and py(t)|aq, are O(8)-distance away from each other because M; lies off-diagonal. The interpretation of the solutions is identical to (d).

where and
S,(X) = Z @SU[M%S + Z Mﬁm ncs]f,bs 88b)  (P(70), Pmm(70)) = (1py(70), ipv(70) + (1 — F)py(t0)?). (90)
au,bsec 0Zfoc bs seo Mtoces Note that the dependency of (89)-(90) on (X(t), p(to))) comes

is evaluated at the critical manifold Mo. To obtain Eq. (88) we  only through (90). Then, in slow time z, the weighted mutant
have taken the limits § — 0 and t — oo and recall that frequency py(7) changes according to (88) for all > 7o, and for

throughout we have assumed that the total population size is  the initial condition (89)-(90) its solution is

infinity. Eq. (88) can thus be seen as the first moment of change in 1

the reproductive value weighted allele frequency of the diffusion pv(t | X(to), P(to)) = 1+ 1op(m) o [—1S (f()]’ (91)
approximation for slow subsystems (Ethier and Nagylaki, 1980, pv(70) PL=T2y

1988). where S,(X) is given in (88b) and where we have indicated that

the initial condition py(t9) = p. depends on (X(ty), p(to)).

It is important to note that while (x(z),n(t), v*(t)) =
(X, 1, V") stay constant for all T > 1, the genetic structure
changes according to p(t) = 1py(t) and pym(t) = Epy(t) + (1 —
t)py(t)? for all T > 19 and where py(t) = pu(t | X(to), P(to)) is
the solution in (91). Because p and pyv change also in the fast
subsystem (Section 6.1), they are both fast and slow variables.
Moreover, because every average mutant frequency pg in (65) in
the fast subsystem converges to p. as t — oo (Section 5.1), we
will also define

6.3. Solution of the slow subsystem

Given that the dynamics of the weighted mutant frequency py
can be solved from a single ODE given in (88), we can express
this in the context of an initial value problem as follows. First,
recall that the fast subsystem (86) converges to Mg as t — 00,
and that the exact point on M that the fast subsystem converges
to depends on the given initial condition (X(tp), p(tp)) which
determines py = p. € [0, 1] that parametrizes M, (Section 6.1).
We will assume that this point is an initial condition for the slow
subsystem, and to this end we define py(t9) = p. for some initial Pg(T0) = pu(T0). (92)

slow time 7o, and let Then, pg(t) = py(7) for all T > 7, and the solution of pg and thus

(x(10), n(10), V*(10)) = (X, i, V™) (89) also the solution of the arithmetic mean mutant frequency p in

26



T. Priklopil and L. Lehmann

(55), is identical to the solution (91). See Fig. 2, panels (a)-(c) for
a graphical representation.

7. Invasion implies substitution

We are now ready to state and prove the “invasion implies
substitution”-principle for the metacommunity model.

Invasion implies substitution — principle. Suppose that resi-
dent individuals express phenotype z € Z and that the resident
dynamics of the metacommunity is given as in (10). Suppose
further that the metacommunity is near a hyperbolically stable
steady state X that satisfies 0 = Q(X)X, and that a mutation
generates a mutant phenotype z + §n where 5 gives the direction
of the deviation and § characterizes the distance between mutant
and resident phenotypes. Then, for sufficiently small § and/or
large time t > t, where ty is some initial time, the dynamics of
the arithmetic mean mutant frequency p can be approximated as

p = p(1 — p)3S,(X) + 0(5?) (93)
with solution
1
p(t) = — — + 0(8), 94
1+ LB exp[—85,(%)] (94)
where
8hau,bs(f() A

S,K)= Y

au,bseC

nbs+z

cseC

au

o [ 9o ps(X 7
H[LS() Thes ch]”bs- (95)

0Zfoc, bs 0Zjoc,cs

The constant p. in (94) is the asymptotic mean mutant frequency
of the fast subsystem where § = 0 and it depends on the initial
condition (X(to), p(to)) where p(tp) is the initial distribution of
within-class mutant frequencies. In S,(X), the density distribution
vector i and the reproductive value vector V" are the right and
left dominant eigenvectors of H(X) with a scaling v" - i = 1
where H(X) is the resident fitness matrix in (15). The relatedness
vector T satisfies I = ¢(X) + D(X)t where ¢(X) is a vector giving
the probabilities that a pair of individuals have a common parent
and D(X) is a matrix giving the probabilities that this pair has two
distinct parents within the same group (Section 3.4.1).

7.1. Proof of the principle

Here we give a poof of the “invasion implies substitution”-
principle stated above. First, recall that in Section 4 we set up
a mutant-resident metacommunity model for arbitrary §, and
in Section 5 we showed that in order to study the spread of a
mutant allele for small § we can study the fast-slow dynam-
ics of five fast variables (x, n,v", p, pum) dominated by O(1)
and a single slow variable py dominated by O(8). To do this,
in Section 6 we set up a fast-slow mutant-resident system for
(x, m, V", p, Pum, pv) and then analyzed its fast and slow subsys-
tems where § = 0. In the fast subsystem (Section 6.1), we found
that whenever x converges to X, all the remaining fast variables
(m, v™, p, pmm) of interest converge to the critical manifold Mg
at which (x, n,v?) = (X, n, V") are isolated steady state points
and (p, pum) = (1py, Ipy + (1 — f')p‘z,) take values on a curve
parametrized by py € [0, 1] which is a constant in the fast
subsystem (and hence is on Mg by definition). The exact point
pv = pc € [0,1] on Mg that the fast subsystem converges
to depends on the initial condition (X(ty), p(tg)) where X(tg) is
chosen sufficiently close to X.

