10

11

14

Homogenization of porous thin layers with internal
stratification for the estimation of seismic reflection

coeflicients

Edith Sotelo!, Nicolds D. Barbosa!, Santiago G. Solazzi!, J. German Rubino?,

Marco Favino!, Klaus Holliger!

Hnstitute of Earth Sciences, University of Lausanne, Lausanne, Switzerland

2CONICET, Centro Atémico Bariloche - CNEA, San Carlos de Bariloche, Argentina

Key Points:

« We propose a procedure to homogenize the seismic properties of porous thin lay-
ers composed of a non-periodic sequence of strata.

« This procedure incorporates the boundary conditions induced by the embedding
background, which is assumed to be impermeable.

 For sufficiently low frequencies, the resulting viscoelastic equivalents accurately

reproduce the reflectivities of the porous thin layers .
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Abstract

Stratified thin layers often present a prominent mechanical contrast with regard to the
embedding background and, hence, are important targets for seismic reflection studies.

An efficient way to study the reflectivity response of these thin layers is to employ their
homogenized viscoelastic equivalents. We aim to homogenize a simple, yet realistic, thin-
layer model, which is composed of a finite non-periodic sequence of homogeneous porous
strata embedded in a background deemed impermeable at the seismic frequencies. The
overarching objective is to reproduce the reflectivity response of such stratified thin lay-
ers. However, the estimation of the equivalent moduli is inherently affected by the bound-
ary conditions (BC) associated with the embedding background. Therefore, classical ho-
mogenization procedures, which assume the existence of a periodic structure, are not read-
ily applicable. We, therefore, propose a novel homogenization procedure that incorpo-
rates naturally the appropriate BC. To this end, we consider a sample that includes both
a part of the background and a section of the thin layer, to which we apply classical os-
cillatory relaxation tests. However, we estimate the average of stress and strain compo-
nents only over the thin layer section of interest. To test the accuracy of the method,

we consider a sandstone composed of two strata saturated with different fluids embed-

ded in impermeable half-spaces. After estimating the corresponding equivalent moduli,

we compare the resulting P-wave reflectivities with those obtained using the original model.
Our results show that the inferred viscoelastic equivalent closely reproduces the reflec-

tivities of the stratified thin layer in the seismic frequency range.

Plain Language Summary

Porous thin layers are relevant for a wide range of pertinent applications such as

carbon sequestration or hydrocarbon exploration since they can serve as storage of flu-
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ids of interest. They often present a prominent seismic reflectivity response due to the
high mechanical contrast with the embedding background. Heterogeneous porous thin
layers generally show an equivalent viscoelastic behavior at seismic frequencies as a con-
sequence of solid-fluid interactions, which, in turn, are induced by the passing wave. Con-
sequently, an efficient way to study the seismic response of porous thin layers is to use
their homogenized viscoelastic equivalents. If a thin layer contains a repeating sequence
of porous strata, well-established methods exist to obtain the corresponding viscoelas-

tic equivalents. However, if a thin layer is composed of a non-periodic number of porous
strata, which, for all practical intents and purposes, is likely to be the rule rather than
the exception, these methodologies are not applicable. To alleviate this problem, we, there-
fore, propose a novel approach to compute homogenized properties of thin layers com-

posed of a non-periodic sequence of porous strata to compute their reflectivities.

1 Introduction

Quantitative interpretation of seismic reflection data is essential for constraining
rock and pore fluid properties in general and for characterizing seismic-scale thin lay-
ers in particular. In the given context, a layer is considered to be thin if the seismic re-
flections from the top and bottom interfaces cannot be individually resolved at the dom-
inant wavelength, such that their compounded effect manifests itself as a single seismic
reflection signal. This effect occurs when the layer thickness is equal to or smaller than
a quarter of the dominant wavelength (Widess, 1973; Kallweit & Wood, 1982). The cor-
responding threshold is known as the tuning thickness and is characterized by an initial
constructive interference of the reflection signals from the top and bottom interfaces that
becomes destructive as the layer thickness decreases (Bakke & Ursin, 1998; Hamlyn, 2014).

Thin layers commonly exhibit heterogeneous structures (e.g., Li et al., 2020; Hussain et
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al., 2023), such as internal stratification (Figure la), which, in turn, govern their effec-
tive seismic response. Pertinent applications of reflectivity studies on thin layers are, for
instance, the characterization of gas-bearing beds (e.g., Cichostepski et al., 2019; Shakir
et al., 2022) as well as the monitoring of carbon sequestration (e.g., Williams & Chad-
wick, 2012; Zhang et al., 2013). Current methodologies to estimate the rock properties
of thin layers have been largely developed within the elastic framework (e.g., Puryear

& Castagna, 2008; Rubino & Velis, 2009; Zhang et al., 2013; Romdhane & Querendez,
2014; Huang et al., 2016). Since the theory of elasticity cannot account for fluid-solid
interactions in heterogenoues porous rocks, this approach is likely to affect the accuracy

of the estimated properties

Conversely, using a poroelastic framework allows for an accurate physical descrip-
tion of heterogenous porous rocks in general and thin layers saturated with different flu-
ids, in particular. Evidence suggests that heterogenoues poroelastic media exhibit equiv-
alent viscoelastic behaviors regarding attenuation and velocity dispersion in the seismic
frequency range (e.g., Pride et al., 2004; Carcione & Picotti, 2006; L. Zhao et al., 2015,
2021). This dispersive behavior is the consequence of an energy dissipation phenomenon
known as wave-induced fluid flow or WIFF (e.g., Miiller et al., 2010) that occurs when
a passing seismic wave generates pressure gradients between different parts of a poroe-
lastic medium that equilibrate by fluid flow. For typical seismic frequencies, WIFF oc-
curs predominantly in the mesoscopic scale range (e.g., Pride et al., 2004; Miiller et al.,
2010). This refers to WIFF taking place between heterogeneities that are much larger
than the prevailing pore size but much smaller than the wavelength (e.g., Norris, 1993).
In this context, the substitution of a heterogeneous thin layer by the corresponding ho-
mogenized viscoelastic representation can be deemed as an efficient technique to study

its seismic reflectivity response. Indeed, previous work demonstrates the applicability
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of the poroelastic-to-viscoelastic homogenization approach to frequency-dependent seis-
mic reflection studies of thin layers. For instance, Rubino et al. (2011) and Rubino and
Velis (2011) employ viscoelastic substitutes to represent thin sandstone layers present-
ing different patchy saturations of CO5 to investigate the corresponding effects on zero-
offset seismic reflection data as well as on the variation of amplitudes for different in-
cidence angles. Similarly, He et al. (2020) use viscoelastic substitutes of thin fractured
layers to investigate their impact on the P-wave amplitude variation with respect to the
incidence angle and frequency. Moreover, Jin et al. (2017) employ an equivalent viscoelas-
tic representation to replace a partially gas-saturated thin layer. In the same study, this
model is later used to estimate gas saturation and layer thickness from seismic ampli-

tude variations with the incidence angle and frequency.

