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ABSTRACT. The seminal papers of Pickands [1, 2] paved the way for a systematic study of high exceedance
probabilities of both stationary and non-stationary Gaussian processes. Yet, in the vector-valued setting, due
to the lack of key tools including Slepian’s Lemma, there has not been any methodological development in
the literature for the study of extremes of vector-valued Gaussian processes. In this contribution we develop
the uniform double-sum method for the vector-valued setting, obtaining the exact asymptotics of the high
exceedance probabilities for both stationary and n on-stationary Gaussian processes. We apply our findings to
the operator fractional Brownian motion and Ornstein-Uhlenbeck process.
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1. INTRODUCTION

The asymptotic analysis of probabilities of rare events has been the topic of numerous past contributions and is
still an active area of research. In this article the rare events of interests are the high exceedances of vector-valued
Gaussian processes, i.e., we shall investigate the exact approximation of

pb(l‘,u) = P{Ht S [O,T] : Xj<t) > ub]‘,j < d}

as u — oo with X (t) = (X1(¢),...,Xq(#))", t € [0,T] a given centered R%valued Gaussian process with a.s.
continuous sample paths and given constants b;’s. In order to avoid trivialities, hereafter we shall assume that
at least one of the b;’s is positive.

The approximation of py(7',u) is of interest in various applications including statistics, ruin theory, queueing
theory, see e.g., [3-7]. Large deviation type results related to the vector-valued setting of this contribution are
obtained in [8, 9], see [10-12] for various interesting findings for non-Gaussian X.

Even the seemingly trivial case that X has independent components is quite challenging, see the recent contri-
butions by Azais and Pham [3, 13]. We refer also to important work by Piterbarg and Zhdanov [14], where the
exact asymptotics of the tail distribution of extremes of g(X (¢)) for the class of centered stationary R?-valued
Gaussian processes and family of smooth homogeneous real-valued functions g was considered. We note that in
our setting function g defined as (X (¢)) := minj<q X,;(t)/b; for b; > 0,j = 1, ..., d plays an analogous role to g in
[14]. Unfortunately, the methodology developed in [14] is not applicable for g. We note tha the smooth case has
been also discussed in [15]. The available results in the literature that concern py (7", u) for Gaussian processes
with dependent components cover only linear transformations of an R?-valued Brownian motion, see [16, 17].
The independence of increments and the self-similarity property of Brownian motion are essential properties
used in the aforementioned contributions, which also determine limits of applicability of methods used in [16, 17].

In the one-dimensional case three different methods are often utilised when dealing with the asymptotics of
extremes of Gaussian processes: Pickands method which is based on the discretisation of supremum and the
negligibility of double-sum term (see also [18] for further refinements), Piterbarg’s approach which makes par-
ticular use of continuous mapping theorem (see [19]), and Berman’s method that capitalises on the relation
between supremum and sojourn times (see [20, 21]). All the above techniques are heavily based on the following
fundamental results

i) Slepian lemma, see e.g., [22, Thm 2.2.1];
ii) Borell-TIS and Piterbarg inequalities, see e.g., [22, Thm 2.1.1] and [23, Thm 8.1];

iii) uniform version of the classical Pickands-Piterbarg lemma, see [24, Lem 2.1].
1
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Roughly speaking, in the one-dimensional setting, Slepian lemma, Borell-TIS and Piterbarg inequalities are
essential for the non-stationary case. The first one is utilised to approximate rare events by switching to sta-
tionary Gaussian processes, whereas the both inequalities show that only a small neighbourhood around the
point of the maximum of the variance (assumed to be unique) is responsible for the rare-event approximation;
see, e.g., the seminal monograph by Piterbarg [25].

One of the reasons for the lack of methodological approach for studying extremes of vector-valued Gaussian
process is that the three key tools mentioned above are not available in the general vector-valued setting. In
fact, the existing extensions of Slepian lemma in the form of Gordon inequality, are not generally applicable
in higher dimensions (apart from very special cases like processes with independent components, see e.g., [26,
Lem 5.1]), whereas an extension of Borell-TIS and Piterbarg inequalities requires a deep understanding of the
problem at hand, which has been addressed in this paper.

In this contribution exact asymptotics of pp(7.u) as u — oo for both stationary and non-stationary X are
derived by levering the uniform double-sum method to the vector-valued setting. The key to the methodology
developed in this contribution is what we refer to as the uniform Pickands-Piterbarg lemma, see Lemma 4.7
below.

We briefly explain the main ideas underlying the approach taken in this paper pointing out some subtle issues
related to uniform approximations that appear to have been overlooked in the literature; [27] takes particular
care of those issues in the one-dimensional setting.

The main attempts of the double-sum method consist in proving that

Ny
(1.1) po(Tu) ~ > P{3t € Ty(u) : X;(t) > ubj, j < d} =: S(u)
i=1

as u — oo, where Ty (u), k < N, are disjoint compact intervals covering [0, T].

Commonly, X(u) is referred to as the single-sum term. Each term of the single-sum, say the jth one, is
approximated by some function #;(u) as u — oo. However, for non-stationary processes, such approximation
does not imply ¥ (u) ~ Zf;“l 0;(u) as u — oo, since typically IV, tends to infinity as u — oco. This holds true if
the aforementioned approximation of 6;(u) is uniform for all positive integers j < IN,,.

In the literature this fact has been not taken care of systematically; a notable exception is [28]. As a result nu-
merous proofs in the literature have certain gaps. We take special care of this key uniformity issue by deriving a
uniform version of the Pickands-Piterbarg lemma, see Lemma 4.7. Recently, for the one-dimensional setting, an
alternative approach that solves previous gaps in the literature concerning uniformity issues has been suggested
in [29, 30]. However, due to lack of Slepian lemma for general vector-valued Gaussian processes that approach
is not applicable for the studies of this contribution.

In view of Bonferroni inequality, ¥(u) is an upper bound for pp(7', u) and a lower bound is given by X (u) — 3% (u)
where the so-called double-sum term is given by

N,
SS(u) =Y Y P{3(s,t) € Ti(u) x Tj(u) : Xi(s) > ubg, Xi(t)) > uby, k, 1 < d}.
i=1i<j<N,

Showing the asymptotic negligibility of XX (u) as u — oo is typically a hard and technical problem, since the
asymptotic bounds derived for its summands need also be uniform for all positive integers 7, j < N,,.

A subtle novelty of our approach for non-stationary X is that we do not use the common approach to stan-
dardise the process and then substitute it by a stationary process (utilising Slepian lemma). The reason is that,
as previously mentioned, Slepian lemma does not hold in general for vector-valued Gaussian processes.

An application of our findings concerns the study of the behaviour of asymptotics of supremum tail distribution
of operator fractional Brownian motion (fBm) discussed briefly below (see for details Section 3.2). Let H be a
d x d real-valued matrix with eigenvalues h; € (0,1], ¢ < d. A centered, sample continuous Ré-valued Gaussian
process X (t), t € R is said to be an operator fBm with index H, if it has stationary increments and is operator
self-similar in the sense that

(1.2) {(X(\t), teR} 2 {Z (log \)* X, te R}

k=0
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for any A > 0, where 2 stands for the equality of finite-dimensional distributions. Let h, = mini<;<q hs.
However, if further X is time-reversible, ie., E{X ()X (s)"} = E{X(s)X(t)"} for all ¢ and s, in view of
Proposition 3.3 in Section 3, as u — oo, for positive b;’s

1—2hy

po(T,u) ~ Cu™ O TP {XG(T) > ubj, j < d} .

Throughout this paper ~ means the asymptotic equivalence as u — oco. If h, < 1/2, then C is given in the
form of Pickands-type constant and for h, = 1/2 it corresponds to the so-called Piterbarg-type constant.
Other applications illustrating findings of this contribution are concerned with stationary X being the Lamperti
transform of some operator fBm or X being an operator fractional Ornstein-Uhlenbeck (fO-U) process.

We note that in the special case when the coordinates of X are mutually independent, our main results given
in Theorems 2.1 and 2.4 in Section 2 recover findings of [26].

Brief organisation of the paper. Main results of this paper are presented in Section 2 with proofs relegated
to Section 5. We dedicate Section 3 some important examples and then present in Section 4 several auxiliary
results; their proofs are relegated to Appendix. We conclude this section by introducing some standard notation.

Notation. All vectors in R? are written in bold letters, for instance b = (by,...,bg)", 0 = (0,...,0)" and
1=(1,...,1)". For two vectors x and y, we write £ > y if ; > y; for all 1 < i < d. Given a real-valued
matrix A= (a;;) we shall write A;; for the submatrix of A determined by keeping the rows and columns of
A with row indices in the non-emtpy set I and column indices in the non-empty set J, respectively. If A is a

d x d matrix, then [|[Allp = /30, <; j<4a7; denotes its Frobenius norm. In our notation Z is the d x d identity
matrix and diag(x) = diag(x1,...,x4) stands for the diagonal matrix with entries x;, i = 1,...,d on the main
diagonal, respectively.

Let in the sequel ¥ € R9*? be a positive definite matrix with inverse 1. If b € R%\ (—o00,0]%, then the
quadratic programming problem Iy (b)

(1.3) IIx(b) = minimise 2 ' £~ & under the linear constraint & > b

has a unique solution b > b and there exists a unique non-empty index set I C {1,...,d} such that

(1.4) br=br, by=3%1;(S) by > by, wr=(S7)7'br > 07, w; =0y

and w = 2—157 where coordinates J = {1,...,d} \ I (which can be empty) are responsible for dimension-

reduction phenomena, while coordinates belonging to I play essential role in the exact asymptotics. We refer
to Lemma 4.1 below for more details.

2. MAIN RESULTS

As mentioned in the Introduction, we are interested in the exact asymptotics of
(2.1) po(T,u) =P{3t €[0,T): X(t) >ub}, u— oo

for a centered R%-valued Gaussian process X (t), t € [0, T] and any b € R? with at least one positive component.
We shall state our main results for X stationary and non-stationary separately.