In the slow subsystem (Section 6.2), we found that the slow
variable py changes according to an ODE given in (88) and when
coupled with an initial condition its solution is given by (91). Con-
sequently, the fast variables (x, n, v!) = (X, i, V") stay constant
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in the slow subsystem and are thus purely fast variables, and the
two moments of allelic states (p, pum) = (1py, Bpy + (1 — F)p2)
change due to py and are hence both fast and slow variables.
Next, we perturb the fast and slow subsystems using classical
results from geometric singular perturbation theory (Fenichel,
1979; Hek, 2010; Kuehn, 2015; Priklopil and Lehmann, 2020),
which proves the “invasion implies substitution”-principle for
small but nonzero §. To this end, we proceed in two steps. In step
1 we apply ‘Fenichel’s first theorem’ (e.g. Priklopil and Lehmann,
2020, Appendix A.4., Fenichel’s invariant manifold theorem 1)
saying that because M, is a normally hyperbolic invariant man-
ifold, for small but non-zero § there exists a so-called slow
manifold M, that is (i) O(5)-close and diffeomorphic to M, and,
(ii) invariant under the fast-slow mutant resident dynamics (84)-
(85). Property (i) says that for any point on M, there is a point
on M; that is O(§)-close. We will state this in terms of an initial
condition of the slow subsystem as

(x(10), n(7o), V'(70))Im; = (X(70), N(T0), V*(70))| A1, +O(8)

= (X, A, ") + 0(5) (96a)

and

(P(70), Pum(T0)) | at; = (1Pw(T0), Epy(T0) + (1= F)py(T0)*) Aty +O(S),
(96b)

and which is valid for any initial condition (i.e., any point on My)
and where O(8) is a vector of O(8). The property (ii) says that
for all T > 19, the solutions starting on M; will remain on Mj.
Importantly, the two properties (i) and (ii) together imply that for
all T > 1o the ODE’s (or vector fields) and their solutions on Mj
are small perturbation of the ODE’s (vector fields) and solutions
on M. More precisely, because the dynamics of py(t) on Mg
denoted as py(7)laq, can be written as an ODE (88) and when
coupled with an initial condition its solution is given as in (91)
for all Tt > 1o (Section 6.2), the dynamics of py on Ms can be
written as an ODE

d

dr
and when coupled with an initial condition given in (96), its
solution is

=pu(1— pv)sn(f‘) + 0(8),
M

Py (97)

1

= ] A (98)
Ms 1+ ;—C”C exp[—1S5,(X)]

pu(1)

where p. = py(to) is the initial weighted mutant frequency in the
slow subsystem. Eqgs. (97)-(98) are the first order approximations
of the dynamics on Ms.

So far we focused on the dynamics of py(t). But since on M,
we have py(t) = py(7) for all T > 1 (Section 6.3), and because
8 is nonzero in (97)-(98), we can re-write (97)-(98) in fast time
t = t/6 and in terms of py as

d N
GP#,, = 9P = py)S, )+ 065 (99)
and
1
t = 0(é). 100
Py )’/\45 1+ 1;fc exp[—t38S,(X)] o) (100

Eqs. (97)-(100) thus establish the first order approximation for
any average mutant frequency in the fast-slow mutant resident
system (84)-(85) restricted to the slow manifold M;s. We note
that while the solutions py and pg on M; are both O(§)-distance
away from their solutions on M, they are also O(§)-distance
away from each other (Fig. 2 panel (f), see further discussion
below).
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It now remains to investigate whether the first order approxi-
mations (97)-(100) on M, are generic in the sense that any other
solution nearby is a small perturbation away, which is a necessary
requirement for us to be able to choose initial conditions away
from Ms;. This leads to step 2 of the proof in which we apply
Fenichel’s results on the persistence of the stability properties
of manifolds (e.g. Priklopil and Lehmann, 2020, Appendix A.4.,
Fenichel’s invariant manifold theorems 2 and 3). These results
say that because My is attracting so is M, and moreover, all the
variables near M; converge to M, exponentially fast. The exact
rates can be estimated as given in Priklopil and Lehmann (2020,
Appendix A.4., Corollaries 1 and 2). Therefore, a solution pg(t)
with an initial condition pg(to) near Ms, for some initial time to,
will become arbitrarily close to (99)-(100) in finite time that de-
pends on §. See Fig. 2 panels (d)-(f) for a graphical representation
of the proof. O

