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Abstract

We study the interaction between nonprice public rationing
and prices in the private market. Under a limited budget,
the public supplier uses a rationing policy. A private firm
may supply the good to those consumers who are rationed
by the public system. Consumers have different amounts
of wealth, and costs of providing the good to them vary.
We consider two regimes. First, the public supplier observes
consumers’ wealth information; second, the public supplier
observes both wealth and cost information. The public sup-
plier chooses a rationing policy, and, simultaneously, the pri-
vate firm, observing only cost but not wealth information,
chooses a pricing policy. In the first regime, there is a con-
tinuum of equilibria. The Pareto dominant equilibrium is a
means-test equilibrium: poor consumers are supplied while
rich consumers are rationed. Prices in the private market
increase with the budget. In the second regime, there is
a unique equilibrium. This exhibits a cost-effectiveness ra-
tioning rule; consumers are supplied if and only if their
cost—benefit ratios are low. Prices in the private market do
not change with the budget. Equilibrium consumer utility is
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higher in the cost-effectiveness equilibrium than the means-
test equilibrium.

1. Introduction

Many governments and public organizations provide or subsidize goods and
services such as health care and education. Free or subsidized public provi-
sion often coexists with a private market. In this paper, we study the inter-
action between rationing policies in the public sector and profitmaximizing
prices in the private sector. We derive equilibria of games between the pub-
lic and private sectors, and compare equilibrium prices and aggregate con-
sumer utilities.

All public programs operate under limited budgets. Unable to cover
all intended consumers, a public supplier must use a rationing rule. A va-
riety of rationing and subsidy practices exist. Current Medicaid policies in
the United States provide health insurance to indigent individuals. In the
pending U.S. health care reform, families up to 400% of the Federal Poverty
Level receive either free health insurance or substantial subsidies. These ra-
tioning policies are a means-test mechanism, which allocates public supply
to poor individuals. In Canada and many European countries, public health
systems ration care according to illnesses, patients’ medical conditions, and
treatment costs. This form of rationing is based on a cost-benefit or cost-
effectiveness mechanism, which allocates public supply to individuals for
whom it is worthwhile, in some qualified sense.

Rationed individuals nevertheless may consider purchasing from the pri-
vate market. Here, an important issue is selection of profitable consumers
by a private firm. A focus of our paper is on how a private firm’s profit-
maximizing strategy will react to the public rationing mechanism. For ex-
ample, when an individual does not qualify for Medicaid, his income should
not be very low; neither should be his willingness to pay for health insurance.
On the other hand, if a patient does not qualify for a certain treatment ac-
cording to the public sector cost-effectiveness measure, a private firm may
not infer about his willingness to pay.

Our model consists of a set of consumers, a public supplier, and a private
firm. Each consumer would like at most one unit of an indivisible good (a
medical treatment, a course of education, etc.). Consumers have different
wealth or income levels, and the costs of providing the good to them also
differ. We use wealth heterogeneity to model differences in consumers’ val-
uations of the good. Rich consumers are more willing to pay for the good
than poor consumers. Cost heterogeneity arises because a consumer’s char-
acteristics may determine how much it costs to supply the good to him. For
example, the cost of a medical treatment depends on illness severity, and
the cost of helping a student to achieve an academic standard depends on
the student’s ability and aptitude. Variations in these characteristics affect
provision costs.
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To focus on rationing and pricing issues, we abstract from financing. The
public supplier has a limited budget for providing the good at zero cost to
consumers, and aims to maximize total consumer utility.! We consider two
information regimes. In the first, rationing is based on consumers’ wealth in-
formation. In the second, rationing is based on consumers’ wealth and cost
information. The first regime corresponds to the means-test scenario above.
The second regime is somewhat more general than the cost-effectiveness sce-
nario, but we will exhibit a unique equilibrium in which the public supplier
ignores wealth information, so cost-effectiveness does obtain.

We study the equilibria of the following games. In stage 1, nature draws
randomly and independently the wealth level and cost for each consumer.
Consumers’ cost information is learned by the firm. In the first regime, the
public supplier learns consumers’ wealth information, but not the costs. In
the second regime, the public supplier learns both consumers’ wealth and
cost information. In stage 2, the public supplier designs a rationing scheme
based on the available information in each regime. Simultaneously, the pri-
vate firm sets a price schedule depending on costs. In stage 3, the public
supplier’s rationing scheme is implemented, and rationed consumers de-
cide whether to purchase from the firm at prices set in the second stage.
We model the private sector by a monopoly firm, and the analysis extends to
Cournot competition.

Our model addresses the following issues. First, the private sector may
react to public supply by selecting or cream-skimming consumers. How does
the public sector react to cream-skimming? Second, different consumers en-
joy different surpluses from public and private supplies. How does this affect
public supply and prices in the private sector? Third, public rationing poli-
cies may be based on different information. How do equilibria change as the
information structure changes?

In the first regime, when public rationing is based on consumers’ wealth,
there is a continuum of equilibria. In the Pareto dominant equilibrium, the
public supplier uses the budget on poor consumers and rations all rich con-
sumers. The means-test criterion emerges in equilibrium. Prices set by the
private firm rises as the available budget increases. As poor consumers are
supplied, the private firm realizes that it sells only to consumers with higher
willingness to pay, so raises prices accordingly.

In the second regime, when public rationing is based on consumers’
wealth and cost, there is a unique equilibrium. The public supplier spends
the entire budget on consumers whose cost per unit of benefit is low,

! Nonprice rationing is ubiquitous. Many governments set negligible prices for public edu-
cation and health care. Presumably, this may be due to fairness or political considerations.
There are also economic reasons for favoring rationing. For the health market, insuring
consumers’ financial risks due to illness is a fundamental goal. Under social insurance,
consumers should not be exposed to too much financial risk upon becoming sick. For
the education market, a government may encourage the investment of human capital,
which may enhance economic growth and create externalities. Again, reducing costs of
education may be a sensible policy.
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and ignores consumers’ wealth information. The cost-effectiveness criterion
emerges in equilibrium. The private and public sectors will appear to be sep-
arated, with the public sector serving consumers with low cost-benefit ratios,
while the private sector serving those with high cost-benefit ratios. Equilib-
rium private market prices for available consumers remain the same as if the
public sector were inactive, and equilibrium prices are independent of the
budget. At any given budget level, equilibrium aggregate consumer utility is
higher when rationing is based on the cost-effectiveness criterion than the
means-test criterion.

What explains these results? Richer consumers have higher willingness
to pay than poor consumers. In the private market, consumers face prices
that are dependent on their costs, not wealth. Hence, richer consumers
obtain higher incremental surplus from trades in the private sector. This
trade-surplus effect is common across both information regimes. When ra-
tioning is based on wealth, releasing richer consumers to the private market
allows them to realize more incremental trade surplus there than poorer con-
sumers. This motivates the public supplier to ration the rich. Simultaneously,
when public supply is for poor consumers, the firm knows that only richer
consumers are in the market. These consumers have higher willingness to
pay, so the firm raises prices.

In the second information regime, cost information is available. Here,
absent the private sector, a cost-effectiveness principle applies: public supply
is for consumers with a low cost-benefit ratio. The cost-effectiveness princi-
ple continues to apply when there is a private market. For a given cost level,
a consumer obtains more surplus from free public supply than the private
market. Rationing low-cost and rich consumers cannot occur in equilibrium.
If such consumers were rationed, the private firm would understand that
low-cost consumers must be rich, and would raise prices accordingly. The
trade-surplus effect cannot be implemented.

Our goal is to study the effect of a price-reactive private sector, so we
have rejected a perfectly competitive market where prices would always be
marginal costs (but for completeness, we have included related results). We
use the monopoly setup, but all results extend to Cournot competition. We
have let the monopolist observe costs, but not wealth. If the firm would also
observe wealth, it would be able to extract all surplus, and the public ra-
tioning policy would not affect consumers’ trade surplus in the private mar-
ket. In any case, firms seldom possess information on wealth. Given that the
good is indivisible and a consumer buys at most one unit, nonlinear prices
cannot be implemented. It would be a less interesting model if the firm did
not observe consumers’ costs; selection and cream-skimming issues would be
assumed away.”

Most other papers assume that the government is a first mover. Gener-
ally, an ability to commit to a rationing rule is valuable. However, as we show

? Also, when the price is based on the expected cost, the firm may renege once it learns
that the cost turns out to be higher than the price it has charged.
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in a companion paper, Grassi and Ma (2011), the public supplier’s Stackel-
berg rationing rule is time-inconsistent. By committing to ration some poor
consumers, the public supplier can implement lower prices because the firm
will want to sell to poor consumers when costs are low. However, given lower
prices, the public supplier would exploit the trade-surplus effect by reneging,
supplying poor consumers and rationing rich consumers. We have adopted a
simultaneous-move game, and the public supplier and the private firm have
symmetric commitment power. This is a long-term perspective between the
players because both players choose mutual best responses. Finally, our fo-
cus is on nonprice rationing. Free public provision is the main mechanism
in public health and education systems, so we have not included taxes and
subsidies in the public supplier’s strategies.

We study interactions between public rationing and a noncompetitive
private market, while models in the literature usually assume a competitive
private market, or exogenous pricing rules. Barros and Olivella (2005) focus
on public physicians referring patients to their own private practices. The
public sector uses waiting-time rationing, and physicians refer patients when
the patients’ costs are low. Iversen (1997) considers the effect of a private
sector on waiting time in the public sector. Hoel and Szther (2003) consider
supplementary private health care when public health care is subject to wait-
ing time rationing. In the above papers, the price in the private market is
fixed. Hoel (2007) derives the optimal cost-effectiveness rule when patients
have access to a competitive private market, where prices do not respond to
the public sector’s allocation rule. By contrast, in our model, prices in the
private sector respond to public policies.