Hereafter for Gaussian processes defined on some compact parameter set E C R¥ we shall assume its a.s.
sample continuity. Let X (¢), t € E be a centered d-dimensional vector-valued Gaussian process i.e., X (t) =
(X1(t),..., Xq(t))T, t € E is a column vector Gaussian process. Let for any ¢, s €

R(t,s)=E{X(t)X(s)"}

be the covariance matrix function (cmf) of X, which is a matrix-valued non-negative definite function in the
sense that

n
Z v;rR(ti,tj)vj > 0
i,j=1
for any t; € E,v; € R%,i < n. Conversely, if R: E x E — R%*? is a matrix-valued non-negative definite function
such that R(t,s) = R(s,t)" for any t, s € E, then there exists an R%-valued Gaussian process X (t), t € E with
cmf R. Note that in the definition of positive definite or non-negative definite matrices we do not require the
matrices to be symmetric.
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Let V be a d x d real-valued matrix and let « € (0, 2] be given. An interesting example of a cmf determined by
Vis
(2.2) Rov(t,s) =8a(t,V)+Sa(=s,V)—Sa(t—s,V), t seR,
with
Sat, V) =t (V1o +V 1ycoy) = [t* (VT + V" sgn(t))
and
v*:%(VH/T), V’:%(V—VT).

Note that we use the standard notation sgn(t) =1 for ¢ > 0 and sgn(t) = —1 for ¢t < 0.

By [31, Prop 9], the matrix-valued function R, v defined by (2.2) is a non-negative definite function if and only
if the Hermitian matrix

(2.3) V* =sin (%) VT —+/~1cos (?) V-

is non-negative definite. Furthermore, under the above conditions, one can define a multivariate fBm Y (¢),t € R
with R, v as its cmf. The classical Pickands constants (see [1]) are defined in terms of a standard fBM. A
multidimensional analog of Pickands constants can be defined utilising Y. Specifically, for compact E C R set

(2.4) Haov(E)= / el Tp {FeE: YY) —S.(t, V)1 >x}de.
Rd
As shown in the proof of Theorem 2.1 the function ¢ — H,,v ([0,¢]), ¢ > 0 is sub-additive, which implies that
av ([0, T . av (0, T
(2.5) Ho,v = lim Hav (0. 7)) = inf we [0, 00).
’ T—o00 T T>0

We shall call H,,y the multidimensional Pickands constant.

2.1. Stationary case. Let X (t), t € R be a centered, R%-valued stationary Gaussian process with cmf R(t, s).
The stationarity of X means that R(s +t,s) = R(t,0) =: R(t) for any s, t. Letting ¥ = R(0) we have that for
each fixed ¢, the matrix ¥ — R(¢) is non-negative definite but not necessarily symmetric, which is reflected in
the formula

E {[X(t) ~X(0)][X(¢) - X(O)]T} = SR+ -RM)T.

Hereafter I stands for the unique non-empty subset of {1, ..., d} that determines the solution b of the quadratic
programming problem IIs(b) (defined in the Introduction) and w = ¥ ~!b has non-negative components.

In this section we shall impose the following assumptions:
(B1) X7 — Rys(t) is positive definite for every ¢; ’
(B2) There exists a d x d real matrix V' such that w ' Vw > 0 with w = ¥~ 'b and further

(2.6) E—-R({t)~t*V astl]0
holds for some « € (0, 2].

Here for two matrix-valued functions A(t) = (a;;(t)) and C(t) = (c;5(t)), we write A(t) ~ C(¢) if a;5(t) ~ ¢;5(t)
for all (i, j) as t — 0. Note in passing that since R(—t) = R(¢)", then by (2.6) we have that

Y —R(t) ~ [t|*VT, tto0.

Moreover, sufficient and necessary condition for V to satisfy (2.6) by a stationary Gaussian process X (t), t € R,
is that V* given by (2.3) is non-negative definite.

Theorem 2.1. If both (B1) and (B2) hold, then as u — oo
Py (T,
(2.7) lim —— po(T, u)
U—> 00 j'uzr"”P{X(()) > Ilb}

where Vy, = diag(w)Vdiag(w) and He,v,, € (0,00). Moreover, (2.7) holds with T' replaced by T, provided that
limy, o0 Tyu?/ *P{X(0) > ub} = 0.

- Hn-\’m'
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If w' Vw = 0 in Assumption (B2), the Pickands constant 7, v, is not necessarily positive. For example, when
Vir = 0, we have that V,, is the zero matrix. In this case, H,. v, = 0 and (2.7) does not provide correct order
of the asymptotics for py (7T, u). It is not a simple task to give a complete characterization of the asymptotics
for pp(T,u), however in the following special case, we can obtain the approximation of py(7',u) and give further
an explicit formula for the corresponding Pickands constant.

Theorem 2.2. Suppose that a = 1 and Assumption (B1) is satisfied. If there exists a d x d anti-symmetric
matriz V such that

(2.8) SR ~tV, t—0
and (Vw); # 0y, then the statements of Theorem 2.1 hold with Ha,v,, replaced by Yi<ica Wil (Vw);[> 0.
2.2. Non-stationary case. We discuss next the case of non-stationary X. Let for ¢, ¢t € [0, T

X(t) = R(t,t), X =2X(to)

and assume that ¥ is non-singular. As in the stationary case, for b € R?\ (—o0,0]¢ we set w = X~'b. Recall
that b is the unique solution of (1.3) and w; = (377)"tb; > 07, w; = 07 as mentioned in (1.4), where I, J are
defined with respect to Il (b); see Lemma 4.1. Next, for any ¢ € [0, T] define

2TY(t)z 1

2.9 (1) = ' -
(2.9) op(t) 2€[0,00)i1xTb50 (21 D)2 ming>p ' X1 (t)x

bl

where the second equality holds under the assumption that ¥(¢) is non-singular, see Lemma 4.1. We shall refer
to o3 (t), t € [0,7T] as the generalized variance function of X.

For the 1-dimensional case (d = 1) it is known from several works of V.I. Piterbarg that the local behaviour of
the variance function around a unique maximizing point is crucial for the exact asymptotics of supremum tail
distribution of non-stationary Gaussian processes.

In the vector-valued setting, the situation is more complex since the local structure of the generalized variance
function in the neighbourhood of its maximizer is crucial. Therefore, the following set of assumptions relates to
both the covariance function and the generalized variance function of X. Namely, we shall assume that:

(D1) of(t), t € [0,T] is continuous and attains its unique maximum at ¢y € [0, T];
(D2) For all ¢ in [0, T, there exists a continuous d X d real matrix function A(t), t € [0,T] such that

(2.10) Y(t) = At)A@®)T, te[0,T]
and there exist a d x d real matrix = and some § > 0 such that as t — tg
(2.11) A(t) = Alto) — [t — tol "= + o[t — to]?),
with
(2.12) Tw = w ' ZA(ty)  w> 0;
(D3) There exist o € (0,2] and a d x d real matrix D such that for ¢ > s
(2.13) R(t,s) = A(t) (Ty — (t — 5)*D + o(|t — s]*)) A(s) "

ast — tg, s = to;
(D4) There exist v € (0,2], C € (0,00) such that for all s, ¢ in an open neighbourhood of ¢y

(2.14) E{\X(t)_X(s)F} <Clt—s[.

Remark 2.3. i) As shown in Appendiz, (2.11) implies that
2T

(2.15) op(to) — op(t) ~ —
ORE

[t —to]? ast— to.

Thus if Ty > 0, then o (t) has a local mazimum point at t = to. Conversely, if oi(t) attains its mazimum
at t = tg, then we have T > 0.
it) By (D2), Assumption (D4) follows if for some v > 0

IA(t) = A(s)llp < C'Jt — s

for all s,t in an open neighbourhood of tq.
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iii) Assumption (D4) is used to control the behavior of the process X (t) for u=5/? log?/Pu < |t —to| <0, where
0 is a sufficiently small number (see application of Lemma 4.5 to Equation (5.43) in the proof of Theorem
2.4). In the case d = 1, (D4) is not needed, since we can use Slepian inequality and then consider the
standardised process, see [82]. For d > 1, Slepian-type inequalities do not hold. Instead we suppose that
(D4) holds.

For a multivariate fBm Y (¢), ¢t € R with cmf R, v given by (2.2) and a matrix W, we introduce the multivariate
Piterbarg constant

(2.16) Poyvw = Alim ele”]P’{Et €0,A]: Y, — [Sa(t, V) +[t|"W]1 >z} de,
— 00 R4

provided the limit exists. The following theorem constitutes the main result of this section. For compactness
of the presentation we suppose that tp = 0 in (D1)-(D3); the other cases are commented in Remark 2.5.
Theorem 2.4. Let X (t), t € [0,T] be a centered R -valued Gaussian process satisfying (D1)—(D4) with to = 0
and set A= A(ty), V= ADA", V,, = diag(w)Vdiag(w) and W,, = diag(w)ZA" diag(w).

(1) If B> a and w'Vw > 0, then as u — oo
(2.17) po(1,u) ~ Ha v, T(A/B + 1)y us TP {X (tg) > ub},

where Mo, v, € (0,00).

(2) If B = «, then as u — 0o

(2.18) Po(1,u) ~ Pav, w,P{X (to) > ub},

where Po v, w,, € (0,00).
(8) If B < a, then as u — o0
(219) pb(T, u) ~ CplP {X(to) > ub} s
where Cyy = 14 755" 3,7 wi max (0, —(EA T w);).
Remark 2.5. i) The constant Cy, in (2.19) equals 1 if and only if (EATw)r > 0;. Moreover, (2.19) holds
with the same constant if to € (0,T].
i) If to € (0,T) ortg =T, then Pickands constant He v, in (2.17) has to be replaced by He,v,, + Ha,v or

Ha,v, respectively. Analogously, Piterbarg constant is defined by (2.16) with [0, A] replaced by [—A, A] or
[—A,0] if to € (0,T) ortg =T, respectively.

3. EXAMPLES

In this section we apply the findings of Section 2 to three important classes of vector-valued Gaussian processes,
namely operator fO-U processes, operator fBm’s and their Lamperti transforms.

3.1. Operator fO-U process. Let H be a symmetric matrix with all eigenvalues hy, ..., hq belonging to (0, 1]
and consider a centered stationary a.s. continuous R%valued Gaussian processes X (), t > 0 with cmf

R(t,s) — e—\t—s‘2H7
where t¥ = exp (H logt) for t > 0. We call X an operator fO-U process.

The existence of an fO-U process follows from the fact that, by the symmetry of H, we can write H =
Qdiag(h1,...,hq)QT for some orthogonal matrix Q. Hence X (t) L QZ(t), t >0, where Z;(t),t>0,i=1, ...,
d, are mutually independent stationary Gaussian processes with covariance function r;(t) = eIt , respectively.
Consequently, setting R(t) = R(¢,0) we have

R(t) = Ta — [t QIQT + of[t|*")
as t — 0, where h, = minj<;<q h; and

0 if hy > h,

(3.1) 7 = diag(eq, ...,eq), with e; = { 1 if hy = h,.