Using the weighted mutant frequency py and geometric singu-
lar perturbation theory (Fenichel, 1979; Hek, 2010; Kuehn, 2015),
we showed that the *“invasion implies substitution”-principle
holds for our metacommunity model, saying that the dynamics of
any average population-wide mutant frequency py can in fact be
approximated for sufficiently small § and/or large fast time ¢t by a
single scalar valued dynamical equation (93)-(95). Moreover, the
rate at which change in mutant frequency occurs in the ‘normal’
population dynamical time t is characterized by 8S,(X) giving the
number of additional mutant alleles produced per unit of time
by the focal mutant allele (see further discussion in Section 7.2).
This can be expressed purely in terms of quantities obtained
from the resident metacommunity dynamics evaluated at their
steady states, and are thus constant over the relevant timescales.
We note that because the rate of mutant frequency change is
measured per unit of time, this rate is of order O(§) slower in
fast time ¢t than in slow time 7 because 1/t 8/t (compare
e.g. (97) and (99)), and thus S, (X) characterizes the rate of mutant
frequency change in the slow evolutionary time 7. In contrast,
the solution of the average mutant frequency pg of the fast-
slow system where § is small is O(8)-distance away from the
solution of the slow subsystem (where § = 0), and this distance
is independent of the timescale (compare e.g. (98) and (100)).
This implies that the per unit time change in the arithmetic mean
mutant frequency is §-distance away from the asymptotic change
in the reproductive value weighted frequency. Moreover, as §
approaches 0 but remains non-zero, the slow subsystem (91)
gives an increasingly good approximation to (94).

7.2. Inclusive fitness effect and singular points

An alternative representation of the directional selection co-
efficient 8S,(X) as characterized in (95) can be obtained by con-
sidering a class-frequency vector u = (Ug)gsec = N/n where
N = Y .ccNas is the total density of the focal species. Because
each individual can be identified with the allele it carries, we will
interpret n as the total number of mutant and resident alleles in
the focal species and u as the distribution of the context they
find themselves in Kirkpatrick et al. (2002), and recall that the
distribution of mutants and residents is given by p. In other
words, given we randomly sample a carrier of the mutant al-
lele (or resident allele) at the steady state for a process where
8 = 0, iig is the probability that this allele finds itself in class
as € C. Then, by re-scaling the critical manifold (87) as n =
na and nv" V" such that ¥* - @ 1 where v* is the
adjoint variable associated to u (and corresponds to the standard
scaling of reproductive value, e.g., Taylor, 1990), the directional
selection coefficient 8S,(X) characterized in (95) can be written
and interpreted as given in (2) (by adding a superscript u to
v). Note that in (2) we write S,(z) thus using z instead of X
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as the main argument because it is commonly used as such to
study phenotype evolution and we shall follow this notational
change henceforth. We emphasize that under both scalings, (2)
and (95), the directional selection coefficient measures the ‘ad-
ditional’ mutant alleles produced by a randomly sampled carrier
of the mutant allele, i.e., a focal mutant individual. This is true
in particular in the second summation in (2) and (95) where the
contribution of group members is accounted for.

We can now further change the perspective on the contri-
bution of group members by swapping indices in the second
summation in (2), and using us = (N¢s/Nps)ups for all bs, cs € C,
we then obtain the representation

Si(2)=Sz) - 1 =) Sps(2)ilps7s, (101)
bseC
with S(2) = (Sps(2)iips Jbsec Where
oh X oh X) N .
Swlz) = Y 8, {a"”*’”( ) 1y Bl )N“rm} (102)
aiee Zfoc,bs oo Zloc,bs bs

is the selection pressure on phenotypic component z,; € Z¢. Sim-
ilarly to (2) and (95), the first term in the brackets
0hau.ps(X)/0Zfoc s, When multiplied by §, gives the additional
number of gene copies (or offspring number owing to asexual
reproduction) in class au € C produced per unit of time by an
individual of class bs € C as a consequence of it bearing the
mutant instead of the resident allele. In contrast to (2) and (95),
however, the term [(dhgy ps(X)/0Zioc.cs)(Nes/Nps)] in the second
summation, when multiplied by 8, gives the additional number
of class au € C gene copies produced per unit of time by all
non-focal local individuals of class cs € C (group members of the
focal individual) as a consequence of a focal individual of class
bs € C bearing the mutant instead of the resident allele. The
weight fj,.; ensures that we only count those non-focal individuals
¢s € C who have a common ancestor with the focal individual
bs € C and are thus likewise mutants. Each such additional
mutant gene copy in class au € C is then weighted with its
reproductive value 0%, that gives the expected asymptotic number
of descendants, and we finally sum over all classes of the offspring
au € C. Therefore, in (101)-(102), the individual fitness ‘belongs’
to the focal individual in the first term in (102) (as in (2) and
(95)), whereas in the second term in (102) it ‘belongs’ to non-
focal but related individuals (in contrast to (2) and (95)) that are
affected by the focal’s trait(s). The focal individual can thereby be
taken as the actor of all fitness changes as prescribed by inclusive
fitness theory (Hamilton, 1970), and (102) is fully consistent with
the exact representation of inclusive fitness for (physiolgically)
class-structured populations (Lehmann and Rousset, 2020, eq. 4).
Hence, (101) separates mutational step size from structure of
selection by associating all fitness consequences of an allele that
would induce an unilateral phenotypic change 7, into Sps(z) for
all bs € C in (102).

