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Abstract: In this paper we investigate the boundary non-crossing probabilities of a fractional Brownian motion
considering some general deterministic trend function. We derive bounds for non-crossing probabilities and
discuss the case of a large trend function. As a by-product we solve a minimization problem related to the norm
of the trend function.
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1 Introduction

Calculation of boundary crossing (or non-crossing) probabilities of Gaussian processes with trend is a long-
established and interesting topic of applied probability, see, e.g., [15, 32, 27, 12, 30, 28, 11, 5, 8, 7, 9, 14, 10, 21, 3,
18] and references therein. Numerous applications concerned with the evaluation of boundary non-crossing prob-
abilities relate to mathematical finance, risk theory, queueing theory, statistics, physics, biology among many
other fields. In the literature, most of contributions treat the case when the Gaussian process X (¢),t > 0 is a
Brownian motion which allows to calculate the boundary non-crossing probability P { X (¢) + f(t) < u,t € [0,T]},
for some trend function f and two given constants T',u > 0 by various methods (see, e.g., [1, 16]). For particular
f including the case of a piecewise constant function, explicit calculations are possible, see, e.g., [20]. Those
explicit calculations allow then to approximate the non-crossing probabilities for trend functions of the form
~vf(t),t € [0,T] when 7 tends to infinity, see [20, 17, 5].

In this paper the centered Gaussian process X = B is a fractional Brownian motion (fBm) with Hurst index
H € (0,1) for which no explicit calculations of the boundary non-crossing probability are possible for the most
of the trend functions.

Therefore, our interest in this paper is on the derivation of upper and lower bounds for
P =P {B"(t)+ f(t) < u(t),Vt e Ry} (1)

for some admissible trend functions f and measurable functions u : R; — R such that «(0) > 0. In the following
we shall consider f # 0 to belong to the reproducing kernel Hilbert Space (RKHS) of B which is denoted by

H defined by the covariance kernel of B¥ given as
1
Ry (s,t) :=E{B"(s)B"(t)} = §(t2H + 82—t —s*), t,s>0. (2)

A precise description of H is given in Section 2, where also the norm || f|| for f € H is defined; for notational
simplicity we suppress the Hurst index H and the specification of R, avoiding the more common notation
Hug(Ry).

The lack of explicit formulas (apart from H = 1/2 case) for trend functions f poses problems for judging the

accuracy of our bounds for P;. A remedy for that is to consider the asymptotic performance of the bounds
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for trend functions ~f with v — 0 and v — oco. The latter case is more tractable since if for some xy we have
f(zg) > 0, then (see Corollary 3.1 below)

2
0 ~
Py > =1+ o) flli, 7= o0, (3)
where fe H, ]?2 f is such that it solves the following minimization problem

find the unique f € H so that inf =1 Fll. 4
ave anf gl = 1l 8

Clearly, (3) does not show how to find f, however it is very helpful for the derivation of upper and lower bounds
for Py since it can be used to check their validity (at least asymptotically).

In this paper, for f € H with f(zo) > 0 for some xg > 0, we find explicitly for H > 1/2 the unique solution
f € M of the minimization problem (4); for H = 1/2 this has already been done in [6]. For the case H € (0,1/2),
we determine again funder the assumption that f > f. By making use of the Girsanov formula for fBm, we
derive upper and lower bounds for Py in Theorem 3.1 below.

The paper is organized as follows: Section 2 briefly reviews some results from fractional calculus and related
Hilbert spaces. We introduce weighted fractional integral operators, fractional kernels and briefly discuss the
corresponding reproducing kernel Hilbert spaces. The main result is presented in Section 3. Specific properties
of fBm used in our proofs are displayed in Section 4 followed then by two examples for the trend function. All

the proofs are relegated to Section 5. A short Appendix concludes the article.

2 Preliminaries

This section reviews basic Riemann-Liouville fractional calculus; a classical reference on this topic is [31]. We

use also the notation and results from [29], [2], and [22]. We proceed then with the RKHS of {Bm.