Rationing is similar to transfers in kind. Blackorby and Donaldson
(1988) show how transfers in kind may solve asymmetric information prob-
lems. The literature has also studied redistribution effects. In Besley and
Coate (1991), the government uses a poll tax to provide for free a good
at a low quality. Rich consumers optimally choose the good at a high quality
from a competitive private market, while poor consumers do not. The gov-
ernment in effect taxes rich consumers to subsidize poor ones. Segregation
between rich and poor consumers is an equilibrium of our game when ra-
tioning is based on wealth, but this stems from a trade-surplus effect in the
private market. In Besley and Coate (1991) the budget is endogenous while
we abstract from financing issues, and assume an exogenous budget.

Our formal model is like a common agency model. The public supplier
and the private firm are two principals whose actions will affect the con-
sumer, who is the agent; see Bernheim and Whinston (1986). In line with
the common agency model, we use a symmetric setup, so that both sectors
react against each other’s strategy. We are unaware of a paper that models
how public sector rationing and private sector pricing strategies mutually
react. We also depart from the mechanism design literature on the provi-
sion of public goods (see Norman 2004, and Hellwig 2003 on excludable
public goods), where incentive-compatible, individually rational and budget-
balanced schemes are derived. In Norman (2004) the public supplier may set
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individualized user fees to provide access to the excludable public good. Our
interest is on nonprice rationing, so we have not allowed the public supplier
to use taxes and subsidies.

Section 2 and its subsections lay out the model. In Section 3, we first
derive a focal equilibrium in the wealth rationing regime. Then we char-
acterize a continuum of other equilibria. Section 4 contains the analysis of
rationing based on wealth and cost, and compares equilibrium consumer
utilities across the two rationing regimes. The last section draws some conclu-
sions. Appendix A contains proofs of all lemmas, propositions, and the last
corollary; proofs of other corollaries are omitted. Appendix B discusses alter-
native assumptions on consumer preferences, information, and cost-benefit
structures.

2. The Model

We begin with the description of consumers. Next, we introduce a public sec-
tor, and derive benchmark optimal rationing policies. Then we introduce a
private firm. We complete the model by describing the extensive-form games
between consumers, the public supplier, and the private firm.

2.1. Consumers and Their Willingness to Pay

There is a set of consumers. Each consumer may consume at most one unit
of an indivisible good. We let there be a continuum of these consumers, with
a total mass normalized to 1. Each consumer is indexed by two parameters, w
and ¢. The variable w denotes the consumer’s wealth. The variable ¢ denotes
the cost of supplying the good to the consumer. The cost of provision ¢ is
identical whether the good is supplied by the public or private sectors; we do
not consider any productive comparative advantage between the private and
public sectors to focus on information and pricing problems. We often use
the term consumer (w, ¢) to refer to one who has wealth w and cost c.

Let F: [w,w] — [0, 1] be the distribution function of w. We assume
that F is differentiable, and the corresponding density f strictly positive. Sim-
ilarly, let G : [¢, ¢] — [0, 1] be the distribution function of ¢. We also assume
that G is differentiable, and the corresponding density g strictly positive. Let
y = f ¢ dG denote the expected cost. The domains of both distributions are
strictly positive and bounded. The variables w and ¢ are assumed to be in-
dependently distributed. In Appendix B, we will discuss the independence
assumption.

For a general specification of preferences, we can let a consumer’s utility
be U(w, 0) when he does not consume the good, and U(w — p, 1) when he
consumes the good at a price p > 0. The utility function U is strictly increas-
ing, and strictly concave in w, and U(w, 1) > U(w, 0). It saves on notation
and simplifies the analysis if we let the utility function U be separable in
the two arguments. The separability assumption says that a unit of the good
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generates the same utility increment, independent of the consumer’s wealth.
If the consumer with wealth w pays a price p to consume the good, his utility
is U(w — p) + 1; his utility is U(w) if he does not consume the good. We
discuss the nonseparable utility function in Appendix B.

If a consumer with wealth w is indifferent between paying 7 for the good
and the status quo, we have

Uw—1)+1=U(w). (1)

This equation implicitly defines a willingness-to-pay function t : [w, w] —
R* for consumers with various wealth levels. Because U is concave, hence
almost everywhere differentiable, the willingness-to-pay function is differen-
tiable. From total differentiation of (1), we have

dr _q U'(w)
dw U(w—T1)

A consumer’s willingness to pay for the good is strictly increasing in wealth
due to the strict concavity of U. We will assume that the lowest willingness to
pay T (w) is larger than the lowest cost ¢. This assumption ensures that there
is some scope for any consumer to benefit from a trade in the private market.

We illustrate our description of consumer preferences and costs with ex-
amples in the health market. The good may refer to a surgical procedure (for
example, a hip replacement). Patients differ in their illness severity levels
(some hip replacements are more difficult than others). For a fixed amount
of improvement in health, interpreted as a unit increment of utility (for ex-
ample, the ability to walk about without pain), sicker patients require more
resources, and richer patients are more willing to pay.

In our setup, consumer preferences do not directly depend on the pro-
vision cost ¢. In the health care example, this means that patients with differ-
ent severity levels obtain the same incremental utility from the good. One
interpretation is that the good provides a standardized unit of improve-
ment in well-being. In other situations, consumers obtain different incre-
mental utilities depending on their severity levels. Consumer preferences
then may depend on cost, and we will discuss this alternative assumption in
Appendix B.

> 0. (2)

2.2. The Public Sector and Rationing

The public sector has a budget B which is insufficient to supply the good to
all consumers for free, so 0 < B < y. We consider two information regimes.
First, only consumers’ wealth information is available to the public supplier,
and second, consumers’ wealth and cost information is available. In each
case, nonprice rationing will be used to allocate the budget for providing
the good to consumers.

In the first regime, the public supplier’s rationing rule is a function
0 :[w,w] — [0,1]. For w € [w, w], the public supplier provides consumers



8 Journal of Public Economic Theory

with wealth below w a total of f;u(l —0(x)) f(x) dx units of the good. The
rationing rule 6 splits the density f so that at w, [1 —0(w)] f(w) of con-
sumers are supplied at zero price, and 6 (w) f(w) of consumers are rationed.
Because wealth and cost are independently distributed, the cost ¢ among
rationed consumers remains distributed according to G.

In the second regime the rationing rule is a function ¢ : [w, w] X
[¢,c] — [0, 1]. It has the same interpretation as in the first regime. For
consumer (w, ¢), the density ¢(w, ¢) f(w)g(c) is available to the private
firm.? In each regime, the public supplier’s objective is the sum of consumer
utilities.

The rationing schemes 6 and ¢ correspond to random rationing, but
can be implemented by waiting times. We can add to the consumer prefer-
ence specification a new parameter, say §, a random variable whose distri-
bution depends on wealth, cost, or both. The utility of a consumer is now
U(w) + 1 — 6t if he gets the good after a delay of ¢ units of time. The pa-
rameter § describes the consumer’s marginal waiting cost. An impatient con-
sumer (one with a high value of §) may decide against the public system if he
expects a long delay. By setting the delay ¢, the public supplier determines
the fraction of consumers within a wealth group or a wealth-cost group who
choose to wait for the good in the public sector.

2.3. Benchmark Optimal Rationing Policies with an Inactive
Private Market

For now suppose that the public sector is the sole provider. Consider the first
information regime where rationing is based on wealth. For a rationing rule

0, total consumer benefit from the public supply is fj(l —0(w)) f(w) dw
as each unit of consumption increases a consumer’s utility by one unit. The
consumer welfare index, which the public supplier maximizes, is

V(o) = /w U(w) dF—i—/w [1—-0(w)] f(w)dw. (3)

The rationing rule must satisfy the budget constraint

yf [1— 6(w)] f(w) dw < B, 4)

which says that the expected cost must not exceed the available budget.

* We restrict rationing rules to those that leave the functions 0 (w) f(w) and ¢ (w, ¢) f(w)
integrable, so that f”“ 0(x) f(x)dx and f”w ¢(x, ¢) f(x) dx at each ¢ are well defined for
w € [w,w]. We can restrict the public pravider to supply to either all or none of the con-
sumers within a wealth class or a wealth-cost class. Rationing schemes are then functions
that map [w, w] to {0, 1} and [w, w] x [¢, ¢] to {0, 1}. The general rationing functions can
now be interpreted as mixed strategies. For ease of exposition, we do not use the mixed
strategy interpretation.
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The determination of a rationing rule that maximizes (3) subject to (4)
is rather trivial. Any rationing rule that exhausts the budget is optimal. The
public supplier allocates the good to consumers without collecting any pay-
ment. Due to the separable utility function, the utility increment is indepen-
dent of w. Any rationing scheme that exhausts the budget results in the same
level of the welfare index, and is optimal.

Now we consider the second information regime, where rationing can
be based on wealth and cost. For a rationing rule ¢, the welfare index is

V<¢>sz (U(w) + 11— p(w. 1) f(w)g(c)dwde. (5

The rationing rule must satisfy the budget constraint

/C/w[l —¢(w,c)]c f(w)g(c)dw dec < B. (6)

By pointwise optimization with respect to ¢, the optimal rationing rule is
given by*

¢(w,c) =0 forc<c¢® and ¢(w,c) =1 otherwise,

where f([‘ c¢dG(c) = B.