It then follows from (101) that a singular point z* € Z needs
to satisfy

Sps(z*)=0 forall bs € C, (103)

since at a singular point no unilateral deviation in phenotype
should result in a change in fitness, that is, (101) needs to be
0 for all ». Whether such a singular point will be approached
by gradual evolution from within its neighborhood hinges on
the concept of convergence stability (Eshel, 1983; Lessard, 1990;
Christiansen, 1991; Leimar, 2009). However, because convergence
stability along with other properties of singular points (e.g. evo-
lutionary branching Geritz et al., 1998; Ajar, 2003) is a ‘second
order’ property we leave such further analysis for future work.
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Here we simply state that while in the context of multidimen-
sional phenotypic evolution the direction of change of pheno-
type can depend on the mutation process, the covariance of the
class-specific mutational increments are unlikely to interfere with
the convergence stability of singular points when the mutation
matrix is positive definite (Leimar, 2005, 2009).

8. Discussion

We have proved the “invasion implies substitution”-principle
((93)-(95), Section 7) for the evolution of a multidimensional
quantitative trait expressed by the individuals of a focal species
that is physiologically class structured e.g. by age, size and stage,
and that resides in a metacommunity with finite local community
size where reproduction, dispersal, survival, and development are
stochastic and frequency and density dependent.

8.1. Evolutionary dynamics across multiple timescales

The evolutionary dynamics discussed in this paper are driven
by three qualitatively different evolutionary forces (processes):
mutation, selection and class transmission. Mutation-driven
changes in the metacommunity are caused by the apparently
random modification of the expression of the phenotype. And
while selection is classically driven by the differential survival
and reproduction due to differences in phenotypes among indi-
viduals, class transmission is driven by the differential survival
and reproduction due to individuals residing in different classes.
Mutant frequency can thus change not only due to selection but
also class transmission, even in the absence of selection (see (52)).
In the following we will examine all these processes in detail and
how they contribute to the adaptive dynamics of a quantitative
trait.

In the mutant-resident metacommunity model with arbitrary
phenotypic effects (Section 4), both selection and class
transmission are arbitrarily strong and intertwined. They together
drive the change in mutant allele frequency at all times, a change
that can involve density-dependent and frequency-dependent
dynamics potentially leading to allelic coexistence (polymor-
phism). In Section 5, however, we showed (as expected) that
under the assumption (i) of phenotypic closeness, the effect of
selection on the mutant frequency dynamics is much weaker
than the effect of class transmission. Hence, the large system
of mutant frequency dynamics can be partitioned into two sim-
pler limiting subsystems (Section 6), one that is driven only by
class transmission on a fast population dynamical timescale (fast
subsystem, Section 6.1) and the other driven only by selection
on a slower micro-evolutionary timescale (slow subsystem, Sec-
tion 6.2). One can further analyze these subsystems in isolation
and join them together using geometric singular perturbation
methods (Fenichel, 1979; Hek, 2010; Kuehn, 2015) eventually
leading to the “invasion implies substitution”-principle (93)-(95)
(Section 7). In order to follow these steps, however, we had to
overcome the difficulty that in class-structured populations there
does not exist a priori a purely slow variable driven by selection
only and that can be used as a proxy for mutant frequency (e.g.
Rousset, 2004; Priklopil and Lehmann, 2020). Such a variable
can nevertheless be constructed by weighting the distribution
of mutants by reproductive values (Taylor, 1990; Rousset, 2004;
Grafen, 2015; Lion, 2018b; Priklopil and Lehmann, 2020), because
by definition such weights scale away any changes due to class
transmission. Hence, the assumption of small phenotypic differ-
ences and the use of the weighted frequency together lead to
the separation of timescales and the consequent separation of
evolutionary dynamics into frequency changes caused by class
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transmission and selection, which in turn underlies arithmetic
mean allele frequency change (93)-(95) whose sign is indepen-
dent of frequency. Our result thus extends earlier work whose
representation of (1) was given in terms of a reproductive value
weighted mutant frequency and not the arithmetic mean (Roze
and Rousset, 2004; Rousset and Ronce, 2004; Rousset, 2004;
Van Cleve et al., 2010; Priklopil and Lehmann, 2020).

We must stress that the arithmetic mean allele frequency
change (93)-(95) holds not only in the limiting slow subsystem
where § — 0 and where the population dynamical time t — oo
(Section 6.2), but also for small but non-zero § in the ‘normal’
population dynamical time t* < t < oo where t* is some
finite time after which (93)-(95) hold (Section 7). In this respect,
our results complement earlier work on the mutant allele dy-
namics in slow subsystems (e.g. Wakeley, 2003; Roze and Rous-
set, 2003; Rousset, 2004; Wakeley and Takahashi, 2004; Lessard,
2009, and see for well-mixed but age and/or class-structured
populations Lessard and Soares, 2018; Soares and Lessard, 2019,
2020). In this work, the strength of selection § is inversely pro-
portional to the system size that tends to infinity while § — 0
but keeping their product finite, and it invokes a two timescale
method of Ethier and Nagylaki (1980). Our result (1)-(2) for small
but nonzero § holds whenever one can show that the metacom-
munity is ‘structurally stable’ in the sense that the steady state
of the metacommunity and its stability properties persist under
the small perturbation caused by the invasion of the mutant,
that is, when § deviates from 0. In the present metacommunity
model, this is guaranteed by the assumption of hyperbolicity (ii),
and jointly with the assumption on phenotypic similarity (i) and
the weighted frequency py fully justify the “invasion implies
substitution”-principle (93)-(95). Recurrent invasion-substitution
events thus cause the seemingly gradual changes in the struc-
ture of the metacommunity and the gradual evolution of the
phenotype of interest.