The pioneering work of White (1975) and White et al. (1975) is one of the first to
show the equivalent viscoelastic behavior of simple poroelastic composites saturated with
gas and water. In particular, their periodic model of alternating porous beds (White et
al., 1975) has been used to represent heterogeneous thin layers with an internal strat-
ification (e.g., Quintal et al., 2009; He et al., 2020). In this modeling approach, a porous
thin layer is assumed to be embedded in an impermeable background and to consist of
a stack of periodically alternating beds that are deemed poroelastic, homogeneous and
isotropic. This hydraulically isolated thin-layer model is useful to represent relevant sce-
narios for subsurface applications such as the case of a thin layer composed by a sand-
shale sequence surrounded by impermeable shale (e.g., Li et al., 2020). Another perti-
nent scenario corresponds to porous systems consisting of a main fault or fracture sur-
rounded by a thin damage zone, that is embedded in impermeable intact rock (e.g., Caine
et al., 1996; Mitchell & Faulkner, 2012). Several studies have applied the aforementioned

model to investigate the frequency-dependent reflectivity response of thin layers of in-
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terest. For instance, Quintal et al. (2009; 2011) compare the frequency-dependent reflec-
tion coefficients at normal incidence of viscoelastic substitutes of thin-layer models con-
sisting of a stack of periodically alternating sandstones with differing rock and fluid prop-
erties embedded in elastic background. Whereas, He et al. (2020) utilize a particular ver-
sion of this model to represent a thin layer containing fractures. They assume that the
thin layer is embedded in impermeable shale and that one of its alternating beds rep-
resents a horizontal fracture with a much higher permeability, softer moduli and smaller
thickness than the other bed (Brajanovski et al., 2005; Kong et al., 2013). In their study,
they use viscoelastic substitutes of these fractured thin layers to examine the effect of
various saturating fluids and fracture properties on the variation of seismic amplitude

as a function of the angle of incidence and frequency.

A general assumption in the homogenization of a porous medium containing a de-
terministic heterogeneous structure is its periodicity, for example, an ensemble of beds
that repeats a sufficient number of times so that its equivalent behavior is, for practi-
cal purposes, unaffected by the boundary conditions (BC) induced by the surrounding
rock (e.g., Wenzlau et al., 2010; Quintal, Steeb, et al., 2011). Arguably, a more realis-
tic way to conceptualize a stratified porous thin layer is to consider a model where the
thin layer is comprised of a finite non-periodic stratigraphic sequence (Figure la). How-
ever, in this case, boundary effects associated with the background embedding the thin
layer inherently affect the estimation of the equivalent moduli. Classical homogeniza-
tion methodologies are not readily applicable to this type of thin-layer models, and the

development of alternative suitable procedures remain largely unexplored.

In this work, we seek to alleviate this problem by proposing a method to homog-
enize non-periodically stratified porous thin layers embedded in a background deemed

impermeable for the frequencies of interest. The overarching objective is to use the ho-
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mogenized medium to predict the seismic reflectivity of the porous thin layer. To this
end, the proposed method, which we describe in the following, incorporates the influ-
ence of the BC induced by the embedding background for the estimation of the corre-
sponding equivalent moduli. We test the accuracy of the proposed method using a thin-
layer model that consists of a sequence of two porous sandstone beds embedded between
two impermeable half-spaces. We estimate the corresponding equivalent moduli by ap-
plying the proposed homogenization procedure and then calculate P-wave reflectivities
at the interface between the upper half-space and the homogenized equivalent represen-
tation of the thin layer. Finally, we compare these results against those obtained using

the original porous thin layer.

2 Theory and Methods

In this section, we first detail the theoretical aspects regarding the validity of the
poroelastic-to-viscoelastic equivalence. Then, we introduce the proposed homogeniza-
tion procedure to estimate the equivalent moduli of an infinite horizontal thin layer em-
bedded in half-spaces that are deemed impermeable for the frequencies of interest. The
evaluation of the reflectivity, using semi-analytical plane-wave solutions, for the proposed
poroelastic thin-layer model and its corresponding viscoelastic equivalent are detailed

in Appendices A and B, respectively.

2.1 Mesoscale fluid pressure diffusion

WIFF occurs when a seismic wave propagating through a heterogeneous poroelas-
tic medium creates pressure gradients that equilibrate by fluid flow (Miiller et al., 2010).
We focus on WIFF prevailing between mesoscale heterogeneities since this is particu-
larly relevant for seismic applications. Mesoscale heterogeneities have a characteristic

size L,, that is much larger than the pore size L, but much smaller than the wavelength
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Figure 1. (a) Schematic illustration of a stratified thin-layer model composed of a sequence of

four distinct poroelastic beds B1, B2, B3 and B4. This thin layer is embedded in the half-spaces

A1 and Az deemed impermeable for the frequencies of interest. The light blue box represents a

sample Q. used for the proposed homogenization procedure. (b) Enlarged view of the sample

Qe = Qp U O, where O, is a representative section of the thin layer and 2, = Qs U Q2 is a

portion of the background, with 2,1 C A; and Q2 C Ag, respectively. I' is the boundary of the

sample Q., with T =T UT; UTT UTS.

Aw. For instance, for a thin layer consisting of a sequence of homogeneous porous beds,

the size of the mesoscale heterogeneity is dictated by the thickness of these beds. For
sufficiently low frequencies f, which are generally within the seismic range, the drag force
at the solid-fluid interface associated with WIFF is viscous-dominated (Johnson et al.,
1987) and, fluid pressure diffusion (FPD) is the mechanism driving WIFF (Pride, 2005).
The reference frequency that is associated with the transition from viscous- towards inertia-

dominated drag forces is Biot’s characteristic frequency fp (Biot, 1956; Dutta & Odé,
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fB = %pfﬁsa

(1)
where ¢ is the porosity, s the static permeability, 7, the fluid viscosity, py the fluid den-
sity, and S the tortuosity of the pore space. The aforementioned considerations regard-
ing scales and frequencies that frame mesoscale WIFF driven by FPD can be thus sum-
marized as

Ly < Ly < Ay,
(2)

< fB-
It can be shown that the equation governing this FPD mechanism stems from Biot’s
(1941) quasi-static equations (Dutta & Odé, 1979; Chandler & Johnson, 1981; Norris,
1993), where the corresponding diffusion coefficient D together with its characteristic

diffusion length L, can be expressed as (Norris, 1993)

_EMHd
_77 T
D

Ld = 0
w

(3)

where M is Biot’s fluid storage modulus, Hy; and H are the drained and undrained plane-
wave moduli, respectively, and w is the angular frequency w = 27 f. The required rock

physical properties are

Hi = Xg+2p,
H = H, + Mda?,
N (4)
azl_%’?
_ -1
u- (i)

where )y is the drained Lamé modulus, p is the shear modulus, « is the Biot-Willis equiv-
alent stress coeflicient, and K,,, K, and K are the bulk moduli of the drained solid frame,

the solid grains, and the pore fluid, respectively.



188 The frequency, the characteristic diffusion length Ly, and the size of the hetero-

180 geneity L,, control the so-called relaxed and unrelaxed FPD regimes (Miiller et al., 2010).

190 The relaxed state prevails at sufficiently low frequencies, for which Ly > L,,. In this

101 regime, there is enough time for the pressure between the beds to equilibrate. Conversely,
192 the unrelaxed state prevails at sufficiently high frequencies, for which Ly < L,,. Con-

103 sequently, there is insufficient time for pressure equilibration to take place and, hence,

104 the different beds behave as hydraulically isolated. A transition zone exists at interme-

105 diate frequencies, for which Ly ~ L,,. This zone is associated with attenuation and dis-
196 persion of body waves due to viscous dissipation. The maximum dissipation energy is

197 related to a characteristic transition frequency f. = w./2m, which depends on the dif-

108 fusion coefficient D and the characteristic size of the heterogeneity L,, (Miiller & Rothert,

199 2006)
D

We R 5
o~ (5)
201 The described FPD relaxation mechanism produces a viscoelastic behavior of the
202 thin layer under consideration. The frequency-dependent moduli that describe such vis-
203 coelastic material can be estimated by solving Biot’s (1941) quasi-static equations over
204 a representative sample of the thin-layer model (Figure 1) by performing oscillatory re-

205 laxation tests (e.g., Wenzlau et al., 2010; Quintal, Steeb, et al., 2011). This is followed

206 by volume averaging of the inferred strain and stress components which, are then used,
207 to estimate the equivalent moduli. Hereinafter, we use the term FPD to refer specifically
208 to the mechanism driving mesoscale WIFF for the frequencies of interest, which are gen-
200 erally much lower than Biot’s characteristic frequency.