The supplier has perfect information, and the optimal rationing rule is
based on a cost-effectiveness measure. Each unit of the good yields a fixed in-
crement of utility. The optimal rationing policy therefore supplies the good
to consumers if and only if their costs are below a threshold.

2.4. The Private Sector and Profits

There is a monopoly firm in the private sector; Cournot and perfect compe-
tition in the private sector will be discussed. For consumer (w, ¢), the private
firm observes the cost of providing a unit of the good to the consumer ¢, but
not his wealth w.

By setting a price p, the monopolist sells to those consumers with will-
ingness to pay higher than p. Obviously, the monopolist will not set a price
outside the range of willingness to pay 7. Setting a price p is equivalent to se-
lecting the wealth level of the marginal consumer w, where p = 7 (w). By the
strictly monotonicity of t, consumers with w’ > w have 7(w’) > t(w), hence
are willing to pay p = t(w) to purchase the good. The function 7 is like a
demand function; we simply restate the common principle that a monopolist
may choose equivalently between a price and a quantity while respecting the
demand function. It is more convenient to let the firm choose the quantity

*The Lagrangean is U(w) + [1 — ¢] + A[B— (1 — ¢)¢], and its first-order derivative with
respect to ¢ is —1 4 A¢, which is strictly positive if and only if ¢ is larger than a threshold,
say, ¢'.
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or the marginal consumer w by setting the price 7 (w). A quantity function
is denoted by @ : [¢, ¢] = [w, w].

We present the profit functions under the two rationing rules. First, sup-
pose that rationing is based on wealth. At cost ¢ the density of consumers
available to the firm is 6 (w) f(w). At a price 7 (w), consumers with wealth
higher than w will buy, and the profit is

w(w;c,0) =/w9(x)f(x)dx[‘l:(w)—c]. (7

Here, the integral is the total quantity purchased, and 7 (w) — ¢ is the price-
cost margin. Second, suppose that rationing is based on wealth and cost. At
cost ¢ the density of consumers available to the firm is ¢(w, ¢) f(w). At a
price T (w), consumers with wealth higher than w will buy, and the profit is

7 (w; ¢, @) =/ ¢ (x, ¢) f(x) dx [T(w) — c]. (8)

2.5. Interaction between the Public and Private Sectors

We study the following games and look for their subgame-perfect equilibria:

Stage 1: Nature draws (w, ¢) according to the distributions F' and G, respec-
tively, for each consumer. The private firm observes ¢. The public
supplier observes either w, or both w and ¢.

Stage 2: In each information regime, the public supplier chooses a rationing
rule, 6 or ¢, and the private firm chooses a quantity function w.

Stage 3: Consumers supplied by the public sector get the good for free, and
consumers not supplied by the public sector may purchase from the
private firm at prices set in Stage 2.

3. Equilibrium Rationing and Prices When Rationing
is Based on Wealth

We begin with the private firm’s profitmaximizing prices and consumers’
utilities. Then we present an equilibrium in which the public supplier uses
the entire budget on consumers with lower wealth levels. Next, we present a
continuum of equilibria, and show that the one we have presented is Pareto
dominant. Finally, we discuss some comparative statics on the budget, as well
as Cournot and perfect competition in the private market.

3.1. Profit-Maximizing Prices and Consumer Utilities

To characterize an equilibrium, we need to refer to a profit-maximizing
quantity function when the firm has access to all consumers. Let this function
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Figure 1: Quantity functions w™(c) and w (c).

be w™(c). Suppose that the public supplier rations all consumers, so in (7)
we set 0 (w) = 1 for all w. The function @™ : [¢,¢] — [w, W] is given by

w"(c) = argmaX/w J(x)dx[z(w) —c]. ©)

We assume that the profit function in (9) is concave, and that w™ (¢) is single-
valued. By the Maximum Theorem @" (¢) is continuous. We further assume
that as ¢ varies over [¢, ¢], the marginal consumers vary over a proper subset
of [w,w],sow < w"(¢) < w"(¢) < w. This requires that variation in wealth
is sufficiently large relative to variation in costs. The optimal quantity @" ()
is given by the usual marginal-revenue-equal-marginal-cost condition. The
quantity function @™ (¢) is strictly increasing. As marginal cost increases, the
optimal quantity is adjusted to achieve a higher level of marginal revenue.
This means setting a higher price and selling to less consumers.® By the con-
cavity of the profit function for any w > w" (c), the derivative of profit with
respect to w is negative:

% /‘w f(x)dx [t(w) —c] <0 for w>w"(c), anyc. (10)

The solid line in Figure 1 illustrates such a quantity function. We have
assumed that the budget is insufficient to cover all consumers at zero cost
(B < y). For a very small budget, the interaction between the public and

® The sign of the derivative of @™ (¢) is the same as the sign of the cross partial of fj f(x)
dx [t(w) — c¢], which is positive.



12 Journal of Public Economic Theory

private sector may be irrelevant. Suppose that the budget can only cover
some consumers with w < w”(¢). The private firm will never sell to these
consumers even if they are available because their willingness to pay is too
low. Any public supply to them will not lead to a price response from the
private firm. To rule out equilibria without any interaction between sectors,
we assume that the budget is sufficient to cover some consumers who may
purchase from the firm. This assumption is B > F(w™(¢))y. At the lowest
cost ¢, the firm sells to those with wealth above W™ (¢), so this assumption
says that the budget is sufficient to eliminate some consumers who otherwise
may buy from the firm.

Given a rationing rule 6, the private firm’s profit from selling to con-
sumers with wealth higher than w is in (7). Let w (¢) be the optimal quanti-
ties, and 7 (¢) the maximum profit:

w(c) = argmax 7w (w;c,0), (11)
w(c) =n(wsec,0), w €wc). (12)

For some rationing rules, there may be multiple quantities that maximize
profit, so w(c¢) is a correspondence. According to the Maximum Theorem,
the correspondence w(c) is upper semicontinuous. The profitmaximizing
price 7 (w(c¢)) may not be strictly increasing in cost ¢, although the maximum
profit is strictly decreasing, as the next lemma shows.

LEMMA 1: The maximum profit is strictly decreasing in c. Any selection from the
profit-maximizing quantities W (¢) = arg max,, 7 (w;c,0) is increasing in c. That
is, if ¢1 < co, then wy < wo, where wy € W(c1) and wy € W(co).

A best response is a selection from the profit-maximizing quantity cor-
respondence, and need not be continuous. Nevertheless, because it must
be (weakly) increasing, any point of discontinuity of @ (¢) must be an up-
ward jump (see also Figure 3). Because there is no risk of confusion, we
also denote such a (weakly increasing) selection by the notation w : [¢,¢] —
[w, w].

When will an equilibrium quantity function fail to be strictly increas-
ing? Suppose that the rationing rule specifies that 8 (w) = 0 for w < w, and
6(w) =1 for w > w. This rationing scheme supplies consumers (at zero
price) if and only if their wealth is below a threshold w; consumers with
w < w are not in the market. Let the cost threshold ¢ be defined by w™ (¢) =
w; see Figure 1. For ¢ > 7, the profitmaximizing quantity remains at w" (c).
At ¢ > ¢, the firm would not sell to those consumers with wealth below w
anyway. At ¢ <'¢, the profitmaximizing quantity function is constant at .
Lemma 1 says that the profitmaximizing quantity cannot rise as cost falls
below ¢. The firm has no available consumers with wealth below w, so the
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Figure 2: Consumer density under rationing scheme 6.

optimal quantity stays at @.° Under the rationing scheme, in Figure 1 the
optimal quantity function becomes the horizontal, dotted line when cost falls
below ©.

When will an equilibrium quantity function fail to be continuous? Sup-
pose that 6 (w) = 0 for w € [w1, we] where w < w1 < we < w,and 6(w) =1
otherwise. The public sector supplies only to consumers with medium
wealth. Figure 2 illustrates the density of consumers available to the pri-
vate firm. The profitmaximizing quantity function w(c) is in Figure 3. For
¢ < €1 Or ¢ > ¢9, the profitmaximizing quantity is unique. For ¢ € (¢y, ¢2),
the price remains constant because all consumers with wealth in [w1, we]
are supplied by the public sector. At cost ¢1, the firm makes equal amounts
of profit whether it charges a price 7 (ws) selling to consumers with w > wo,
or T(wp) selling to consumers with w between wy and w; and above ws.
Finally, some quantities may never be chosen; in Figure 3, the firm never sets
w(c) toany w € [wy, we).

We need to write down aggregate consumer utility given rationing
functions and quantity functions that are weakly increasing and possibly

®Any w < w yields a profit

Uwe(x)f(x) dx+f9(x)f(x)dx][r(w> —

w w

= |:fo" (%) dx:| [t(w) —c] < [[f" (%) dx:| [t(w) — ¢]

so setting w = w is optimal.
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Figure 3: The quantity function w(c) and its “inverse” T(w).

exhibiting upward jumps. Given a quantity function, w(c), rationed con-
sumer (w, ¢) buys from the private firm if and only if w > w(¢). In Figure 3,
this is the set above the graph of @ (c). It is more convenient to view the set
of purchasing consumers as one indexed by a function ¢ : [w, w] — [¢, ]
that is like an “inverse” of w. Define ¢(w) = sup {c : w > w(c)}; if there is no
¢ € [¢,c] such that w > w(c), setc(w) = ¢. Such a function ¢ is illustrated in
Figure 3 .