The final question is whether and how is the process of gradual
evolution affected by the mutation processes. For scalar-valued
phenotypes, recurrent invasion-substitution events will always
either increase or decrease the phenotypic value until the phe-
notype becomes a singular point and the same should hold for
multidimensional traits under mild assumptions on the muta-
tion matrix when the singular point is convergence stable (see
Section 7.2). Interestingly, a mutation rate that results in several
competing mutations in the metacommunity does not interfere
with the qualitative nature of this gradual process. This is be-
cause any finite number of overlapping mutations perturb the
structure of the resident species only to order O(§) (Meszéna
et al., 2005). Therefore, if the mutation of interest results in a
positive selection coefficient §S,(z) in a resident metacommunity,
the selection coefficient remains positive upon the arrival of any
new mutations, provided the assumption (i) for small phenotypic
effects holds. Naturally, this is also true for the other ‘overlap-
ping’ mutations: any mutation that results in a positive selection
coefficient 85,(z) will go to fixation upon a successful invasion
event. A mutation rate that generates several overlapping muta-
tions thus only affects the rate of evolution but not its direction.
Furthermore, it is important to emphasize that the “invasion im-
plies substitution”-principle (93)-(95) is valid also for polymor-
phic resident metacommunities (Priklopil and Lehmann, 2020).
In such a case the “invasion implies substitution”-principle holds
along each “morph” of the polymorphic resident species requiring
as many directional selection coefficients as there are morphs.
Therefore, provided we stay away from singular points and mu-
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tations have small phenotypic effects, the “invasion implies
substitution”-principle (1)-(2) gives a complete description of the
gradual evolutionary process.

8.2. Evolutionary dynamics across multiple fluctuations

Because we have formulated the metacommunity dynamics
as a stochastic processes that can depend on the state of the
group and the metacommunity at large, our model captures
frequency- and density-dependent environmental feedbacks both
at the group- as well as metacommunity-level. Our model also
applies to situations where reproduction, dispersal, survival and
physiological development depends on locally fluctuating ex-
ternal factors, defined as any factors that are not contained in
the environmental feedback, and can thus generate the effect of
environmental stochasticity on a local (group) scale and when-
ever the external factors can be expressed as discrete variables.
Extending our model to capture globally fluctuating external
factors would require to introduce an additional “environmental”
state space £ whose elements would affect all quantities used
in this paper but not change their functional form, that is, all
rates used in this paper would also be functions of £ (in the
context of this present paper but for well-mixed populations
see a recent approach in Cai and Geritz, 2020). Yet, we expect
that by taking an appropriate average over the ergodic path of
environmental states including such environmental change is
unlikely to change the generic shape of the selection coefficient,
a point illustrated by Lenormand et al. (2009), proven more
generally by Lion (2018b, eq. 23) for panmixia, and implied by
the analysis of Svardal et al. (2015, eq. B.8) for spatial structure.
Moreover, in metacommunity models where the total size of the
focal species is finite, our dynamical equations can in principle be
used to construct a diffusion approximation with two timescales
to analyze the effect of genetic drift on the evolutionary dynamics
(e.g., Wakeley, 2003; Roze and Rousset, 2004; Rousset, 2004;
Soares and Lessard, 2020). Here, the infinitesimal mean of the
diffusion is given by the mean change (88) and the infinitesimal
variance is obtainable from the recurrence equations for relat-
edness (Rousset, 2004, chapter 9-11). Finally, we formulated our
model only in the context of haploid reproduction. Still, allowing
for diploidy and sexual reproduction under additive gene action
within individuals should only require changing the scaling of the
mean change in allele frequency (93) and to interpret relatedness
in the directional selection coefficient (95) in a diploid context
(as per simpler models with diploidy and class-structure, Roze
and Rousset, 2004; Van Cleve et al., 2010). In conclusion, while
we have left several biological questions to be settled in fu-
ture work, we believe that the present model contributes to
the understanding of adaptive evolution of structured natural
populations.

Acknowledgment

TP was supported by the Swiss NSF grant PPOOP3-123344
to LL. We thank an anonymous reviewer and John Wakeley for
useful comments on the paper.

30

Theoretical Population Biology 142 (2021) 12-35

Appendix A. Individual fitness

A.1. Resident individual fitness

In this section we detail the steps to obtain individual fitness
(16) from the resident group and metacommunity dynamics (10).
Using ng, = NguXy, we have

hau = Nauxu

= Nau Y [40,4(%) + ¢ (%) + q7's ()] %,

se§
=2_Na [ D Hous0ONos + > D s ONau
seS c,beP ceP dweC
+ an; (x)} Xsa

(A1)

where we have applied Section 3.2. Whenever an individual a € P
is produced or removed from group s € S so that this group
transitions to u € S, the number of a € P in the group changes
and Ng, is either equal to Ngs + 1 or Ngs — 1, otherwise Ny = Ngs.
This motivates us to re-write the above as