Definition 2.1. The (left-sided) Riemann-Liouville fractional integral operator of order « over interval [0, 7]

(or over R ) is defined for o and T positive by

(16‘+f)(t):ﬁ / (t— 22 f(2)dz te[0,T] (teRy),

where T'(+) is the Euler gamma function. The corresponding right-sided integral operator on [0, 7] is defined by

1

(13-1) 0 = o5 / (e - ) f(2)dz, e [0,T),

and the right-sided integral operator on R, (also known as the Weyl fractional integral operator) is defined by

1 o0
)0 =i [ -0 ek,
UaD 0= 107
Throughout the paper, we suppose that (I$_f)(t) = 0, for ¢ > T. Note that in the case u®f(u) € L1(Ry),
the integral (I _ f) exists a.a. with respect to Lebesgue measure on R and belongs to L; (R ), see for more

details [19]. Next, for p > 1, denote
I(Ly[0,T)) ={f : f =I5, ¢ for some ¢ € L,[0,T]},

I*(Ly[0,T)) ={f : f = IF_¢ for some ¢ € L,[0,T]},

and define similarly I¢(L,(R4)). If 0 < a < 1, then the function ¢ used in the above definitions (it is determined
uniquely) coincides for almost all (a.a.) t € [0,T] (¢t € R) with the left- (right-) sided Riemann-Liouville fractional

derivative of f of order a.. The derivatives are denoted by



5510 = (5 D0 = gy ] =27 )az).

(12000 = (P )0 =~y g7 ([ 07 s2).
and
172() = (DF-)(t) = (Do fLio) (1),
respectively. Let f € I¢(L,(R)) or I$(Lpy[0,T]),p > 1,0 < a < 1. Then for the corresponding indices 0,7, and
o0, we have
IEDLf=F.
In the case when f € L1(R.), we have DYI f = f, see e.g., [31]. In the following we introduce weighted frac-

tional integral operators, fractional kernels and briefly discuss the corresponding RKHS’s. Introduce weighted

fractional integral operators by

(KL f)(8) = OtV Pl 21 p ) (1),
(Ko () = O 202 a2 () (1),
(KE_f)(t) = ot V2 (12 2 =12 £ (u)) (1),

and
(K27 ) (1) = o7 e 20 (2 Ml =12 £ () (1),

1/2
where C; = (QHF(H;(E/E%I;{(?/Q_H)) . For H = % with I the identity operator we put

1/2,%

K =Kkl — K2 K/ =1

If H> 1 and uwH=2 f(u) € L1(Ry), then KZ*KH £ — f We can change the order of the operators in the
previous equality, i.e., KX K2* f = f provided that uf =2 f(u) € 1117% (Lp(Ry)) for some p > 1 and H > 3,
or uz—H f(u) € L1(R,) holds if H < 5. Furthermore, for f € Ly(Ry) and H € (0,1), K({{,_Kgi*f =f.

Next, define KA f = KX _(f1jor) and K7 f = K2*(fl.7)). For H € (0,1) and ¢ > s, define the fractional

kernel

Kul(ts) = F(HC:W)((DH”@ _ )t (H— %)s%—H/S (s~ 5)1 427 Rd2).

For H > %7 the kernel Ky is simplified to

C t
Kg(t,s) = 715%_H/ (z—s)H_%zH_%dz.

In turn, introduce the fractional kernel

Kj(t,s) = —CIF(H1+ el (5" - ot = Hyaton /:(z b)),
For H < %, the kernel K7, is simplified to
s%_H ¢ 1 1
K (t,s) = m/s (z—s) 721734,

By direct calculations we obtain

(KL 10,9)(s) = (K["10,4)(s) = Ku(t, s)



and
(K2* Lio,)(s) = (KtH’*l[o,t])(S) = Kj(t,s).

We mention that for f € Ly[a,b], g € Ly[a,b] with 0 < i + (]; < 1+ a we have the following formula

b b
/ g(@) 15y f(x)dx = / f(2)I g(x)d.

Applying it for H > % and f € L,[0,¢] with p > 1 we obtain

/ (K 110.0)(3)(s)ds = / (KL 1) (s)ds
0 0

If instead we fix H < £ and f € L,[0,¢] with p > 1, then we obtain further

/ (K 10.4)(s) f(s)ds = / (K £)(s)ds.
0 0

Next, we introduce the RKHS of the fBm, corresponding results for finite interval are described in detail in [13],
[29], and [2]. Let H € (0,1) be fixed and recall that Ry defined in (2) can be defined also as follows

Ry (t,s) :/0 (KH(t,u)KH(s,u)du.

