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Abstract. We study the decay properties of Wigner kernels for Fourier
integral operators of types I and II. The symbol spaces that allow a nice
decay of these kernels are the Shubin classes '™ (R?%), with negative order
m. The phases considered are the so-called tame ones, which appear in
the Schrédinger propagators. The related canonical transformations are
allowed to be nonlinear. It is the nonlinearity of these transformations
that are the main obstacles for nice kernel localizations when symbols
are taken in the Hormander’s class 5870 (RQd). Here we prove that Shubin
classes overcome this problem and allow a nice kernel localization, which
improves with the decreasing of the order m.
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1. Introduction

The protagonist of this study is the Wigner distribution, one of the most pop-
ular time-frequency representations. It was introduced by Wigner in 1932 [34]
in the framework of Quantum Mechanics and later applied to signal processing
and time-frequency analysis by Ville, Cohen and many other authors, see, e.g.,
[3,4,33] and the textbooks [18,21,25].

Definition 1.1. Consider f,g € L?(R%). The cross-Wigner distribution W (f, g)
is

W(o)e.6) = [ f+Pate— D @ R (1)

If f =g we write W f:=W(f, f), the so-called Wigner distribution of f.
Wigner used the above representation to analyse the action of the
Schrodinger propagator. We may extend the Wigner approach in [34] as fol-

lows: given a linear operator T : S(R?) — S'(R%), we consider an operator K
on S(R2?) such that
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W(Tf,Tg) = KW(f,9),  f.g€SR). (2)
Its integral kernel k is called the Wigner kernel of T

WITLT)E) = [ KW (o) du, = €R, e SR, ()

As an elementary example of the effectiveness of the Wigner distribution,
consider the Schrodinger propagator T, for a fixed time 7 € R, of the free
particle equation

T.fw) = [ Do, vert
We have :
W(T:f)(x, ) = Wf(x —7E,8)
with Wigner kernel
k=06.yw), wz§€ R%4 (4)

where, if we write w = (y, ), then x(y,n) = (y 4+ 71, n). This striking result is
due to the peculiar action of W on the phase ®(x,§) = x& — 7£2. It general-
izes to quadratic ®(z,§), corresponding to quadratic Hamiltonians and linear
symplectic map x in (4), see for example [20].

Our aim is to extend this analysis to more general operators, namely
Fourier integral operators of the form

Tii@) = [ e Oo@ o) fie)d, e SER, o)

with phase ® and symbol ¢ in suitable classes. A preliminary step was pre-
sented in [12], with T a pseudodifferential operator o(z, D), i.e., ®(z,&) = z¢
in (5). The case of a quadratic ® and a general o was considered in [9] and in
[8], where a generalization of (4) was obtained by combining a linear symplectic
map x with the kernel of a pseudodifferential operator.

In the present paper we focus on the case of nonlinear symplectic map-
pings x corresponding to non-quadratic ®, which we call tame, see Sect. 2
below for their definition.

As a counterpart of (4) we look for estimates of the type

1
E(z,w)| S ————5 6
R T ES ()
where (2) := (1 + |2%)'/2, in the spirit of the estimates for Gabor kernels,

which have been widely investigated in the literature, classical references are
[2,10,15,16,26,27], see also [18, Chapter 5].

There are two obstructions to the validity of (6). The first, evident from
(4) and also in the linear case, is that k(z,w) is not point-wise defined for
z = x(w). This can be easily rephrased by a rescaling of regularity. The second
obstruction is of deeper nature, and it concerns only the nonlinear symplectic
map x. In fact, it is well known that the Wigner transform may produce the so-
called ghost frequencies. As observed in [9,13], they are exactly preserved for
Schrédinger propagators for linear Y, i.e., quadratic ®, but this is not the case
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for nonlinear y. Namely, highly oscillating terms may appear in the expression
of the kernel k(z,w) outside the graph of z = x(w).

As a first attempt for eliminating ghost frequencies and re-establishing
the validity of (6), we shall consider in the sequel symbols o of low order in
Shubin classes [32]. Unluckily, this framework does not allow a direct applica-
tion to Schrédinger equations, for which we address a future work, following a
different smoothing procedure.