Then (B2) holds with a = 2h,, ¥ =Zgand V = QTQT. Let b be the solution to the quadratic programming

problem (1.3), that is, b; = b, V0 for 1 <i <d.
In view of Theorem 2.1 we arrive at the following result.
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Proposition 3.1. Let X (t), t € [0,T] be an R%-valued operator fO-U process with a symmetric matriz H with
all eigenvalues belonging to (0,1]. If ETQfQTE > 0, then as u — oo
po(T,u) ~ THon, v,u'/™P{X(0) > ub},
where Vi = diag(b)QZQ T diag(b).
3.2. Operator fBm. Let H be a d x d matrix and let X (t), t € R be a centered, a.s. continuous R%-valued

operator fBm with index H. We shall assume that the following conditions hold:

(O1) There exists an invertible matrix @ such that H = QUQ ™! with U = diag(hy,...,hq) and hq, ...,
hd € (07 1]a
(02) =E{X(1)X(1)"} is non-singular and X is time-reversible, i.e., E{X (t)X(s)" } =E{X(s)X(t)"}
for all ¢ and s.
Since X is time-reversible, we have that the cmf of X is given by

1
R(t, 5) = 5 (IS0 +[s|"S)s " — |t = s|"Sjt = 5|7 ) 5

see for example [33].
For notational simplicity we shall suppose that T = 1. Write ¥ = A2 for some d x d symmetric real-valued
matrix A. Then X(¢) = E{X ()X (t)" } = A(t)A(t)", where
(3.2) Aty =t A= A(s) — s (s —t)HA(s) + o(|s — t|).
Let o7 (t) be the generalized variance function of X defined by (2.9). Since in general the behaviour of o (t)
may be quite complex, we focus on a tractable class, supposing that:

(0O3) The function o (t), t € [0,1] attains its unique maximum at ¢ = 1.

Remark 3.2. Assumption (03) holds if HY. is positive definite in the sense that y' HXy > 0 for all y # 0.

Indeed, we have from (2.15) that
2

~ ~ N2

(b(s) =1 (5)b(s))

where b(t) is the solution to the quadratic programming problem mingsp @' L (t)z, w(s) = L1 (s)b(s) and
Tw(5) = s rw(s) THA(s)A(s) Tw(s) = s~ lw(s) T sT HY sHTw(s).

Since HY. is positive definite, we have that Ty (s) > 0 for all s > 0 and hence o (s) is strictly increasing in
s. Another condition to ensure Assumption (03) is that b > 0 and H = diag(hy,...,hq) with h; € (0,1),
1 < i < d. Under this setting, the cone t—# Sy with Sy = {x : = > b}, is strictly increasing in t € (0,1] and
therefore

(s = 1) +olls — t]),

. Tw—1 1
minxz X “(f{)r = min -
z>b ( ) yEt— HSby Y

is strictly decreasing.

By (3.2) we have that (2.11) holds with 8 =1 and E = HA. Setting further h, = min;<;<4 h;, we have
A(t)"'R(t, s) (A(s) )

(A(
H _ HT
A (t) —1 (f) A _ A—l ('t |> » (|t 8|> A—l
S t t S
= Tg— (t—s)D1+0O(|t — 3\2) —t— 3|2h*D2 +o(|t — s|2h*)

ast11,s11and |t —s| — 0, where

Dy = % (AHTA™Y — A'HA), D, = %A*IQfQ”E(QfQ”)TA*,

with Z given by (3.1). If Dy = 0, or equivalently SH T = HY, then Assumption (D3) holds with o = 2h, and
D = D,. If H'S # Y H, then Assumption (D3) also holds for h < 1/2 with a = 2h, and D = Dy, for h, =1/2
with « = 1 and D = Dy + D, whereas for h, > 1/2 with a« =1 and D = D;. Note that D; is anti-symmetric
and hence w' AD;ATw =

Applying Theorem 2.4, we have the following asymptotics for operator fBm X.
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Proposition 3.3. Let X (t), t € [0,1] be an operator fBm with index H. Suppose that (O1)-(03) hold and
Tw = Tw(1) =w  HSw > 0.
i) If he <1/2 and w' ADyAw > 0, then

po(10) ~ Hon. v, o u 7o P{X (1) > ub},
with Vo = diag(w)ADyAdiag(w).
it) If hy = 1/2, then
pu(l.u) ~ Pl,Vw,WwP{X(l) > ub},
with Vo = diag(w)A (D1 + D) Adiag(w) and W, = diag(w)HXdiag(w).
iit) If he > 1/2, then
po(1.u) ~ CuP{X (1) > ub},

with Coy =1+ Tgy" > Wi Max (O, - (HE)l)

3.3. Lamperti transform of operator fBm’s. Let Y (¢), t > 0 be an operator fBm with index H. Suppose
that (01)-(02) hold and let X (¢t) = (e~ )Y (e?), t > 0 be the Lamperti transform of Y. We follow the notation
introduced in Section 3.2. Clearly, X is stationary with

1
E{X()X(s)"} =5 (et 4 em0 g |1 — =0 g)1 — o))
1 - ~ T
—S—(t—s)5 (HS - SHT) — |t = 5 QIQ 'S (QIQ*I) +o ([t — s[)

fort > s, ast—s — 0. Set V = QIQ 'S(QZQ")T. Recall that b solves the quadratic programming
problem (1.3) and we set w = X ~'b. Applying Theorem 2.1 and 2.2, we have the following proposition.
Proposition 3.4. Let X be the Lamperti transform of an operator fBm with index H satisfying (01)-(02).

i) Assume HY. = SHT or HS # SHT but hy, <1/2. If w' Vw > 0, then as u — 0o
(3.3) po(Tu) ~ T He v, u? *P{X(0) > ub},

with o« = 2h, and V="V, B _
ii) Assume HY # XH'" and h, = 1/2. If w"Vw > 0, then (3.3) holds witha =1 andV = HL —SH' +V.
iii) Assume HX # SH' and hy > 1/2. Seta =1 and V = HX —XSH'". If (Vw); # 0y, then (3.3) holds with
Ha,v,, replaced by %Zgigd w; [(Vw),|.

4. AUXILIARY RESULTS

In this section we include some key tools for vector-valued Gaussian processes, which will be used in the proofs
of the main results and are of some interest on their own right. We postpone all the proofs of lemmas presented
in this section to Appendix. We explain first the properties of the solution of IIx(b) followed by a section on
uniform approximation of tails of functionals of Gaussian processes.

4.1. Quadratic programming problem. For a given non-singular d x d real matrix ¥ we consider the
quadratic programming problem

(4.1) ITx;(b) : minimise ' ¥ ~'2 under the linear constraint = > b.

Below J = {1,...,d}\I can be empty; the claim in (4.3) is formulated under the assumption that .J is non-empty.

Lemma 4.1. Letd > 2 and ¥ a d x d symmetric positive definite matriz with inverse X1 If b € R%\ (—o0,0]?,

then IIx(b) has a unique solution b and there exists a unique non-empty index set I C {1,...,d} withm < d
elements such that
(4.2) b, = b;#0;,
(4.3) by = Yi(Em) b >by, (S1)"tbr > 05,
(4.4) minz' Sz = b =6 =b] (Si1) by > 0,
Th)2 ThH)2
(4:5) ze[o,og;g?ino(zzT;})z B (ILUTEIJ)BU :glzi%xTzilx’

with w = X~ 1b satisfying wr = (S17)"tby > 07, wy; = 0.
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Define the solution map of the quadratic programming problem (1.3) by P : ¥71 b with b the unique solution
to IIs;(b). The next result is a special case of [34, Thm 3.1].

Lemma 4.2. P is Lipschitz continuous on compact subset of the space of real d x d symmetric positive definite
matrices.

4.2. Uniform tail appropximation for functionals of families of Gaussian processes. A key role in
the analysis of extremes of Gaussian processes is played by the continuous mapping theorem, the idea appeared
first in [35, 36] and it is used extensively in the monographs [19, 25].

Our main tool that shall compensate for the lack of Slepian lemma is the uniform approximation of the supremum
tail distribution of threshold-dependent Gaussian processes. We present below a general result where the tail
distributions for a continuous functional of a family of Gaussian processes are uniformly approximated.

Let {X,,(t),t € E}, u>0,7 € Q, C R be a family of centered, d-dimensional Gaussian processes with a.s.
continuous sample paths and parameter space F which is assumed to be a compact subset of R*. For notational
simplicity we discuss below only case k = 1. Denote its cmf by Ry, ;(t,s) = E{ X (t)X,-(s)"} and let C(E)
be the separable Banach space of all R%valued continuous functions on E equipped with the sup-norm and
assume for simplicity that the origin 0 of R* belongs to F.

Lemma 4.3. Suppose that X, -(0) = 0 almost surely and Y (t), t € E is a Gaussian process with a.s. contin-
uous sample paths. Let f, (1), f(t), t € E be deterministic R-valued continuous functions. Assume that
(4.6) lim  sup  |fu ()= F(B)] =0

U0 HEE,TEQu

and

(4.7) lim  sup ||Ru-(t,s) —E{Y ()Y (s)"}|, =0.

U=0 ¢ sEF,TEQ,
If further for some C € (0,00), v € (0,2] and any s, t € E

im < . 2 R
(4.8) limsup max, sup B {[(Xiur (t) = Xiur ()} < Clt =8|,

then for any continuous functional T : C(E) = R,

(19) i sup P DX, () = fu,r() <} ~BAXY() = () <5} =0
U0 ey,

is valid for all continuity point s of the distribution function of (Y (-) — f(-)).

Application of Lemma 4.7 requires the determination of the continuity points of the functional I'(Y () — f(+)).
The next result is useful in that context.

Lemma 4.4. IfY (t), t € E is a Gaussian process with a.s. bounded sample paths, then P{3t € E: Y (t) > =}
is continuous on R, except at most at points of Lebesgue measure 0 in R? belonging to Ule R x {s;} x RI~i=1,
where s; = inf{s : P{sup,cp Yi(t) < s} >0} fori=1,..,d.