While the function w gives the wealth of the marginal consumer in terms
of his cost, the function ¢ gives the threshold cost level below which a con-
sumer with wealth w will buy at price 7 (w(c¢)). Whenever w is strictly increas-
ing and continuous, the function ¢ is its inverse. When @ is constant on an
interval, then ¢ exhibits discontinuities at the two ends of the interval. F inally,
c(w) becomes ¢ when the firm does not sell to consumer (w, ¢). Clearly ¢(w)
is increasing whenever its value is not ¢. The set of consumers who purchase
are those with (w, ¢) below the graph of ¢(w), and this differs from those
above the graph of w(¢) at most for a set of measure zero. Functions @ and
¢ are two equivalent ways of keeping track of consumer types who purchase
from the private firm.

Given a quantity function w (and its equivalent ¢), and a rationing
scheme 6, the welfare index V(60) is

/ [1-6(w)] f(w)[U(w)+1]dw
B T(w)
- {U(w—t(w(c))) + 1} g(c) de
+ [Coww | dw.  3)
“ +f U(w)g(c) de

T(w)
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In this expression, the first term is the utility of consumers supplied by the
public sector. The second term is the utility of rationed consumers. The top
integral inside the big square brackets is the utility of consumer (w, ¢) buying
from the firm at price t(w(c)), while the bottom integral is the utility of
consumers who do not buy. The welfare index can be simplified to

V(o) =/ [U(w) + (A =6(w))] f(w)dw

w T(w) R
—I—/ 0(w) f(w) [/ {U(w—r(w(c)))+l—U(w)}g(c)dci|dw,
- | (14)

where the first term is the base utility U(w) plus the increase of utility from
public supply, and the second term is the consumer incremental surplus
from the private market.

3.2. An Equilibrium: Rationing Rich Consumers

An equilibrium is a pair of rationing and quantity functions (6, w) that are
mutual best responses. That is, § maximizes aggregate consumer utility sub-
ject to the budget constraint given quantity function w, and @ maximizes
profit for every ¢ given 6. We first present an equilibrium in which consumers
are rationed if and only if they are rich, and in which the firm chooses the
quantity function w(c¢) in Figure 1. This is a means-test equilibrium: con-
sumers are supplied if and only if their wealth is low.

PROPOSITION 1: The following is an equilibrium. The public supplier rations
all consumers with wealth above a threshold w® and supplies all consumers with
wealth below w”: 6 (w) =1, w > w and 0 (w) =0, w < w’. The threshold w*
exhausts the budget and is given by FF (w®)y = B. The private firm sets the price to
the monopoly price when cost is above a threshold c*, defined by W™ (c*) = w®, and
to a fixed price T (w®) when cost is below c©.

We explain the intuition for Proposition 1. First, when discussing the
property of @ (¢) in Figure 1, we already show that it is the profitmaximizing
quantity function when the rationing policy is the one in Proposition 1.
Hence, the firm’s quantity function in Proposition 1 is a best response.

We now explain why the rationing policy is a best response. To compute
aggregate consumer utility, we apply the quantity function in the Proposition
to (14). First, for ¢ > ¢ we let the inverse of " be ¢”; this takes the role
of Tin (14): for w > w”, consumer (w, ¢) buys at (@™ (c)) if ¢ <" (w).
Second, for ¢ < ¢, " takes the value ¢ rationed consumers with wealth

below w” never buy because the firm never sets a price below 7 (w?).
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Under rationing policy 8, aggregate consumer utility is

/[U(w)+(1—9(w)>]f(w)dw

ot

- [U(w —1t(w")) +1—U(w)] g(c)dec
+ /He(w) “ o) f(w) dw.
+/ [U(w—1(@"(c))) +1—U(w)] g(c)dec (15)

-E

The welfare index is described as follows. The integral on the first line of (15)
is the sum of the base utility U(w) plus the utility increase from the public
supply. The second line is the private market incremental surplus of rationed
consumers. Only rationed consumers with wealth above w” will buy from
the private market. For these consumers, if their costs are below ¢”, they
purchase at price t (w®), and obtain the incremental surplus in the integral
with limits between ¢ and c”; if their costs are above ¢”, they purchase at
price T(w™(c)) if their costs are below ¢”(w), and obtain the incremental
surplus in the integral with limits between ¢ and " (w).

A rationing policy 6 is a best response if it maximizes (15) subject to
the budget constraint (4). We consider the trade-off in rationing a consumer
with wealth w. The benefit of rationing a consumer is the saving of expected
cost y, a constant. The cost of rationing a consumer depends on the con-
sumer’s wealth level. If w is below w”, this consumer does not buy from the
private market, so the cost is one unit of utility due to nonconsumption. If
w is above w’, this consumer may gain some incremental surplus from the
private market (the second line in (15)), so the cost of rationing him is less
than one unit of utility. Rationing a rich consumer is less costly precisely be-
cause the rich consumer has the opportunity to buy from the private market.
Therefore, it is optimal to ration richer consumers, those with wealth above
wh.

This equilibrium is similar to many practical schemes in which poor con-
sumers receive free supplies while the rich do not, but this means-test equi-
librium is not due to an equity concern. The public supplier selects among
consumers with different wealth levels to participate in the private market.
Wealthy consumers realize larger gains in trade in the private market, so
they are rationed. The private market fully anticipates that poor consumers
are unavailable, so even when cost decreases, the equilibrium price stops
falling.

3.3. Characterization of a Continuum of Equilibria

In this subsection, we characterize all equilibria. We will show that in equi-
librium the firm’s quantity function is the monopoly quantity function for
consumers with cost higher than a threshold, and a constant otherwise, but
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this threshold must be higher than the one in Proposition 1. In equilibrium
the public supplier must ration rich consumers, but may also ration some
poor consumers.

To characterize the equilibrium rationing policies, we let the public sup-
plier choose the net density of rationed consumers 6 f, and impose the re-
quirement that 0 < 0 f < f. The consumer welfare index (14) is linearin 6 f,
and for each w its first-order derivative with respect to 6 f is

oV T (w)

qa7 =) (Uw-t@@)+1-U@)gode=1.  (16)

This expression measures the change in aggregate consumer utility at wealth
level w. It is the expected incremental surplus from consumer with wealth w
buying from the firm (the integral) less the unit incremental utility of con-
sumption at zero cost. We establish a monotonicity in the supplier’s prefer-
ences.

LEMMA 2: The first-order derivative 387‘} in (16) is increasing in w. It is strictly
increasing in w € [w), we] unless c(w) = c for each such w.

Lemma 2 says that the public supplier favors rationing the consumer
over supplying as the wealth level increases. This is a basic principle in our
model. Prices in the private market depend on cost, so consumer (w, c)
gets more surplus from a trade at price t(w(¢)) as w increases: U(w —
(w(c))) + 1 — U(w) is increasing in w. The public supplier’s marginal util-
ity from rationing, (16), is strictly increasing in w for consumers who buy
from the firm. When consumers do not buy from the firm, there is no in-
cremental surplus, so the integral in (16) is 0, and the derivative in (16)
becomes —1, independent of w. Lemma 2 does not take into account the
budget, the consideration of which is our next step.

Against a quantity function w(c¢) (and the corresponding¢(w)), the pub-
lic supplier chooses 6 f to maximize (13) subject to the budget constraint (4).
Using pointwise optimization, we consider the Lagrangean

T(w)
- U(w - T(w(c))) + 1} g(e) de
o(w) f(w) |7
—i—/ U(w)g(c)de
T(w)

+ [ =0(w)] f(w) [U(w) +1] = Aly (1 =0(x)) f(x) — B],

where A is the multiplier. The first-order derivative of the Lagrangean with
respect to 6 f is

T(w)
%J”V Z/ {Uw—1(@ () +1 = Uw)} g(c)de — 1+ Ay. (17)
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From Lemma 2, the first-order derivative of the Lagrangean is strictly increas-
ing in w whenever some consumers with wealth less than w purchase from
the private market.

LEMMA 3: In any equilibrium, the public supplier rations consumers with wealth
above a threshold w. That is, in an equilibrium there is W < W such that 6 (w) =1
Jfor w > w.

Given the limited budget, some consumers must be rationed. There is
always some scope for trade for rationed consumers at the private market
because a consumer’s willingness to pay is higher than the lowest cost. Now
once there is some trade by rationed consumers, wealthier consumers get
more incremental surplus. If it is optimal to ration a consumer ((17) posi-
tive at w), then it is also optimal to ration consumers richer than him ((17)
strictly positive at w’ > w).

Lemma 3 is consistent with the public supplier rationing some poor con-
sumers in equilibrium. If the firm does not sell to very poor consumers,
there is no incremental surplus for them. The first-order derivative (17) be-
comes —1 + Ay, independent of w. In fact, when the value of (17) is 0, the
public supplier is indifferent between rationing a consumer and supplying
him. We can use this indifference to select various rationing rules to support
equilibria.

LEMMA 4: In any equilibrium, the private firm sets a constant price when cost
Jalls below a threshold T. That is, in an equilibrium there is ¢ < ¢ such that w(c) is
constant for ¢ <'C.