Let us outline the contents of the paper. Our starting point, in Sect. 3,
will be the following abstract definition, along the lines of [15].

Definition 1.2. Consider a tame symplectic diffeomorphism y (cf. Definition
2.3 below). For N € Ny, N > d, we say that the operator K in (2) is in
the class FIO(x, N) if its Wigner kernel k in (3) satisfies, for z = (21, 22),
w = (wy,wy) € R*,

1

k(z,w)| S —————~. 7

O 7)
Examples of operators which fall in the above class are pseudodifferential

operators o(z, D) (the Kohn-Nirenberg form), defined by

ofw, D)f(w) = / Mo (2,€) f(€) e, (8)
R
with a symbol ¢ in the Shubin classes T™(R2?), m < —2(d+ N), whose Wigner
kernel k, satisfies
1
‘kU(‘Z?w)lS <Z—’LU>2N (9)

Here y = I, the identity mapping, cf. Section 2 below. More generally, Fourier
integral operators of type I (cf. (5)) and II, having symbols in the same Shubin
classes above and tame canonical transformations, fall in the class above, as
we shall show in Sects. 4 and 5.

Let us state here the preliminary results of Sect. 3, which are the core of
this study and may be collected as follows.

Theorem 1.3. (Properties of the class FIO (x, N))

(i) Boundedness. T € FIO(x, N) is bounded on L*(R?).
(ii) Algebra Property. If T, € FIO(x;, N), 1=1,2, then TyTo € FIO(x1x2, N).
(iii) If T € FIO(x, N) then its adjoint T* is in FIO(x™ !, N).

In Sect. 4 we shall show the Fourier integral operators of type I in (5),
having symbols in suitable Shubin classes I'™(R?¢) and tame phase functions
are in the class FIO(x, N).

The last Sect. 5 is devoted to the L?-adjoint of the FIO I in (5), which
can be written explicitly in the form

Trif () = /R e Oy, ) fy)dydg, | € SRY),
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where 7(y,£) € 8'(R??) is the symbol. Using tools from metaplectic Wigner
distributions implemented in [8,9] we are able to compute the Wigner kernel
of the FIOs IT above and prove that, under suitable assumptions on their
symbols, they belong to FIO(y, N) as well. We underline that these results
are valid for the whole class of tame phase ® defined in Sect. 2.3, of particular
interest is the case ® non quadratic which gives rise to nonlinear symplectic
transformations x, which were not treated in [8].

We believe that such theoretical study will pave the way to a better
understanding of Wigner kernels for Fourier integral operators, with possible
applications to dynamical versions of Hardy’s uncertainty principles [23,28,35—
37], see also the recent contribution [22].

2. Preliminaries

Notation. We define t2 = ¢-t, t € RY, and, similarly, zy = z-y. The space S(R%)
is the Schwartz class and S’(R?) its dual (the space of tempered distributions).
The brackets (f, g) means the extension to &’'(R%) x S(R?) of the inner product

(frg) = [ f(t)g(t)dt on L?*(R?) (conjugate-linear in the second component).
We define by Sym(2d, R) the group of 2d x 2d real symmetric matrices. A point
in the phase space is denoted by z = (z,£) € R??. We call (time-frequency
shift) the operators

m(2)f(t) = 2™ f(t —x), teR%L (10)
GL(d,R) denotes the group of real invertible d x d matrices.
2.1. The symplectic group Sp(d, R), metaplectic operators and Wigner dis-
tributions
The standard symplectic matrix is
Odxa  laxd
J= . 11

<_Id><d ded) (11)
The symplectic group is defined by

Sp(d,R) = {A € GL(2d,R): A"JA=J}, (12)

where AT is the transpose of A. We have det(A) = 1.
For L € GL(d,R) and C € Sym(2d,R), define:

Lt Ogxd Iixqg O
Dy = and Vo = . 13
L (ded LT © C Iixa (13)
The matrices J, Vi, and Dy, generate the group Sp(d, R).
The Schrodinger representation p of the Heisenberg group is given by
p(x,&7) = T e ™ (2, £),

for all 2,& € RY, 7 € R. For every A € Sp(d,R), pa(z,&;7) := p(A(w,€);7)
defines another representation of the Heisenberg group that is equivalent to p,
that is, there exists a unitary operator A : L2(RY) — L?(R%) such that

flp(m,ﬁ;T)A‘l = p(A(z,&);7), . eRY T eR. (14)



NoDEA Wigner analysis of fourier integral operators Page 5 of 21 69

This operator is not unique: if A’ is another unitary transformation satisfying
(14), then A’ = cA, for some ¢ € C, with |¢| = 1. The set {4 : A € Sp(d,R)} is
a group under operator composition and has the metaplectic group Mp(d,R)
as subgroup. It is a realization of the two-fold cover of Sp(d, R). The projection
TP ; Mp(d, R) — Sp(d, R) (15)

is a group homomorphism with kernel ker(7™?) = {—id2,id2}.
Here, if A € Mp(d,R), the matrix A will be the unique symplectic matrix

satisfying WM”(A) = A. Some examples of metaplectic operators we will use
in the following are detailed below.

Ezample 2.1. Consider the matrices J, Dy, and Vi defined in (11) and (13).
Then, if we denoted by F the Fourier transform,

(i) TP (F) = J;
(ii) if Ty, := |det(L)|"/? f(L-), then 7P (%) = Dy;

The relation between time-frequency shifts and metaplectic operators is
the following:

m(Az) = ca An(2) AP Yz e R*, (16)
with a phase factor c4 € C,[ca| =1 (see, e.g., [20,24]).

Metaplectic Wigner distributions. In the study of FIOs of type II we will use
tools from the theory of metaplectic Wigner distributions. Here we list the
basic elements for this study. For A e Mp(2d,R), the metaplectic Wigner
distribution associated to A is defined as

Walf.9)=A(f©®3), f.geL*RY). (17)

The most important time-frequency representations are metaplectic Wigner
distributions. The 7-Wigner distributions, 7 € R, defined by

WT(fa g)('rvg) = /Rd f(x + Tt)g(CC - (1 - T)t)672ﬂi§tdt7 (I,f) € RZdv
(18)

for f,g € L?(R%), are metaplectic Wigner distributions. The case 7 = 1/2
is the cross-Wigner distribution, defined in (1). 7-Wigner distributions are
metaplectic Wigner distributions:

W (f.9) = Af(f ® ),

with
(1 —=7)1axd T1lixa Odxa Odxd
Odxd Oaxd Tlixa —(1 —7)Iaxa
A = . 19
Odxd Odxd laxa Tixa (19)
—Igxa  Iaxa Oaxad Ogxa

In particular, we recapture the Wigner case when 7 = 1/2:

Wf=Wi(f,f)=A,u(fef), felL?RY. (20)
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A, /2 can be split into the product

1211/2 = F%L, (21)
with
I (Idxd %{dxd ) .
Tixa —51laxa
Hence

Ay jpF(2,6) = / F(x+t/2,2 —t/2)e ™%t  F e S(R*?),

Rl
and
ATy =S Fy
where
-1 (%Idxd %de)
laxa —Iaxa)’
so that

A;/EF(x7 ) = /Rd F(:U/Q + 5/2’ y)e27ri(aa—f)ydy7 Fe S(de). (22)

2.2. Shubin and Hérmander classes [18,30,32]

In our study we shall consider the following weight functions
vs(2) = (2)° = (1 + |2])), seR, (23)

Definition 2.2. Fix m € R. The Shubin class I (R??) is the set of functions
a € C*(R2?) satisfying

020(2)] < Cav_joi(2), 2 € B, o € 221,
for a suitable constant C,, > 0, where vs(z) = (2)® is defined in (23).