4.3. Borell-TiS & Piterbarg inequalities. The Borell-TIS inequality, see e.g. [22], is very useful and crucial
in numerous theoretical problems. Under some weak assumptions, its refinement i.e., Piterbarg inequality ([23,
Thm 8.1]) gives a more precise upper bound for supremum tail distribution of Gaussian random fields. In the
following lemma we present an extension of these tools to vector-valued setting.

Lemma 4.5. Let Z(t), t € E be a separable centered d-dimensional vector-valued Gaussian process having
components with a.s. continuous trajectories. Assume that $(t) =E{Z(t)Z(t)"} is non-singular for allt € E.
Let b € R4\ (—00, 0% and define o2 (t) as in (2.9). If 0f =sup,cp oa(t) € (0,00), then there exists some positive
constant p such that for all u >

_ )2
(4.10) P{3teE: Z(t)>ub} < exp (-sz)) .

T
If further for some C € (0,00) and v € (0, 2]
(4.11) > E{(Zi(t) - Zi(s))*} < Clt — 5|

1<i<d

and

(4.12) IS 1) =), < Cli— s
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hold for all t, s € E, then for all u positive

2
(4.13) P{3te E: Z(t) > ub} < C,mes(E) ui ! exp (—2UQ> )

T%
where C, is some positive constant not depending on u.
In particular, if op(t), t € E is continuous and achieves its unique mazimum at some fized point tg € E, then
(4.13) is still valid if (4.11) and (4.12) are assumed to hold only for all s, t € E in an open neighbourhood of
to-
4.4. Uniform approximation on short intervals (Pickands-Piterbarg Lemma). Following notation
introduced in Section 4.2 denote by R, -(-,-) the cmf of X, .. We shall impose the following assumptions:

(A1) For all large v and all 7 € @,, the matrix ¥, ; = R, -(0,0) is positive definite and

(4.14) ul;rrgouTs;gu 2= Zurllp=0
holds for some positive definite matrix ¥;

(A2) There exist a continuous R%-valued function d(t),t € E and a continuous matrix-valued function K(t, s),
(t,s) € E x E such that

(4.15) i sup wl|Sar — R (0] = 0.

U0 reQ, teEE

(4.16) lim  sup |u® (4, — Ru-(t,0)] 21— d(t)‘ =0
U—=0 rcQ, teEE
and
(4.17) lim  sup |[u?[Rur(ts) = Rur(t,0)5, 1 Ry 7(0,5)] — K(t,5)]|, = 0;

U—=R0 rcQ,,s,teE
(A3) There exist positive constants C' and v € (0, 2] such that for any s, t € F

(4.18) sup u2E {|Xu,7(t) - XW(S)F} <Clt—s|.
TEQy

Remark 4.6. (i) The existence of ¥, % follows from the positive definiteness of X and condition (4.14).
Further since

Ry (t,s) = Rur(t,0)5, L Ry~ (0, 5)
“E{ [Xur () = Rur (8,002 - X (0)] [X e (5) = R (5,002 - X (0)] '}

then K(t,s) is a matriz-valued non-negative definite function on E x E with K(t,s) = K(s,t)T. Con-
sequently, for Ky (t,s) = diag(w)K (t, s)diag(w) with w some vector in R¥\{0} there exists a centered,
Re-valued Gaussian random field Y (t), t € E with Y (0) = 0 and cmf K.

(ii) If for some continuous matriz-valued function V (t,s) € R*4 (t,s) € E x E

(4.19) lim sup
U0 1eQy,s,teE
then (A2) holds with d(t) = V(t,0)w and K(t,s) =V (¢,0) +V(0,s) — V(t,s).
(iii) Let Ay . (t) (resp. Au.r) be the square roots of the positive definite matrices ¥, ,(t) (resp. X,r). Note
that

u? {Ew — R (t, s)} —V(t,s)| =0,

Ru,T (t7 S) = Au,'r(t)cu,'r (tv S)Au,T(S)Ta
with Cy, - (t,s) the emf of Ay, (t) 1 X, ,(t). Under the condition that lim, o Ay (t) = A uniformly in
t € E and T € Qu, the convergence in (4.17) only depends on the correlation structure of X, -(t), that is,
if we suppose that

(4.20) lim  sup  |u?[Cyur(t,8) — Cur(t,00Cy(0,5)] — K(t,s)| =0,

U—=00 rcQ,,s,tEE

then (4.17) holds with K(t,s) = AK(t,s)AT.

For Y (t), t € E a centered R%valued Gaussian process with a.s. continuous sample paths with cmf K(s,t), s,
t € E and an R%valued function d define below

(4.21) Hy a(E) = /R TP (I e B Y () —d(t) > @) da.
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Lemma 4.7. Suppose that X, +(t), t € E, u > 0, 7 € Q, satisfy (A1)-(A3). Let w = L~1b where b is the
unique solution of lIx(b). If Y (t), t € E has emf R(t, s) = diag(w)K (¢, s)diag(w) and dq(t) = diag(w)d(t),
then we have

. P{IteE: X, (t) > ub}
4.22 | : - H E)| =0.
(4.22) woo e | P{Xu.(0) > ub} v.d.(E)
Remark 4.8. If we suppose stronger assumptions on %, -, for instance

lim sup [[v® (8- Su,] — Ellp =0,

u—r o0 tEQu

then as u — oo -
P{X,.(0) > ub} ~ e Z¥/ 2PN > ub},

where N is a centered Gaussian vector with covariance matriz 3.

5. PROOFS OF MAIN RESULTS

Recall that T and J with |/| = m are the index sets related to IIs(b) with unique solution E, where b € R? is
assumed to have at least one positive component. As before we set w = 3 'b. By (1.4) and Assumption (B2)
we have that w; = 0y and

(5.1) fw=w  Vw = w}—VHw[ > 0.
Otherwise specified, in the following Y (¢), t € R is a centered R%valued Gaussian process with cmf
diag(w)Ra,V(tv S)dlag(’l.l))

where R, v is defined in (2.2).

Hereafter, throughout this paper we use the lower case constants ci, co, ... to denote generic constants used in
the proofs, whose exact values are not important and can be changed line to line. The labelling of the constants
starts anew in every proof.

5.1. Proof of Theorem 2.1. Let X (t), t € [0, 7] be a stationary centered R?-valued Gaussian process. Before
proceeding to the proof of Theorem 2.1, we shall derive some useful asymptotic bounds. The first lemma is
crucial for the negligibility of the double-sum. Below we set A(X\, A) = [0, A] x [\, A + A] and

(5.2) Po(\ A u) =P {El(t, s) € uY ANA) : X (1) > ub, X(s)> ub} .
Lemma 5.1. If Assumption (B2) holds, then there exist positive constants C, & and ng such that for every
A > ngA >0 with A+ A < eu?/®
(5.3) Py(\ Ay u) < CP{X(0) > ub} e~ otw,
PrOOF OF LEMMA 5.1: Since

Po(\ A, u) <P {H(t, s) € u Y ANA) : Xp(t) > ub, X1(s) > ub}
and P{X(0) > ub} ~ c1P{X(0) > ubs} as u — oo, it suffices to prove that

P{H(i.s) cu 2/ ANA) : X (1) > ubp, X (s) > ub,} < OP{X(0) > ub;} e ot

Without loss of generality, in the rest of the proof we assume that I = {1,..., d} and write X instead of X,
w instead of wy and so on.
Set below

1
VE=S(VHVT), V(#t)=Sa(t,V) = [t (Vigzoy +V o) -
By Assumption (B2), for every 6 > 0 there exists ¢ > 0 such that for every |t| < ¢ we have
(5.4) X =R(E) = V(©)llp < o[t
Set R, (t) = R(u=?/°t) and define X, (t,s) = 3 (X (u=?/%t) + X (u=%*s)) which has cmf
Ry(t, sit1,s1) =E {X,(t,8) X u(t1,s1)" }

:i (Rult — 1) + Ruls — 51) + Ru(t — 51) + Ru(s — 1)) .

Further set )
Su =E{X,(0,0)X,(0,\)} = 1 2% 4+ Ry (A\) 4+ Ru(=\)]



12 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND LONGMIN WANG

and
V(t,sjt1,s1) =Vt —t1)+V(s—s1)+V(t—s1)+V(s—t1) = V(A) =V (=N).
In view of (5.4) we have for A € (0,eu?/®) that

e 1
(5.5) (2T - 5V = 50N
and
) 1 3
(56) U (Eu,)\ _Ru(tys;thsl)) - iv(tﬂs;thsl) §6>\

Since Z;’l)\ -y t= Z;& (X —X,) S, we have from (5.5) that

(5.7) ]25,3—2‘1\\F - O(u?)
and
/\a
2(yv-1 _v-1) A ¢-lyte-1
w? (S -7 - S ETvEs )
(5.8) H [ (= — Zu,\)—AVﬂ -1 +Hu2 (E;&—Z*) (Z—Eu,,\)Z_lH
F ’ F

<ox =g
Therefore, for § > 0 sufficiently small
AOL
(5.9) u?b I Ab > utb N b+ S
Conditioning on X, (0,\) = ub — u~'x =: a,(x) we obtain further
Py(A\ A u) <P{3(t,s) € AN A) 0 X, (t,s) > ub}

—u~! /Rd P{3(t 5) € AN A) : Xu(t,s) > ub| Xu(0,0) = au(@)} oz, (au(@))da

[ L@)es. s lan(a))d

where
Ju(x) =P{3(t,5) € AN A) : x,(t,5) >z}

and x,, (¢, s) is the conditioned process u(X,(t,s) — ub) + x given X ,(0,\) = a,(x). By (5.7) and (5.9)
#5n (@u(@)) Zps,, (wb) exp (b7 (Sun) ' @)

(5.10) o .