Definition 2.2. (]2]) The reproducing kernel Hilbert space (RKHS) of the fractional Brownian motion on [0, T,
denoted by #H[0,T] is defined as the closure of the vector space spanned by the set of functions Ry (¢, -),t € [0, T
with respect to the scalar product (Rg(t,-), Ry (s,)) = Ru(t,s), t,s € [0,T).

In [13] it is shown that #H[0,7] is the set of functions f which can be written as f(¢) fo Kg(t,s)p(s)ds for
some ¢ € Lo([0,77]). By definition, || f|lxj0,7) = @]l z,j0,7)- We define similarly the RKHS H := H(R, ). Namely,
for any H € (0,1), H is the set of functions f which can be written as

/ K (t, $)6(s)ds = / (K2 toa)(s)o(s)ds = [ (5 0)()ds 5)
for some ¢ € Ly(Ry). Since f/(t) = (K& ¢)(t) and ¢(t) = (KH “£)(t), then we have

115 = 10l Loy = 1KY Il Laes)-

Next, define
Li(Ry) = {f : KL_|f| € L2(R1)}
and if H € (0, %), we define further

T o 2
LE(RL) =LY (RN {f 'Ry - R: lim 128 (/ w12 f () (u — t)H_3/2du) dt = 0}.
0 T

T—o0
To this end, for any function g that admits the representation g(¢ fo s)ds introduce the norm
gl = 19'llLazy)- (6)

3 Main result

In this section we study the boundary non-crossing probability Py defined in (1) for f € H and some measurable
function u : Ry — R with u(0) > 0. Hereafter we assume that Py = P{B(t) < u(t),Vt € R.} € (0,1). In
applications, see, e.g., [8, 9] it is of interest to calculate the rate of decrease to 0 of P,y as v — oo for some
J € H. On the other side, if || f||# is small, we expect that Py is close to Py. Set below v = ®~*(P,) where ®
is the distribution function of a N (0, 1) random variable. Our first result displays upper and lower bounds for
Ps.



Lemma 3.1. For any f € H we have
[Py = Ro| < =llflhe (7)
If further g € H is such that g > f, then
(o —[lglln) < Py < Pr < @(a+ || flla)- (8)

Clearly, (7) is useful only if || f||% is small. On the contrary, the lower bound of (8) is important for f such that
| fll2 is large and ||g||3 > 0. Taking g = f, with f being the solution of (3) and noting that for any v > 0 we
have ’ﬁ = ’yf for any f € H, then the lower bound in (8) implies the following result:

Corollary 3.1. For any f € H such that f(xg) > 0 for some xqg € (0,00) the claims in (3) and (4) hold.
Next, let the function f be differentiable with derivative f’ € Ly(R;). Then the operator (Kéi’* ) is well-
defined. Consider the following assumptions on f:

(i) (Koi"f') € La(Ry), ie., f € H.

(ii) Let h(t) := fo (Koy oy s)ds. We assume that the smallest concave nondecreasing majorant I of the

functlon h has the rlght—hand derivative ' such that h' € Ls(R4) and moreover the function
K(t) := (K2 h')(¢)
is nonincreasing, K € L& (R,.) for H > } and K € LE(R,) for H < 3,

K(t)=o(t ") ast — oo.

(iii) The function I’ can be presented as E’(t) = (K(ﬁi*f’)(t), t € Ry, for some f € Ly(Ry). Evidently, in
this case the function h admits the representation h(t) = fg(Ké{;*f’)(s)ds.

We set next for f satisfying (i) — (4i¢)

= [ s = [ s

The function fis crucial for our problem as will be shown in our main result below.

Theorem 3.1. If f satisfies assumptions (i)—(iii), then f € H and moreover
e} 1 — 9
P pygo ([ ul9a-K) - IR ©
0

Suppose that u_ : Ry — R is such that u_(t) < u(t),t € Ry. If H < 1/2, assume additionally that F>
Then for any H € (0,1) \ {1/2}

Py 2 Pr2 B lus() < BY(0) < ult)t € B o (T~ 317 (10)

holds, provided that I = [~ u_(s)d(—K(s)) is finite.

In the next corollary we show that the upper and lower bounds above become (in the log scale) precise when f

is large.



