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Key points

e Subglacial drainage networks are modeled in two dimensions through a combination of
physical and geostatistical methods.

e Bayesian inference is used to retrieve channel networks that honor water pressure and
tracer-transit times within a framework of uncertainty.

e Expected channel network physical characteristics are captured for each water recharge
scenario.

Abstract

Characterizing subglacial water flow is critical for understanding basal sliding and processes
occurring under glaciers and ice sheets. Development of subglacial numerical models as well as
acquisition of water pressure and tracer data have provided valuable insights into subglacial
systems and their evolution. Despite these advances, numerical models, data conditioning and
uncertainty quantification are difficult, principally due to high number of unknown parameters
and expensive forward computations. In this study, we aim to infer the properties of a subglacial
drainage system in two dimensions using a framework that combines physical and geostatistical
processes. The methodology is composed of three main components: (i) a channel generator to
produce networks of the subglacial system; (ii) a physical model that computes pressure and
mass transport in steady state; and (iii) Bayesian inversion in which the outputs (pressure, tracer-
transit times) are compared with synthetic data, thus allowing for parameter estimation and
uncertainty quantification. We evaluate the ability of this framework to infer the subglacial
characteristics of a synthetic ice sheet produced by a physically-complex deterministic model,
under different recharge scenarios. Results show that our methodology captures expected
physical characteristics for each meltwater supply condition, while the precise locations of
channels remain difficult to constrain. The framework enables uncertainty quantification and the
results highlight its potential to infer properties of real subglacial systems using observed water
pressure and tracer-transit times.
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1 Introduction

Subglacial water flow processes, which take place at the base of glaciers and ice sheets,
play a crucial role in ice flow dynamics [e.g.: Cuffey and Paterson, 2010; Iken, 1981], bedrock
erosion [e.g.: Herman et al., 2011; Koppes et al., 2015], catchment hydrology [e.g.: Verbunt et
al., 2003], and potential hazards such as glacial outburst floods [e.g.: Huss et al., 2007]. As
climate change occurs, temperature and precipitation patterns are altered, which affects glacier
dynamics, with ultimately wide-ranging consequences such as a reduction of fresh water storage
and sea level rise [e.g.: Benn and Evans, 2010]. The processes that occur at the ice-bedrock
interface are still poorly understood because of the difficulty to observe and quantify subglacial
systems.

Subglacial hydrological systems have been conceptualized as a combination of two main
types of drainage systems: a distributed slow system and a channelized efficient system
[Fountain and Walder, 1998]. Distributed slow drainage can occur as a water sheet or film flow
[Weertman, 1972], as flow through linked cavities [Kamb, 1987; Walder, 1986], or through
permeable sediments, while efficient drainage corresponds to a fast-flowing channel network
formed during periods of high discharge. Channelized drainage occurs either through conduits
melted into the base of the ice, known as Rothlisberger (R) channels [Rothlisberger, 1972], or
through channels incised into the bedrock or sediments [e.g.: Nye, 1976]. It is recognized that
channels are often formed by a combination of ice melting and sediment/bedrock incision
[Gulley et al., 2014]. The relative contribution of the distributed versus channelized systems has
a strong impact on the distribution of water pressure in subglacial systems. During winter, low
water fluxes at the glacier bed combined with ice creep result in channel closure. Consequently,
the late-winter configuration is often described as a slow and inefficient system. During spring
and summer, greater amounts of meltwater imply an enlargement of the channels. During
transition periods a sudden increase in meltwater discharge might surpass the capacity of the
channelized system, thereby, increasing the water pressure and causing abrupt acceleration in ice
motion [Schoof, 2010], until channels become large enough to accommodate the discharge.

Several types of data provide insights into the temporal evolution of subglacial systems
[e.g.: Gulley et al., 2014; Nienow et al., 1996]. These include tracer-transit times measured
throughout the day [e.g.: Schuler et al., 2004] and at different periods of the year [e.g.: Chandler
et al., 2013]; water-pressure measurements in boreholes drilled into the glacier {e.g.: \Schoof,
2014 #191;Hubbard, 1995 #142;Rada, 2018 #263}; and the analysis of seismic tremor produced
by water flow in the channels [Gimbert et al., 2016]. Only in a few instances have scientists been
able to directly access subglacial systems via moulins or crevasses to acquire direct observations
in parts of the channel network [Gulley et al., 2012].

As most of the above data are indirect, numerical models have been increasingly used to
study subglacial systems. One of the first models, proposed by Shreve [1972], was based on the
premise that subglacial channels follow the gradient of the hydraulic potential on the glacier bed.
Recent models have included the spontaneous formation of channels and subsequent switching
from a distributed to a channelized flow regime and vice versa. Channels and cavities are
described such that they are able to open through wall melting or open/close by ice creep, and
water flow is computed according to the Darcy-Weisbach law for turbulent flow [Hewitt, 2011;
Schoof, 2010; Werder et al., 2013]. While basal drainage models can reproduce many types of
subglacial physical processes, they suffer from an absence of direct and independent data for
calibration [Flowers, 2015]. Moreover, the geometry of the subglacial drainage systems is an



81
82
83
84

85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106

107
108
109
110
111
112
113
114
115
116
117
118
119
120
121

122
123
124
125

Confidential manuscript submitted to Journal of Geophysical Research: Earth surface.

emergent property of the modelled process when considering advanced physically based model
[Schoof, 2010; Werder et al., 2013], which makes it difficult to perform uncertainty
quantification and data conditioning, chiefly because of the need for multiple repeated
simulations using very time-consuming simulation tools.

Similar challenges exist when modeling karstic systems that can be seen as analogues to
subglacial drainage systems [Covington et al., 2012]. It is difficult to map preferential hydraulic
pathways in karst systems, yet hydrogeologists have been able to improve their characterization
by incorporating geostatistical methods and inversion procedures [e.g.: Borghi et al., 2012;
Mariethoz et al., 2010; Rongier et al., 2014]. Geostatistical methods aim to characterize the
spatial behaviour of a variable by inferring statistical relationships in space. For example, Borghi
et al. [2012] presented a pseudo-genetic framework to generate karst conduits in a three-
dimensional regional model. At a smaller scale, Rongier et al. [2014] model realistic-looking
karst conduits by combining the observed conduit skeleton with Gaussian random fields. One of
the benefits of using geostatistical approaches compared to process-based models is that they
provide structure-imitating realizations at low computational cost. While uncertainty
quantification is important given the scarcity of observations, the large computing times of
process-based models can quickly overwhelm computational resources as Monte-Carlo
approaches require a considerable number of forward model runs [Linde et al., 2015]. In this
regard, combining geostatistical and inverse approaches has been successfully used for inference
of conduit geometry and data conditioning in karst aquifer models [e.g.: Borghi et al., 2016;
Vuilleumier et al., 2012]. Therefore, it is possible to distinguish two main approaches: adding
complexity to physically-based models as has been the trend in subglacial hydrology; or building
parsimonious geostatistical models, which offer limited physical insights but allow for practical
inversion approaches that enable data conditioning and uncertainty quantification, following
recent advances in karstic systems modelling. In this study, we explore the feasibility of the latter
approach in a subglacial context.