<5 (ub) exp <—>\ 8£w> (WO u™) '@

Consequently, for all u large enough

(5.11) Py(\, A, u) < 2u™ %05 (ub) exp ( §w> / ("’"’O(Aa"d))TmJu(m)dm.
Rd
Given FF C {1,...,d} let Qp = {mERd: z;>0,2;,<0,i€F, j €F} If F is empty i.e., F' = (), then
(5.12) / e(w+o(’\a“_2))TmJu(m)dw S/ e(wrota™) e gy < #
Qp Qg ngz‘gd w;

Assume next that F' # ) and define for v > 0
4ult.5) = ~E{xu(t.9)} . multss) = wF (oo rlt:5) + dur(t.9))
For all x € Qp
(5.13) Ju(x) <P{3(t,s) € AN A) 1 ny(t,s) > wrrr —whrd, p(t, s)}.
Since X, (0, A) is independent of X, (t,s) — Ry(t, s;0, )\)E;IAXU(O A) we obtain
du(t,s) = 0 [Sux— Ru(t, 50, )] S50 = [Sux — Ru(t, 50, )] T, o
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and the cmf of x,, is
Ku(tvs;thsl) =u? Ru(tas;tlasl) - Ru(tv5507>‘>E;{\Ru(07>\§t1751) :

Set
d(t,s) = i [t + (s = A)* + 5% =\ Vw — i A= A=tV Tw

and

1

K(ta S;tla 31) i (V(tv S;Oa )‘) + V(Ov )\’ t17 51) - V(t7 S5 t17 81))

1

Z [QZJ(t S; tl,Sl)V + d)(tl,sl,t S)V V(t - tl) - V(S - 81)] 5
where

Yt s5t1,81) =t + (s = A)+ ¥ =AY+ (A —t1)% — (s —t1)".
By (5.6) and (5.8), there exists ¢p > 0 such that for A + A < eu®® and (t, ), (t1,51) € A\, A)

(5.14) dy(t,s) — d(t,s) = [Sux — Ru(t, 50, \)] 5, \z| < 261
holds and further

(5.15) | Ku(t,siti,s1) — K(t,s5t1,51)]|p < c20A*.

Using the inequality

(5.16) " = ¢"| < hmax(p" ', ¢" ") |p g

valid for all p,q and h positive, we obtain that
|d(t,s)| < csA*PA  and ||K(t, s;t1,81)|lp < s\ TIA

holds for some positive constant cs. Therefore, we can choose ng large enough so that, for A > ngA and
A+ A < eu?/

1
Nl inf _ Tdu " s 1.1 Y
(5 7) (t,s)ég(/\,A) [ Wr ’F( ’S)] = 2waF Cq
and
(5'18) U% - Sup Var (ﬁu(t,S)) < g0

(t,s)EA(NA)

Since the conditional variance is always less than or equal to the unconditional one, we have that
Var (nu(t, s) — nu(t1, 1))
<u?Var (w;Xu,F(t, 8) —wp X r(t, 51))
2
g% [Var ('w;XF(u*Q/O‘t) - w;XF(u*Q/atl)) + Var (w;XF(u*Q/O‘s) — w;XF(u*Q/asl))]
*quF (EpprFF( z/a(tftl))) wp+u wF (prfRFF( 2/04(5751))) wpg
<cs ([t —ta]™ + s — s1]%).

Now Piterbarg inequality (c.f. [25, Theorem 8.1]) and (5.13), (5.17) imply that
w;wp — 2045/\(1

—2 O\
Iu@) oo ((MEEZAE) oy boper =2 )>

) e (L
)

(w;ilip - 2646)\0‘
Ser exp 16cs00e

for w;a:p > 2¢40)0%. It follows that
/ e('w-l-O()\"‘u72))T:c{]u(a:)dac
QF

[ee]
(519) SCS (6)\a)|F\ 6204(”\(1 +CS/

2¢c4 00

a2
|F|—1 9 — (y — 2c467%) d

<cg exp (c100A%),
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where |F| is the cardinality of the set F. Together with (5.11) and (5.12) we obtain further
AO{
Py(\, A, u) <criu~%os (ub) exp (_8&” + cloéAa) .

Choosing ¢ > 0 small enough so that ¢100 < &,,/16, we have

—m )\Oé Aa
Py(\ A u) < ciou” " ox(ub) exp <_16£w> ~ ¢13P {X(0) > ub} exp <—16§w)
as u — 0o, which establishes the proof. O

Corollary 5.2. Under Assumption (B2), there are positive constants C and € such that for every A > A > 0
with A+ A < eu?/® we have

Pb(>‘7 Aa u)
P{X(0) > ub}
Proof of Corollary 5.2. Hereafter |z| stands for the integer part of € R. Let ny be the constant specified in

Lemma 5.1. By Lemma 5.1, it suffices to consider the case A < ngA. Let kg = U\‘ﬂ/}\j + 1 and Ag = A/kg. For
0<k,Il<ky—1we define

Akl _ {El(t,s) c u—2/0¢ ([kAO; (k+ 1)A0] X [)\-FZA(], A+ (l + ].)A()]) : X(t) > Ub, X(S) > ub}

(A=—1)*

<CN*(A—AN)%e” 16 Sw,

(5.20)

and thus in this notation
ko—1

Po(\ A u) < > P{Aw}.
k,1=0
Since A+ (I —k —1)Ag > A — A > ngAg Lemma 5.1 implies

P{A} = Po(A + (I — k)Ao, Ao, u) < CP{X(0) > ub} e~ 76" &
The claim follows from the fact that k% < 4n3A%(A — A)~2. O

Proof of Theorem 2.1. Let in the following for A > 0, u > 0
T

Ap = [kAuw™ (k+1)Au"%%], 0<k<Np=|——].
Au—2/a
Since X is stationary, we have
(Np + 1)P{3t € Ag: X(t) > ub}
> P{3te[0,T]: X(t) > ub}
Nt
(5.21) > NpP{3teAg: X(t)>ub}—2> (Np —k)Py(kA, A, u),
k=1

where Pp(kA, A, u) is defined by (5.2). By Lemma 4.7 and the stationarity of X, as u — oo

P{3t e Ay : X(t) > ub} ~ Hy q,([0,A])P{X(0) > ub},
with Y as defined at the beginning of this section and
(5.22) dw(t) = So(t, V)1, V,, = diag(w)Vdiag(w).
Note that in our notation Hy g4, ([0, A]) = Ha,v,, ([0, A]), consequently

P{3 T : X 1

(5:23) s LS {L{(o) (3;}@} < g Hora ([0,A]).
The stationarity of X implies that the function A — H, v, ([0, A]) is sub-additive. Therefore, the limit

Hav, = lim A7 "Hq v, ([0,A])
A—oo

exists and is finite. The sum in (5.21) is bounded by

N. Nt
Ay + Ag + Ag := NpPy(A, Au) + Np > Po(kA, Au) + Np Y Py(kA, A, u).
k=2 k=N:+1

In view of Lemma 4.7, Corollary 5.2 and the Piterbarg inequality stated in Lemma 4.5 the negligibility of the
double-sum follows with the same arguments as in the 1-dimensional case. Here we spell out the details for
readers’ convenience.
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We first estimate As. For k > N, + 1, the distance between Ay and Ay, is at least £/2. Note that the variance
matrix of X (¢) + X (s) is

Y(t,s) =254+ R(t—s)+R(s—1).
In view of Assumption (B1) (2;7(t,s)) " — (£77) " is strictly positive definite for ¢ # s, which implies that

— : : T -1 . T -1 LT 1
(524) T = (t,s)elgf)xAk v}gf;)z v (Z(t, S)][) vy > vigfl‘u vy (E]]) vy = bI (E[}) b;> 0.

By the Piterbarg inequality stated in Lemma 4.5
Pb(k‘A7A,u) SP{H(LS) € Ag X Ay : X[(t) + X](S) > 2ub1}

2
U
§01A2u72/0‘u%_1 exp <—27> .

It follows that

w2
(5.25) As =0 (exp (—2(7' - 5)))
for some 0 < 0 < 7 — bIT(EH)_lbI. For 2 < k < N, we have from Corollary 5.2 that
N
. Ay - ) kA
lims < A kA -
P TP (X (0) > ub) 2 ;( ) exp ( 16 5“’)

Aa
2 < AL ——¢w ).
(5.26) < et (-fre)
Now we consider A;. Note that
Po(A, A u) < Po(A+ VA, A, u) + P {Elt cu=2°0,vVA]: X(t) > ub} .

Applying Corollary 5.2, Lemma 4.7 and the subadditivity of Ha,v,, ([0, A]) we obtain

Al Aa/2
5.27 li < S ave (0, 1A/ .
(5.27) ISP e (X (0) S b = [GXP( T ) + Ha v, ([0,1])

Putting all the bounds (5.21)—(5.27) together, for any A; and Az > 0 we obtain that
Hov O] o o (PEEENT]: X(2) > ubl
Ay wane. TuPl*P{X(0) > ub}
P{3t e [0,T]: X(t) > ub}

V

>  liminf
= WS% T Tu/eP{X(0) > ub}
Ha,va, ([0, As]) 1 A3
> a — -2
= A, C6A2 €xp 16 Ew
a/2
(5.28) —c7 exp (— 126 §w> — csHa,v, ((0,1])A; /2.

Consequently, the constant H,, v, is positive. This and (5.28) establish the proof when T' does not depend on
u. The case T dependent on u follows with analogous calculations. O

5.2. Proof of Theorem 2.2.
Lemma 5.3. For every v € R such thata =1Tv >0 and A > 0 we have

/ 1y p 1+AYY o7, if a =0,
€ D < —tw} G = —a _
e {3te[0,A]: z<—tv} 1+ 1_ea A 2?21 v; ifa >0,
where ~ = max(0, —z), x € R.
Proof of Lemma 5.3. Set b= Z?Zl v; and

F={1<i<d: v;>0}, F={l,....,d}\F.
Define Q; = {@& < —tv} and let Q@ = UJjcpcp Q- For a Borel set A C RY, let Z(A) = [, ¢! ®dz. Then
for every t > 0 we have Z(£2;) = e~ *. Note that for t < s, Qs N QY = {xp < —svp, Tp < —tvp}. Since
T(Q, NQYy) = e~ (atb)stbt

T(Q\ ) = e @ (@tD0 (b 1)
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On the other hand, |J, ., Qu C {xr < —tvp, x5 < —svp} and hence

T ( U )\ Qt) <emat (eb(s—t) _ 1) )

t<u<s

Let ¢, = kA/n. Since

U @ \)cevac J U 2|\,
0<k<n—1 0<k<n—1 | \ta1<u<ty
we have
iy A(a+bd) Ab ity b
Zefatk*T <€T — 1) < I(Q) —-1< Zefatk (67 — ]_) .
k=0 k=0
Letting n — oo we complete the proof. O

Proof of Theorem 2.2. We follow the same idea as in the proof of Theorem 2.1 and only spell out the necessary
changes.
For A > 0, from Lemma 4.7 and the fact that VT = —V we obtain
P{3t e [0,Au"?]: X(t) > ub}
li = H, 0,A
where d,,(t) = tdiag(w)Vw and the constant Hy q4,, ([0, A]) is given by (4.21). By Lemma 5.3, we have that
Hoa, ([0,A]) — Xiepwi|[(Vw)i|

(5.29) Jim A - 5 > 0.