—10—
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2.2 Proposed homogenization procedure

As stated above, we consider a thin layer consisting of a finite non-periodic sequence
of homogeneous poroelastic beds, which is embedded in the half-spaces A; and A that
are regarded as impermeable for the frequencies of interest (Figure la). We also assume
that this thin layer-background system is defined in R2. In a poroelastic context, the frequency-
dependent impermeable behavior of the background means that, for the frequencies con-
sidered, the permeability of the background is sufficiently low so that, the unrelaxed FPD
regime prevails and, hence no fluid flow occurs between the thin layer and its embedding
background. The proposed homogenization procedure is based on the classical treatment
described in Favino et al. (2020) but involves substantial modifications with regards to
the extent of the sample as well as to the volume over which strain and stress compo-
nents are averaged. Specifically, the proposed method considers a sample that includes
both a part of the embedding background and a representative section of the thin layer.
Then, after applying three different oscillatory relaxation tests, it performs stress-strain
averaging only over the domain that pertains to the thin layer. These novel adaptations
permit to naturally incorporate the BC induced by the embedding background in the
estimation of the equivalent moduli of the thin layer. In more detail, we apply the ho-
mogenization procedure described below over a sample . = Q, UQ;, (Figure 1b), where
2, denotes a representative section of the thin layer and € = y; U 2 is a portion
of the background, with Q53 C Aj and Qe C Asg, respectively. In the following, we
detail the governing equations and the corresponding oscillatory relaxation tests. The
governing equations are solved numerically over the sample for each oscillatory relaxation
test using a finite element methodology in the frequency domain following Favino et al.
(2020). This methodology has the capability to refine adaptively the mesh over desired

domains, which allows the automatic creation of meshes for strongly heterogenoous me-

—11-
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dia. In its original form, this technique formulates the relaxation oscillatory tests using
periodic conditions on the boundaries of the sample to homogenize, which inherently as-

sumes the periodicity of the sample (e.g., Anthoine et al., 1997; Xia et al., 2006).

2.2.1 Governing equations

We solve Biot’s consolidation equations (Biot, 1941, 1962) over a sample 2. of the
thin layer of interest (Figures la and 1b) for each of the oscillatory relaxation tests spec-
ified in the following. We express these equations in the solid displacement - pressure
(u—p) formulation in the frequency domain (Quintal, Steeb, et al., 2011; Favino et al.,
2020), with u = u(x,w) and p = p(x,w), where & € €, is the position and w € F is
the angular frequency, with ' = (0, W]. Then, we express Biot’s consolidation equa-
tions as

—V.-0=0 in Q. xF,

1
—iavViu—il 1 2v. <”vp> —0 in Q xF
M w n
where o is the total stress, ¢ the imaginary unit and the term (%Vp) is the Darcy flux

of the fluid relative to the solid.

The constitutive equation relating the total stress o to the solid displacement u
and pressure p is
o=2ne+ (N Tr(e) —ap) I, with

€= % (Vu+ (Vu)'),

where € is the strain tensor and I the identity tensor.

2.2.2 Oscillatory relaxation tests

In this subsection we detail the BC for the oscillatory relaxation tests. Hereinafter,
we assume a Cartesian coordinate system in R? with the associated basis vectors &, and

&3 parallel to the horizontal and vertical Cartesian axes, respectively. We also let the

—12—
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sample Q. be a quadrilateral with boundary T' = I'fUI'7 U3 Ul'y, where I'] and 'y
are opposite boundaries with outer normal vectors &; and —&q, respectively. Similarly,
F;,_ and I'; are opposite boundaries with outer normal vectors &3 and —&3 (Figure 1b).

To simplify the notation, we let 72 be the outer normal vector of T'.

In the following, we define periodic BC for displacements (u), pressure (p), trac-
tions (o-f) and the component normal to the boundary of the Darcy flux of the fluid
relative to the solid (%Vp - 7). We apply three different sets of displacement BC cor-
responding to the vertical and horizontal compression as well as the shear oscillatory re-

laxation tests. Here, we let Au be a real displacement difference in the frequency domain.

For the vertical compressional test, the BC for displacements are

u-:izg\rs_—u~:i33|rgr:—Au,
U‘ﬁl‘r;*u‘ilh“;:(), (8)

u|F1+ 7u|F; =0.
For the horizontal compressional test, the BC for displacements are

u'il‘rf —u~:&1|F1_ = —Au,
’UJ'@3|F1+7’UJ'1A13|F1— :0, (9)

u|F§ 7u|F3+ =0.
Finally, for the shear test, the BC for displacements are

u'i1|F;—u~§31|F;:Au,
u- I3 |F§*u‘i3|rg =0, (10)

uh‘l-‘r 7u|r‘1* =0.

—13—
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For all relaxation tests, the respective BC for pressure, tractions and fluid flux rel-

ative to the solid are

P|r;r _P|F; =0,

. A _ . A — 11

(o-n) |F; (o-n) |F; =0, (11)
K . K ) B

(57 ) s = (59r-2) s =

where the subscript k in I'; and F;: takes the value of 1 or 3 at a time to denote oppo-

site boundaries.

2.2.3 Equivalent viscoelastic moduli

In this subsection, we detail the procedure to obtain the equivalent viscoelastic mod-
uli from the three oscillatory relaxation tests. Overall, this procedure consists of com-
puting the average of the stress and strain components over the sub-domain of interest
Q, C ., which is that corresponding to the thin layer section. This is followed by an

estimation of the equivalent viscoelastic moduli that best fit these values.

For every oscillatory test ¢ with ¢ = {1,2,3}, we calculate, over the sub-domain
Q,, the average of the stress components (afj)gp and of the respective strain components
(eij)a,, with i = {1,3} and j = {1,3}. The corresponding average quantities (O)q,

are computed as

1 .
Qp = P pl = P
(O) 0 ‘/ OdQ with  [€,] / dQ (12)
»l Ja, Q

P

In Voigt’s notation, the average strain and stress components are related through
the homogenized stiffness matrix C = C(w). We remark that the elements of C are

complex-valued and frequency-dependent stiffness coefficients and we write this strain—

—14—
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stress relationship in frequency domain as

(o11) Cn Ciz Cis (ehy)
(o53) | = [ Cis Cs3 Css (ebq) |- (13)
(o13) Ci5 Cs5 Css ) \2(els)

Using this constitutive equation, a least squares minimization procedure is performed
to find the best-fitting values of the viscoelastic moduli (Rubino et al., 2016). The ob-
tained homogenized moduli are then used for reflectivity calculations as outlined in Ap-

pendix B.

3 Results

We assess the proposed homogenization methodology using a thin-layer model of
the type depicted by Figure la, which consists of a sequences of two sandstone beds Bl
and B2, with a total thickness of 1.2 m. The upper bed Bl is COs-saturated whilst the
lower one B2 is water-saturated. This thin layer is embedded in the half-spaces A; and
Ay deemed impermeable for the seismic frequencies (Figure 1a and Table 1). To test the

proposed method, we follow the procedure described below:

1. We first calculate the equivalent frequency-dependent moduli applying the pro-
posed homogenization methodology. To this end, we use a sample €2, similar to
the one shown in Figure 1b that includes part of the half-spaces Ay and As.

2. Then, using these equivalent properties, we calculate PP reflectivities at the in-
terface with the upper half-space A;. Appendix B details the methodology for the
PP reflectivity calculation.

3. Finally, to evaluate the accuracy of these reflectivity computations, we compare

them against the reference results obtained using the model with the original poroe-

—15—
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lastic thin layer. Appendix A details the corresponding PP reflectivity calculations

derived in the context of Biot’s theory of poroelasticity (Biot, 1962).