Lemma 4 says that an equilibrium quantity function must become a con-
stant when cost is sufficiently low. An equilibrium quantity function w(c) is
always increasing, and there must be some interaction between the two sec-
tors because the budget satisfies B > F(w" (¢))y. If w(c¢) is strictly increasing
at low costs, similar to the solid line in Figure 1, the incremental surplus is
higher for wealthy consumers. The public sector supplies poor consumers
and rations wealthy consumers. When the poor consumers have been taken
out of the market, it is no longer profitmaximizing for the firm to reduce
price when cost becomes low. This is inconsistent with an equilibrium func-
tion being always strictly increasing at low costs.

The last two lemmas establish the form of an equilibrium, but do not pin
down the exact strategies. Besides the equilibrium in Proposition 1, we can
construct many equilibria exhibiting properties in Lemmas 3 and 4. Take
the cost and wealth thresholds ¢* and w” in Proposition 1, and change the
equilibrium rationing policy there to

O(w)=1 for w<w<w+e

O(w) =0 for wH+e<w<wh+3$
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Figure 4: Equilibria in which some poor consumers are rationed.

O(w)=1 for wf+8<w<w,

where € > 0 and § > 0 are both small numbers.

In this rationing rule the supplier shifts some resources from those with
wealth just above the lowest value w to those consumers with wealth just
above w”. Figure 4 shows the density of consumers available to the private
firm in such an equilibrium.

Values of € and § can be so chosen that the new scheme satisfies the
budget: B =y [F(wf +8) — F(w +¢€)]. Against this rationing scheme, the
private firm sets a quantity function equal to @w"(c) for ¢ > ¢* + 75 and
w™(cf +n) for ¢ < ¢ +n, where ¢* is the cost threshold in Proposition 1,
and n > 0 satisfies 0" (¢ +1n) = w” +34.

In this equilibrium, the public supplier gives the good to some con-
sumers with wealth slightly higher than w”, but rations consumers with
wealth close to the lowest level. These rationed consumers have such low
willingness to pay that the firm will not reduce price to sell to them even
when cost is lowest. Furthermore, because consumers with wealth slightly
higher than w” are now supplied by the public, the private firm’s price will
not fall all the way to 7 (w”). In Appendix A, we provide a formal proof for
this equilibrium.

Infinitely many equilibria can be constructed in a similar fashion. As long
as the private firm does not find it profit-maximizing to reduce price to sell
to consumers with low willingness to pay, a quantity function like the one in
Figure 1 remains a best response. In all these equilibria the public supplier
rations some consumers with low wealth, but must ration all consumers with
wealth above a threshold.
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The equilibrium in Proposition 1 is focal. This is the one that achieves
the highest welfare index for the public supplier. This is because it has the
widest range of price reduction as cost decreases. The equilibrium also allows
the private firm to make the highest equilibrium profit. Any equilibrium dif-
ferent from the one in Proposition 1 would have fewer transactions in the
private market.

PROPOSITION 2:  The equilibrium in Proposition 1 achieves the highest equi-
librium consumer utility, and the highest equilibrium profit for the private firm.
In any other equilibrium, the public supplier sets 0 (w) =1, for w > W°, where
w’ > w® (defined by F(w®)y = B in Proposition 1) and the firm sets a price equal
tot(w™(c)) for ¢ > ¢, and a price equal to T (W) for ¢ < ¢°, where w™ (¢*) = w*
and T > ¥ (defined by w* = W™ (") in Proposition 1).

How are consumers’ utilities affected by the public supply and the price
reaction in the private market? In Proposition 1, consumers with wealth
above w” are rationed, where y F(w?) = B, and the firm’s equilibrium prices
range between 7 (w) and 7 (w”). Suppose that the budget increases by AB,
then w?® will increase by Aw®, where yF(w® + Aw®) = B+ AB, so the
minimum price in the private market becomes higher. In Figure 1, the new
equilibrium is obtained by shifting the dotted horizontal line upward. An
increase in the budget will be used in equilibrium to supply consumers
with wealth just above w” so available consumers in the private market
are wealthier, and the firm reduces its price less when cost falls. Define
Act by 2" (cf + AcP) = wP + Aw”. Consider consumers with wealth above
w? + Aw”, those that remain rationed after the budget increase. They still
are offered the monopoly prices when their costs are above ¢ + Act, so
their utilities remain unchanged, but those with costs below c? + Acf face
a higher price t(w” + Aw”) although all of them still prefer to purchase.
Wealthy and low-cost consumers are hurt by the budget increase, while more
poor consumers benefit.

COROLLARY 1: Under rationing based on wealth, private market equilibrium
prices are higher when the public supplier’s budget increases. Consumers who remain
rationed after the budget increase face a strictly higher price when their costs are low.

We have assumed a monopolistic private sector. The extension to an im-
perfectly competitive sector poses no conceptual problem. For our model of
a homogeneous good, we consider a Cournot model. Let there be N firms in
the private sector. Given a rationing scheme 6, let each firm choose a quan-
tity function q; (¢), where i = 1, ..., N. The total supply is ¢ (¢) = Z,\:l qi(c).
For the market to clear the marginal consumer is w (¢) where f@w(c) 0 (w) f(w)
dw = ¢(c), and the price in the private sector is T (w(¢)). All results derived
above continue to hold for any given number of firms in the private sector.
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Next, we can extend our model to the case of a perfectly competitive
private sector. Here, the price in the private sector is marginal cost: T (¢) = ¢.
Given this pricing function, the corresponding quantity function w(¢) is im-
plicitly defined by U(w — ¢) + 1 = U(w). Lemma 2 can be applied to this
quantity function. Because the perfectly competitive quantity function is
strictly increasing, the derivative (17) is strictly increasing for all values of
w. Lemma 3 continues to hold. In sum we have the following.

COROLLARY 2: Ifthe private market is perfectly competitive so that prices are equal
to marginal costs, the public sector uses the entive budget on consumers with low wealth
levels: 0 (w) = 0, for w < w?, and 6 (w) = 1, for w > w® where F(w®)y = B.

4. Equilibrium Rationing and Prices when Rationing
is Based on Wealth and Cost

In this section we let the supplier observe both wealth and cost informa-
tion. A rationing policyis ¢ : [w, w] x [¢,c] — [0, 1]. Suppose that the firm
observes that a consumer’s cost is ¢, the density of consumer available to
the private firm is ¢(w, ¢) f(w). If it sets a price 7(w), the total mass of

consumers purchasing is ffd)(x, ¢) f(x) dx, and the profit is

/ 6 (x. ¢) f(x)dx [t (w) — c]. (18)

We use the same notation and let @ (¢) maximize profit (18).

Consider a rationing function ¢ : [w, w] X [¢,¢] — [0, 1] and a quan-
tity function w: [¢,c] — [w,w]. Consumer (w, c) buys from the pri-
vate firm if and only if U(w — t(w(¢))) +1 > U(w). Therefore, when
the supplier rations consumer (w, ¢), that consumer obtains a utility
max [U(w — t(w(c))) + 1, U(w)] from the private sector. Aggregate con-
sumer utility from a policy ¢ is

fcfw{tp(w, o)max[U(w — t(w(c))) + 1, U(w)]

+ 1 = ¢(w, )I[U(w) + 11} f(w) g(e) dw de. (19)

Our next Proposition reports that in the unique equilibrium the public sup-
plier’s allocation rule depends only on consumers’ cost level. Consumers are
supplied the good if and only if their costs are lower than a threshold, irre-
spective of their wealth levels. The rationing rule based on w and ¢ is the
same as the optimal allocation without a private sector.

PROPOSITION 3: If the public supplier rations consumers based on wealth and
cost information, the equilibrium rationing function is identical to the optimal ra-
tioning function when the private sector is inactive. In the equilibrium, consumer
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(w, ¢) is rationed when his cost is above a threshold ¢* > ¢, and supplied when his
cost is below ¢*. That is, ¢(w, c) =1 for ¢ > ¢*, any w, and ¢(w, ¢) = 0 other-
wise, where f ;‘ ¢ d G(¢) = B. The private firm chooses the monopoly quantity W™ (c)
for ¢ > ¢*, and w(c) =7w for ¢ < c*.

When the supplier observes wealth and cost information, a standard cost-
effectiveness principle applies. If the cost is too high relative to the benefit,
the consumer should not be given the good. Now the availability of the pri-
vate supply to high-cost consumers does not alter this principle. Next, con-
sider low-cost consumers. The cost-effectiveness principle points against ra-
tioning. However, some wealthy and low-cost consumers may obtain a higher
surplus from the private sector if the price is low.

Might the public supplier want to ration them, and allow them to get the
surplus from the private market? Proposition 3 says that this cannot happen
in equilibrium. Consider the marginal consumer (w, ¢); he pays a price 7 (w)
in the private market and obtains a zero incremental surplus. Now if his cost
is low, the public supplier prefers to allocate the good to him, giving him a
positive incremental surplus. By continuity, the supplier also assigns the good
to those with wealth slightly above w, eliminating these consumers from the
private market. Given that rationed consumers are richer, the best response
by the private firm is to raise the price. This unravelling continues until the
private firm raises the price to 7(w). In an equilibrium, it is as if low-cost
consumers did not have a private option, so the supplier provides the good
to them.

Proposition 3 is consistent with practical cost-effectiveness policies. We
have used a standardized benefit of one unit of utility increment from the
consumption of the good. Therefore, Proposition 3 should be understood
to say that in equilibrium only consumers with sufficiently low costs per unit
of benefit will be supplied. This is indeed what most public programs aim to
achieve.