Let below o

M={iel: Vw),>0}, M=1I\M.
By the assumption (Vw); # 07, both M and M are non-empty. Using that (5.21) also holds under the
conditions of Theorem 2.2, now we analyze the sum in (5.21). Without loss of generality, we assume that
I={1,...,d}. Define

Tu?
A =10, A] x [kA, (k+1)A], 0<k<Np= X

We first estimate the sum in (5.21) for large k. By (2.8), for any 6 > 0, there exists ¢ > 0 such that
| — R(t) —tV|p < X for [t| < e. Assume that (k + 1)A < eu?®. Let x,(t) be the conditioned process
w(X (u=2t) — ub) + = given X (0) = ub — u~2x. Then

P{3(t,s) €u Ay : X(t) > ub, X(s) > ub}
<P{X(0) > ub} /R TP (St 8) € Ap: xu(t) > @, X, (s) > @} da.

Setting d,(t) = —E {x,(t)} and d(t) = tVw we have
|du(t) — d(t) — O(Au"?)x| < ¢16A
and

B {(xu(®) + du(£) (xu(8) + du(s) "} < c16)
for some ¢; > 0. Consequently, for all (¢,s) € Ay

du}M(S) Z )\(V’w)]y[ — 01(5)\ — O()\U_Q)CL'M,
du,ﬁ(ﬂ > A(Vw)ﬁ — Cl(S)\ — O()\U_Q)%M.
By the change of variables y,; = xa — A(Vw)ar + c16A and y37 = 37 — A(Vw)37 + 10X and the assumption
w' Vw = 0, we have that
/ TP (1 5) € Ar: xu(t) > @, xu(5) > @) da
Rd
< [ dze® ®P{3(t,s) € Ap: Xup(s) > @ar — AVWw)ar + 10X + O(Au=2)aar,
Rd
X, 737(t) > 5 — AVw)gr + c1od + O(Au_Q)xH}
d

Se—wL(Vw)M()‘_Aché)\/ e(w+o()‘u72))-ry9u(y)dya
R
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where
gu(y) = P{3(t,5) € 0,A] X [0.A]: Zuni() > yp, Z,57(0) > vz |
and
Zum(t) = Xup(t+ EA) — dun(t+KA),  Z, 37(t) = x, 37 (t) — d, 77 (%)
For F C {1,...,d} with m = |F| let
Qr={yeR?: y,>0,y; <0, i€F, j¢gF}

and set

Nt otm) =Y Zua(ti).
i€l
Note that

sup E{n(tl,...,tm)z} < ez,
tiE[O,ALiSm

Applying Borell-TIS inequality we obtain

[ et g, )y < e,
Rd

Therefore, there exists ng > 0 such that for all k > ng and (k + 1)A < eu?

wXI(Vw)M A

P{3(t,s) eu Ay : X(t) > ub, X(s)>ub} <P{X(0)>uble — 2
It remains to estimate the sum in (5.21) for 1 < k < ng. We have from Lemma 4.7 that
lim sup P{3(t,s) € Ar: X(t) > ub, X(s) > ub}
U 00 P{X(0) > ub}

< / TP (S(t5) € Ayt —d(t) > @, —d(s) > @) da
R

-
S/Rd €’ Tligy < AVw)a, myp<—A(Vw)y} 0T

<ese~ W (Vwn(A-A)

where d(t) = tVw.
From the above we conclude the negligibility of the sum in (5.21). The rest of the proof follows by the same
arguments as given in the proof of Theorem 2.1. O

5.3. Proof of Theorem 2.4. We present first several supporting lemmas and then continue with the proof of
Theorem 2.4.

For the next two lemmas we impose the assumptions of Theorem 2.4. Set below 4, = u=2/# logz/ A u and recall
that in view of (2.12)

Tw = wTEAT'w = ’w}r(EAT)[[’w] > 0.
Lemma 5.4. There exist positive constants C, ug and Ay such that for A > Ay and u > ug
(5.30) P{Ht cAu?, 6] X(t) > ub} < Cexp (—7wA?) P{X(0) > ub}.

PROOF OF LEMMA 5.4: Similarly as in the proof of Lemma 5.1, without loss of generality, we may assume
that 7 = {1,...,d}.  Letting v = min(a, 8) and 0, = Au=2/. For 1 < k < N, = [6,/0,] we define
X1 (t) = X (K0, + tu=?/V). Then

R, i(t,s) =E {Xuk(t)Xuk(s)T} = R(k0, + tu_z/”, kO, + su_z/”),

where R(t, s) is the cmf of X. Setting next X5 = E { X, 1(0) X ,x(0) " } = X(k6,) we have (see also the proof
of Lemma 4.7)

P{3t € [kb,, (k+1)0,]) : X(t) > ub}
Su_dgoguvk(ub)/ ebTE;vlk“”]P’{ﬂt €[0,A]: xu () >z} da,
Rd

where x, (t) is the conditional process u (X x(t) — ub) + x given X, x(0) = ub — u~'a. Note that
dui(t) = —E{x, s ()} = v’ [Sur — Rup(t,0)] 5, 1o+ [Sur — Ru(t,0)] T, L@
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and
.
Kol 5) =B { [x i (8) = dui®)] [xui(5) = due(®)] "}
= [Rup(t,5) = R r(t,0); L Ruk(0,5)]
By Assumptions (D2) and (D3) with R, v defined in (2.2)

i >
(5.31) Kokt s) = Ra v (t,s), Tf B>«
, 07 if ﬁ <

as u — 0o, where the convergence is uniform in (¢,s) € [0,A] x [0,A] and 1 < k < N,,.
By Assumptions (D2) and (D3) again, for every € > 0, there is ug such that for u > ug

(5.32)

dy k() = d(t) = [Sur — Ruk(t,0)] x| < cukPA”,

with u, = min(1, u2’%) and

[t|*Vw, if 8> a,
d(t) =  [(EA+ )" — (kM) EATw + [t|*Vw, if = a,
[(kA 1) - (kA)ﬂ =ATw, if B < a.

In the above derivation we used (5.16) with h = g for the case 8 > «. Consequently,

u2=28/a ((kA +1)° - (kA)ﬂ) —0.

lim max
u—00 1<k< Ny,

As in the proof of Lemma 5.1, we define for F' C {1,...,d}
Qr ={ze€R?: 2;,>0,2;<0,i€ Fandj¢F}.
Applying (5.16) we have that

sup_[widi(t)] <
te[0,A]

c1 A, if 8> a,
c1 (1 + kﬁfl) AP, if B <o

It follows from (5.32) that for every 1 < k < N,, and all u large enough

1
(5.33) sup |w;du,k,p(t)| < —wpxp + c(k,A),
te[0,A] 2
with
ek, A) = 1A + cu kPAP, if 8> a,
T \a (LY AP+ ekPAP, i B < a

Setting 1.,k (t) = Wi (X1 (t) + duk(t)) for every € Qp we have

1
P{3t € [0,A]: x,x(t) >z} < IP{ sup i (t) > iw;wp - c(l@A)} .
te[0,A]

By (5.31), the variance of n, x(t), 0 <t < A is bounded uniformly (with respect to k < N,,) by 02 = ¢ A® for
B > a and 02 = ¢, for 3 < a. Consequently, Piterbarg inequality implies

whap — 2k, A))Q/” o <_ (whar — 2c(k,A))2>

o 8o2

P{3te[0,A]: x,.(t) >z} <c3 (
Similarly to the derivation of (5.19) in the proof of Lemma 5.1 it follows that
/d b Eukep {3t €[0,A]: xu1(t) >z} de < caecs (T Felbd)) < poeeselkA)
Assumption (D2) iilplies further
(5.34) 2" (S =57 b= w2 B 1L (5 - Duk) 70 = 2ru kA7 + 0 (kA7)

It follows that
P{3t € [kO,, (k+ 1)0,] : X(t) > ub}
P{X(0) > ub}

(5.35) < ¢rexp (;Twu*kﬂAﬁ + c(k, A)>



EXTREMES OF VECTOR-VALUED GAUSSIAN PROCESSES 19

for u large enough. If 8 > a, then the left-hand side of (5.30) is at most
Ny
Z P{3t € [0y, (k+1)0,]) : X (t) > ub} < csP{X(0) > ub}exp <;Tw/\ﬁ + cle‘> )
k:L1L%7%J

hence the thesis of the lemma follows by taking A > Ag with Ag_aTw > 2c;.
Now assume that 8 < a. Choose kg so that cl(kaﬁ + ko) < Tw/2. By (5.35), we have for k > ko
(5.36) P {3t € [kby, (k+1)0,] : X (t) > ub} < csP {X(0) > ub} exp (—Twk’A?).
It remains to consider the case 1 < k < ko. Set A = A/kop and note that our choice of kg is independent of A.
By (5.36) we have that

ko(kﬂ*l)*l

P{3t€ [k, (k+1)0,]: X(t)>ub}< > P {at e [jAu=2", (G + DAu2"]: X(t) > ub}
j=kok
ko(k+1)—1 1
< Z csP{X(0) > ub} exp (—2Twu*jﬁA5>

j=kok
1 B
<coP{X(0) > ub} exp —gTwu*k AP ),

which together with (5.36) completes the proof. |
Corollary 5.5. If a,V,w and W = ZAT are as in Theorem 2./, then Pa v, w., € (0,00).
PROOF OF COROLLARY 5.5: First, we note that with d,, () = diag(w)V (¢)w and Y as in Theorem 2.4, we
have Pq v, . w,, = ima_e0 Hy a,+7,, ([0, A]), where
(5.37) Vi = diag(w)Vdiag(w), W, = diag(w)ZA diag(w), f,,(t) = |t|* We1.
Since Hy 4,,+7,([0,A]) is increasing in A, it suffices to prove that it is uniformly bounded.
Fix 0 < Ag < A. By Lemma 5.4 for two positive constants ¢, C
_ P{3t € [Aou=%* Au=?/?]: X (t) > ub}
lim sup
w—s00 P{X(0) > ub}

< Ce Mo,

It follows that

o P{3te[0,Au"?): X(t) > ub
Hy a,+1,([0,A]) = lim { P{X(0) > ub} }
P{3t € [0,Adgu=?/?]: X(t) > ub} Ao

<l —o

s Jm P{X(0) > ub} e

SHY,dw+fw ([Oa AOD + OeiCAga
which completes the proof. O
Set in the following A(T, A, A) = [7,7 + A] X [\, A+ A] and

Po(r, \ A, u) =P {El(t, s) € u 2 A(r, \A) 1 X(t) > ub, X(s) > ub} .