Corollary 3.2. Under the assumptions and notation of Theorem 3.1, if further f(xg) > 0 for some xo € (0,00),
then

2
A2~
—lnchrv7||h||27 v — o0. (11)
As a by-product, we solve the minimization problem (4), namely we have:

Corollary 3.3. Under the assumptions and notation of Theorem 3.1

inf = 1 Fll2 = |[A]l. 12
f’gey’ngllglly | Fll2e = [IA]] (12)

Remarks: a) If H € (1/2,1), then under the conditions (i)—(iii) in Theorem 3.1 we find that f is the explicit
solution of the minimization problem (4).

b) The case H = 1/2 is discussed in [4], see also [6].

c¢) It follows from Lemma 7.1 that for H > %, f > f because it immediately follows from that lemma and the

inequality i > h that f' > f'.

4 Auxiliary results

For the proof of our main result, we need to discuss several properties of fBm’s. We shall investigate first the
relation between fBm, Molchan martingale, and the underlying Wiener process. Then we present the Girsanov

Theorem which is crucial for our analysis.

4.1 Molchan martingale, fBm, and the underlying Wiener process

In what follows we consider a continuous modification of fBm that exists due to well-known Kolmogorov’s
theorem. Denote by FB" = {ffH,t € R} with ftBH = o{BH(5),0 < s < t} the filtration generated by B.
According to [29], [2], [22], and [26], B can be presented as

B (1) = / (KA 100.0)(5)dW (s) = / (K10, (s)dW (s) = / Kpr(t, 5)dW (s), (13)

where W = {W(t),t € Ry} is an “underlying” Wiener process whose filtration coincides with F BY Evidently,

t t ¢
Wi = [ (K ) @aB" ) = (@ 1006 = [ KitsdBT .
0 0 0
Another form of relations (13) and (14) can be obtained in the following way. According to [26], we can introduce
the kernel

(3 — 2H)
it 8) = <2HF(3/2 —HYT(H +1/2

1/2
) (), st ey (15)

and consider the process

MH(t):/tlH(t,s)dBH(s), teRy, He(0,1). (16)
0

The process M from (16) defines a Gaussian square-integrable martingale with square characteristics (M) (t) =
272H t ¢ R, and with filtration FM" = FH . Then the process W(t) = (2—2H)"1/? fot s*dM* (s) is a Wiener
process with the same filtration. In what follows we consider a continuous modification of any Wiener process.

We state next three lemmas which are proved in Section 6.

Lemma 4.1. The processes W and W coincide, i.e., are indistinguishable.



Definition 4.1. ([2], [22], [29]) For any T € R4 and H € (0,1) the Wiener integral w.r.t. {Bm is defined as

T T oo
/ f(s)dBH(s) = / (K2 (f10))(s)dW (s) = / (K (Fli0.2))(5)dW (s)
0 0 0

/ " (K ) (5)dW (s) = |t

and the integral fo (s)dB*(s) exists for f € LE(R,).
Now we extend the notion of integration w.r.t. fBm on the Ry from [0,T] by the following definition.
Definition 4.2. We set - T
/ f(s)dBH (s) = Ly- lim f(s)dBf(s) (17)
0 T—o0 Jo

whenever this limit exists.

Lemma 4.2. If f € L¥(R) with H> § and f € LY (Ry) for H < 1, then the limit in the right-hand side of
(17) ezists and

| s = [T peaw) (18)
Lemma 4.3. Let h = h(t),t € Ry, be a nonrandom measurable function such that
1. he LY(Ry) for H> L and h € L¥(Ry) for H < L
2. h is nonincreasing;
3. s"h(s) = 0 as s — oo.

Then the integral [ h(s)dB™ (s) exists and moreover

| neaste) = [ B, (19)
0 0
where the integral in the right-hand side of (19) is a Riemann-Stieltjes integral with continuous integrand and

nondecreasing integrator.

4.2 Girsanov Theorem for fBm

Let H € (0,1) and consider a {Bm with absolutely continuous drift f that admits the following representation:
H)+ f(t) = )+ fo s)ds. In order to annihilate the drift, there are two equivalent approaches. The
first one is to assume that K}‘{( () = (KH “f)(-) € L1]0,¢] for any t € R, to equate

(1) + £(t) = BT (1), (20)

where BH is the fBm with respect to the new probability measure, and accordingly to (14), to transform (20)

as
/0 (KT 140 ) (5)dB () + / (KT 140 )7 ()ds = / (KT 140 ) (5)dB (s),
or,
/ K% (t, s)dBY (s / K3 (t,s)f(s)ds = /t K3%(t, s)dB" (s),
or, at last, i

W) + / (K™ 10.4)(3) ' (5)ds = W(t) + / (KL 1) (s)ds = (1),



where W = {Wht € R, } is a Wiener process with respect to a new probability measure @, say. The second
one is to apply Girsanov’s theorem from [25]. We start with (20); suppose that sz~ 5 f’(s) € L1[0,] for any
t € R} and transform (20) as follows (recall lj is defined in (15)):

t

M (1) + /0 Lu(t, s) f'(s)ds = DIP (b).