The Hormander class SO ,(R??), consists of smooth functions o on R
such that

|8§‘8?0(a:,§)\ <cap a,BeN? g ¢cRL (24)

2.3. Tame phase functions and related canonical transformations

Definition 2.3. We follow the notation of [8,15]. A real phase function ®(x,n)
is named tame if it satisfies the following properties:

Al ® € € (R2);
A2. For z = (,&) € R*

|02®(2)| < Cay o] > 2; (25)
A3. There exists 6 > 0:
| det 92, ®(x,&)| > 0. (26)
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Solving the system

y = ®y(z,n),
{5 = ‘I’z(xﬂl), (27)

with respect to (z,£), one obtains a map x

(l‘,f) = X(yvn)a (28)

with the following properties:

A4. x : R? — R2d is a symplectomorphism (smooth, invertible, and preserves
the symplectic form in R??, i.e., do A d¢ = dy A dn.)
A5, For z = (y,n),

102x(2)| < Ca,  |af 2 1; (29)

A6. There exists § > 0:

oz

det
Ieay

(y,m)| =6 for (z,&) = x(y,n). (30)

Conversely, as it was observed in [15], to every transformation y satisfying
the three hypothesis above corresponds a tame phase ®, uniquely determined
up to a constant.

2.4. Properties of the Wigner Kernel

The Wigner kernel of a continuous, linear operator T' : S(RY) — S’(R?) was
introduced and studied in [8]. We recall its definition and the properties useful
for our framework.

Definition 2.4. The Wigner kernel of a continuous, linear operator 7" : S(R%) —
S'(RY) is the distribution k € S'(R*?) satisfying

(W(Tf,Tg), W (u,v)) = (k, W (u,0) @ W(f.9)), [ g,u,veSRY). (31)

Observe that if k € S(R*) the integral formula (3) holds true. The results
of Theorem 3.3 and 4.3 in [8] can be rephrased as follows:

Theorem 2.5. Consider T as above and let kr € S'(R??) be its kernel. There
exists a unique distribution k € S'(R*®) such that (31) holds. Hence, every
continuous linear operator T : S(R?) — S'(R?) has a unique Wigner kernel.
Furthermore,

k=%, Wkr, (32)

with T, F(x,§,y,m) = F(z,y,£,—n).
In particular, if T € B(LZ(Rdz) has Wigner kernel k, then its adjoint
T* € B(L?(R%)) has Wigner kernel k(z,w) = k(w, z), z,w € R??,
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3. Properties of FIO(x, IV)

This section is devoted to prove Theorem 1.3 in the introduction. This requires
several steps, developed in what follows.

Theorem 3.1. An operator T € FIO(x, N), is bounded on L?(RY).

Proof. For f € L*(RY) we recall [18, Chapter 1] that the Wigner Wf €
L?(R*?) and Moyal’s identity ||[W f|| 12 (g2a) = ||f||%2(Rd).

Using (3), Definition 1.2, for any f € L?(R?),
ITfII72ay = IW(TF)]l 220y,

and

W@ lzen 5 | [ WW () du

/RM — — >2NWf(w)dw

L2(R24)

X

L2(R2d)
1

S

(o Wf) (=)
| (g wa) ) -

1
YAV W £l L2 ®2ay
<> Ll(RZd)
< Ol 12 gy

where in the last row we used Young’s inequality (observe that N > d) and,

in the last but one, the change of variables 2’ = y~!(z) which, for any F €
LQ (RQd)7

IFOC ooy = [ IFOCH )P dz = [ [F(2)[ det [ Tx(2)]d2"
R2d R2d

< O [ F |22 g,

L2 (R2d)

<

by (29). Hence | T f||r2ra) < VONI| £l p2(ray, that is T € B(L*(R?)). O
Theorem 3.2. If T; € FIO(x;,N), i = 1,2, then Th'T» € FIO(x1x2,N).
Proof. Using the Wigner representation in (3) we can write

W (T\Tof, Ty Tag) (= / kpa (5 w)W(Tof, Tog) (w) dw,  (33)

where kj1(z,w) is the Wigner kernel of the operator 11, satisfying (7) with
symplectic transformation y;. Similarly,

W(Tyf, Tag)(w /k;gwu W(f,9)(u)du
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with k7 2(w,u) being the Wigner kernel of T satisfying (7) with symplectic
transformation yo. Substituting the expression of W (Txf, Tog)(w) in (33) we
obtain