Lemma 5.6. If 3 > a and &, = w' Vw > 0, then for every 0 < 7+ A < X\ < N,, with u large enough
Py(m, M\ A, u) <CiA?exp (—Co (A — 7 — A)¥)u" %, _, (ub),

where C1,Cy are two positive constants and

(5.38) DI iE {(X(u—@/%) + X (w2 (X (u™?7) + X(u‘“/Q)\))T} .

PROOF OF LEMMA 5.6: The proof is similar to that of Lemma 5.1 and we only sketch the main ideas. We shall
assume for simplicity that [I| = d. Set X, (t,s) = 3 (X (u™%/2t) + X (u~%/2s)) and define
P(r,\A) =P {El(t, s) e u=2A(r M\ A) - X(1) + X (s) > 2ub} .
For any u > 0
udP(1,\, A)

< PN 3(t,s) € A(T, M A) Xy, (t,8) > a2} de,
) < / d (3(t,5) € AT, AA) : Xusa(tss) > @}
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where X, , 5(t, s) is the conditioned process u (X (t, s) — ub)+x given X (7, A) = ub—u~'a. Define dy - »(t) =
—E {Xu-(t)} and let Ry(t,s;t1,51) be the cmf of x,, , . Set further

d(t, ) = % (6= 7)% 4 (s — )% + (A=) + (5 — \)* —2(A — 7)°]

and
r(t,s;ty, s1) =(t—1)*+ (s —7)" + (t1 — 1)
+(s1 =7+ A=)+ A —t)+ (s =N+ (s1 — N)°
—t=t|* = ls—s51|* = (51 =) = (s —t1)* = 2(A — 7)™
By Assumptions (D2) and (D3), we have that for every ¢ > 0 and (¢,s) € A(7, A\, A)

(5.39) durr(t,s) — d(t,s)Vw — [Surr — Rul(t, 7, )] E;’ITVA:B‘ <e(A—7)"
and
1
(5.40) ‘ Ry(t,s3t1,51) — 17"(7575;751,81)‘/ <e(A-1)",
F

provided wu is large enough. Now, by the same argument as in the proof of Lemma 5.1, there exist positive
constants ¢; and ng such that for every A\ — 7 > ngA > 0 with A < N, and u large enough
(A—7)"

(5.41) P(r,\A) < C’lu_d@gu’m(ub) exp <_§3"16) :

It remains to consider the case A —7 < ngA. Set X, ,(t) = X (u=*/?(1 +1)) with emf R, ,(t,s) = R(u=*/?(1 +
t),u~*/2(7 + 5)) and define 3, , = R, ,(0,0). Note that
(5.42) lim u? [S,, — Ry, (1,0)] = [t|*V

U—r 00
and
lim u? [Ry,r(t,8) — Ru-(t,0)5, - Ry +(0,5)] = Rav(t,s)

uU—r 00
uniformly in A — 7 < ngA. Recall that we defined Y as a centered R%valued Gaussian process with cmf
diag(w) R,y diag(w) and

dy(t) = [t|%diag(w)Vw = Vi, 1,  V,, = diag(w)Vdiag(w).
Analogous to Lemma 4.7
Py(m,\,A,u) ~ HA-—r, A)u*dgogumA (ug)
as u — 0o, where (set G=[0,A] X [\ —7,\ — 7+ A])

HMA—T1,A) = /]Rd ele]P’{El(t,s) EG: Y(t) —dyu(t) >z, Y(s) — dy(s) > x}de,

with dy () = Sa(t, V)1 = |t|*diag(w)Vw. By Corollary 5.2 we have the following upper bound
H(\—1,A) < coA?exp (—cz(A —7 — A)%),
which together with (5.41) establishes the proof. O

Proof of Theorem 2./. For &, = u=2/8 log2/5 u and some 6 > 0 sufficiently small by Assumption (D2)

max op(t) < 0p(0) + 6 = 02(0) + cu™2 log* u,

tE€[0y,0]
which together with the assumption that op(t) attains its unique maximum at to = 0 and the vector version of
Piterbarg inequality derived in Lemma 4.5 yield
2
U
(5.43) P{3t € [0,,7]: X(t) > ub} < CTu?"Lexp <—2 (02(0) + cou? log? u))

and thus it suffices to consider the asymptotics of P{3[0,d,] : X (t) > ub} as u — oco.
Recall that in our notation

w=Y"'b, V=ADAT, W=32AT, V, = diag(w)Vdiag(w)

and Hy g, ([0, A]) = Ha,v,, ([0, A]) with dy = So(t, Vap)1 is the constant defined in (2.4).
We divide the rest of the proof into three separate cases.
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1. Case (8 > a. For given A, S positive we define N,, = LSU%_%/AJ. Consider a Gaussian process X, ;(t) =
X (u2/*(kA + t)) with cmf Ry, x(t,s) = R(u=/%(kA +t),u=?/*(kA + s)). By Assumption (D2) (set $, 1 =
R, 1(0,0))

2 2 B
W (T = Sup) ~ (wFERA) T (AT +24T), wo oo,

Hence, 7y, = w' AZTw > 0 implies further

(5.44) P{X,x(0) > ub} =P{X(0) > ub} exp (—Tw (u%_%k/\)ﬁ 1+ o(l))) .
In view of both Assumptions (D2) and (D3)

(5.45) Jim_ W S — Rup(t,0)] = [t|*V

and

(5.46) Jim o [Ry(t,5) = Rus(t0)5; LRuk(0,5)] = Rav(ts)

uniformly for all non-negative integers k < N,, and ¢, s € [0, A]. Define for k € N,u > 0
A = {3t € kA=Y (k+ 1)Au=?] . X (t) > ub}.

In view of (5.45) and (5.46), we have from Lemma 4.7 that

(5.47) P{Ac} ~ Hy a4, ([0, AD)P{X, £(0) > ub}, u— o0

uniformly for all non-negative integers k < N,,. This together with (5.44) implies that

SicoPLA}  Haw (0,A]) 2 2 Y PN 22
P{A/;((o()) ] N VA ue kZ:Oexp <—’7’w (u akA) (1 +0(1))> U A

Ha v, ([0,A]) 2_2/5 P
(Tw)/BA ] ; e dx

as u — 00. In view of Lemma 5.4 for some ¢; > 0 we have

P {Elt €[Su=8.5,]: X(t) > ub} < ¢ exp (—TU,S;> P{X(0) > ub}.

Letting S — oo and then A — oo yields further
P{3te€[0,T]: X(t) > ub}

4 li < H,v.T(1 )75
(549 M AT B (X (0) > aby ~ eveT WIS
where ” ([0.A]

T a,Va )
Hav,, = Jim —====—= € (0, 0)

is defined in (2.5). Next, we show the negligibility of the double-sum term. Note first that

. 1 .
lim «? Eur — Zurain] == — k)ﬁ AP

u—00 2
uniformly for all non-negative integers k < j < N,,, where 3, - » is defined in (5.38). By Lemma 5.6, for some
co >0

Ny, N,
> P{AA} <coNuTV DT exp (<0 (5 — k= 1)" A%) @5, 1,0 (ub)
(5.49) j=k+1 j=k+1
<coA% exp (fGAB) u*mcpgm (ug),

which implies that the double-sum Zogk <N, P{ALA,;} is negligible compared to the single-sum if we let
A — oo. Therefore we complete the proof of (2.17).

2. Case 5 = a. Let in the following Vi, Wa, f,, be asin (5.37). It is straightforward to see from Lemma 4.7
that

(5.50) P {Elt € [0,Au"?"): X(t) > ub} ~ Hy ay s 1. ([0, AP{X(0) > ub}.
Applying Lemma 5.4 we obtain
(5.51) ]P’{Ht eAu~?*5,]: X(t)> ub} < cgem A
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Combining (5.43), (5.50) and (5.51) and letting A — oo the claim in (2.18) follows utilising Corollary 5.5.
3. Case f < a. The proof is similar to the case 8 = a. Define X,(t) = X (u=?/#t), u > 0 with cmf

Ru(t,s) = R(u=2/Pt,u=%/Ps). By Assumptions (D2) and (D3)
lim u? [Z — R,(t,0)] = [t|’=AT

U—r 00
and
lim u® [Ry(t,s) — Ry(t,005 " R,(0,5)] = 0.

U—r 00

By Lemma 4.7, as u — 00
P {Elt € [0,Au=P): X(t) > ub} ~ Ho . ([0, AP {X (0) > ub},

where

Ho,y.. ([0, A]) :/Rd e TLimic0,A): — £, 1] >2)dT-

Further Lemma 5.3 implies
> icr wi max(0, —(EATw);)
w EATw ’

which together with Lemma 5.4 yields (2.19). O

Jim Hoz, ([0,A]) =1+

6. APPENDIX

We present the proofs of (2.15), Lemmas 4.1, 4.3, 4.5 and 4.7.
Proof of (2.15). In view of Assumption (D2) we have as t — tg

ST -2 =2 (B -2) ST ) =t —to/ T (AZT +2AT) R 40 <|t - t0|5) ,

where A = A(ty). Let E(t) be the unique solution to the quadratic programming problem (1.3) with ¥ replaced
by (t). Then we have from the fact that o, 2(t) = mingsp ' B~1(t)z,

b(t)" (S7H) — TN b(t) < 0y 2(t) — 0y 2(te) < b (STHE) —271) b

This and the fact that b(t) is Lipschitz continuous (c.f. Lemma 4.2) complete the proof. O

PROOF OF LEMMA 4.1: All the claims apart from (4.5) are known, see e.g., [16, Lem 2.1]. Repeating the
arguments of [9, Lem 1] (therein b > 0 is assumed) we have for any z > 0 with 2" b > 0 and B a square matrix
such that BBT =%

0<z'b=infz'az< ’BTw’ inf |B_1£B| =VzTYzinfz' 'S 'z
x>b x>b x>b

implying thus
max @ < min z' Y .
2€[0,00)4:2Tb>0 2| Xz ~ x>b

By the properties of the unique solution bof Iy, (b) we have that the unique solution w of the dual programming
problem of IIx(b) is given by w = ¥ ~!'b. We have by = by and if J is non-empty, then b; = Z_HZ;}bI. Since
¥ is non-singular, then (X71) ;%7 = —(X71) 77277, Consequently, we obtain
wr = (S rbr + (S S (S) T o = (7D + (S Es(Sr) 7 br = (S0) by
and
wy =S ubr + (SN S (S) T = (S + (57 sSr(02) b = 0y
hold implying that
w'b=w;b; =b] (S;)"'b; = ir;fba:TE*la: > 0,

which yields further

(w'b)? T -1 i e Ty—1

m:bl (E]]) bI:ImIIZHI}w Y.
Hence (4.5) follows and the proof is complete. O
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PROOF OF LEMMA 4.3: First note that a family of vector-valued processes is tight if its components are
tight, see e.g., [37, Cor 1.3]. Let 7, € Qu,u > 0 be given and set Z,(t) = Xy, (t) — f,,(t). For given
s; €R,,t; € E,i < n by Berman’s comparison lemma (see e.g., [21]) and (4.7) for some ¢ > 0

B LX) — Frum (t8) < 8028 < dok < ) — P{Yi(tx) = fonra () < 8120 < ok < )]
< ¢ > cov (X u,r, (1), Xju,r, (tr)) — cov(Yi(t), Y; (t))]
1<I<k<n,1<i<j<n
— 0, u—ooc.