The rock and fluid properties used in the calculations are shown in Tables 1 and
2, respectively. The properties listed for COs in Table 2 correspond to its supercritical
state. Specifically, its bulk modulus and density were taken from the NIST Chemistry
WebBook database (Lemmon et al., 2023) at 9 MPa and 39.2 °C. These estimates are
based on the equation of state proposed by Span and Wagner (1996). The considered
pressure and temperature conditions are within the range of the reservoir conditions of
the Utsira sandstone (e.g., Zweigel et al., 2004; Chadwick et al., 2012). The rock phys-
ical properties of the thin layer beds B1 and B2 emulate those of the Utsira sandstone
(e.g., Rabben & Ursin, 2011; Rubino et al., 2011; Boait et al., 2012), while of the back-
ground resemble those of a shale caprock (e.g., Rgrheim et al., 2021). We remark that,
for the homogenization procedure, the background is treated as a poroelastic medium.
However, its low permeability of 1072 D ensures that it behaves as impermeable within
the seismic frequency range (Barbosa et al., 2016). We refer the reader to the Discus-
sion section where we verify this point. Conversely, for the reflectivity calculations, the
background is treated as an elastic medium (Appendices A and B). To test whether the
proposed homogenization method is independent of the size of the sampled background,
we consider samples with background thicknesses equal to 0.12 m, 0.24 m and 0.48 m,

respectively.

As stated in the methodology section, the poroelastic-to-viscoelastic equivalence
is valid for frequencies that are below Biot’s characteristic frequency (Equation (1)). For
the upper and lower sandstone beds these are 6.25 kHz and 8.06 kHz, respectively, and,

thus, they are above the frequency range of interest for seismic studies. Indeed, the max-
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Table 1.

Physical properties of the upper and lower sandstone beds and the background,

respectively.
Property Upper sandstone B1  Lower sandstone B2 Background
Grain bulk modulus K, (GPa) 37 37 22.6
Porosity ¢ 0.37 0.3 0.05
Frame bulk modulus K,, (GPa) 2.5 3.2 8.1
Frame shear modulus p (GPa) 0.81 1.2 6.0
Permeability x (D) 2.5 2.0 l.e-9
Grain density ps (Kg/m?) 2650 2650 2500
Tortuosity S 3 3 3
Thickness h (m) 0.72 0.48
Table 2. Physical properties of the pore fluids

Property Water COq

Fluid density py (Kg/m?) 1000 524

Fluid bulk modulus Ky (GPa) 2.25  0.023

Fluid viscosity n (Pa.s) l.e-3  5.5e-4

imum frequency we consider for the current study is 1 kHz. In the following, we present

the results of the homogenization and reflectivity calculations.

Figure 2 shows plots of the real part of the non-zero equivalent moduli as a func-

tion of frequency obtained using samples that consider background thicknesses equal to

0.12 m. 0.24 m and 0.48 m, respectively. The results demonstrate that the estimated mod-
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Figure 2. Real part of the non-zero equivalent moduli as a function of frequency resulting

from the homogenization of a thin layer composed of a sequence of two poroelastic sandstone

beds, B1 and B2, embedded within half-spaces A; and Az deemed impermeable for seismic fre-

quencies (Tables 1 and 2). The moduli are obtained using three different samples Q. (Figure 1)

that consider background thicknesses bg equal to 0.12 m, 0.24 m and 0.48 m, respectively.

uli are independent of the thickness of the sampled background, which implies that the
only influence the background has is to affect the BC at the respective thin layer bound-
aries. The homogenized medium is characterized by vertical transverse isotropy (VTI),
which results from the stratification of the two sandstones that constitute the thin layer.
Therefore, the elements Cy5 and Css of its stiffness matrix are zero. Notice as well that
Re(C55) (Figure 2d) is not frequency-dependent. This is because the shear relaxation
oscillatory test, which is the analogous to a normal-incident S-wave, generates shear strains
and stresses components parallel to the bedding planes of the thin layer. Consequently,

such shear components cannot induce fluid pressure gradients for FPD to take place. More-
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over, this element reads Cs5 = (013) /(2 (€13) ) and it can be shown that this is equiv-
alent to Cs5 = (3, fi/,ui)_l, where f; is the height fraction of the ith layer and p; is

the corresponding shear modulus (Backus, 1962; Salamon, 1968). This value is 0.93 GPa
for our example. The moduli C11, Ci3 and Cs3 are affected by FPD effects and there-
fore present a frequency-dependent behavior. Specifically, the pressure gradient for FPD
is controlled by the water-saturated region due to its lower compressibility compared to
the COs-saturated counterpart. As a consequence, the deformation induced by the com-
pressional relaxation oscillatory tests creates higher pressure in the water-saturated re-
gion that equilibrates when water diffuses into the COs-saturated pores of the adjacent
sandstone bed. Similarly, the transition frequency of these moduli is controlled by the
viscosity of water and thickness of the corresponding bed. Using Equations (3) and (5),
we find that this transition frequency is approximately 11.8 Hz. It is important to note
that the difference in compressibilities between the frame of the sandstone beds also has
some impact on the magnitude of the pressure gradient generated. The more compress-
ible frame of the COs-saturated sandstone permits a larger deformation of the pores and,
in turn, tends to promote a pressure increase in this region. However, since the compress-
ibility contrast between the saturating fluids exceeds that of the frames by approximately

two-orders of magnitude, this difference controls the overall induced pressure gradient.

Next, we present the reflectivity results using the homogenized medium as well as
a comparison against the results obtained using the poroelastic thin layer. Figure 3a shows
the absolute value of the PP reflection coefficients with respect to frequency for three
different angles of incidence calculated for the poroelastic thin-layer model consisting of
two sandstone beds that is embedded in elastic half-spaces and for the analogous model
where the poroelastic thin layer is replaced by its homogenized viscoelastic equivalent.

Notice that the reflectivities obtained using the homogenized medium show a good agree-
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Figure 3. (a) Absolute value of the PP reflection coefficients as a function of frequency for
several angles of incidence calculated for the model consisting of the poroelastic thin layer com-
prised by two sandstone beds embedded in elastic half-spaces (curves labeled PTL) and for the
analogous model where the thin layer is replaced by its homogenized viscoelastic equivalent
(curves labeled HM). (b) Percentage errors of the absolute values of the PP reflection coefficients

as a function of frequency calculated for the model using the homogenized medium.

ment with the reference reflectivities, which demonstrates that estimated moduli are ca-
pable to reproduce the reflectivity response of the porous thin layer. In more detail, Fig-

ure 3b shows the percentage errors of the absolute value of the PP reflection coefficients
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as a function of frequency of the model using the homogenized medium for the same an-
gles of incidence used in Figure 3a. Here, we remark that for the model using the ho-
mogenized medium, reverberations in the reflection coefficients are expected to appear
at a frequency close to 325 Hz for normal incidence, as the first resonance occurs when
the predominant wavelength is equal to four times the thickness of the thin layer. Thus,
for frequencies equal or higher than the resonance frequency, different behaviors in the
reflectivities from both models are expected. For frequencies below 325 Hz, our results
show that the PP reflection coefficients obtained using the homogenized medium repro-

duce, with errors below 3 %, those obtained using the poroelastic thin model.

4 Discussion

We have shown that considering a portion of the background in the sample per-
mits to naturally incorporate the BC at the interface between the background and the
thin layer into the homogenization procedure. In the following, we investigate the im-
pact that substituting the background by different BC has on the estimated moduli. To
this end, we test samples that disregard the background and, instead, incorporate the
following BC on their pertinent boundaries: fully periodic BC and no-flow with periodic
BC for displacements and tractions. Finally, we discuss about possible extensions of the
proposed homogenization methodology to thin layers with more complex heterogeneous
structures as well as particular limitations of the method such as those associated with

backgrounds that behave as permeable for the frequencies of interest.
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Figure 4. Real part of the non-zero equivalent moduli as a function of frequency obtained
after homogenizing the poroelastic thin layer considered in the Results section using samples

Qe and Q,, respectively and using the analytical procedure of White et al. (1975) and Krzikalla
and Miiller (2011) for the homogenization of periodic altenating beds. Sample Q. considers a
background thickness bg = 0.24 m, while sample €, disregards it (bg = 0 m) and, instead, incor-

porates fully periodic BC on the pertinent boundaries.