The aim of this paper is to develop and test a framework to infer channel network
geometr and hydraulic properties of subglacial drainage systems in two dimensions. The overall
proposed strategy is to build a channel generator, which is a geostatistical tool to produce prior
channel networks at low computational cost. These prior networks are evaluated against
observed data using a fast steady-state water flow model. Bayesian inference allows us to
retrieve the probability distribution of network parameters that are in agreement with the data.
Because of the typical data scarcity in such systems, the inverse problem is underdetermined and
does not have a unique solution [e.g.: Linde et al., 2017; Mosegaard and Tarantola, 1995]. As a
result, it is important to explore the model space and obtain an ensemble of parameters that
honour the observations. Such a probabilistic approach is different from optimization, in which
only one solution is sought and a rigorous assessment of uncertainty is often not possible. Note
that, although Brinkerhoff et al. [2016] used a Bayesian inference framework to explore the
uncertainty and covariance structure of the parameters of a spatially aggregated (1D) model for
glacier hydrology, the approach presented here differs in that we perform our analysis in 2D
using a model that combines physical and geostatistical approaches.

The proposed framework has three main components: 1) a geostatistical channel
generator, which combines geostatistical and physical processes to create channels; 2) a steady-
state water-flow and mass-transport forward model, and 3) a Bayesian inverse framework used to
condition water-pressure and tracer-transit-time observations in order to provide estimates of the
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model parameters and their uncertainties. To test our framework, we define a synthetic ice sheet
configuration under three different forcings extracted from the Subglacial Hydrology Model
Intercomparison Project (SHMIP) [De Fleurian et al., 2018]. To validate our model, we consider
as a reference the outputs produced by GLaDS [Werder et al., 2013] under identical forcing
conditions. This provides a scenario in which errors and uncertainties are controlled and
understood, which is necessary to test the capabilities of the approach. The GLaDS model is a
physically-based model, which accounts for channel and sheet system evolution. Therefore,
GLaDS outputs provide an ideal scenario to work towards an inversion of subglacial drainage
systems in 2D, as we can fully access the reference channel networks for comparison, which
would be impossible for real systems. Indeed, to date researchers have not fully explored or
mapped subglacial system that could be used for validation. The downside of using GLaDS as a
reference is that we implicitly assume that it is a good approximation of a real unobserved
system. In particular, it has been shown that GLaDS is mesh-sensitive [Werder et al., 2013],
resulting in additional uncertainty in channel locations. Nevertheless, we believe that the mesh-
dependency does not significantly affect the use of GLaDS in our case, because our framework
aims to identify characteristics related to the topology of the network as a whole, rather than to
match the exact location of individual channels.

2 Methodology

A specificity of our framework is that the channel network is not emerging from physical
rules. Instead, it is generated with a geostatistical process that is guided by physical constraints.
This allows us to produce a large number of channel models, which are thereafter used in the
inversion procedure to condition the networks to available observations of borehole water
pressure and tracer-transit times.

Our framework is divided into three components, which are illustrated in Figure 1. The
first component corresponds to the subglacial channel network generator, which is a
geostatistical tool that from a set of parameters (to be inferred) outputs a two-dimensional
channel network. This component is based on Shreve’s approximation [Shreve, 1972],
considering water pressure as a function of the ice overburden pressure, and provides the likely
location of channels. A radius for each channel segment is assigned based on a stream order. The
second component is the subglacial drainage water flow model, in which water pressure is
computed in the domain through a laminar/turbulent finite element flow model. This component
receives as input the previously generated channel network and computes steady-state water
pressure and tracer-travel-time. Finally, the third component is the inversion procedure, which
compares the simulated water pressure and tracer-transit times with observations through a
likelihood function. Depending on the computed residuals, it will propose new input parameters
to the subglacial channel network generator, until convergence. Each step is described in detail in
the following subsections. All constants, variables and units used in our modeling framework are
summarized in Table 1.

The model is framed in a two-dimensional domain where water flows according to the
fluid potential ¢, which is the total mechanical energy per unit volume, given by

¢ =¢;+pw. D
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Here, p,, is the water pressure, and the ¢, = p,,gB is the elevation potential with water density
pw, acceleration of gravity g and bedrock elevation B=B(x,y). The effective pressure at the
ice-bedrock interface is defined as:

N =p; — pw, 2)

with ice overburden pressure defined by p; = p;gH , where p; is the ice density and H=H(x,y)
is the ice thickness.

2.1  Subglacial channel network generator

The channel generator uses a combination of physical and geostatistical concepts to
create different types of networks, modulated by six free parameters. It is based on previous
studies that used Shreve’s hydraulic potential [Shreve, 1972] and routing algorithms to determine
the approximate location of the channel network [e.g.: Arnold et al., 1998; Chu et al., 2016;
Livingstone et al., 2015; Willis et al., 2012]. Additionally, we incorporate a stream order rule that
assigns channel radii following Borghi et al. [2016]. Within our inversion framework, the
networks are compared with observed data using a water flow model that produces water
pressure and tracer-transit times.

For the channel generator we consider Shreve’s approximation, i.e., with N = 0. Shreve’s
hydraulic potential ¢, = ¢¢(x,y) is obtained by combining equations 1 and 2:

¢s = pwgB + pigH. 3

In this paper we add a perturbation component ¢ = ¢r(x,y), which is a spatially
correlated random field, with the aim to add variability in order to enable creation of different
types of networks (equation 4). Note that ¢ does not represent a physical feature per se, but
rather can be seen as a spatially-correlated field that accounts for preferential hydraulic
pathways, such as cavities or basal crevasses that could influence the channel network structure.
This term is modeled as a two-dimensional multivariate Gaussian random field ¢ having
integral scales I, and |, that represent the correlation distance along each axis. As a result, the
perturbed hydraulic potential ¢,* becomes:

¢s" = pwgB + pigH + Pp. €
Starting from equation (4), our channel generation algorithm consists of three main steps
(Figure 2): (a) generate ¢," by adding a perturbation component to the hydraulic potential
assuming N = 0; (b) compute the channel network; and (c) assign channel radii and hydraulic
parameters. These steps are implemented using Matlab and several functions of the Topotoolbox
2 library [Schwanghart and Scherler, 2014].

In step (a) (Figure 2a), ¢, is computed over the domain using equation (3), and ¢y is
generated according to the FFT-MA approach and structural deformation technique {Hu, 2000
#184;Hu, 2004 #204;Le Ravalec, 2000 #226}. For this, we select: a mean, a variance, the
integral scales which measure the correlation distance in space in the x-y axis (Ix and |y), a
Gaussian covariance model and a uniform white noise or uncorrelated uniform random field.
Structural deformation makes it possible to gradually vary the integral scales Ix and |, (Figure 3).
All realizations of ¢, rely on the same white noise, implying that the positions of the high and
low features remain at similar locations regardless of I, and ly. Initial tests (not shown) suggested
that changing the white noise for a fixed Iy and I, did not greatly influence the overall topology of
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the network, whereas changing the values of I, and I, was found to have a strong impact on the
topological structure of the network (e.g., arborescent, long parallel channels, rectangular, etc.).
For example, a given set of I, and |, values may result in a network of long parallel channels with
a well-determined sinuosity, regardless of the white noise considered (Figure 3d). Indeed, the
white noise defines the location of channel turns and intersections, but not the overall topological
properties of the network. Here, we aim to infer the Iy and I, values that correctly describe the
topology of the channel network, regardless of the exact position of channelized features. Once
¢r has been generated, we add it to the hydraulic potential to obtain the perturbed hydraulic
potential ¢¢"(x,y), denoted ¢," for simplicity. From this point, similar to Arnold et al. [1998]
and Chu et al. [2016], the hydraulic potential is treated as the digital elevation model of a
subaerial catchment to obtain preferential hydraulic pathways.