In contrast to the regime when rationing is based on wealth information
only, here consumers are not hurt by public supply. An increase in the bud-
get, say by A B, will raise the value of ¢*, say by Ac’, so more consumers bene-
fit from public supply. The price schedule will not change. Those consumers
who remain rationed after the budget increase face the same monopoly price
schedule. Let w" (¢’ + Ac¢®) = w*® + Aw®. The prices for consumers with cost
above ¢’ + Ac¢* now range between 7 (w* + Aw*) to T (w), the same as before
the budget increase.

COROLLARY 3: Under rationing based on wealth and cost, rationed consumers
face the same equilibrium prices when the budget increases.

Clearly, Proposition 3 applies directly to Cournot competition in the
private market. Equilibrium rationing when the private market is perfectly
competitive is a little different. Here, some low-cost and wealthy consumers
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Figure 5: Optimal rationing in a competitive private market.

may be rationed. When the private market is competitive, prices are given by
marginal costs, 7(¢) = ¢. The consumer welfare index is

/C/w{tﬁ(w, ¢)max[U(w —¢) + 1, U(w)]
+[1—¢(w, ) 1[U(w) + 11} f(w) g(c) dw dc. (20)

COROLLARY 4: Suppose the private market is competitive so that prices are equal to
marginal costs. The public sector rations all conswmers with cost above a threshold. For
those consumers with costs below the threshold, the public sector supplies a consumer
iof and only if his wealth is below a value that is determined by his cost. That is,
¢(w,c) =1 for ¢ >7TP, some ¢’ > ¢ and any w; ¢p(w,c) =1 for ¢ <¢? and
w > w(c) wherethe function w is implicitly defined by U(u — ¢) — U(n) +Ac =0
Jor a constant A > 0; otherwise, ¢ (w, ¢) = 0.

Corollary 4 is illustrated in Figure 5. The upward sloping line w (¢) is the
marginal consumer given marginal cost pricing. The line above w(¢) is the
function u defined in the Corollary.” Consumers with cost ¢ < ¢ and wealth
between w(c¢) and u(c) strictly prefer to purchase the good at cost, yet the
supplier will assign the good to them for free. Wealthy consumers, those with
w > u(c), are rationed even when their costs are below ¢7.

For consumers with costs higher than ¢?, it is not cost effective to sup-
ply them. The logic in the first part of the proof of Proposition 3 applies.
For those with costs lower than ¢”, the logic in Proposition 3 applies with

"By definition, U(w(¢) — ¢) + 1 = U(w(c)). Now because ¢ < ¢, we have 1 > Ac. It fol-
lows that the value of p that satisfies U(u —¢) +1 = U(un) + (1 — Ac) must be greater
than @ (c). We have drawn p to be negatively sloped, but it does not have to be.
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one modification. Cost consideration alone warrants the allocation. Never-
theless, wealthy consumers obtain higher incremental surplus from the pri-
vate market. The condition in Corollary 4 can be rewritten as

Upu—c)+1=Uu)+1-—Ac.

The left-hand side expression is the utility of a consumer with wealth @ buy-
ing from the competitive market; the right-hand side expression is the social
net benefit, where X is the multiplier of the budget constraint and Ac¢ mea-
sures the utility equivalent of cost ¢. If w > p(c¢), the consumer gets more
utility from the private market than the social net benefit from the good,
so will be rationed. In contrast to Proposition 3, there is no unravelling of
equilibrium price best responses in the private market.

4.1. Equilibrium Consumer Utilities in Rationing Regimes

We now compare equilibrium consumer utilities across the two rationing
regimes in terms of the budget B. For this comparison, we do not need any
restriction on the size of the budget,® so we let 0 < B < y. For rationing
based on wealth, we take the equilibrium in Proposition 1, and let V¥ (B) de-
note consumers’ equilibrium utility. For rationing based on wealth and cost,
we take the equilibrium in Proposition 3, and let V*“(B) denote consumers’
equilibrium utility.

PROPOSITION 4: Equilibrium consumer utility under rationing based on wealth
is strictly less than equilibrium consumer utility under rationing based on wealth and
cost.

The following are expressions for V*(B) and V**(B):

Vi (B) = / U(w) f(w) dw + F(w®)

- [c‘[U(w—t(w”))—Fl— U(w)1g(c) de
+ / : T (w) f(w) dw,
h +/: [U(w—1t(@0"(c))) +1—U(w)lg(c) de

ywe (B) — /1l/ U(w)f(u)) dw + G(CS)

+ /{/ [U(w —t(@"(c))) + 1= U(w)] f(w) dw} o(0) de.

wom (()

Both V¥ and V¥¢ contain the base utility “ U(w) f(w) dw. In V¥, the con-
sumption utility from public supply is F(w®); in V¢, itis G(c¢*). Each con-

sumer gets one unit of utility from consumption, and F(w®) and G(¢*) are

w

8 Propositions 1 and 3 do not use the assumption that B > F(w" (¢)y.
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the masses of supplied consumers in the two equilibria. Under the budget
B, we have F(w)y = f” ¢ dG(c¢) = B. For any B between 0 and y, ¢’ <,

4
SO f;\ ¢ dG(c) < yG(c*), and G(¢*) > F(w”). Cost-effectiveness allows the
public supplier to provide the good to more consumers.

The remaining, double integrals in V* and V"¢ are consumers’ incre-
mental surplus in the market in each equilibrium. Consider a consumer
(w, ¢). If he participates in the market under wealth-based rationing, he pays
the price 7 (w®) or T (@™ (c)). If he participates in the market under wealth-
cost rationing, he pays the price t(@"(¢)). If ¢ < %, T(w?) > T(@W"(c)),
the consumer pays a higher price under wealth rationing. If ¢ > ¢?, the con-
sumer pays the same price. Conditional on participating in the market, a
consumer’s incremental surplus is higher under wealth-cost rationing. Nev-
ertheless, the sets of consumers who trade in the private market may be dif-
ferent in the two equilibria.

An increase in the budget has two effects on the values of V¥ (B) and
V©¢(B). The first is that public supply increases, so ¢ and w” increase. This
is a first-order effect. Also, this effect is always stronger under wealth-cost
rationing: G(c¢*) > F(w®). The second is that incremental surplus in the pri-
vate market is affected. The double integrals in V*(B) and V*°(B) depend
on ¢* and w”. Nevertheless, consumers are making optimal decisions, so the
impact of B on the incremental is of second order.

Clearly, when the budget is 0, equilibria across the two regimes are the
same because the public supplier must ration all consumers. When the bud-
getis y (the expected cost), all consumers can be supplied in both regimes.
Hence, we can conclude that V¥ (0) = V*°(0), and V¥ (y) = V¥“(y). Now
when B starts at 0, because G(¢*) > F(w”), we must have V*°(B) increasing
faster than V¥ (B), so V¥“(B) > V¥ (B), which is then maintained through
the range 0 < B < y.

In our games, the public supplier and the firm move simultaneously.
Generally, more information need not benefit a player in games with si-
multaneous moves. Nevertheless, Proposition 4 says that rationing based on
costs allows a much better use of limited resources than rationing based on
wealth. Providing the good to those with a low cost-benefit ratio generates
the largest benefit for a given budget. Cream-skimming in the private sec-
tor does not change the superiority of cost-effectiveness over means-testing
rationing. Proposition 4 yields the policy implication that obtaining cost in-
formation is worthwhile.

5. Concluding Remarks

We have introduced a framework for studying strategic interactions between
public and private sectors. In our model, the public sector uses nonprice
rationing and the private sector uses a pricing rule. We derive equilibria
when rationing is based on consumers’ wealth or both wealth and cost
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information. Equilibria do look like common rationing schemes: means-
testing and cost effectiveness schemes. Prices in the private sector are high
because rich or high-cost consumers seek services there.

Our model can be adapted for studying monetary subsidies and their
effects on pricing in the private sector. It can also be used for studying qual-
ity differences between the public and private sectors. Appendix B reviews
some of the possible issues for more general model specifications. While we
believe that our results are robust against small changes in model specifi-
cations, extending the model to include the general specifications may be
worthwhile.

Finally, we have assumed a fixed budget for the public supplier. Extend-
ing the model to an endogenous budget is straightforward. Given a bud-
get, our model yields equilibrium outcomes in Propositions 1 and 3. More-
over, the equilibrium values for the consumer welfare index can be obtained.
Once the social cost for the budget is specified, the optimal level for the bud-
get can be studied.

Appendix A

Proof of Lemma I: For ¢; < co, let wy € W(c1) and wg € W(ce). Because the
profit function 7 (w; ¢, 6) in (7) is strictly decreasing in ¢, we have 7 (c1) >
7 (we; ¢1, 0) > 7w (wo; co, 0) =T (¢2). Hence, the maximum profit function
7 (¢) is strictly decreasing in c.

Next, by the definitions of w; and w9, we have

w

/ 0(w) f(w) dw [t(w1) — 1] z/ 6(w) f(w) dw [t (ws) — 1]

w] w9

/ 6(w) f(w) dw [t (ws) — ¢s] z/ 0(w) f(w) dw [t(w1) — es.

wy

9

Adding these two inequalities yields

/w@(w)f(w) dw [es — 1] = 0,

wq

which says that we must be at least wy since 6 (w) > 0. W

Proof of Proposition 1: In the discussion following the proposition, we already
show that the private firm’s strategy is optimal against the public supplier’s
rationing policy. It remains to show that the public supplier’s policy is opti-
mal, and this is equivalent to showing that the public supplier’s strategy in the
proposition solves the maximization of (15) subject to the budget constraint
(4). We use pointwise optimization to find the solution of this constrained
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optimization problem. Furthermore, for convenience, we let the choice be
the function 6 f, and impose the boundary conditions, 0 < 6 f < f.
For w < w”, the Lagrangean is

L=U(w)+ (1—-0(w)) f(w) +A[B—y(l—0(w)) f(w)].
For w > w?,itis

L=U(w)+ (1—-6(w))f(w)+A[B-y(l—6(w))f(w)]
/6 [U(w —t(w®)) +1—U(w)] g(c) de
+1°¢ 0 (w) f(w).