Further, suppose that the function ¢(t) = fot Ly (t,s)f'(s)ds admits the representation

Then . . .
(2—2H)%/ s%—HdW(s)Jr/ q’(s)ds=(2—2H)%/ sz HaqW(s),
0 0 0

whence W (t) + (2 — 2H)~1/? fg ¢'(s)sf—3ds = W (t). Evidently, if the representation (21) holds, then

(2—2H)_1/2/0 q’(s)sH_%ds:/O K}k{(t,s)f’(s)ds:/o (K2 f)(s)ds. (22)

In turn, together with the equivalence, mentioned in the assumption (i7), it means that for f € H we have
(22). Now we give simple sufficient conditions of existence of ¢’ and fot q(s)s™ ~2ds. The proof consists in

differentiation and integration by parts and therefore it is omitted.

Lemma 4.4. (i) Let H < % Suppose that the drift f is absolutely continuous and for any t > 0, the derivative
If'(s)] < C(t)SH_%"‘E, s < t, for some e > 0 and some nondecreasing function C(t) : Ry — Ry. Then for any
t>0

o I(3—2H) VR ijen
Q(t)_<2HF(3/2—H)3F(H+1/2)> /05/ e = )7 S (s)ds

and (22) holds.

(i) Let H > % and suppose that the drift f is absolutely continuous. If further there exists the continuous

derivative (s2H f'(s)) such that lim,_o(s2~H f'(s)) = 0, then for any t > 0

I\ F(S — 2H) Ve 1/2— I—H g1 /
()= (2HF(3/2 —H)T(H + 1/2)) /0 (=) 7 H (s2 7 ' (3)) ds

and (22) holds.

So, for a drift f € H, BH(t) + f(f f'(s)ds is fBm B (t), t € R, say, under such measure @ that

oo

dQ /Oo H,* g1 1 H,x pr 2
— = exp| — K’fdesff/ K02 f)(s)|7ds 23
e (=) 6w — 5 | I )6 ds) (23)
o H,x pr 1 2
= e (= [ W) - 551
0
if (23) defines a new probability measure leading to the following result.

Theorem 4.1. Let f € H, then BH(t)—|—fg f'(s)ds = BH (t), where BH (t) is a fBm under a probability measure
Q that satisfies relation (23).

5 Examples of admissible drifts

We present next two examples of drifts satisfying conditions (4)-(4i¢) imposed in Theorem 3.1.



Example 5.1. In order to construct the drift, we start with h and k. Let H > 1 h(t) = h(t) = fot st/2=He=s (s,
Note that i/ € Lo (Ry), B/ > 0 and decreases on R, therefore I is a concave function as well as h, and evidently,

I is the smallest concave nondecreasing majorant of h. Further we have

—Cfltl/Z_H% (/t (z_t)l/Q—He—de>

d [}
_leltl/2—H% (A 21/2—He—z—tdz>

c;lr(g - H)t%—He—t - c;lr(g - H)E/(t).

(K2R ()

Consequently, the function K (t) := (K gfﬁ’ )(t) is nonincreasing. Since further

KE_(KITW)(t) = () € La(Ry),

oo —

then K € L¥(R,) and moreover, K ()t — 0 as t — oo. It means that condition (i) holds.
Denote f, yet the unknown drift, and let ¢(t) = Cs fot sH/2=H (t — §)1/2=H f/(5)ds, with Cy := ——<1——. Then

r (H+1/2)

SH—l/Qq/(S) — ]’LI(S) — 81/2_H€_s, q’(s) — 31—2He—s
and
t t
02/ (t—s)' /2 H 2oH 1 (5)ds :/ st =5 s,
0 0
Hence with C3 = CoB(3 — H, H — %) where B(a,b) = I'(a)I'(b)/T'(a + b), we obtain
1 i ¢
(H — 5)6’3/ s/27H 1 (5)ds = / (t — s)H1/25172H o5 g
0 0

implying that

~ 1) T

2HT(2 — 2H)F(H + %)

=
—
Pl

ft) =

t s
1 8 1 9H _
/sH 2/ (s — 2) 722172 e =2z ds.
0 0

Since (Kou* f/)(t) = CitH=1/2¢/(t) = t'/2~He~t € L5(R,) condition (i) holds. Condition (i) is clearly satisfied
since we can put f: f- Note in particular that the assumption fz fif H € (0,1/2) also holds.