In step (b) (Figure 2b), the channel network is generated. For this, ¢* is pre-processed to
ensure connectivity of the channels. This is done through removing sinks by filling internally
drained basins, at a later stage the routing algorithm proposes the centerline for filled flat areas.
In addition, no-flow boundary conditions are imposed on the sides of the ice sheet. This is done
by temporarily creating an outside boundary of higher hydraulic potential. Then, the flow
direction is computed using the D8 algorithm [O'Callaghan and Mark, 1984]. Previous work
computed Shreve’s hydraulic potential up-stream or up-glacier area for each cell, in order to
identify the most likely channel locations [e.g.: Arnold et al., 1998; Chu et al., 2016]. Here we
compute the flow accumulation, which provides for each cell the sum of the up-stream water
recharge (assuming steady-state and mass conservation). The water recharge is prescribed
considering a distributed homogeneous water input to represent basal melt and punctual recharge
for moulins. Note that for a homogeneous distributed water recharge (with no moulins) the up-
stream area equals the flow accumulation normalized by the recharge input. From this point, we
extract a network where the accumulated water is over a threshold (c), which is modelled as
channels.

In step (c) (Figure 2c), a radius r is assigned to each channel section of the network. We
assume that channel radii increase downstream and depend on a hierarchical stream order (u;)
and two parameters (a and b) to be determined during the inversion. We use a modified version
of Shreve’s stream order [Borghi et al., 2016; Shreve, 1966], where the upper branches are first
given a number equal to the accumulated flow at this point. Then, the stream order is computed
downstream by adding the accumulated flow from tributaries (Figure 2c). Finally, u; is
normalized by dividing all values by the highest accumulated value (the lowest channel section).
Once the stream order u; has been obtained, parameters a and b are used to transform the stream
order into a channel radius using equation (5), where a is a linear scaling factor, and b controls
the relative difference between the radii upstream and downstream:

r(u;) = ae%d. ()

Additionally, a rejection rule is introduced to avoid channel radii larger than a maximum
value, which is not deemed realistic. In this study we use a maximum of 15 m. Furthermore, a
transmissivity value Ty is assigned to the distributed system, which is represented as a
homogeneous layer. To finish, a finite element mesh is generated that represents the distributed
and channelized systems. It consists of a set of 2D quadrangular elements representing the
distributed system and whose corners are the black dots in Figure 1c. Using the shared nodes
(white dots in Figure 1c), an additional set of 1D elements is generated which represents the
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channelized system. The nodes that are in common between channelized and distributed systems
ensure that both systems behave in a coupled way.

The approach described above enables generating a variety of channel networks
presenting different geometric and hydraulic characteristics. To summarize, the networks depend
on six parameters: the integral scales Iy and ly; the channel threshold for the accumulated flow c;
a and b that transform the hierarchical stream order to channel radii; and the transmissivity of the
distributed system T4. Note that there are no spatial constraints regarding the channel locations,
besides moulins that signal the channels’ starting points. If a channel location is known (e.g.,
outlet position), further conditioning could be achieved by extending the gradual deformation
method at the cost of extra parameters [Hu, 2000]. Figure 3 presents several examples of channel
networks plotted on top of ¢,. The channel networks were generated using basal and moulin
recharge for a synthetic ice sheet. Figures 3a-b have isotropic ¢ with different integral scales.
Figures 3c-d have anisotropic ¢, and Figures 3e-f show the influence of parameter ¢ for the
densification of the channels. In the figures, the channel width (blue lines) is proportional to the
radius. Note that moulins may become disconnected if parameter c is set to a very low value
(e.g.: Figure 3e).

2.2 Subglacial drainage systems water flow model.

The subglacial drainage system water flow model computes water pressure and tracer-
transit times in the domain for a channel network realization. The model is framed in a two-
dimensional domain where water movement in the subglacial drainage systems is controlled by
the gradient of the hydraulic potential ¢. In equation 1, p is unknown and thus determined in
the inversion. Water flow is computed under steady-state conditions for a fixed channel
geometry and distributed system. Note that we do not consider transient melt-opening and creep-
closure of the channels [e.g.:Werder et al., 2013].

The distributed system is modeled as a two-dimensional equivalent-porous-medium
layer, and is discretized in uniformly sized quadrangle elements. Water mass conservation
assuming incompressibility and pressurized flow is given by the volume conservation equation

V-q=m, (6)

with g corresponding to the flux, and m to a prescribed source term. Laminar flow is considered
under the assumptions of a non-deformable porous medium:

q=-TqVe, )

with Ty the transmissivity of the distributed system, and V¢ the gradient of the hydraulic
potential. Inserting Eq.(7) into EQ.(6) results in a linear, elliptic equation for ¢. Note that other
studies have modeled flow in the linked cavity system using the Darcy-Weisbach law, which
represents turbulent flow [Flowers, 2015; Werder et al., 2013].

The channel network is modeled using one-dimensional cylindrical elements of radius r,
which are coupled to the distributed system. As mentioned above, we assume that under steady-
state flow, the channel opening and closing terms balance and, therefore, are not considered.
Similarly, water mass conservation assuming incompressibility and pressurized flow is given by

V-Q=m, 8
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with Q the water flow and the derivative taken along the channel axis. In equation (8), the time
derivative term of the channel cross-sectional area is not included as it is zero due to pressurized
flow and a temporally fixed channel cross-sectional area (Eq.(5)). The discharge Q is computed
using the non-linear Manning-Strickler law for turbulent flow

Q = —-KVg, 9
with
a(T/)?3
- nEn/2|37¢|’ (10)

where K corresponds to the channel hydraulic conductivity, with a circular cross-section a=nr?,
nm is the Manning friction coefficient [Cornaton, 2007]. Inserting equations (10) and (9) into (8)
leads to a non-linear, elliptic equation for ¢.

Both components of subglacial drainage systems (channels and distributed systems) are
coupled by using a finite-element mesh with shared nodes, assuming continuity of the pressure
field [Cornaton, 2007]. This allows water and mass exchanges between the distributed system
and channels and vice-versa driven by the pressure gradient. This type of coupling has been used
in previous subglacial models, for example Schoof [2010], Hewitt [2011] and Werder et al.
[2013]. Following such previous work, our model is set up with prescribed water recharge and
boundary conditions, such that the bedrock is considered impermeable and the discharge at the
outlet is modeled as a fixed pressure (Dirichlet) boundary condition set to atmospheric pressure.
Along the rest of the boundary we impose no-flow (Neumann) conditions. The flow equations
are solved using the finite element code GROUNDWATER [Cornaton, 2007].

As transient mass transport is computationally expensive, we compute transit time using
a particle-tracking method based on the advective velocity field obtained from the water pressure
field. From an injection point (e.g., moulin), the advective velocity along the particle path is
integrated to obtain the transit time. If a particle reaches a channel, it then follows the channel
until the outlet.