hau = Z(Nau - Nas + Nas) |: Z )\Eu’bs(x)Nbs

seS c,beP
+ Z Z Acu sdw X)Nau X + qu s ( ):| Xs
ceP dweC
= Z Na” Nas |:Z )”au bs Nbs + )‘au bs( )NbS
seS beP
+ Z )"Sg,s,dw(x)Ndwxw:| Xs+ (AZ)
dweC
+ " (Nau — Neg) [Z Al as(XNgs + A2, (x )Na5i| X+
seS ceP
seS c,beP
+ Z Z )‘-?35 dw Ndwxw + qu s ( ):| Xs
ceP dweC

where in the second equality we have applied Sections 3.1-3.2,
and by relabeling the indices on the second line in (A.2) we get

o = 3 { Nas) (00,500 + 23, 5s(X) ) +

seS beP
+ Z(Nau - Naw)legg_w_bs(X) i| Npsxs+
weS (A.3)
+ Z au — as) |:Z )‘cu as Nas + }‘au as(x)Nas:| Xs+
seS ceP
+ Z Qu,s(X)NgsX;.
seS
Now, for all s # u € S, we have Ny — Ngs = 1 and Ngy — Ny, = 1

on the first and second line in (A.3), respectively, because an
offspring a € P is produced by birth into a group that transitions
tou € S, and Ngy — Ngs = —1 on the third line in (A.3) because
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a parent a € P is removed by physiological transition or death
from a group that transitions to u € S. In all other situations
where s € S transitions to u € S we have Ny, = Ng. We thus get,
after some reorganization,

Moy = Z Z I:)‘Ef bs(X) + )‘au ps(X) + )‘au bs(x)] Npsxs—

seS beP

- Z |:Z )"cu as + )‘aDu as( ):| NGSXS + Z qU.S(X)NaSXS
seS LceP seS
Z [)‘53 bs\X + )‘au bs( ) + )‘Ss,bs(x)] Nps+
bseC
iy [qu 20— YA 00— asm}
seS ceP
= Z hau,bs(x)ans
bseC
(A4)
where for u # s € S we can then write
au bs(x) + }‘au bs( ) + }‘—zll-u,bs(x) for a 7& b
B
hau,ps(X) = Aguiybs( X) + )\gu,bg( X) + qu,s(X)
- Zc;ﬁaep )“Iu,bs(x) - )‘l?u,bs(x) for a=0b,
(A.5a)
and for u = s € S we have
has ps(X) = ag bs( )+ 8a,pqs,s(X) = )‘as ps(X) — 8ap Z Guw,s(
w#seS
(A5b)

for all a, b € P. Alternatively, we can represent (A.5) with a single
equation

hﬂu,bs( ) - )“au bs(x) + )“au bs(x) + )“au bs(x)

+ a,b |:CIu s(x) — Z )‘cu as

A.6
)\'Bu ﬂS( )} ? ( )
ceP

for all au, bs € C, and which is the expression for individual
fitness (16) given in Section 3.

A.1.1. Individual fitness: connection to previous models and formu-
lations

Physiologically unstructured metapopulation model. Here we
consider a single physiologically unstructured species and sup-
pose that groups are identical in terms of abiotic factors. The set
of g-states can then be represented with S = {0, 1, 2, ..., Nmax}
specifying the number of individuals of this focal species inhab-
iting a group, and the only processes occurring in each group
are death, philopatric birth and birth via dispersal, which is
conceptually similar to models with local group demographic
fluctuations considered previously (Metz and Gyllenberg, 2001;
Cadet et al., 2003; Rousset and Ronce, 2004; Lehmann et al., 2006;
Alizon and Taylor, 2008; Parvinen, 2013). The individual fitness
(16) then reduces to

() = 14, (0 + 320 0+ (g, (%0 = 28 4(0))

forall N,N'es, (A7)
where
g, (%) = (AZ?N(x) +22 ) N+ Y% kg
' ’ Kes (A.8)

forall N,N'eS, N#N.
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Here
W (x) = uy(x) for N = N-—-1 (A.9)
N.N 0 otherwise,
and
P g
508 (x) = By(x) for N = N+1 (A10)
N.N 0 otherwise,
and )\;‘V,N(x) = kes xK)\i‘?K (%) where
d ’
X) for N=K+1
AL (X)) = P . (A11)
NKN 0 otherwise.

By convention we have p(x) = 0, ﬁﬁmax( X) = 0 and ’BdWmax (x)

0. The interpretation of (A.7) is analogous to the one in (16)
except that the i-process for physiological transitions as well as
all the other processes of non-focal species and abiotic factors are
absent. Note that, if we further have ﬂN(x) (1 —m)By(x) and
'Bd/l( (x) = mpy(x) for some migration probability m and birth

rate I\,’BN( ) depending only on the local density of the parent and
which is the realm of the aforementioned demographic models,
then

hN,’N(X)

IBN(X) + qN+11N(x) for N/: N+1
_ Jv—2mBy(x) + (qy_1n(X) — py(x)) for N'=N-—1
XN—lmﬂN(x) + qN_N(X) for N/: N
Xy My (%) for N'#£{N—1,N,N+1},
(A12)
where
qN,’N(X)
(1= m)ByON +mY s Bx(X)Kxx for N'=N+1
~yxN for N=N-1
_[qN+1$N(X) + qN—],N(X)] for N/: N
0 otherwise.
(A.13)