Since Y;(t),% < d,k < n has a continuous distribution, then (4.8) yields
im [P {Y;(t) = fiur, (te) < sivi < dsk <njp =P{Yi(ty) = fi(ly) < siyi <d,k <n}| = 0.

Consequently, the finite-dimensional distributions of Z,, converge in distribution to those of Y — f as u — oo.
Moreover, condition (4.8) implies that each component of X, -, u > 0 is tight, see [19, Prop 9.7]. By (4.8) each
component of Z,,u > 0 is also tight, and thus Z,,u > 0 is tight. Since by assumption I' is continuous, the

continuous mapping theorem implies that for any continuity point s of T(Y (-) — f(-)) we have
(6.1) Jim P{D(Z, () > s} = P{T(Y () = £(-)) > s},
hence

lim sup [P{T(Xur ()~ f,.() > s} —P{T(Y ()= f() > s} =0.

U—r 00 TEQu
Indeed, if the above is not satisfied, then for a given ¢ > 0 and all u large we can find 7, such that
IP{T(Xur, () = Fur, () > s} —=P{T(Y(:) = f(-)) > s}| >  which is a contradiction in view of (6.1), hence
the proof is complete. O
PROOF OF LEMMA 4.4: Let € € R? and & = (61,...,64) " > 0 be given. The proof follows from combination of
the fact that

P{SteE: Y(t)>x—-6}-P{3FtecE: Y()>x+d}
d

< ZIP {squi(t) € (z; — i, + (5,]}
= ltee
and Tsirelson Theorem (see, e.g., [38, Thm 7.1] and [39]) which implies that P {sup,cy Y;(t) < '} is continuous
i=1,...,d except at most at one point s; = inf{s : P {sup,cp Yi(t) < =} > 0}. O
PROOF OF LEMMA 4.5: For z € [0,00)¢ such that z7b > 0, we define Y;(t) = 2' Z(t) with 2 = z/(z7b).
Clearly, {Z(t) > ub} C {Y%(t) > u} for such z implying
(6.2) P{ItecFE: Z(t) >ub} < inf P {sup Y. (t) > u} .

2€[0,00)%:2Tb>0 tcE
The proof of (4.10) follows by a direct application of Borell-TIS inequality to Y, (t) (see e.g., [22]) with

u=E {Squz(t)} < 0.
teE
Next, if ¥(t) is non-singular for ¢ € E, choose v(t) > b such that it minimises v'(#)X71(¢)v(t) and set
z(t) = 71 (t)v(t). By Lemma 4.1 and (4.11)
1

e ) TR0 T e

In view of Lemma 4.2, (4.12) and the compactness of F for f = v or f = w we obtain

(6.3) [f(s) = FO) < Cift — s
for some positive constant C;. Note that since E is compact

: T
(6.4) tlél]fE’U(t) b>0.

It follows that f(t) = Z(t) = z(t)/[z(t) " b] also satisfies (6.3) (for some other constant C;). This and (4.11)
imply the y-Hélder continuity of Yz(t) = z(t) " Z(t). Therefore (4.13) follows by applying [25, Thm 8.1] to Y;.
If 02(t),t € E has a unique maximum at ty € F and is continuous, the claim follows by using first Borell-TIS

inequality and then applying Piterbarg inequality for the neighbourhood of ¢y, see the derivation of (32) and
(33) in [26]. |
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PROOF OF LEMMA 4.7: For notational simplicity we shall assume that the index set J is not empty. Define
@ € R? such that @; has all components equal v and @ has all components equal 1. Set next

Zur(t) =T [Xur(t) = ub] +@, Xy () = (Z0,+()| Z0,£(0) = 0),
where in our notation x -y = (2191, ...,2qyq) " for  and y two vectors in R%. For any u > 0 we obtain
P{I e E: X, (t) > ub}
=P {Elt €E: (Xu (t)—ub) >ulb-— 5)}

=y ™ /Rd P {Elt €E: (Xyur(t)—ub) >u(b—b)|X,.(0) =ub— w/ﬂ} ¢x... (ub— x/W) dx

:u_m/ P{3t€E: Zyr(t) > m+Tu(b —b)| Zu:(0) = 0} g5, . (ub — w/w) da
Rd

u,T

=y~ /Rd P {Elt €E: (xu,(t) —un(b- g)) > :c} O, (ub — z/T) dx

Assumption (A2) implies

B {X (1)} =8 { Rur (1,005, 1 (b — /@) — ub} + @
w? { Ry, (t,0) )zq;}j}l B L
o (u Ry (t,0) )E;}g}J Fr A O R )
(5

and

E{ (X (1) = E{xur (O} X (5) = E {30 (5)}] " }
(6.6) =diag(®@) [Ru,-(t,s) — Ru-(t, O)E;’TRU’T(O, s)| diag(w)
Ki(t,s) 0O
. ( ol 0>
uniformly in ¢, s € F and 7 € Q,, as u — 0.

Define the index set L as the maximal subset of J such that b; = b; for any ¢ € L. Hence b;=b;forallie TUL
and b; > b; for i € J\ L. For simplicity we shall assume that L is non-empty. We write next

ay(x) = ]P{Ht €E: x,.(t) —uu(b-0b) > a:} =P{I (X,..(-) >0},

where
> -1 7 e DU
Xu \Ts L( ) =Xu,r z( > zi, 1 € TUL; Xu./—.j(f)::ll X’u.T,j(f) - (b.j - b.j) —u Ty, )€ J \ L,
and I' is the continuous functional on the Banach space C(E) (of all R%valued continuous functions on E)
given by

Nw())) = :1615 lgl/lgdw,(f). w e C(E).

Let W(t), t > 0 denotes a centered Gaussian process with Ky as its cmf and let W(f) = (W,( ),0 )T. It
follows from (6.5) and (6.6) that the assumptions of Lemma 4.3 hold true with X, ,(¢), Y (¢), f, - (t) and f)

- . T
replaced respectively by X, . (t) —E {X,.. ()}, W(t), “E{X, ,(t)} and d(t) = (d,(ﬁ) +xr,xL,bng — bJ\L> .
Since

P{F (ﬁ/(-) . &(-)) > o} =g, <0 Pt EE: Wit)—dy(t) >z},

we have from Lemma 4.4 that 0 is a continuity point of the distribution function of I' (ﬁ/() — a()> for almost

all x € R%. Applying Lemma 4.3, we obtain that

(6.7) lim sup

U— 00 TEQu

ay(x) — 1{mL<0L}]P){E|t e E: W[(t) —d;(t) > 1:1} =0
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holds for almost all & € R%. Note that, by Lemma 4.1 there exists a positive constant A such that for all u large
and all 7 € @,

(@ /8) S, (w/0) > A (w/w)| (w/m) > e,

Hence (set w = Y~1b and recall that wr = (211)_1b1 >0;, w;=0;and w'e = w}rmI for any x € Rd)
= - Temiyr LT,
P, r (Ub - ZB/’LL) _sazu,r(Ub) exp {u (ZB/’U,) Eu,'rb - 5 (iE/’u) EU,T (a:/u)

o (ab)exp (0] 1 3(a/m) 2o /w) 4 b (5t -3 (/) )

~ ~T
<es, . (ub)exp (w}rw[ + ub (2;17 — 2 (z/m) — A:c}:c_;) .
In view of (6.7) and Assumption (Al) as u — oo

P{IteE: X, (t) > ub}

6.8 ~ _
(6:8) ~u”"ps, (ub) /d e®1 wi=3®; (B 1)”:""1{“<0L}IP’{37§ eE: Wi(t)—di(t) > xr} de.
R

The asymptotic equivalence above follows by the dominated convergence theorem, which is justified by the
following arguments. First note that

w; = (Xr7)"'br); >0, Viel

Split the region of the integration on sets where the ith coordinates of x; are either positive or negative. If
x; < 0, then the domination of the integrand for this coordinate is clear since w; > 0. Suppose that we deal
therefore with a region {2 where the first [ components are negative and the m — [ components in the index set
F are positive. Then (recall the definition of a,(x) above)

au(@) SP{IHEE: Xy, p(t)>xp} <P{HEE: 1px,,p(t)>1pzr}.
It follows from (6.5), (6.6) and Assumptions (A1), (A2) that for any t € E
E {lgxumF(t)} <c+ (51;15}7' and E {(1;XU,T,F(t))2} < g2
for some § > 0, ¢ > 0 and some constant ¢. By the Borell-TIS inequality (c.f. [25, Theorem D.1])
ay(z) < P{IHecE: 11meu7TyF(t) >1pzp} < e=(zrar)

for some € > 0 small enough, hence the domination of the integrand follows.
Taking in particular F = {0} in (6.8) implies as u — o0

—1
~ 77mT -1 x
P{X,.(0) > ub} ~u "ps, (ub) (Hw) /Rme el (7Y, "Ly <0pydas.

iel
Therefore, as u — 0o
P{3te E: X, ,(t) > ub}
~P {Xu’T(O) > ub} <H ’U)i) / ew;r:cl]P’{Ht IS W](t) — d[(t) > 33]}de7
iel "

which complete the proof. |
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