2.3 Inversion procedure

We use Bayesian inversion to obtain channel networks that are conditioned to
observations of water pressure and tracer-breakthrough-curves. Our goal is to determine the
combination of model parameter values m = [a, b, c, Tq, Iy, ly] describing the network that are
able to reproduce the observed data.

The previous sections have described how, starting from a set of model parameters, we
can simulate pressure and mass transport in the domain. This is typically referred to as the
forward problem, often represented in geophysics and hydrogeology as dsin=g(m), where m is
the vector of model parameters, g(m) is the corresponding forward response, and dsim
corresponds to the simulated values (water pressure and tracer-transit times) [Mosegaard and
Tarantola, 1995]. In the forward setting, the input parameters m are known and are mapped to a
particular set of model outputs dsim. Solving the inverse problem amounts to finding values for m
such that the outputs dsm match the observations dops to within a prescribed margin of error.
Given the typical data scarcity and measurement errors, geophysical and hydrogeological inverse
problems are often underdetermined, meaning that many different sets of model parameters can
explain the data. One general framework to solve such inverse problems is to use a probabilistic
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inverse approach based on Bayes’ theorem [e.g.: Linde et al., 2015; Mosegaard and Tarantola,
1995]:

p(m|d) « p(d|m)p(m), (11)

where the left-hand term corresponds to the distribution of the model parameters m conditioned
to the data d, or posterior distribution. According to Bayes’ theorem, the posterior distribution IS
proportional to the product of the likelihood L(m|d) = p(d|m), which describes how likely it is
that a proposed model gave rise to the observed data, and the prior p(m), which corresponds to
the assumed distribution of model parameters before consideration of the data. The log-
likelihood is often used, denoted £(m|d). Assuming independent Gaussian observation errors, the
log-likelihood function is given by [Rosas-Carbajal et al., 2014]:

2

e(mid) = —%log 2m — 3log (T, o) — 3 Tk, (£2-2) (12)
where n corresponds to the number of observations and o; IS the standard deviation of the
observation errors. In practice, oj incorporates not only measurement errors, but also attempts to
account for structural and epistemic errors. The observations in this case correspond to water
pressure and tracer-transit times. The error variance for the pressure is considered absolute, that
is, oj IS not dependent on the value of the measurement. However, for tracer-transit times we
considered o; = € d;, where € is the relative error as it is expected that longer transit times will
present larger error variances than shorter transit times.

The posterior distribution is estimated using a Markov-chain-Monte-Carlo (MCMC)
approach, which generates samples proportionally to the posterior probability of occurrence. The
procedure consists of: 1) Choosing an arbitrary starting point meq from the prior distribution; 2)
Proposing a new model mye, by perturbing the current model using a symmetric proposal
distribution; 3) Rejecting or accepting the model with probability [Mosegaard and Tarantola,
1995]:

Paccept = min{1, exp[£(my,,|d) — f(rnoldld))]}- (13)

If the new model is accepted, then set muew=moiq. Otherwise, the Markov chain remains
at the current point mgjg.

Steps 2-3 are iterated until enough samples are computed to represent the posterior
distribution. The posterior distribution is computed based on the last 30% of the chains to leave
out the burn-in period. Convergence is assessed by the Gelman-Rubin statistic [Gelman and
Rubin, 1992], which compares the posterior distribution for all the parameters of different
MCMC chains for the same inversion configuration. The smaller the difference between the
posterior distributions, the smaller is the Gelman-Rubin statistic. Generally, it is consider that the
posterior reaches convergence when the Gelman-Rubin statistic is smaller than 1.2 [Rosas-
Carbajal et al., 2014]. One of the challenges of using this approach is to define an appropriate
symmetric proposal distribution to move from mgqg to Mpew, as it greatly influences the
computational performance of the inversion and the number of iterations needed to reach
convergence. To this end, we use an adaptive MCMC algorithm: DREAMzs) [Laloy and Vrugt,
2012]. This algorithm uses multiple parallel chains and an adaptive proposal distribution based
on an archive of past states. This enables fast convergence without compromising ergodicity
properties.
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3 Model setting and context

To test our model in a controlled setting, we apply it to a synthetic configuration based on
SHMIP from Werder et al. [2017]. SHMIP provides a series of synthetic subglacial settings with
diverse recharge scenarios that enables the comparison of subglacial models. From this, we
selected as our reference the outputs generated by the subglacial drainage model GlaDS [Werder
et al., 2013]. Note that GlaDS represents channels as emergent features of physical processes,
such as channel opening by melt and closing by ice creep, which are not considered in our
model. Nevertheless, outputs of GLaDS correspond to steady-state simulations where the
difference between the opening and closing terms is small. In addition, GLaDS uses the Darcy-
Weisbach law to model the water flow whereas we use the Darcy law in the distributed system
and the Manning-Stickler law for the channels. Even though GLaDS is a state-of-the-art process-
based model, it does not represent the real complexity of subglacial drainage systems and issues
still need to be addressed (e.g.: mesh sensitivity). This is discussed in Section 5. This setting
enables us to evaluate whether our methodology allows us to infer a channel structure and
hydraulic properties that were generated by a much more complex model involving processes
that are not explicitly taken into account in our formulation. Water pressure data and tracer-
transit times are extracted from the GlaDS simulations, which constitute the synthetic data set.
By using a synthetic case, we are able to explore different recharge conditions, different amounts
of data, and quantify uncertainty against a fully known reference, which is currently not available
for real glacier systems.

All test cases have identical geometries and boundary conditions: a rectangular domain of
20 km by 100 km with an ice sheet geometry consisting of a flat bedrock and an ice sheet
elevation approximated with a parabolic function varying with the distance to the glacier snout.
As a result, the ice thickness increases from zero at x=0 to 1521 m at x=100 km. No-flow
boundary conditions are imposed on the three inner boundaries and a fixed pressure boundary
condition is set to atmospheric pressure at the x=0 boundary. The model is discretized in 2D
square finite elements of 500 x 500 m that form the distributed system. Channels are represented
by 1D elements along the edges of the square grid elements. Channels are not allowed to cross
no-flow boundaries. All models are run in steady-state to compute pressures and tracer-transit
times.

Three recharge scenarios are considered herein: A4, A5 and B3 (keeping the names used
in SHMIP). Scenario A4 has a relatively low basal recharge of 2.5x10° m s™ (equivalent to 50
m?® s on the entire domain); A5 has a high recharge of 4.5x10® m s™ (90 m® s%); B3 has a basal
recharge of 7.93x10™ m s™ (0.1586 m® s™') and additionally a punctual recharge at 20 moulins
(Figure 4a), totaling 90 m® s™ (4.5 m*® s™* for each moulin). Each scenario has associated water
pressure measurements and tracer travel times extracted from GLaDS (Figure 4a and

Table 2). We also designed scenarios with different amounts of data to test the influence
of data availability, which are presented in the supplementary material.

Because of the absence of moulins in scenarios A4 and A5, tracer is injected at the
locations denoted by a green circle in Figure 4a. As basal recharge is homogeneous and, as noted
previously, we do not attempt to infer the exact location of the channels (but rather the network
structure), therefore tracer injection point is moved to the closest channel within a radius of 1
km. With this, we aim not to force and bias the network structure to condition it in some specific
location. If no channel passes within this distance, the tracer is injected in the distributed system,
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which can result in a large delay in the transit times. For case B3, injection is done in the moulins
marked with a green circle in Figure 4b.