4.1 Testing samples that disregard the background

4.1.1 Fully periodic BC

We take a sample 2, that consists only of a representative section of the poroe-
lastic thin layer of the model described in the Results section. This is 2, = Q. \ @
(Figure 1b). We homogenize this sample using the procedure described in the Theory
and Methods section, but, in this case, the corresponding equations are applied only over

2, and on its boundaries, respectively. This homogenization procedure is equivalent to
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considering the sample 2, as periodic. Since the sample is composed of two porous beds,
it represents White’s model of periodically alternating beds (White et al., 1975). Con-
sidering a similar model, Favino et al. (2020) verify the agreement of the homogenized
P-wave modulus obtained using the closed form proposed by White et al. (1975) and their
numerical homogenization with periodic BC, which is the method we apply to homog-

enize this sample.

Figure 4 shows the real part of the non-zero equivalent moduli as a function of fre-
quency obtained using the sample €2,. We also present the real part of the analytical so-
lutions obtained following White et al. (1975) and Krzikalla and Miiller (2011) for the
homogenization of periodically alternating beds. For comparison, we also show the pre-
viously estimated moduli obtained using the sample €2, that incorporates part of the back-
ground as detailed in the previous section. The results confirm that the moduli obtained
using the homogenization procedure that disregards the background are in agreement
with those obtained analytically for periodically alternating beds. However, these results
show a visible difference with those obtained including the background for the curves cor-
responding to Re(C11), Re(Cy3) and Re(Cs3), with a maximum of around 0.4 GPa. These
discrepancies evidence the impact of the different BC incorporated in the homogeniza-
tion procedures. For the proposed method, the background in the sample imposes both
a no-flow condition due to its impermeable character for the frequencies considered as
well as continuity of displacements and tractions at the pertinent boundaries of the thin
layer section. In contrast, the homogenization procedure that disregards the background
in the sample imposes periodicity of these variables on analogous boundaries. As pre-
viously explained, C55 is not frequency dependent because it is unaffected by the fluid
effects and its closed form computation yields a value of 0.93 GPa, which, in this case,

both homogenization procedures reproduce.
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4.1.2 No-flow and periodic BC for displacements and tractions

In the previous sub-subsection, we have stated that the background induces a no-
flow condition at the interfaces with the thin poroelastic layer, which results from its im-
permeable character for the frequencies considered, as well as continuity of displacements
and tractions. Here, we investigate the extent to which this no-flow condition influences
the estimation of the equivalent moduli. To this end, we take a sample 2, of the thin-
layer model used in the Results section, which disregards the background. Then, to in-
corporate in the homogenization procedure the no-flow condition imposed by the back-
ground, we formulate the corresponding BC on the relevant boundaries of the sample
Q, as part of the oscillatory relaxation tests. To achieve this, we replace Equation 11
by

Vp-A=0 on I'juUT;,

p|1“;r _p|1“; =0,

(o -7) |r;_(0'ﬂ) |r;_ =0,

K K
o) g - (2598 by =0
(5r-#) s = (Go2) 1
The first line of Equation (14) defines the no-flow condition at the top and bottom bound-
aries of the sample ,. All other steps of the homogenization procedure are the same

as the ones specified by Equations (6) to (13), but applied over €, and on its boundaries.

Figure 5 compares the real part of the non-zero equivalent moduli obtained with
the homogenization procedure that applies the no-flow BC on the pertinent boundaries
of a sample 2, against those obtained after applying the proposed method over a sam-
ple . that includes part of the embedding background. These results show that both
procedures yield the same moduli. This further implies that, to homogenize a stratified
porous thin layer comprised of a sequence of homogenous beds, it is sufficient to account

for the no-flow condition induced by the background on the relevant boundaries of a sam-
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Figure 5. Real part of the non-zero equivalent moduli as a function of frequency obtained
after homogenizing the thin-layer model considered in the Results section using samples 2. and
Q,, respectively. Sample 2. considers a background thickness bg = 0.24 m, while sample 2, dis-
regards it, and, instead, applies no-flow BC on the pertinent boundaries of the sample (nf, bg = 0

m) to emulate the impermeable character of the background.

ple €2,. This outcome also suggests that, for this type of poroelastic thin layers, to im-
pose either continuity of displacements and tractions at the the thin-layer-background
interface on a sample €2, or periodicity of these quantities on analogous boundaries on
a sample €, do not have any impact on the estimation of the equivalent moduli. This
is likely to be a consequence of the uniform stress-strain distribution along the background-
thin layer interfaces resulting from the homogeneous character of the beds. In the fol-
lowing, we therefore examine the effect that stress-strain concentrations at the background-

thin layer interfaces has on the equivalent moduli.
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Next, we consider a modified version of the thin-layer model used in the Results
section, in which the upper bed B1 contains inclusions as shown in Figure 6. We remark
that the proposed homogenization procedure specifically addresses porous thin layers com-
posed of homogeneous beds, mainly because this assumption facilitates the verification
of the reflectivity response by semi-analytical means. However, the methodology, as we
show in the current example, can be applied to porous thin layers presenting more com-
plex heterogeneous structures. Nonetheless, a formal verification of the reflectivity re-
sponse would still be required as we further discuss in the next subsection. Taking this
into consideration, the following comparison of BC focuses on assessing the capability
of the methods to reproduce, in a physically meaningful way, the actual stress and strain
concentrations that the inclusions induce at the interface of the thin layer with the em-
bedding background and therefore, their ability to incorporate those strain-stress con-

centrations in the estimation of the equivalent moduli.

As stated above, the new model shown in Figure 6 incorporates inclined band-shape
inclusions in the COs-saturated region, where the bands have one of their tips terminat-
ing at the upper boundary of the thin layer. These inclusions have stiffer mechanical prop-
erties and a lower permeability than the embedding sandstone: K,, = 33.1 GPa, u =
29.2 GPa, k = 107Y D, K, = 37 GPa, p, = 2700 g/kg® and ¢ = 0.05. The fluid prop-
erties correspond to those of water as specified in Table 2. We homogenize this poroe-
lastic thin layer applying both the homogenization procedure that formulates the no-flow
BC on the pertinent boundaries of a sample €2, and the proposed homogenization pro-

cedure that uses a sample .. (Figure 6).

Figure 7 shows the real part of the equivalent moduli as a function of frequency
obtained after applying the two aforementioned homogenization procedures. The results

show that there is some disagreement between the moduli estimations from the differ-
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Figure 6. Poroelastic thin layer embedded in impermeable half-spaces A1 and As. This model

consists of the same sandstone beds B1 and B2 considered in the Results section. However, the

upper sandstone contains inclined band-shape inclusions where the bands have one of their tips

terminating at upper boundary of the thin layer. The light blue boxes represent the samples €2,

and €, used by the proposed homogenization and the one that imposes a no-flow BC on the rele-

vant boundaries to emulate the impermeability of the background, respectively.

ent methods. This is likely to be related to differences in the regions affected by the stress-
strain concentrations. To further investigate this aspect, we compare the corresponding
stress and strain density maps obtained in response to the vertical compressional relax-
ation test for a frequency of 25.1 Hz. Figures 8a and 8b show maps of the real part of

the vertical stress components for sample €2, that includes background with thickness

bg = 0.24 m and for sample €2, respectively. Similarly, Figures 8c and 8d show maps

of the real part of the vertical strain components for the same samples 2. and €, re-

spectively, for the same oscillatory test. Notice that, in both cases, the vertical compres-
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Figure 7. Real part of the equivalent moduli as a function of frequency obtained after the

homogenization of the poroelastic thin layer shown in Figure 6 using samples 2. and €2, respec-
tively. Sample €2 considers a background thickness bg = 0.24 m,while sample €2, disregards the
it, and instead, imposes no-flow BC on the relevant boundaries of the sample (nf, bg = 0 m) to

emulate the impermeable character of the background.