W (T Tof, T1T>2g)(z) = /RM kra(z,w)kr2(w, u)W(f,g)(u)dudw, (34)

with kr;(z,w) satisfying (7), ¢ = 1, 2. Interchanging the integrals in (34) (ob-
serve that the assumptions of Fubini Theorem are satisfied) we can write

WL 1T = [ ([ bkt do) W o)) du
R2 R2
(35)
so that the Wigner kernel kj 12 of the product 7775 is given by

krio(z,u) == , kr1(z,w)kr o(w,u) dw.
RZ

Using the Wigner kernel’s estimates in (7), we obtain

braaC| < [ fhra(eow)llkrate, ol
RQ

1
< / =~ X (@) (w — xa(w)y2N
1

= / (=~ X (@2 (xx () — xixa ()2
1

< / &= (@) bt () — xoa ()N
1

- / Do (@) — 2 {xoxa(a) — xa(w))2N

1
/R2d (w" = 2)2N (x1x2(u) — w')

S~ det Iyt (w)]dw’

where we used the change of variables x1(w) = w’ so that dw = | det Jx] *(w)
dw' since |det Jx;*(w)| < C by (29), we obtain
1
k < dw’
Ry M e e e
1
/JRZd W)V (xaxe(u) —z —v)2N
= (7 ()7 axe(w) - 2)
PR
(z = xaxa(uw))*
where in the last row we used the weight convolution property (-) (-)* < (-)*
for s < —2d (observe N > d). Thus, we obtain the desired estimate
1

(z = x1x2(uw)?N’

dv

|kr12(z,u)| <
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that is 11715 € FIO(X1X2,N) O
Theorem 3.3. If T € FIO(x,N), then T* € FIO(x~ ', N).

Proof. Theorem 3.1 gives that 7' € B(L?(R%)). Let k be integral kernel of T,
then Theorem 2.5 says that the adjoint T* € B(L?*(R%)) has kernel k given
by
k(z,w) = k(w, 2).

This means it satisfies (cf. (7))

~ 1

k(z,w)| = |k(w,2)| £ —————=.

)] = (. 2) S o
Since x is a bi-Lipschitz transformation, |w — x(z)]
(w—x(2))2N < (z — x 1 w))?N and we obtain

~ 1
<

Ik‘(Z,U})|N <Z—X71(’UJ)>2N (37)
Hence T* € FIO(x~ !, N), as desired. O
4. FIOs of type I
Here we focus on the analysis of Wigner kernels for FIOs of type I:

Tife) = [ @O0 f(Ed  feSE. (38)
Rd

Recall that the Schwartz Kernel Theorem guarantees that every continuous
linear operator 7' : S(R?) — &'(R?) can be expressed in the form 7' = 77,
with a given phase ®(z,¢) and symbol o(z, §) in S’ (R??).

These operators have been widely investigated in the framework of PDEs,
both from a theoretical and a numerical point of view; the literature is so huge
that we cannot report all the results but limit to a very partial list of them,
cf. [5-7,14,17,19,31].

If we assume that 7" is a continuous linear operator S(R%) — S’(R%) and
X satisfies conditions A4, A5, and A6 in Definition 2.3 then T'=T7 3, o (FIO
of type I), with symbol ¢ and phase ®,.

A first result related to the Wigner kernel of a FIO I was obtained in
[8, Theorem 5.8]. There, FIOs of type I with symbols in the Hérmander class
50.0(R??) were considered. Since I'™(R??) C 5§ ,(R??) whenever m < 0, we
can rephrase it in our context as follows.

Theorem 4.1. Let Tt be a FIO of type I defined in (38) with symbol o €
I'™(R2?), m < 0. For f € S(R?),

K(W(.ﬂg))(xvg) = W(T1f7 T]g)(1'7£) = /de kl(xvfayvn)W(fvg)(yvn)dydna
(39)
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with Wigner kernel k; given by

k(@& y,m) = / e2mil®r@mtr) =l g (2, ¢, ) dtdr, (40)
R’zd
and, for z,m,t,r € R?,
t t
q’[(xﬂ?atﬂ’):©($+§7ﬂ+g)—q’(9ﬁ—§,n—g)v (41)
(e, t,r) = o0 + 2.0+ Dole — 2y — ©) (42)
or(z,n,t,r) :=o(x 2,77 5 o(x 2,7) 5)-

We have now all the tools to estimate the Wigner kernel of T7.