For the subglacial channel generator, we generate ¢, using zero mean and a variance of
0.49 MPa. This value was chosen empirically based on a sensitivity analysis (not shown), that
established that this is value is enough to influence the structures of the networks. Note that the
hydraulic potential varies from 0 to ~15 MPa in the upper part of the ice sheet. For this case of
flat bedrock and idealized ice sheet geometry, a small variance in ¢ is enough to influence
channel orientation.

For the inversion procedure, the variance of the synthetic data errors for the log-
likelihood function (eq. 11) has to be defined. Because field observations have shown that water
pressure in nearby boreholes can show dissimilar behavior [Hubbard et al., 1995; Schoof et al.,
2014]. Also, we need to account for the differences in the physics assumed in this model and in
the reference model from GLADs. These suggest that a large variance in water pressure should
be considered. For this, we choose a value of 0.5 MPa. Similarly, for the tracer-transit times we
consider a relative error equivalent to the 20% of the observed tracer-transit time.

The prior distributions of the model parameters are uniform and log-uniform within
bounds, as summarized in Table 3.

4 Results: Inversion of subglacial drainage systems

In this section, we first provide the results of the inversion for each water recharge
scenario (A4, A5 and B3), to finish with a section that compares these cases. The value of data
varying number of observational settings is presented in the supplementary material.

For each case, a total of 200,000 iterations were run. This number was chosen according
to our computational budget. We consider the posterior distribution based on the last 30% of the
chain, ensuring that the convergence criteria of the Gelman-Rubin statistic <1.2 has been met and
that enough independent posterior samples have been considered.

4.1  Distributed low recharge case (A4)

The inversion results for this case show a marked reduction in the uncertainty of model
parameters a, and Ty, as shown in the marginal probability density function (pdf) or the posterior
histogram of these parameters (the diagonal elements of Figure 5). For example, parameter Tg,
shows a narrow distribution around 10°% m? s™. Note that the prior ranges from 10 to 10°° m?
s™ and in Figure 5 the x-axis ranges from 10 to 10°°> m? s. The joint probability distributions
of each pair of variables are shown as density plots below the diagonal. It is important to note
that the prior distributions are uniform or log-uniform (Table 3). Therefore, a reduction in
uncertainty occurs when the posterior pdf takes on preferred values within these ranges. Case A4
has a distributed recharge; therefore, the narrow distribution of T4 confirms the importance of the
distributed system when most of the recharge is homogenously distributed. Another parameter
that shows significant uncertainty reduction is a (the linear scaling of the channels’ radii),
suggesting a value close to zero, which implies very small channels. Parameters I, and Iy, are not
well constrained and exhibit multiple modes, none dominant.

To illustrate the spatial characteristics of the channel networks, we present a selection of
models: three models randomly chosen from the posterior distribution (rl, r2 and r3), the
maximum likelihood model (mx), the mean effective pressure of all posterior models (x), and the
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reference from SHMIP A4. The models are presented in Figure 6a. Models r1, r2 and r3 show a
tendency to have one dominant channel concentrating most discharge. Model mx shows one
dominant channel with a secondary parallel channel having common characteristic to the
reference model. Nevertheless, it is important to keep in mind that these are only samples of
posterior models. In the effective pressure profile for the selected models (Figure 6b), it can be
seen that even though there is a generally good match with the reference, the main mismatch
occurs at the same location for most the models, around 10 km away from the outlet. Lastly,
Figure 6¢ presents the distribution of the transit times for the two tracer tests. The transit time
distribution is narrower for the injection point that is closer to the outlet (Figure 4).

4.2  Distributed high recharge case (A5).

Posterior inversion results for recharge case A5 show a significant uncertainty reduction
of parameters a, b and T4 compared to the prior (see Figure 7). In addition, parameter ¢ shows a
threshold at 102, which corresponds to the minimum required for channelization. Moreover,
parameters I, and I, show little uncertainty reduction from their prior distribution. One
explanation is that the amount of data does not allow distinguishing between different channel
structures. Several correlations are visible in the joint density plots. Parameters a and b are
inversely related and T4 shows significant dependences, especially with a and b. Indeed, it is
expected that T4 influences other parameters as it controls the redistribution of water fluxes in the
glacier.

Posterior model samples for case A5 show the common characteristic of two roughly
parallel channels (Figure 8a). The channels are mostly straight and show no major branching, as
in the A5 reference model. From the effective pressure profile (Figure 8b), it seems that the
pressure is well constrained around the reference model (black line). Again, there is an important
mismatch in the first 10 km. Note that model r3 is able to reproduce the 10 km effective pressure
peak

4.3  Moulins and distributed recharge case (B3)

Case B3 is a particularly interesting example because it has input from moulins.
Parameters a, b and Tq4 are well constrained although the distribution includes one or multiple
modes (Figure 9). Parameter ¢ shows a uniform distribution between 10™ and the lower bound,
meaning that there is a minimum necessary connectivity or channel densification to fit the data
(10* percent of the total water recharge is approximately 4.5 m*® s, the recharge on the
moulin). Parameter Tq4, shows one mode, but not as pronounced as in case A5. Since most of the
water recharge occurs via moulins, channel-related parameters are more influential. Another
notable feature is that parameters I, and I, present multiple modes. This is consistent with other
channel-dependent parameters, as in this case most of the flow is channelized. Consequently, the
information provided in this case enables inferring spatial properties of the network structure.

Similar to previous cases, a selection of posterior models is presented to explore the
results for this case (Figure 10). One distinct feature observed is that the discharge in some
channels decreases downstream (Figure 10a, case r3 and mx). This is also observed in the
reference model (Figure 10a, reference case B3). A cross section of the effective pressure is
presented in Figure 10b, where it can be seen that the pressure is constrained and most of the
models are between 0.5 MPa apart from the reference. The first 10 km of the effective pressure
present an important mismatch. Figure 10c presents the histogram of the transit times for three
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tracer-tests carried out in moulins. The mode of the histogram for the first two tracer tests show
good agreement with the reference value. However, the third tracer-test shows an important
mismatch of 10 hours (3 hours for the mx model).

4.4  Comparison of recharge scenarios

To highlight the differences in the subglacial systems under different recharge conditions,
the posterior distribution of the model parameters for the three recharge scenarios is shown in
Figure 11a. The first parameter a represents a linear scaling of the network, b the relative size
between the different stream order of the channel network, and c the threshold where channels
are modelled explicitly. The T4 correspond to the transmissivity of the distributed system and to
explore the global changes in the channel network, we introduce an aggregated variable: the total
channelized volume (t,) which depends on the parameters a, b, c, Ik and |
The channelized total volume is computed as the sum of the channels length, times the cross
section of each channel segment.