sional test creates stress-strain concentrations in the vicinity of the tips of the inclusions.
However, the regions affected around the upper edges of the inclusions are different for
the different samples. For the sample €., these stress-strain concentrations affect a re-
gion in the background in the vicinity of the upper interface with the thin layer (Fig-
ures 8a and 8c). In contrast, for the sample €2, the corresponding stress-strain concen-
trations affect a region inside the thin layer in the vicinity of its bottom boundary as a
consequence of the periodic character of the BC for displacements and tractions (Fig-

ures 8b and 8d), which is an artifact due to the inappropriate BC. This shows that the
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Figure 8. Maps of the real part of the vertical stress component obtained for the thin layer

samples a) 2 and b) Q, (Figure 6). Maps of the real part of the vertical strain component ob-

tained for the same samples c) Qe and d) Q,. The sample Q¢ considers a background thickness

bg = 0.24 m. The maps are obtained in response to applying the vertical compressional oscilla-

tory test for a frequency of 25.1 HZ.
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homogenization procedure that formulates the no-flow BC on the relevant boundaries

of €2, considers an additional region of stress-strain concentration at the bottom bound-
ary of the thin layer section when performing the averaging of these components. Hence,
applying the proposed homogenization methodology is likely to reproduce more closely
the actual stress-strain concentrations induced at the interface with the background. We
also note that the induced stress-strain concentrations in the background imply that the
considered background thickness should surpass this region to avoid the appearance of
non-physical stress-strain concentrations at the bottom of the sample due to the peri-
odic BC. For the reflectivity calculations, we can still assume that the upper half-space
behaves as an homogeneous material despite of the region affected by the strain-stress
concentrations because this region is in general much smaller than the considered wave-

length.

In this sub-subsection, we have shown that for the homogenization of stratified thin
layers consisting of a sequence of homogeneous poroelastic beds embedded in imperme-
able background, it is sufficient to impose no-flow BC on the relevant boundaries of a
sample that takes only a representative section of the thin layer. This is, however, no
longer the case for poroelastic thin-layer models that exhibit more complex heterogeneities,
which can create stress-strain concentrations at the thin layer boundaries. For these lat-
ter cases, our results suggest that the proposed homogenization methodology can repro-

duce more reasonably the expected regions of stress-strain concentrations.

It is evidently also possible to investigate the impact of imposing non-periodic BC
for displacements and tractions on the relevant boundaries of a sample that disregards
the background. Although we do not show these results, we have applied a set of non-
periodic BC to estimate the equivalent moduli of the thin layer shown in Figure 6 us-

ing the sample €2,,, which disregards the background. In particular, we have applied a
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combination of Dirichlet and Neumann BC for displacements and tractions on the rel-
evant boundaries of the sample, while maintaining the no-flow condition as in Rubino

et al. (2016). The inferred moduli also show discrepancies with respect to those obtained
after applying the proposed homogenization method. Overall, these results suggest that
disregarding the background and, instead, imposing different types of displacements and
tractions BC does not yield accurate estimates of the equivalent moduli of a thin layer

presenting stress-strain concentrations at the thin-layer-background interface.

4.2 Possible extensions and limitations of the proposed method

4.2.1 Homogenization of porous thin layers with complex heterogeneous

structures

In this work, we have proposed an homogenization method to find the viscoelas-
tic equivalent of non-periodically stratified porous thin layers embedded in impermeable
background. We considered this simple porous thin-layer model to be able to compute
its reflectivity response by a semi-analytical technique (Appendix A) to validate the ho-
mogenization procedure. However, the proposed methodology can be extended to ho-
mogenize porous thin layers that are strongly heterogeneous as it has been suggested in
the previous subsection. In this case, to be able to take a representative sample )., the
thin layer should contain heterogeneities which, in the horizontal direction, are either
periodical or statistically stationary as, for instance, those depicted in the bed B1 of Fig-
ure 6. Nonetheless, for such models further research incorporating numerical wave prop-
agation is needed to verify whether the reflectivities of the viscoelatic equivalent are in

agreement with those of the heterogeneous porous thin layer.
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4.2.2 Effect of the background permeability

For this study, we have assumed that the background embedding the poroelastic
thin layer is impermeable for the frequencies of interest. This assumption permits to rep-
resent the background as an elastic medium for seismic applications and, at the same
time, confine FPD effects within the poroelastic thin layer for such frequencies. These
features are particularly amenable for finding the corresponding viscoelastic equivalent
capable of reproducing the reflectivity response of the poroelastic thin layer, as it has
been shown in the current study. Conversely, if the background behaves as permeable
for the frequencies of interest, it would allow hydraulic communication with the porous
thin layer and, consequently, FPD regimes other than the unrelaxed one would prevail.
This would further imply that, for reflectivity computations, both the background and
the thin layer should be treated as poroelastic media to account for the dissipated en-
ergy due to FPD. In this case, a viscoelastic representation of the porous thin layer, as
the one proposed in this study, can produce significant reflectivity deviations because
it cannot incorporate FPD interactions at the interfaces with the background. Conversely,
we have shown that a background with a permeability in the nano (10~?) Darcy range
behaves as impermeable for seismic frequencies. Similarly, the work of Barbosa et al. (2016)
shows the same impermeable behavior for a background presenting a permeability in the
micro (107%) Darcy range. Many background lithologies of interest, such as intact shale
and crystalline rocks, exhibit permeabilities in the range of nano to micro Darcies (e.g.,
Mitchell & Faulkner, 2012; Fisher et al., 2017; Wenning et al., 2018; P. Zhao et al., 2018).
This can be considered as impermeable for seismic frequencies and hence permits to rep-
resent the considered background-porous-thin-layer system by elastic and viscoelastic me-

dia, respectively.
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5 Conclusions

We have proposed a homogenization approach that naturally incorporates the ap-
propriate boundary conditions to estimate the equivalent moduli of stratified thin lay-
ers composed of a finite non-periodic sequence of homogeneous poroelastic beds, which
is embedded in a background deemed impermeable at the seismic frequencies. This is
accomplished by, first, taking a sample that incorporates both a portion of the background
and a representative section of the poroelastic thin layer to apply relaxation oscillatory
tests and, second, by performing the averaging of stress and strain components only over
the thin layer section of interest. Our results show that the proposed methodology yields
equivalent moduli capable of closely reproducing the reflectivity of the original strati-
fied thin layers. In contrast, the equivalent moduli obtained under the assumption of pe-
riodicity of a set of beds composing the thin layer yields inaccurate results. We have also
shown that the same moduli are reproduced when we use a sample that disregards the
background but its influence is accounted by imposing a no-flow BC on the relevant bound-
aries of this sample. However, our study suggests that this is no longer the case for thin
layers containing heterogeneities that induce stress-strain concentrations at the interfaces
with the background. For such cases, our study implies that the proposed homogeniza-
tion procedure yields more reasonable estimates of the equivalent moduli than replac-
ing the background by no-flow BC on the pertinent boundaries of the sample. This out-
come further indicates that the proposed homogenization method can be applied to strongly
heterogeneous poroelastic thin layers, even though further work that incorporate numer-
ical wave propagation is needed to verify the reflectivity response of such heterogeneous
models and their viscoelastic equivalents. Our study also suggests that to ensure the im-
permeable character of the background for the frequencies of interest is vital to confine

the FPD effects within the thin layer so that the background and the poroelastic thin
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layer can be represented as elastic and viscoelastic media, respectively, for reflectivity
calculations. In general, it is expected that background rocks with permeabilities in the

micro Darcy range and lower behave as impermeable at seismic frequencies.