T (w)

+/ [U(w—t(@"(c))) +1—U(w)] g(c) de

E
For w < w”, the firstorder derivative of L with respect to 6 f is

oL

For w > w?, the first-order derivative of L with respect to 8 f is

oL _ 140
00/ 4

/[‘[U(w —r(wE)) +1—=U(w)] g(c) dc

N © (A2
+/ [U(w—t(@"(c)))+1—U(w)] g(c) de

E

We set A at 1/y, and verify that the rationing policy in the proposition to-
gether with this A satisfy conditions for the solution of the constrained opti-
mization problem. Indeed, at A = 1/y, the value of (Al) is 0, so it is optimal
to set 6 (w) to 0, and the value of (A2) is strictly positive, so it is optimal to
set 6(w) to 1. This is the rationing policy in the proposition. Furthermore,
by the definition of w”, the budget constraint is satisfied. Finally, if A were
different from 1/y, the budget constraint is either slack or violated. There is
no other solution for which A #1/y. W
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Proof of Lemma 2: Consider w and ws with w; < wy. Evaluating (16) at w;
and wy and then taking the difference, we have

aVv Vv
aef w=wy 80f w=w)

T(wy)
:/ {{U(ws — t(w (c)))

— U(wr — (@ ()] = [U(ws) — U(w1)1} g(e) de

¢ (ws)
+ﬁ( UG = 7@ () + 1= Ul g de =0 (ay

The inequality in (A3) follows from the concavity of U, and ¢ being in-
creasing whenever ¢(w) # ¢. Finally, (A3) is zero if and only if ¢(w;) =
T(wy) =c. N

Proof of Lemma 3: Let w* =inf{w : 8 (w) > 0}. Due to the limited bud-
get, the public supplier must leave some consumers to the private sector,
so w* < w. Because 7(w) > ¢, the firm must sell to some consumer, say,
w > w*, so ¢(w) must be higher than ¢. By Lemma 2, the first-order deriva-
tive of the Lagrangean with respect to 6 f must be strictly increasing in w for
w > w. Since O(w) > 0, the firstorder derivative (17) must be nonnegative
at w, and for any w > w, the value of (17) must be strictly positive, and
O(w)y=1. N

Proof of Lemma 4: Let w(c) be an equilibrium quantity function. This is in-
creasing by Lemma 1. First, if ¢ = ¢, the Lemma is vacuously true, so we let
‘¢ > ¢. Suppose that the Lemma is false. That is, suppose that for some ¢ <,
w (c) is strictly increasing for all ¢ < ¢ < ¢. The firm sells to w(c), so all con-
sumers within [@ (¢), w(¢)] must be rationed with positive probabilities. This
means that the first-order derivative (17) of the Lagrangean at ¢ must be
nonnegative. Furthermore, @ (¢) strictly increasing implies that ¢(w) > ¢ for
all w in [w(¢), w(¢)]. By Lemma 2, the first-order derivative (17) must be
strictly increasing at any w in [w (¢), w (¢) ], and therefore strictly positive for
all w > w(¢). The public supplier rations all consumers with wealth above
w(c).

The budget is then allocated to all consumers with w < w(¢). The
budget satisfies B > F(w"(¢))y, so w(¢) > w™(c¢). For € > 0 and arbitrar-
ily small, we have w(c+ €) > w" (¢ + €) because w(c) > w"(c). The deriva-
tive of the profit function f: f(x) dx [t(w)—c—¢€] at w=1w(c+e€)
is negative by (10), so setting w below w (¢ + €) is feasible and yields a
higher profit. This contradicts the assumption that w (¢ + €) maximizes
the firm’s profit. We conclude that there must be ¢ < ¢ such that w(c) is
constantforc <c. W
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Proof Rationing Rule in Figure 4 Constitutes an Equilibrium: Given the rationing
rule, for ¢ > ¢* + 5, the profitmaximizing price is T (@" (¢)), and profit is

w

/ () dx [2(@"(0)) = )
1’[7'"((:)

There are no consumers with wealth between w + ¢ and w” + §, so price

remains at 7 (w” + 8) when cost reduces from ¢ + 1 to 7 (w + €). For costs

below 7 (w + €), the firm must drop the price below 7 (w + €) to sell to con-

sumers with w between w and w + €. For w < w + €, the profitis

w+e w

S(x) dx [t (w) —c] + S(x)dx [t (w) — c]
w wf+§
If the firm does not sell to consumers with wealth between w and w + €, it
sets the price at T (w? + §), and profit is

w

f(x) dx [t(w" +8) — ]
wh 4§
Setting the price at t (wh +8) yields higher profit because t (wf +8) > t(w)
when w < w < w + € and ¢ sufficiently small. We conclude that the price
remains at 7 (w? + §) when cost falls below ¢ + 7.

The rest of the proof is similar to that of Proposition 1. Given the firm’s
strategy, at w < w® + 8, the Lagrangean of the public supplier’s optimization
has a zero derivative, while at w > w” + § it is strictly positive. It is optimal
for the public supplier to ration all consumers with w > w” + 8. For w <
w? + 8, any rationing policy is optimal, so we choose the one in Figure 4. We
can choose € from an open set to construct a continuum of equilibria. W

Proof of Proposition 2: In any equilibrium, the budget constraint y [ (1 —

u

0(x)) f(x)dx < B must hold as an equality. The equilibrium in Proposition
1 supplies those with wealth between w and w”, where F(w")y = B, so
O(w) =0 for w < w® and O(w) =1 for w > w®. Consider any other equi-
librium. Here, the supplier must ration some consumers with wealth be-
low w” because the budget constraint must hold. Hence, for this equilib-
rium the threshold w* at which 6 (w) = 1 for w > @’ must be strictly higher
than w”.

Let ¢ be defined by @™ (¢°) = w*. Clearly, ¢° > ¢ because @™ is strictly
increasing and @’ > w”. We now show that the firm’s equilibrium price is
(W™ (¢%)) for ¢ < T°. Atw < w*, the firstorder derivative of the Lagrangean
(17) must be nonnegative; if that derivative was negative, then 6 (w) = 0,
which would violate the budget constraint. Because 6 (w) = 1 for w > w°’, the
value of (17) is positive for all w > w’. Therefore, by Lemma 2, for w < w*
the value of (17) must be exactly zero and ¢(w) = ¢ for w < w*. Because
6(w) = 1for w > w* the equilibrium quantity must be w” (¢) for ¢ > ¢*, and
remains constant at w™ (¢*) for ¢ < ¢°.
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From ¢ <7 and #° > w?, by comparing the values of (13) across the

equilibrium in Proposition 1 and the alternative, we conclude that the sup-
plier’s payoff is higher in the equilibrium in Proposition 1.

Finally, consider the equilibrium price function in Proposition 1 and
any other equilibrium price function. The cost threshold is ¢* in Proposi-
tion 1, and ¢* in the other, where the prices remain constant at (@™ (cP))
and t(w™(¢’)) respectively when cost falls below these thresholds. The
private firm sets the same price and sells to the same set of consumers
when ¢ > ¢, making the same profit in the two equilibria. Now for ¢ <
¢, in the equilibrium in Proposition 1, the firm could have set a price
at T(w™(¢*)) and sell to fewer consumers but has chosen to set a lower
price at t(@w™(¢)) or (@™ (¢?)). Therefore, the firm makes more profit at
¢ < ¢ in the equilibrium in Proposition 1. We conclude that the private
firm makes the largest equilibrium expected profit in the equilibrium in
Proposition1. W

Proof of Proposition 3: In an equilibrium, the public supplier chooses ¢ to
maximize (19) subject to the budget constraint (6), given a quantity function
w(c). Consider pointwise maximization at each (w, ¢). The Lagrangean is

{¢(w, c) max [U(w — t(w(c))) + 1, U(w)]
+[1 = ¢(w, )] [U(w) + 11} f(w)g(c)
FALB = ¢(1 = d(w, ¢)) f(w)g(e)]. (Ad)
The first-order derivative of (A4) with respect to ¢ fg is
max [U(w —t(w(c))) + 1, U(w)] — [U(w) + 1] + Ae, (A5)

where A > 0 is the multiplier.
Given a quantity function, if consumer (w, ¢) prefers to purchase from
the private firm, the expression in (Ab) becomes

U(w —t(w(c)) — U(w) + Ac. (A6)
Otherwise, the expression in (A5) becomes
-1+ Ac. (A7)

When U(w — t(w(c))) + 1 > U(w), the value in (A6) is larger than (A7).

Consider all consumers (w, ¢) who do not purchase from the private
firm. Now the first-order derivative is given by (A7), which is strictly increas-
ing in ¢. Furthermore, if —1 4 A¢ > 0, then the expression in (A6) is also
strictly positive.