A first remark is the gradual increase in a from A4 (low water recharge) to A5 (high
water recharge), then from A5 to B3 (similar recharge). For the distributed system T4 increases
from A4 to A5, however for case B3 it is relatively lower. The channel network plays an import
role in case B3 because of the presence of moulins. This explains the high value for a and the
low value for Ty4. Parameter b, which represents the range of radii within the channel network,
takes a lower value for case B3, meaning similar radii for the upper and lower parts of the
network. In case A5, b is centered on 2.5, meaning that matching the data requires larger
channels downstream in the network. Case A4 presents multiple modes, which is not surprising
since the channels are relatively small in radius (parameter a). Moreover, the distributed system
(controlled by Tg4) being dominant in this system, parameter b does not play an important role in
this case. Additionally, the mode of t, is low for A4 and higher for A5 and B3. This confirms
that in A4, the channel network has a relatively smaller volume.

The relation between the distributed and channelized system for the different recharge
cases is best represented by a scatter plot of T4 vs ty, (Figure 11b) Case B3 is dominated by
channels, therefore variations in T4 do not affect the overall behavior, represented by tc,. This is
not the case for A4 and A5, where a small variation in T4 has a large effect on t.,, suggesting a
dominance of the distributed system. However, for case A5, there is a bigger constrain on t,
meaning that the channelized system is still relevant.

In summary, the higher recharge scenarios B3 and A5 result in larger values for
parameter a. This is accompanied by an increase of T4 by one order of magnitude. It can be seen
that the t., increases for case A3 to A5 and B3, whereas for case B3 it is much more constrained.
This can be explained by the presence of moulins (case B3) that result in the distributed system
being less influential.

5 Discussion

51 Model validation

Results show that the developed framework in this study is able to capture main features
of the reference model. The effective pressure field of the synthetic ice-sheet is generally well
represented, with the notable exception of the first 10 km as discussed below. The middle and
upper sections of the ice-sheet present low hydraulic gradients and water flow is dominated by
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the distributed system. Basal recharge strongly influences the transmissivity of the distributed
system (Tg4). This is captured in the Bayesian inference by a constrained posterior distribution for
this parameter. One reason for the pressure misfit in the lower section of the ice sheet is the
different representation of the flow in our model and in GLaDS. We chose the radius equation
(eg. 5) and a homogeneous transmissivity, whereas the approach used in GLaDS considers an
opening-closure channel relationship determining the radius and varying water sheet thickness.
Close to the terminus, hydraulic gradients are larger and a laminar model in the distributed
system is not favored by this behavior. Case B3 that includes moulins shows a stronger
dominance of the channelized system compared to cases A4 and A5. This can be seen in the
posterior distribution of parameter a, which scales the radii sizes, as well as in the total
channelized volume (tcy).

Another reason for this mismatch is the location of the pressure measurements. In the 21-
borehole spatial array, none of the boreholes is close to the effective pressure peak at 10 km.
Different spatial arrays are presented in the supplementary material, showing a better match in
cases where boreholes are located in the first few kilometers from the outlet. Note that we are
able to observe this misfit because we have access to the exhaustive synthetic outputs from
GLaDS. In the supplementary material, we show an analysis of the uncertainty reduction by
considering 1, 3, 8 and 21 boreholes, with and without tracer-test measurements.

5.2 Forward model: Limitations and further work

The core idea of our channel generator is the incorporation of a perturbation term ¢ in
the hydraulic potential. The impact of ¢, will depend on the shape of the hydraulic potential
field. In this study, the synthetic flat bedrock and idealized ice sheet result in a smooth hydraulic
potential field, and consequently ¢ is a determining factor for the channel-network structure.
However, in cases where ice sheets or glacier valleys lie on top of known complex topography,
¢r Will play a less important role by influencing, for example, only the channel sinuosity within
limits imposed by the bedrock topography. Another assumption of our channel generator is that
of N = 0 (eq. 3). Other models use the assumption of p,, = f p; where f is spatially uniform a
flotation factor usually varying between 0.6 to 1.1 [Chu et al., 2016]. This assumption is
insignificant for a flat-bed setting, but for complex topographies it has been shown that
variations in f can be significant [Chu et al., 2016]. While the variance of ¢, and f are prescribed
in this paper, for applications with more complex topographies it is possible to include the ¢5
variance and f as additional parameters in the inversion. Another modeling choice we make is
that the structural Gaussian deformation is carried out by modifying I and Iy in directions parallel
and perpendicular to the ice flow. This allows producing a variety of channel networks, from
arborescent to long parallel channels. Nevertheless, this could be revisited in case of complex
topography, considering for example cases of asymmetry or curved flow lines in glaciers and ice
sheets.

In the A4 and A5 scenarios, the channel locations are poorly constrained. This is not the
case for B3 where the presence of moulins determines the channel locations. By fixing the white
noise (or random seed) of ¢, in case A3, we reduce the number of degrees of freedom, enabling
us to infer the network structure, but not the exact location of channels.

A further improvement could be to consider the outlet location or any known channel
segments. For ground-terminating glaciers, the outlet location is often known and channels-end
could be pinned to the known location. This could be incorporated as an acceptance/rejection
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rule in the prior networks (before running the water flow model), where only the channel
networks matching the known locations are considered for the next step. Additionally, the
proportion of water discharge at each outlet could be used as information as well. For this study,
we focused on the overall network geometry, but further studies should include known channel
sections. If a large amount of such local data are to be considered, the approach of Gaussian
gradual deformation [Hu, 2000] could be considered, along with the additional parameterization
it involves.

An assumption of our model is the continuity of channels along the hydraulic potential.
This excludes the possibility of channels splitting downwards the hydraulic potential. This is the
results of levelling the local depressions in the perturbed hydraulic potential, inherent to the D8
routing algorithm [O'Callaghan and Mark, 1984]. Several studies [e.g.: Chu et al., 2016]
propose to use Doo routing algorithm [Tarboton, 1997] to account for the divergence of flow
paths. Additionally, not levelling the local depressions in the perturbed hydraulic potential map
could be used to stop channels in areas of flat or negative gradient. The incorporation of these
features would require extra parameters, but is possible and could be explored in further
research. Note that our results for case B3 show that channels can already be present on pressure
ridges where water leaks to the distributed system, as also found in Werder et al. [2013].

Regarding the flow model, Darcy’s laminar flow was considered in the distributed
system. Results for case A5 inferred the highest values for the transmissivity to be on the order
of 10%® m?s™; a value at which the laminar flow assumption should be considered with caution.
Therefore, in our study some of the obtained values of T4 may not correspond to physical
parameters, but instead might correspond to surrogate parameters.