Appendix A PP reflectivity at the uppermost interface of a stratified

poroelastic medium embedded in elastic half-spaces
A1 Governing equations

We consider a model in R? consisting of m-poroelastic strata Qp1, Qpase .oy Oy that
are embedded in elastic half-spaces A1 and As. Furthermore, we denote as II; the in-
terface between the upper half-space A; and the uppermost poroelastic stratum 2,; and
as I, 1) the interface between the lowermost poroelastic stratum (2, and the lower
elastic half-space A>. To compute the reflection coefficients, we formulate the correspond-
ing poroelastic and elastic wave equations in the space-frequency domain. To specify the
poroelastic wave equation, we let u? = uP(x,w) and w = w(x,w) be the solid dis-
placement vector and the relative fluid displacement vector, respectively for any posi-
tion & € z with 2 = {Q1,..., Q) and angular frequency w € I, with I = (0, W1.
Moreover, we let oP, be the total stress which acts upon the poroelastic medium. Then,

we express the corresponding equation of motion as

—Wpyuf — prfw:V.Up in zxI,

(A1)
— wppuf —wg(w) w+iwbw)w=—-Vp; in zxI.
The constitutive equations are
o? =p (Vu? + (Vur)") + AV.u? +a M V.w)I,
(A2)

pf=—aMV.u’ — MV. w,
where py and py are the bulk density of the saturated porous medium and the density

of the pore fluid, respectively, A is the undrained Lamé modulus, and g(w) and b(w) are
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the mass coupling and viscous coefficients, respectively. The required material proper-

ties are calculated as (e.g., Barbosa et al., 2016)

pp = (1—9¢)ps + dpy,

2
)\:Km—g,u—&—aQM,

g(w) = %Im (I{d?gw)) :

blw) = Re (Fﬂd?w)) ’

where py is the density of the solid grain and k4(w) is the dynamic permeability of the

(A3)

porous rock, which can be expressed as (Johnson et al., 1987)

-1
Hd(w)n< 14 4?“’ +“"> , (A4)

Here, wp is Biot’s angular characteristic frequency wg = 27 fg, with fp defined in equa-
tion 1, and n; is a pore geometry parameter. According to numerical and experimen-
tal studies (e.g., Charlaix et al., 1988; Sheng & Zhou, 1988; Smeulders et al., 1992), n;

= 8 is a reasonable approximation for most porous media.

To formulate the elastic wave equation, we let u¢ = u®(x,w) be the displacement
vector for any position € n with n = {A;, A2} and angular frequency w € I, with
I = (0,W]. We also let o° be the stress tensor field acting upon the medium. Then,

we express the corresponding equation of motion as

—pw?u®=V.o¢ in nxlI. (A5)
The associated constitutive equation is given by
o =p (Vu+ (Vu)") + AV.u I. (A6)

A2 Solution for displacements

We assume that a P-wave propagates downwards, with wavevector components in

&1 and &3, and strikes the interface IIy. Then, in the elastic half-spaces n, with n =
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{A1, A2}, the propagating modes are P- and S-waves. In the poroelastic stratum z, with

z2={Qp1,...,Qpm}, fast P-, slow P- and S-waves are present.

For a given poroelastic stratum z, we write the total solid displacement «? and rel-

ative fluid displacement w, as

y p
w, = E uz
T
w, = E wyr,
r

with r = {Dp1,Up1,Dp2,Upa, Dg,Ug}. Here, D and U refer to the downgoing and

(A7)

upgoing waves, respectively, and subscripts P1, P2, and S refer to fast P-, slow P- and

S-waves, respectively,

For a given elastic-half space n, we express the total displacement u{ as

=) e (48)
J
Here, for n = Ay, j = {Dp, Up, Us}; otherwise, for n = As, j = {Dp, Dg}. Sub-

scripts P and S refer to P- and S-waves, respectively.

We propose the solution for displacements in the form of scalar and vector poten-

tials. Then, we express the displacements for the elastic half-spaces as

ut . = VoL ut . = -V x ¥ (A9)

n j1 nji’ n jo njz*
For n = Ay, j1 = {Up, Dp}, while for n = As, j1 = {Dp} and jo = j \ j1 for both

cases. ®f ; and W7 . are the scalar potentials corresponding to solutions for P-waves

and the vector potential corresponding to solutions for S-waves, respectively. The po-

tentials can be specified as

e
nJj1

=E,j exp(iky,; -x),
(A10)

€

njs — Enj2 exp (Z knj2 : il)) T2,

where E,, j, and E, ;, are the amplitudes for the scalar and vector potentials, respectively

and k,, ;,, and k, ;, are the wavenumber vectors for the P- and S-waves, respectively. The
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wavenumber vectors can be expressed as k,; = ky; I;:nj, where l%n j is the unit wavenum-
ber vector and k,, ; is the scalar wavenumber for the corresponding wave j. This latter
depends only on the properties of the medium and on the wave type, that is, P or S. The

scalar wavenumber can be written as

k. =w _ Pn
" An + 240

(A11)

For the poroelastic strata, we also express the solid and relative fluid displacements

in term of potentials

uZTd = V(I)grp 'U,IZ)T2 =-Vx ‘I’gT27 (A12)
Wyr, = v@zrl, Wy p, = -V X Tzr27 (Alg)

where 71 = {Dp1, Up1, Dpa, Upa} and ro = 7\ r1, ®L, and O, are the scalar po-
tentials corresponding to solutions for P1- and P2-waves for the solid and the relative
fluid displacements, respectively. Likewise W2, and T, are the vector potentials cor-

responding to solutions for S-waves for the solid and the relative fluid displacements, re-

spectively. The scalar and vector potentials can be further specified as

L, =B, exp(ik,, -x),

' (A14)
®zr1 - Wzn exp (Z kzrl : w) 5
W =DB.rexp(ik.,, )&,
(A15)

Tzrz = Wzrz €xXp ('L kzrz . :B) £2;

where B, ., and W, are the amplitudes of the scalar potentials corresponding to the
solid and relative fluid displacements, respectively. Likewise, B, .o and W, .o, are the am-
plitudes of the vector potentials corresponding to the solid and relative fluid displace-
ments, respectively. Moreover, k.., is the complex wavenumber vector for P1- and P2-

waves and k., is the one for S-waves. Besides, the presence of the enclosing elastic half-
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spaces induces inhomogeneous waves in the poroelastic strata. This is because Snell’s

law imposes the continuity of the horizontal component of the wavenumber vectors across
the different media and the presence of the an elastic media enforces this component to
be real. Thus, attenuation can only prevail in the vertical direction. Then, we can spec-

ify the complex wavenumber vector as
k., =»,.,—io,, (A16)

where o, is the attenuation vector which has only a component in &3 and »¢,,. is the
real wavenumber vector. This latter can be expressed as ., = ., 3.,, where s, and
3., are the real wavenumber and unit vector, respectively. For a given incidence angle
striking at the interface between the upper half-space and the top most poroelastic stra-
tum, Snell’s law states that the horizontal component of the real wavevector of the trav-
eling waves are equal to that of the incident wave p;. This is p; = kyp; - 1 = 2., -
&1 = s, sin(0,,), where 0., is the angle of the real wave vector with respect to the ver-
tical. We express the missing vertical component of the complex wavenumber vector as
follows: k., - &3 = s cos(0,,) — i ., where o, is the attenuation factor. Following

Borcherdt (1982) we find

2 =07+ (Rel(k2 ~ )"

o?, = (Im [(kﬁ, — pf) 1/2])2 )

(A17)

where k... is the complex wavenumber of the wave r, which depends on the wave type,
that is P1, P2 or S, and the associated rock physical properties (Borcherdt, 1973, 1982).
To calculate the corresponding values, we follow the procedure employed by Barbosa et

al. (2016).
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A3 PP reflection coefficients

If we assume that the amplitude of the incident P-wave is one, then the reflection
coefficient Rpp at interface of the uppermost poroelastic stratum with the upper half-
space is equal to Ep, yp (equation (A10)). To solve for the unknown amplitudes, we as-
semble a set of equations by imposing suitable continuity conditions at the interfaces.