Example 5.2. Let H < } and put h(t) = h(t) = fot sYe"*ds with some 0 > v > —1 to have A’ and 1’ in

Ly(Ry). Then, as before, h is the smallest nondecreasing concave majorant of h. Further, we may write
~ o0
(KZphy) = opte/2-1 / (z —t)"HZY2 01247 =2 g,
t

= —Cy Wty /oo(z — 1) A2 B2y =2t g
1
and K (t) := (KZ*1')(t) is nonincreasing for 1-H+~<0,0or—%<v<H-1 Moreover, for y=H — 1

‘(Kofi,_*ﬁl)(t)l < Cl_ltl/27H€7t/2\/ ZH73/2dZ,
1

KE_(KZIR)() = B (1) € La(R+)

implying K € L¥ (R, ) and lim;_,, K (t)t? = 0. Consequently, condition (ii) holds. Similarly to Example 5.1,

SHfl/QqI(S) _ h/(S) _ SH71/26757 q/(s) — S



and Cs fot(t — §)V/2H 12— H f1(5)ds = fot e~ *ds, whence

(% — H)C’g /Ot(t — )TV H (Y =1 — et (24)

It follows from (24) that

t t
(% - H)C’QB(H + % = - H)/O s27H 1 (s)ds = /O (t—s)7712(1 - e7%)ds.

t 1 [P (t—s)HH1/2
1/2—H pr ds = / =sd
/0 s f(s)ds G ) H iR e~ %ds,

and .
t1/2fo/(t) _ 7/ (t _ S)Hfl/Zefst'
0

Consequently,

ft) = /Of/(z)dzzc%/o 672/ SHfl/Z(S—Z)Hfl/stdz.

Clearly, (KoL f')(t) = Cit"=1/2¢/(t) = t#=1/2¢~* € Ly(R.), and condition (7) holds. Condition (iii) is evident.

6 Proofs

6.1 Proofs of auxiliary results

Proof of Lemma 4.1: It was established in [26] that the fBm B¥ can be “restored” from W by the following
formula BH (t) = fot Kyt s)dW(s)7 but it means

t
Wi = [ (27 10)()aB" () = W0
a.s. for any ¢t € R,. Since we consider the continuous modifications of all Wiener processes, the proof follows. [J
Proof of Lemma 4.2: On one hand, we have that fooo(KH_f)(s)dW(s) exists. On the other hand, we have

o0

the equality fOT f(s)dBH(s) = fOT(Kgffl[O’T])(s)dW(s). At last,

(e’ T 2
E{( / (KM £)()dW (s) — / <K£_f1[o,T]><s>dW<s>> }

oo T
= [TEE s+ [ (RS 1))~ KE s (25)
T 0
Since f € L (R;), we have that [ ((KZ_f)(s))?ds — 0, T — oco. Further, let H > 3. Then
T T [e's) . 2
[t s neras = [ ([T b ta) s (26)
0 0 T
Since also |f| € LE (Ry) then for any s < T
im [ IFOIET 2 (t—s)F2dt =0
T—oo Jp

10



and the integral is bounded by [ |f(6)|[tH=1/2(t — s)1=3/24dt. Therefore, the right-hand side of (26) tends to 0
due to the Lebesgue dominated convergence theorem. Next, for 0 < H < % and by the definition of Zf (Ry),

Z/OTsl_QH(;i</:ouH_éf(u)(u—s)H_édu)
Ci(/sTuHéf(u)(us)Hédu>)2ds
= CIQ/OTsl_QH(/TOOuH_éf(u)(u—s)H_gdu>2ds