53 Inversion framework

The likelihood function was defined assuming: (i) uncorrelated independent Gaussian
errors; and (i) known variances of the observations (water pressure and tracer-transit times) and
known model errors. Here, we arbitrarily assigned the error variance (model errors and
observation errors considered together) which enables us to compare the different posteriors in
relative terms. However, increasing or decreasing the error variance will lead to a wider or
narrower posterior distribution. Quite importantly, further work should also explore retrieving
the uncertainty from model errors as well as a general likelihood function considering non-
Gaussian errors and correlation of errors in non-linear problems [Schoups and Vrugt, 2010]

We emphasize that parsimony is an important requirement for geostatistical approaches
involving inversion. It is a price to pay for models capable of data conditioning and uncertainty
quantification. More realistic models for the networks could include heterogeneous channel
friction coefficients and more complex network parameterization, but this would in turn imply
having additional parameters, which would be difficult to estimate using a Bayesian inversion
framework. Note that the posterior models are not a description of the subglacial system itself,
but a set of surrogate parameters that characterize geostatistical properties of the subglacial
drainage system. For example, we model a homogeneous distributed system with transmissivity
Tq, but there are an infinite number of heterogeneous transmissivity fields that could fit the data
equally well. We could add more complexity to the channel generator, but without observations
it would result in the parameters becoming more undetermined.
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6 Conclusions

In this study, we propose a framework to generate an ensemble of channel networks that
honor water-pressure and tracer-transit-time data. The subglacial channel network connectivity
and spatial structure are inferred through an inversion of pressure and tracer-transit times. An
important benefit is that it enables uncertainty quantification of the model parameters, at the cost
of limited physical insights and no time evolution of the system. One of the novelties of this
framework is that the subglacial channels are generated through a combination of geostatistical
and physical processes. This contrasts to purely physical-process-based models [e.g.: Schoof,
2010; Werder et al., 2013], where channels are an emerging property of physical or empirical
laws, but which are difficult to condition to data. Our framework can be seen as complementary,
because it proposes channel networks constrained by observations rather than a result of a
process-based model.

Three recharge scenarios were tested, representing the state of subglacial drainage
systems at different periods of the year. It was found that each recharge scenario has distinctive
model parameters, where a low water recharge produces smaller channels and less total
channelized volume, associated with lower values of transmissivity for the distributed system,
suggesting that the approach could be used to capture snapshots of subglacial systems across a
season. As including temporal variations of the system could be computationally challenging,
insights in the evolution of the system can be gained by comparing the system at different
instantaneous states and recharge conditions.

Further work should consider a real case scenario as well as incorporating other data
sources, such as the location of multiple outlets and their relative discharge or seismic tremor
data [e.g.: Gimbert et al., 2016]. This study was limited in assessing the uncertainty of the model
parameters, but the uncertainties from water recharge, boundary conditions, bedrock topography
and other variables of interest could be addressed as well. It also remains to be tested if the
posterior model realizations can be used to make predictions. For example, one could consider
the effective pressure maps to explore the variability on basal sliding when coupled with an ice
flow model or test the channel networks response to outburst floods or sediment transport
capacity.
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8 Tables and figures
Table 1. Constants, variables and units.

Parameter  Definition Value Units
Model constants
D Water density 1000 kg m™
D Ice density 917 kg m*
g Gravitational acceleration 9.81 m s
N Manning roughness coefficient 0.04 m¥3s
f Flotation factor 1
Synthetic geometry by SHMIP
B Bedrock elevation m
H Ice thickness m
Derived from geometry and constants
o, Elevation potential MPa
Pi Ice overburden pressure MPa
Py Shreve’s hydraulic potential MPa
Water flow model variables
¢ Hydraulic potential MPa
Pw Water pressure MPa
q Sheet discharge m?s*
Q Channel discharge m3s™
N Effective pressure MPa
Variables determined by inversion procedure
r Channel radius
Ty Transmissivity distributed system ? m?st
br Gaussian random perturbation (channel MPa

network topology)

Channel generator variables

a Radius scaling factor

b Radius hierarchical order factor

c Flow accumulation channel threshold % of recharge
Ix Integral scale east direction km

ly Integral scale north direction km

#Correspond to a variable of the channel network generator as well.
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827
828  Table 2. Summary of the test cases.
Basal Moulin Water pressure Tracer Distance from Obsgr\{ed
Case recharge o transit time
E) recharge  data (boreholes) injection outlet (km)
(ms™) (h)
A4 | 25x10° . 21 2from 47 5and49  17and 51
boreholes
A5 | 45x10°® . 21 2from = 475a0d49 7and 19
boreholes
20
g3 9310 moulins, 21 3from 19 33and47 28 5and 18
4.5m’s moulins
each
829
830 Table 3. Channel generator variables
Parameter Description Units Prior
Ix Integral scale east direction km U 115-65]
ly Integral scale north direction km Uris-6.5]
a Radius scaling factor Ujo.1-5]
Radius hierarchical order factor Uo.1-51
c Flow accumulation channel threshold % of total recharge  10V[36- 0]
Ty Transmissivity of the distributed system m? s 10Vl --03]
831

Channel generator
a b Tyl

Channel network,
rand T,

Water flow model
Darcy / Manning-Strickler

Water pressure (p,)
Tracer-transit-time

Inversion procedure
Likelihood function

New set of parameter
a, b, c, T, 15 1)
832

Comments:

Shreve’s hydraulic potential
plus perturbation term
defines channel locations.
Stream order defines radii.

Laminar flow in distributed
system.
Turbulent flow in channels.

Observations

Markov chain Monte Carlo
algorithm.
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Figure 1: Workflow diagram. The first component produces a two-dimensional channel
network. Variables a, b and c define channel radii (r), I and I, controls channel locations, and T4
the transmissivity of the distributed system. Then, the second component computes the water
flow and tracer-transit times in the previously generated channel network. Finally, the third
component compares outputted water pressure and tracer-transit times with data, and proposes a
new set of parameters following a probabilistic framework

b. -

% . se

a.

Water recharge

e

Shreve's hydraulic potential ¢

s =

. v it Y e AL PP ) eatane WA Lo e e
Gaussian random field ¢y Flow accumulation map

l H l% % g § ; 2 - m Stream order (u), channel radii r(a,b)

Perturbed hydraulic potential ¢, * Channel network threshold (c) Distributed system transmissivity (T )

Figure 2. Subglacial channel network generator. (a) The Shreve’s hydraulic potential (color
scale from 0 — 15 MPa) is computed and a Gaussian random field ¢, (color scale from -0.2 to
0.2 MPa) with integral scales Iy and |y, is added to generate the perturbed hydraulic potential
(color scale from 0 — 15 MPa). (b) Distributed and punctual (red dots) water recharge, together
with the flow routing D8 algorithm on the perturbed hydraulic potential are used to generate the
flow accumulation map. Then, a threshold c is applied to the flow accumulation to obtain the
channel network. (c) From the channel network, the stream order (gray numbers) is used to
compute the radius of each channel segment. Note that the threshold c is set to 3 and the moulin
input is set to 8. Distributed system mesh nodes (black) and common nodes between channels
and distributed system (white) are displayed.

yt , C——120km Model extent
X 100 km

Figure 3. lllustration of different channel networks (blue lines) plotted on top of different ¢ for
a synthetic ice sheet of 100 x 20 km. The general flow direction is from right to left, and basal
and punctual moulin recharge (red dots) are considered. Integral scales I, and I, are increasing
from (a) to (b). In (c) and (d), we show the effect of anisotropy obtained by introduced by
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selecting I,>1y and Ix<ly respectively. In (e) and (f), we show the influence of the threshold ¢ on
the densification of the channel network.

ake e ‘e e ° . .DW
4 L L] [ ] [} ) o ]
® Boreholeso Tracer injection (A4 and Ab) e Moulins 20 km

O Tracer injection (B3) %
Figure 4. Modeled domain, position of boreholes and moulins. (a) Boreholes location for
pressure data (cases A4, A5 and B3) and tracer injection (cases A4 and A5). (b) Moulins and
tracer injection locations for case B3 (channels correspond to one realization, for illustration).