In this regard, we distinguish two types of interfaces: elastic-poroelastic and purely poroe-

lastic ones. At the elastic-poroelastic interfaces II;, with ¢ = 1 and ¢ = m + 1, where

m is the number of poroelastic strata, we impose continuity of solid displacements and

tractions and we set to zero the relative fluid displacements (Deresiewicz & Skalak, 1963)
(uf, — u2)ly, = 0,
(&5 — )]y, =0, (A18)
wZ\Hq =0.

For ¢ = 1, the corresponding media are n = Ay and z = Q; for ¢ = m + 1, they

are n = Ap and z = Q,,,. Moreover, t{ and t are the tractions on the I, interface

at the elastic and poroelastic sides, respectively. These tractions are t{, = o - &3 and

tl = ol - &3, respectively.

At the purely poroelastic interfaces I, with ¢ = 2,...,m, we impose the conti-
nuity of solid displacements, relative fluid displacements, tractions, and fluid pressures

(Deresiewicz & Skalak, 1963)

P _ o,P =0
(uz u(z+1))‘ﬂq )

(w2 — (i) |y, =0,
(A19)

p _
(2 ‘t<z+1>)’nq =0,

(7= = Ps 1), =0,

where z = ;1) and (2+1) = Q,,. To complete the system of equations, we express

the amplitudes of the relative fluid displacement in terms of the solid displacement through
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Yor = Wy /B,,. This ratio can be obtained from the properties of the porous medium

(Barbosa et al., 2016).

Appendix B PP reflectivity at the upper interface of a viscoelastic medium

embedded in elastic half-spaces

B1 Governing equations

We assume a domain in R? consisting of an anisotropic viscoelastic layer Q, em-
bedded in the same elastic half-spaces A; and As as in Appendix A. We denote as II;
the interface between the viscoelastic layer €2, and the upper half-space A; and as I,

the interface between the viscoelastic layer €2, and the lower half-space As.

To compute the reflection coefficients, we formulate the corresponding viscoelas-
tic and elastic wave equations in the space-frequency domain. To specify the viscoelas-
tic wave equation, we let u¥ = w”(x,w) be the solid displacement vector for any po-
sition x € €, and angular frequency w € I, with I = (0, W]. Moreover, we let o, be
the stress which acts upon the viscoelastic medium. Then, we express the correspond-

ing equation of motion as

—ppwtu’=V-o' in Q,xI, (B1)

where pj is the bulk density of the viscoelastic medium. Using Voigt’s notation, the as-

sociated constitutive equation can be written as

o1 Cii Ciz Cis et
o33 | = | Ciz Cs3 Css €33 |
(B2)
o3 Ci5 O35 Css 2¢e73
ith v 1 v v
wit 51‘3‘ = 5 (ul,j -+ uj,l) .
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The equations for the elastic wave and its constitutive relation are those presented

in equations (A5) and (A6).

B2 Solution for displacements

We assume that an incident P-wave propagates downwards, with wavevector com-
ponents in &1 and &3, and strikes the interface II;. Then, the propagating modes present
in the elastic media Ay and A, are P- and S-waves. In the viscoelastic medium €2, quasi-
P (qP) and quasi-S (qS) body waves are present. Then, to find the total displacements
in each medium, we sum the displacements produced by the corresponding propagating

waves.

For the viscoelastic medium €2,,, the total displacement u" is

u’ = Z uy. (B3)

Here, r = {Dy,p, Uyp, Dys, Uys}, where subscripts ¢P and ¢S refer to ¢P- and ¢S-waves.
For the elastic half-spaces, the corresponding total displacements have been already de-

tailed in equation (AS).

We propose plane-wave solutions for the displacements. For the elastic media they
take the following form

us = nj eXP(*i knj . .’13) 'anj; (B4)

nj

where, n = {Ay,As}. Furthermore, for n = Ay, j = {Dp, Up, Us}; otherwise
for n = Ay, j = {Dp, Dg}. E,; is the amplitude of the plane wave, k,; is the wavenum-
ber vector and its definition is the same as detailed in equations (A10) and (All), @ is
the position vector and 1i,; is the wave polarization unit vector that describes the di-
rection of particle displacement. For P-waves, this vector is parallel to the wavenumber

vector k,; and for S-waves, this vector is perpendicular to it.
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For the viscoelastic medium €2,,, the plane-wave solution takes the form

ul =V, exp(—ik, - ) @, (B5)

where V. is the amplitude of the plane wave, k,. is the complex wavenumber vector and
4, is the wave polarization unit vector. In viscoelastic media, plane waves are in gen-
eral inhomogeneous, meaning that the real wavenumber vector 3¢, is not parallel to the
attenuation vector ... In a smilar way to equation (A16), the complex wavenumber vec-

tor can be expressed as

k. =3x —ic,. (B6)

We can also express the real wavenumber vector as s, = s, ,, where 3, and », are

the real unit vector and wavenumber, respectively. This latter can be related to the -

wave velocity v, as follows: s, = w/v,.. For the present model, the presence of elas-

tic half-spaces together with Snell’s law implies that the horizontal component of the wavenum-
ber vector is real. As a consequence, the attenuation vector «, has only a vertical com-
ponent. Then, for a given incidence angle at the interface between the upper elastic half-

space and the viscoelastic medium, Snell’s law stipulates that the horizontal component

of the wavevectors of the subsequent of the propagating waves are equal to that of the

incident wave p;, that is, p; = 3¢, - £1 = ky; - £1.

The missing vertical component k3 = k,.-&3 of the wavevector k, and the corre-
sponding polarization vector & of waves propagating in the viscoelastic medium can be
found by solving the equation that arises after substituting equations (B2) and (B5) into
(B1). Here, without loss of generality, we assume that the amplitude V. is equal to 1.

We also drop the subscript . Then, the equation to solve is

(T - piw?I)a =0, (B7)
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where

r=LCL”, with

0 ks pi
where C'is the stifness matrix as given by equation (B2). Equation (B7) have solutions
if det(T'—pp w? I) = 0. This leads to a fourth-order equation in k3, with solutions cor-
responding to vertical components of upgoing and downgoing qP- and qS-waves. After
this, the corresponding unit polarization vectors @& can be found from equation (B7). How-
ever, in anisotropic viscoelastic media, the direction of the real wavenumber vector does
not necessarily coincide with the direction of the average energy-flux vector S or ray path.
Then, to select unequivocally the solutions for upgoing and downgoing waves, the direc-
tion of the average energy flux should be established for the corresponding wavenum-
ber vectors. This average energy flux vector S is the real part of the complex energy-
flux vector P, that is, § = Re (P) (Carcione & Cavallini, 1993; Cerveny & Psencik,

2006). The components of P can be calculated as (Carcione, 2007)

1 ~ Ak
Pi = 7§w Cijkl kl Ul ui. (Bg)

Here, indices take values of 1 and 3, and (-)* denotes complex conjugate. Furthermore,
Ciji1 are the components of the stiffness tensor. The conversion of the indices of the sitff-
ness tensor from tensorial to Voigt notation is as follows: double indices ij or kl with
values 11, 13, 31 and 33 convert to a single indices 1, 5, 5 and 3, respectively. For instance,

C3113 in tensorial notation is equivalent to Cs5 in Voigt notation.

B3 PP Reflection coefficients

As in in Appendix A, we assume that the amplitude of the incident P-wave is one

and, hence, the reflection coefficient Rpp at the interface of the viscoelastic medium with
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the upper half-space is then equal to Fx, yp (equation (B4)). To solve for the unknown
amplitudes, we assemble a set of equations by imposing continuity of displacements and

tractions at the elastic-viscoelastic interfaces I, with ¢ = 1,2

(uf, — u")ly, =0,

(B10)
(t;, —t")|y, = 0.

q

Here, n = Ag, t7, and t¥ are the tractions on the elastic and viscoelastic sides of the in-

v

terface, respectively. Moreover, t¥ = o - 3. The traction t{ on the elastic side has

already been defined in Appendix A.
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