Now we claim that in an equilibrium expression (A7) must not be always
strictly positive. Suppose not, then —1 4 A¢ > 0 for all ¢, and therefore, the
first-order derivative (Ab) is always strictly positive. The supplier rations all
consumers so that ¢ (w, ¢) = 1 for all w and ¢. This implies that the supplier
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does not use its budget, and this cannot be optimal. We conclude that there
must exist ¢ > ¢ such that (A7) vanishes at ¢ = 7.

Now, whenever ¢ > ¢, —1 4+ Ac > 0 so the first-order derivative (Ab) is
strictly positive. We conclude that ¢ (w, ¢) =1, all ¢ > ¢ and any w.

Next, consider ¢ < ¢. The value of (A7) is strictly negative for ¢ < ¢. For
w<w(c), Ulw—1t(w(c))) +1 < U(w) so that (A5) takes the value of (A7)
which is strictly negative. We conclude that ¢ (w, ¢) = 0.

In equilibrium the budget must be exhausted. From the above proper-
ties of ¢, we must have ¢ = ¢ where B = f;”‘ g(c)dc. Furthermore, we have
A =1/¢* because at ¢ = ¢*, (A7) vanishes. -

We now show that the firm’s quantity function in the Proposition is the
unique equilibrium strategy. Clearly, for ¢ > ¢*, the firm choosing W™ (¢)
is the unique best response. The proof is complete if for ¢ < ¢* the firm’s
unique equilibrium strategy is w(c) = w. Suppose not; that is, suppose that
for ¢ < ¢*, w(c) <w. Now at w =w(c), U(w —1(w(c))) +1 = U(w), so
that the derivative (Ab) is negative. For € > 0 and sufficiently small, U(w +
€ —t(w(c)) — U(w+¢€) + Ac <0, so that the derivative (A5) remains neg-
ative, and ¢ (w + €, ¢) = 0. Now given that at ¢, consumers with wealth
between w = w(c) and w = w(c) + € are supplied by the public sector, the
private firm will raise the price from 7 (w(c)), or equivalently raise the equi-
librium quantity function from w(¢). This contradicts the assumption that
w(c) < w is an equilibrium quantity function. We conclude that for ¢ < ¢*,
w(c)=w. N

Proof of Corollary 4. First, set 7(w(c)) to ¢ in the proof of Proposition 3.
It follows that ¢(w, ¢) =1 for ¢ > ¢?, some ¢ > ¢. Now consider ¢ < ¢’.
For those consumers (w, ¢) who do not purchase from the private sector,
¢(w, c) =0.

Consider consumer (w, ¢), ¢ <¢?, and U(w — ¢) +1 > U(w), so that
this consumer purchases from the private sector at cost ¢. Setting 7 (w(c))
to ¢ in (A6) yields the first-order derivative of the Lagrangean with respect

to ¢,
U(w —c¢) — U(w) + Ac, (A8)

where A > 0 is the multiplier for the budget constraint. Expression (A8)
is negative at ¢ < ¢ and w = w(c¢). Hence, if there exists w’ > w(c) such
that U(w' —¢) — U(w') + Ac > 0, then ¢(w’, ¢) = 1. The function wu(c)
in the corollary is implicitly defined by setting the first-order derivative
(A8) to 0. MW

Proof of Proposition 4: The function V¥ (B) is the maximized consumer utility
in the equilibrium in Proposition 1. By the Envelope Theorem, the derivative
of V¥ is the partial derivative of the corresponding Lagrangean with respect
to B, which is the multiplier. From the proof of Proposition 1, this multiplier
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isl/y:
dvy(B 1
J S (A9)
dB y
which is a constant, so that V¥ (B) is linear in B.
Similarly, from the Envelope Theorem:
dV©ve(B) 1
_— =, (A10)
dB ¢’

where ¢*, given by f;j ¢ dG(c¢) = B, is the reciprocal of the multiplier of the
Lagrangean in the proof of Proposition 3.

Now, ¢* is a strictly increasing function of B. Therefore, the deriva-
tive of V¥ in (Al0) is strictly decreasing in B, and V** strictly concave.
Together with V¥ (0) = V*“(0), and V¥(y) = V¥“(y), we conclude that
VP (B) < V*(B)for0O<B<y. 1

Appendix B

In this appendix, we discuss the general, nonseparable utility function, the
situation where benefits may depend on costs, and the possible correlation
between wealth and costs.

B.1. General Utility Function

If we use a general utility specification, the willingness-to-pay function is
implicitly defined by U(w — t, 1) = U(w, 0). From total differentiation, we
have

aU
dr %(W,O)

oU ’
—(w—r1,1)
dw

The willingness—to-pay function is increasing if the goods are complements
aw Y(w,1) > zm U (w, 0)) but may still be increasing even when they are sub-
stitutes (%(w, 1) < aw Y(w,0)).

Consider first optimal rationing based on wealth. The welfare in-
dex is f" [1—-6(w)]U(w,1) dF—i—f;'/Q(w)U(w 0) dF. When the private
market is inactive, the optimal rationing rule maximizes the welfare in-
dex subject to the budget constraint. The Lagrangean is [1 —6]U (w, 1)+
O0U(w,0) +A[B— (1 —6)y], and the first-order derivative with respect to 0
is —=U(w, 1) + U(w, 0) 4+ Ay. This first-order derivative is increasing in w if
and only if wealth and the good are substitutes. In this case, the public sec-
tor supplies the good to consumers with low wealth, so that 8 (w) = 0 if w is
below a threshold, and 6 (w) = 1 otherwise.
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When the willingness-to-pay function is increasing and when the optimal
rationing rule favors consumers with low wealth levels, our arguments in Sec-
tion 3 apply. Results in Section 3 will have to be modified if the two goods
are strong substitutes because then the public supplier may ration poor con-
sumers.

Next, consider rationing based on wealth and cost. We can again derive
the optimal rationing scheme when the private sector is inactive. The first-
order derivative with respect to the rationing probability ¢ is —U(w, 1) +
U(w, 0) + Ac, which is strictly increasing in ¢, and strictly increasing in w if
and only if wealth and the good are substitutes.

Define (w*, ¢*) by —U(w*, 1) + U(w*, 0) + Ac* = 0. If wealth and the
good are substitutes, the optimal rationing rule sets ¢ (w, ¢) = 0 if and only
if w < w* and ¢ < ¢*. If they are complements, the optimal rationing rule
sets ¢ (w, ¢) = 0 if and only if w > w* and ¢ < ¢*. In either case, the optimal
cost-effectiveness rule assigns the good to low-cost consumers.

In sum, the separable utility function is convenient. We have abstracted
from secondary wealth effects due to the consumption of the good. In any
case, when the consumption of the good results in small changes in marginal
utilities of income, our results may continue to hold.

B.2. Benefits Dependent on Costs

Now we return to the separable utility function, but allow the consumer’s
benefit to vary with ¢. Let B8(c) be the benefit from the consumption of the
good for consumer (w, ¢). When the public supplier does not observe cost,
the expected value of (c¢) is used in computing optimal rationing policies.
Our results regarding the public supplier’s response against a private market
quantity function remains valid.

Now suppose that the supplier has both wealth and cost information.
The standard cost-effectiveness comparison will be modified as follows. If the
private market is inactive, the comparison is between B(¢) and the shadow
cost Ac where A is the multiplier of the budget constraint. The optimal ra-
tioning rule assigns the good to consumers where 8(¢) — Ac > 0. When B is
concave, this means that low-cost consumers will be supplied by the public.

The private firm’s profitmaximizing strategy is more complicated. The
willingness to pay t for consumer (w, ¢) is given by U(w — 1) 4+ B(¢) =
U(w). Now t depends on w and ¢, and is increasing in both arguments.
At cost ¢, if the firm sets a price p, the demand is qu(wyﬂ) dF(w) and the
profitis [p — c] qu(w,(_) dF(w). Profits may not be monotone, and may well
be increasing in ¢; prices may not be monotone in cost either. The proofs
do rely on monotonicity, and results may have to be modified. Nevertheless,
our results in Sections 3 and 4 should continue to hold when the benefit
function B(c¢) is approximately a constant.
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B.3. Correlation Between Wealth and Costs

The case of correlated wealth and costs shares the same issues as those in
benefits dependent on costs. First, for the public supplier observing only
wealth, we will have to consider the conditional distribution G(¢|w), and the
conditional expected costs y (w) = f ¢ dG(c¢|w). The budget constraint (4)

becomes f;ﬂ y(w)(1 —0(w)) f(w) dw < B. The first-order derivative with re-
spect to 0 f becomes —1 + Ay (w). Hence, if the conditional expected cost
y (w) is increasing in w, the public supplier rations the rich consumers, and
the converse is true if y (w) is decreasing in w. Second, the case of rationing
by the public supplier observing both wealth and cost is unaffected by any
correlation. The public supplier already observes both benefit and cost in-
formation, and applies the cost-effectiveness principle.

The private firm’s profit function is now [1 — F(w]|¢)][t (w) — ¢], where
F(wlc) is the conditional distribution of w given ¢. The profit function may
not be decreasing in ¢ and the profit-maximizing price may not be increasing
in ¢. For example, suppose that w and ¢ are negatively correlated. Then if
the firm observes consumers with low costs, then these must be relatively
wealthy consumers and the firm sets a high price. Again, prices may not be
monotone in general, and our results may have to be modified. Nevertheless,
prices decreasing with costs seem unrealistic. When prices are increasing in
costs, our results in Sections 3 and 4 should be valid.
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