Theorem 4.2. Consider Tt the FIO of type I in (38). Fix N € N, N > d, and
assume that the symbol o € T™(R2?), with m < —2(d + N). Let kr be the
associated Wigner kernel in (40). Then,

((2,m))>N+m
((2,8) = x(y,m)>N’

Proof. Since ® is smooth, we can expand ®(z + £,n+ %) and ®(z — L, n— %)
into a Taylor series around (z,7). Namely,

kr(z,&y.m)| S z,&,y,m € R*. (43)

2 2

where the remainder ®5 is given by

bafentr) = 3 [ (0= 0 (@) + (e art

le]=2

t t
P (a: + -+ T) = ®(z,n) + 5%(%?)) + g@n(wﬂ?) + ®o(z,n,t,7), (44)

t,r)”
23a!

. (45)

Similarly,
t r t r ~
¢ (l‘ - 57"7 - 2) = ‘I’(IW) - §(I)$($an) - 5(137,(1}7’[7) + ‘bz(%ﬁ’tﬂ")a (46)

with &)2 defined as
t,r)®

Oy(z,m,t,r) = ) /0 (1—7)3%((:5717)—T(t,r)/z)dT(zga!. (47)

|| =2

Inserting the phase expansions above in (40) we obtain

kr(z,&y,n) = / e 2milt- (= ®alzm)dr-(=®n @5 (2 ) ¢ ) dtdr (48)

R2d
where & is defined as
; % t t
o(a,m,t,7) = 2PN (0 St Dol — S - 5), (49)
2 2 2 2
For N € N, u = (t,r) € R?? using the identity:
(1 _ Au)Ne—Qﬂi[(f—‘I’m(wan)ay—‘%(Iﬂl))'(tﬂ')]

= (27(€ — Dy (z,n),y — By(x,1m)))N e 2mlE-Lal@m)iy=y (@m)- (1],
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we integrate by parts in (48) and obtain

1 .
ki(z,€,y,7m) = / o= 2mil (6=, (2.m) Y=, (x.m))-(£,7)]
(2m(€ — @u(x,m),y — Py (2, m)))2N Jgea
x (1= AW)N&(x,n,t,r) dtdr.
The factor

1—A)NG(z,u), z=(x,n), u=(t7)
can be expressed as

Brilte=®2lew) NN g g p(@l (@2 — B2)-(w)(900) (= + u/2)(0]0) (2 — u/2),
[a]+|8|+]v|<2N

where p(&‘f‘l(ibg — &,).)(u) is a polynomial made of derivatives w.r.t. u of
®y — Py of order at most |«|. By assumption,
|(80) (2 +u/2)(0]0) (2 = u/2)| S (2 +u/2)"™ Nz —u/2)m= 1,

which implies

(1-a)Ve(zu) S Y (/2 —u/2)" Tz /2
loe+Bl+]v[<2N

< Z (uf2)2N=1BI=1 o — /2y 1Bl o gy /)™= 1]

1Bl+[vI<2N

< COn(z — u/2)?NHm (5 4 )2)2V+m,

Using the change of variables u/ = u/2 — 2, du = 22¢dv/,

/ <Z o u/2>2N+m<Z + u/2>2N+mdu _ 22d/ <u/>2N+m<(722) o u/>2N+m
R2d R2d
< <Z>2N+m

~

where, for vg = (-)®, we used the weight convolution property vs * vs < vg, for
s < 2d, cf. [25, Lemma 11.1.1]. Hence,

b, &) € oot [ 10— Aot )| drdr
< <Z>2N+m
~ <27T(§ - ¢Z‘(x7n)7y - ‘I’n(mvﬂ)»QN
(z)2N+m

~

T a,m) — 3 xe(yn) — N
This gives the claim. O

As a consequence,

Corollary 4.3. Under the assumptions of Theorem 4.2, the estimate (7) holds
true, hence Ty € FIO(x, N).