T 00 . 5 2
= 012/ 5172H(/ quff(u)(ufs)Hfidu) ds =0
0 T

as T — oo implying that the right-hand side of (25) vanishes as T — o0, hence the claim follows. O

we have

I
A

/0 (K™ _f)(s) — (KH £)(s))%ds

Proof of Lemma 4.3: According to Lemma 4.2, under condition 1) the integral fooo h(s)dB™ (s) exists,

[e'e] (e’ T
/ h(s)dB" (s) = / (KL )(s)dW (s) = Lo- Jim / F(s)dBM (s). (27)
0 0 o Jo

Further, it was mentioned in [22] that foT h(s)dB(s) is an Lo-limit of the corresponding integrals for the
elementary functions:

N
Ly- lim > " h(si—1)(B"(s;) — B"(si_1))

0
Im=033

T
/0 h(s)dB*(s)

N

ZBH(Si)(Szel) — h(s:)) + B"(T)h(T))

|
h
N
3

I
Sy
2
=
&
|
=
=
_|_
&
=
=
=
=

(28)
0

In view of (27), the limit in the right-hand side of (28) exists and due to condition 3), it equals [~ B (s)d(—h(s))
establishing the proof. O

6.2 Proofs of the main results

Proof of Lemma 3.1: If f = 0, then || f|l3 = 0, hence the first claim follows. Assume therefore that || f|l > 0.
In view of [24] (see p. 47-48 therein), a standard fBm By (t),t > 0 can be realized in the separable Banach
space

t
E= {w :R — R, continuous, w(0)=0, lim M = O}
t—oo 1+t

l‘ff:t)l. Consequently, Theorem 1’ in [23] can be applied, hence

(= [Ifllx) < Pr < (e + [ fll3), (29)

equipped with the norm [|w||g = sup;>g

where in our notation o = ®~*(P,). Since for any g > f we have P, < Py, then the claim in (8) follows. Next,
in view of (29), by the mean value theorem (see also Lemma 5 in [21])

[RAIEY
21

Pr—Py < O(a+|flln) = 2(a) = [ flln®'(c) <

ﬁ

for some real ¢ and similarly using again (29),

A7

Pr—F = ®a—|[fln)—2(a) = or’

11



hence the proof is complete. O

Proof of Corollary 3.1: In view of (8) for any v > 0 and any g € H, g > f we have
Pyp 2 Pyg > (o —9llgln)-

Since g(xg) > 0 follows from f(zo) > 0, then ||g|l3 > 0, hence for all v large

2
i
Py —(1+o() % inf_ gl

Since the norm is a convex function and the set Ay := {g € H, g > f} is convex, then the minimization problem

(4) has a unique solution ]?7 and thus the proof is complete. ([l

Proof of Theorem 3.1: Define the function h(t) = fot K (s)ds with
W(s) = fu(s) == (Kgi" f')(s)
and introduce its smallest concave nondecreasing majorant h. As shown in [4] h(t) = fg I/ (s)ds and
IR ::/0 (W'(s))*ds :/O (fr(s))%ds = [|f13 = |Ihll* + b = Al
Next, let the probability measure @ be defined by the relation

T = o (- [ am@ave - i) = (= [T v+ gIn2). @0

where W is the “underlying” Wiener process, dW = dW + fr(s)ds, W is a Wiener process w.r.t. the measure
Q. Note that (30) defines a probability measure since fr € La(R.), due to (i) and Theorem 4.1. Then

P = Bo{HB (0 + S0 <uht e )i )
— B {HB () <u)t e Raewp ([ fuls)alis) - 310i?}}

= e{uB o) <t eReyew ([ fnlavie) - 31 }.

0

| anaw e = [~ iguto - @+ [ R
/f(h'() (s +/O°°h'

Next setting K (t) := (KZ2*h')(t), we have

/Oooﬁ’(s)dW(s):/ooo(Kg’*h s)dBH (s / K(s)dB" (s)

Furthermore,

and both integrals are correctly defined. Indeed, &’ € Ly(R,) implying that I 1/ (s)dW (s) exists. Moreover,

in view of (ii) we have K € L¥(Ry) for H > 3 and K € LE(R,) for H < 3. Consequently, according to

Lemma 4.2 fo s)dB* (s) exists. Furthermore the equality (28) holds. In the light of Lemma 4.3, we get
/ K(s)dBf (s / B (s)d(—=K(s)).