Well-mixed physiologically structured population model. Here
we reduce our metacommunity model to a well-mixed popu-
lation model for a single focal species that is physiologically
structured. In so doing, we assume that each ‘group’ is inhabited
by at most one individual and that individuals reproduce via dis-
persal into an empty uninhabited group. The set of g-states can be
represented with S = {0} U P implying that each group is either
empty or it is inhabited by a single individual that is in one of the
finite number of physiological states. The only processes are birth
(via dispersal), physiological transition and death. This model is
conceptually similar to the one in Lion (2018a,b) and Priklopil and
Lehmann (2020). The individual fitness (16) then reduces to

9o(X) AL, <Z)‘cb+)‘bb>

ceP

ha,b(x) =

forall a,beP. (A.14)

Here, for all a,b € P, we have AJ,(x) =
1S o p(X) = ,3:0 b(x), and A ,(X) = ju,(x) and

xoka 0.p(X) where

(A.15)

VapX) for a#b
h(x) { otherwise.

The interpretation of (A.14) is analogous to the one in (16), except
that here each ‘group’ can transition from one state to another
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only due to the i-processes of the focal parent individual b € P.
Therefore, the ‘survival’ term in the brackets in (A.14) implies that
the focal parent a = b € P has either died and is removed
from the group or it physiologically transitions to some other
physiological state.

Conditional fitness. The concept of individual fitness (16) has
been considered in the previous literature for discrete-time pro-
cesses (Lehmann et al,, 2016; Ohtsuki et al.,, 2020) and could
generically be called unconditional individual fitness because it
is evaluated unconditionally on whether or not a group tran-
sition occurs. We can distinguish its dispersal and philopatric
components, as discussed in Section 3.3, by writing

huu,bs( ) - hau bs( ) + hgu,bs(x)’ (A.16a)
where

au ps(X Z Xuh au w, (X (A-165)

weS

and

M 0.55(X) = A 15(X)

B
hgu bs( ) - )‘511 bs(x) + AZ”~b5(x) (A.16C)

+ 5a b |:Qu s(x) Z )‘cu as )‘aDu as( )i| .

ceP

The conditional individual fitness (e.g. Rousset, 2004; Rousset
and Ronce, 2004; Lehmann and Rousset, 2010 Lehmann et al.,
2016, Appendix E) is defined as the fitness of an individual given
a group-transition (it is conditional on the realization of the state
after the transition), and this can be written as

Waubs(X) = Wy ps(X) + W], ,(X), (A17a)
where wd, ,(X) = Y, . XwW, ,, »(X) and where
G5 (X)
d au,w,bs
wau,w,bs(x) -
Qu,w
o (A.17Db)
p hau,bs(x)
wau,bs(x) =
Qu,s
Note that when a = b € P, then wh 4(x) =
1+ Hinast~Ycep g“ M 0s® L0d when a # b € P, then
qu,
APl
wgu’bs(x) = & bs(x) au. s . If we now further make the assump-

tions of the * physwloglcally unstructured metapopulation model”
case where S = {0, 1,2,..., Nmax} and use (A.16)-(A.17) along
with (A.12)-(A.13) and notmg that h¢ e y(X) = mBy(x) for N'=
K + 1, then we recover equations ( A43) (A.48) of Lehmann and
Rousset (2010), which holds as the conditional fitnesses for the
model of Alizon and Taylor (2008).

A.2. Mutant-resident individual fitnesses

A.2.1. Fitness of mutant and resident individuals

The derivation of fitness functions for mutant-resident dynam-
ics is analogous to the one for resident dynamics (Appendix A.1).
Using nyay = Zjdu Jjauyyj and the fact that upon a transition
from si € 2 to uj € §2 the number of mutants that are added or
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removed is jg, —

hM,au = ZjauJ'/uj

JELy

= Y > ms(Y)si

JETy seS ieZs

= Z Z Z ias + Jau — las Nuj si(¥)Ysi

JETy SES ieZs

= Z Z Z(.jau — gs) |:Z (kﬁ}?gsi(Y) + )‘xzibsi(y» ips

igs for all a € P, we get

JETy SES ieZs beP
+2 ) Aﬁﬁf?,dwk(y)kdwydw] Vi
keZy, dweC
+ Z Z ZO”” las |:Z )‘cuj as: au1 ag,(Y):| las_Vsz
JETy SES i€TLs ceP
D33 3lD 3OS
jeZy s€S ieZs Lc,beP
+ Z Z )_‘gu,s,dwk(Y)Ndw.Vwki| lasYsit+
c.deP wkes2
)0 AW iasysi
SeS ieT;
(A.18)

By exchanging the indices and using ym psim,ps = n”sys’ we can
re-write the above as

hM,au = Z Z Z |: Uau - ius) ()Lz/i,fgsi(Y) + )‘auj bs1(y)> ibs+

bsec jezy iezs

+ Z(iau - iaw )Xw}\z/ifﬁ,,bsi(y) i| YM,bsiM,bsTIM, bs

wWES

+D Y i — i)

SES jeIy i€Zs

X |:Z )‘M]TES,(Y) + )ny aﬂ(y):| yM,asi\M,asnM,as

ceP

2,22 [miay

SES jezy i€Ts

Tj, s;(y) + ”L?Cg,(Y)] YM,asilM,asTIM, as

= g s (¥)Mbs,
bsec
(A.19)
where
g(]]\{ll bs Z Z |: auj bsi y) + )‘xul:.’gsi(y) + )‘m"]—‘l:bsi(Y)_F (AZO)
JETy i€Zs

Z)»mj asi A, us,(Y)) :| YM,bsilM, bs
ceP

(A21)

+ Ba,b <7Tuj si

which is the partitioning given in (47).
The derivation of the resident fitness for the mutant-resident
dynamics (48) is identical to (A.18)-(A.20), except that one needs
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to replace the numbers of mutants within a group i, with resi-
dent numbers Ny — ig, for all as € C, class-specific densities for
mutants ny ¢ with resident densities ng g, for all as € C, as well
as conditional group frequencies ym, psijm,bs With Yg psijg ps, for all
beP,sie L.