0.2
| 0.1
h—o
| 02
| 0.1
0517 152 33 -2 -1 5 25 5 0
|

0525 5
a logio(c) logio(Ta) I,
Figure 5. Posterior distributions of the model parameters for case A4_BH21 T2. The diagonal
shows the marginal posterior pdf for each parameter. Off-diagonal elements show the joint
distribution of pairs of parameters. Higher probability is represented in red and lower probability
in blue (white color for probability under 10).
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a. Effective pressure and channel discharge for selected models

l&a

Random posterior sample (r1) Random posterior sample (r2)

™ ‘3'-"5

Random posterior Samp|e (r3) Maximum likelihood model (mx}

|

Mean of posterior (x) Reference model (GLaDS)
~— Channel discharge Effective pressure (MPa) Model extent
— Effective pressure contour B =] [——]20km
0.2 1 2 100 km

b. Effective pressure profiles (ice sheet center line) C.Tracer transit time pdf.

—r1. = Max. likelihood (mx)  *[™" 03

=2, --- Mean of posterior (x) 0.2
r3. == A4, Reference model 0 01 / e

869 e Borehole location 0 km 0 20 40 60 hours

870  Figure 6. Posterior models for A4. (a) Effective pressure (color scale) and channel discharge over
871 a threshold of 0.5 m*® s (black dots) for a selection of posterior models. Each model represent
872 100x20 km. The selection includes: three random posterior models (r1, r2 and r3), maximum
873 likelihood model (mx), mean effective pressure (x), and the reference model (A4) from SHMIP.
874  Note that for the mean effective pressure (x) channels are not shown, and profile line for plots in
875  panl b is shown . (b) Effective pressure for the selected models along profiles cutting through the
876 centerline of the ice sheet. (c) Two tracer-transit-time posterior pdf for the two injection points,
877 and its corresponding reference transit time (A4) marked with a vertical black line. The transit
878 times for the selected models are shown in color dots on top of the pdf for each of the injection
879 point.
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0.2
0.1
0
0.2
0.1
051152 2 4 -3 2 -1 15 0525 5 25 5 0
880 a b logielc) l0g10(Ta) I, ly
881 Figure 7. Posterior distributions of the model parameters for case A5. The diagonal shows the

882 posterior pdf for each parameter. Off-diagonal elements are the joint pdf of pairs of parameters.
883  Higher probability is represented in red and lower probability in blue (white color for probability
884 under 10™).
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a. Effective pressure and channel discharge for selected models
r r2
Random postenor sample (r1) Random posterior sample (r2)
Random posterior sample (r3 Maximum Ilkellhood model (mx)
[ (| * L
Mean of posterior (x) Reference model (GLaDS)
~—~ Channel discharge Effective pressure (MPa) Model extent
—— Effective pressure contour B . [——_]20km
0.2 1 2 100 km
b. Effective pressure profiles (ice sheet center line) C. Tracer transit time pdf.
—r1. = Max. likelihood (mx) ~ *["° 02
=2, --- Mean of posterior (x) 2
r3. == A5, Reference model 100
885 ¢ Borehole location 0 20 hours

886  Figure 8. Posterior models for A5. (a) Effective pressure (color scale) and channel discharge over
887 a threshold of 0.5 m® s™ (black dots) for a selection of posterior models. Each model represent
888 100x20 km. The selection includes: three random posterior models (r1, r2 and r3), maximum
889 likelihood model (mx), mean effective pressure (x), and the reference model (A4) from SHMIP.
890  Note that for the mean effective pressure (x) channels are not shown, and profile line for plots in
891  panl b is shown . (b) Effective pressure for the selected models along profiles cutting through the
892 centerline of the ice sheet. (c) Two tracer-transit-time posterior pdf for the two injection points,
893 and its corresponding reference transit time (A5) marked with a vertical black line. The transit
894 times for the selected models are shown in color dots on top of the pdf for each of the injection
895 point.
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897 Figure 9. Posterior distributions of the model parameters for case B3. The diagonal shows the

898 posterior pdf for each parameter. Off-diagonal elements are the joint pdf of pairs of parameters.
899  Higher probability is represented in red and lower probability in blue (white color for probability
900 under 10™).
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a. Effective pressure and channel discharge for selected models

Mean of posterior (x) Reference model (GLaDS)
~—~ Channel discharge Effective pressure (MPa) Model extent
—— Effective pressure contour B . [——_]20km
0.2 1 2 100 km
b. Effective pressure profiles (ice sheet center line) C. Tracer transit time pdf.
—r1. = Max.likelihood (mx) ~ *["" Rk
=2, --- Mean of posterior (x) 0.2
r3. == B3.Reference model 100 | S&\,\ o
¢ Borehole location 0 Kkm 0 10 20 hours

Figure 10. Posterior models for B3. (a) Effective pressure (color scale) and channel discharge
over a threshold of 0.5 m3 s-1 (black dots) for a selection of posterior models. Each model
represent 100x20 km. The selection includes: three random posterior models (r1, r2 and r3),
maximum likelihood model (mx), mean effective pressure (x), and the reference model (A4)

from SHMIP. Note that for the mean effective pressure (x) channels are not shown, and profile
line for plots in panl b is shown. (b) Effective pressure for the selected models along profiles
cutting through the centerline of the ice sheet. (c) Two tracer-transit-time posterior pdf for the
two injection points, and its corresponding reference transit time (B3) marked with a vertical
black line. The transit times for the selected models are shown in color dots on top of the pdf for
each of the injection point.

a. . o . b.7 ;
A 0.3 — Fay
0.4 01 04 29 \ o Ad
0.05 0-2 e 'l @ A
0.2 0-05&% : 0.2 0.1 /\GX\ 4 B3
Cb . 0 M\ 0 ) 0 TN )
05 1 15 12345 -3 -2 -1 -2-15-1-053 4 5 6 7 -2-1.5-1-0.5
a b logie(c) [0g10(Ta) [0gy(ta) 109:0(T4)

Figure 11. Comparison of the three recharge scenarios A4, A5 and B3. a) Marginal posterior
distribution of model parameters plus tc,. b) Plot of Ty V/s t,.
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a. Effective pressure and channel discharge for selected models
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a. Effective pressure and channel discharge for selected models
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a. Effective pressure and channel discharge for selected models

Random posterior sample (r3)

?)
1

Mean of posterior (x) Reference model (GLaDS)
~—~ Channel discharge Effective pressure (MPa) Model extent
— Effective pressure contour —— 120km
100 km

| c.Tracer transit time pdf.
0.4

=r1. == Max. likelihood (mx)
=2, --- Mean of posterior (x)

r3. == B3.Reference model
e Borehole location

0.2

20 hours



Figure 11.



03 ~d
0.4 04 0.2 <5 Y
0.2 N New g 0.2 0.1 o4 B3
\ e
O e 2
Y 057 2 0 =351 05% 7 > 2-15-1-05
a 10g10(C) 10g10(T4)




	Article File
	Figure 1 legend
	Figure 1
	Figure 2 legend
	Figure 2
	Figure 3 legend
	Figure 3
	Figure 4 legend
	Figure 4
	Figure 5 legend
	Figure 5
	Figure 6 legend
	Figure 6
	Figure 7 legend
	Figure 7
	Figure 8 legend
	Figure 8
	Figure 9 legend
	Figure 9
	Figure 10 legend
	Figure 10
	Figure 11 legend
	Figure 11