12



Consequently, condition (#ii) implies (set Ir, = [, u K(s)))

P = E{H{BH(t) Suu),te&}exp( / m(h'(s)—%'<s>>dw<s>—§uh—ﬁ||2+ / °°BH<s>d<—K<s>>—;||E|2>}

IA

E{H{BH(t) <wu(t),t € Ry}pexp (/Ooo(h’(S) — B/ (s))dW (s) - %Hh —BlI* + I ;IIEHZ) }

exp <1K,u - ;|7L||2>IE<]I{BH(1$) <u(t),t € Ry}

< exp ( | (i) - i )aws) - 5 [ (e - <K§i*ﬁ><s>)2ds>

exp (IK,u_ |h||)> f—F

establishing the upper bound (9). In order to prove (10), note that in view of Lemma 7.1 for H € (1/2,1)

7>,

which is also assumed to hold if H € (0,1/2). Clearly the above inequality implies that Py > P]?. As above, we

have for some function u_(t) < u(t),t € Ry

P E{H{BH(t) < u(t),t € R, Jexp ( / " BH(s)d(—K(s)) - ;HEP) }

> E{H{u_@) < BU(t) < u(t),t € R, Jexp ( / " BH(s)d(—K(s)) - ;nEn?) }
> E{ﬂ{u_@) < BU(t) < u(t),t € R, }exp ( / T ()d(—K(s)) - §||%||2> }
> P{u_(t) < BY() < u(t),t € Ry} exp ( | @) - infzn?) }
hence the proof is complete. 0

Proof of Corollary 3.2: Since f > f and f(zo) > 0, then ||f]| > 0 and further for any measurable function
u: Ry — R with u(0) >0
lim P = lim P

yoo V= ~F yoo V= ~f

= 1im P{BH () +1(/(1) - F(1) Su(t),t e Ry}

- P {BH(t) <u(t),t e Ry : f(t) = f(t)} > 0.

By Theorem 3.1 for all y large,
1 - o0
Py < P, exp< PR+ [t d(—K(s»)

1 4 ~
P, sexp (—ﬁllhz(l + o<1>>> 7
hence as v — oo

1 ~ 1 ~
Py < =5 [PPA+0(1) + P 5= —5lIR]*(1+ o(1)).

13



It is clear that we can find u_ such that u_(t) < u(t),t € (0,00) such that [;~u_(t)d(—K(t)) is finite and
P{u_(t) < Bu(t) <u(t),t € Ry} > 0. Applying again Theorem 3.1 for such u_ we have as v — oo

1 ~
mPy > =5y [Al*(1 +o(1)

establishing the proof. O

Proof of Corollary 3.3: In view of (3) and the result of Corollary 3.2, we have

1, 1 ,~
1 inf 2 . 22|72
57 et llgllz ~ 37 lR
as v — oo. Since further ||fAH u = ||k|| and the solution of the minimization problem is unique, then fis its
solution, thus the claim follows. O

7 Appendix
Lemma 7.1. Let H € (1/2,1) and suppose that the non-negative function g : Ry — Ry is such that
t
o) = [ (5 F)(s)ds = 0
0

for some f such that (Kgfr’*f’) € Ly(Ry) and f(0) =0. Then f(t) > 0,t € Ry, holds.

Proof: Introduce the function g : Ry — R, such that g(t) = fOt(KgF’*f')(s)ds. We have that

~Hy(s)sH s, with f'(u)us " = I} % (g ()3T (w)

Nl=

alt) = / DI (f (wu
and

f = Ut (g (e (s)ds

(F(H - %))4 /Ou (/Su o3y — s)H*%dz)g'(s)s%*Hds.

Setting r(s) = s2~H N 2H-3(z — s)H~3dz, we may further write for u > 0

fw) = ~(o(r-1))" /O”g<s>r'<s>ds,

where
’ . u—s
—r'(s) = —(s%_H/ zH_f(z—s)H_zdz) :—(sf_H/ (z+ )220 2dz)
s S 0
Loag [ H-L1 H-— g H-1 H-32
= (H_§)8 2 (z+s8) 7227 2dz+ s Fu T2 (u—s)" T2
0
1 u—s
—(H - 2)s2~ 1 z+s) 720724,
2
0
u—Ss
= s%_HuH_%(u—s)H_2 —|—/ (H—->)s > H(z+s)H_%zH_%dz>0,
0
hence the claim follows. ]
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