A.2.2. Fitness of an average individual

We can obtain the average individual fitness (49)-(50) by tak-
ing an average over mutant and resident individual fitness’s (47)
and (48). Here, instead, we will provide an alternative derivation
that is similar to the derivation for resident fitness (16): the
average individual growth-rate (49)-(50) can be calculated from
the mutant-resident group and metacommunity dynamics (42) as

Nay = NauXy

_N””ZZZ[”uJSl

JETy S€S ieZ;

:MZZZ[

JETy S€S ieZs

uj Sl(y) + nuj 51(Y)] ysl

Z )_\Cpuj,bsi(y)Nbs

c.beP

+ Z Z )_»(Cj&s’dwk(y)Ndwxw + 7T$c5,(y):| Ysi

ceP dweC

= Z Z Z [ Nay — Nas) (A'auj psi¥) + )_‘Zuj,bsi(Y))

bseC jeI, ieZs

+ Z au — Naw kasz,w,bs,’(y)} Npsysi+

weS

S 2)I) LI [z

SES jeIy ieZs ceC

auj asz(y)} Nas}’si"‘

Z )"cw bsz Y)Nps

c,beP

Tyy|

seS jeIy ieZs

EY T Nat, 4 D S,m} Ny

ceP dweC
= Z gau,bs(y)nb&
bseC
(A.22)
where
ga” bs Z Z |: auj, b51 auj bst(y) + )‘au] bsz(y)+ (A'23)
JETy i€y
+ 8ab (nu] si Z )‘cu} asi( _auj asz(y)) :| Ysils
ceP
(A.24)

which is the partitioning (50) from the main text.

Appendix B. Relatedness and genetic correlations

B.1. Jump-process approach

To facilitate the derivation of the recursion (30) for relatedness
(Section 3.4.1), we represent here the metacommunity dynamics
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as a discrete-time jump-process. To this end, we focus on a single
group and take a probabilistic perspective on the group dynamics
by viewing the vector x(t) = X as the probability distribution
of the state of some focal group at time t (Section 3). The state
of the focal group is considered as a random variable which we
denote with S(t) for all t. In the continuous-time formulation
discussed in the main text, the focal group (as well as all other
groups in the metacommunity) can thus be seen as undergoing
a continuous-time (non-homogeneous) Markov chain {S(t) | t €
[to. tr]} on the state space S for some initial time t, and final time
tr (and recall that the non-homogeneity is implicit and comes via
the group transition matrix (10) being a function of x(t)). Now,
because we want to consider a jump chain (or embedded Markov
chain, e.g., losifescu, 2007) associated to the above continuous-
time Markov chain, we are interested in the probabilities at which
the i-processes happen. Let IT, = S(T;) denote the random
variable of this jump process giving the state of the group at
the kth jump starting at time ty, where each jump time Tj is
(also) a random variable. The resident group dynamics of this
discrete-time Markov chain can then be written as

X(Tit1) = AX(Ty), (B.1a)
where each element
qu,s qu,s
—S = S U#£s
0 = [ s = Topestus U7 (B.1D)
0 u=s

gives the probability at which a group in state s € S transi-
tions to state u € S (because no state is absorbing). Using the
discrete-time group dynamics (B.1) we obtain a jump-process for
relatedness (30)-(32) as given in the main text.

B.2. Mutant-pair dynamics

Here we derive the mutant-pair dynamics (79)-(80) when § =
0 (Section 5.3.3). The ODE for the total (or average) density of
local pairs ngp, for all abu € B is given, with a slight abuse of
notation, identically to (21). By defining nym,qs = Ziez iasibsYsi
as the density of mutant-pairs abs € 3, the ODE for mutant-pair
dynamics is given as

MM, abu = Zjaujbu Z Z ”uj,sj(Y)YSi

JjeTy seS ieZs
CA IM

= § I:E Olabu,ds(x)nm,ds-i‘} aabuydg(x)nM,dS

s#FueS deP deP ( )

B.2
DP
+ § aabu,CdS(x)nMM-CdS]
c,deP

— MMM, abu Z g, (X), forall abu € B,
w#U
where the above rates are given in terms of i-processes as in
(23)-(25) and where we used the consistency relation (58).
We obtain the ODE (79) for the mutant-pair frequencies pym
defined in (76) by differentiation and using (21) and (B.2),
whereby

Napy
Napy

d (nMM,abu) _ NMMLabu
dt \ ny,

for all abu € B.

PMM,abu = — PMM, abu

Nabu (B.3)
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