Proof. Tt is an immediate consequence of Theorem 4.2, since 2N + m < 0 so
that ((z,n))2N*T™ < 1, for every x,n € R%. O
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5. FIOs of Type 11

In this section we focus on the L?-adjoint of a FIO of type I, which is a FIO
of type II, written formally as

Tufw)= [ 0O )y, feSRY. (50)

First, we shall work with symbols 7 in the Hormander class 5§ o(R*?), referring
to [1] for their L2-boundedness.

Proposition 5.1. Consider a FIO of type II as in (50), with 7 € S o(R*?).
Then, for all f,g € S(R?),

(Trrf @ g)(w1,22) = To(f @ g) (w1, 2),
x = (x1,22) € R??, where Ty is the FIO of type II given by

LF@) = [ 09 P @)y, F e SE),
R4

y=(y1,42), £ = (£1,&) € R?1 and @, is the tame phase on R* given by

Doy, &) = D(y1,&1) + y2&o; (51)
whereas the symbol T is in 5870(R4d) and given by
T2(y, &) = 7(y1,&1) @ 1(y2, &2). (52)

Proof. Let f,g be in S(R?). Using the Fourier inversion formula on g:

g(xs) = / glya)e®™r27v2) gy, g,
R2d
we can write

(Trrf ® g)(w1,72) = (/

R2d

— / 6—27”[‘1’(@11751)+y2£2—($1§1+$252)]f(yl)g(yQ)
R4d

X T(y1, &1 )dy1dyadérds.

e iRt mnblr(y, 51)f(y1)dyld§1)g($2)

Observing that
181 + w2b2 = 2§,

we can write

Q(y1,81) + y2bo = Po(y1,v2,61,82),

which is (51). Note that ®5 € C°°(R*?) and satisfies (25) and (26), since
95 1 ® Oaxa 02 ¢ ® Ogxa
02 @y = Udxa Odxa Odxa laxd | (53)

a;nflq) Odxad 821»51(1) Odxa

Odxa Taxd Odxa Odxa

This means that ®, is a tame phase function.
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Finally, since both 7 and the function constantly equal to 1 are in the
Hormander class S§ o (R??), it immediately follows that 7, belongs to S9 o (R4?).
O

Using the same arguments as in the previous proposition, one can prove
the issue below.

Proposition 5.2. Under the same assumptions of Proposition 5.1, for all f, g €
S(RY),

(f @ Trrg) (w1, 22) = T3(f @ g) (21, 22),
x = (21, 72) € R?? where the operator Ty is the FIO of type II:
GF@) = [ 0O g Py, F e SE),
R4d

y = (y1,92), £ = (&1,&) € R?? and @), is the tame phase
D5 (y, &) = —P(yo, —&2) + Y&,
whereas the symbol 15 € 580(R4d) is given by
73(y,€) = y1, &1) @ 7(ya2, —E2).-
Next, we study the composition of the FIOs T and Tj.

Proposition 5.3. Consider the FIOs Ty and T4 defined in Propositions 5.1 and
5.2. Then their product ToTy can be written as the following FIO of type II:

LT F(x) = / e PPV (y, ) F(y) dyde, x e R¥,  (54)
RA4d
for every F € S(R??), with tame phase on R49:
D (y1,y2,&1,62) = P(y1,&1) — P(y2, —&2) (55)
and symbol
T (y1,y2:&1,82) = 7(y1,61)7(y2, —&2) € 58,0(R4d)~ (56)

Proof. Let F € S(R??). We compute
T2T2/F(:171, 1132)
:/ 6727”'[@(3“’51””2527“517“52]7(341,51)T2/F(y1,yz)dy1dy2d§1d§2
R4d
:/ 8—27Ti[‘1>(y1v§1)+y2§2—$151—1252]7-(y1 61)/ e~ 2mi[—=®(z2,—m2)+21m —y1m —y27m2]
R4d ’ R4d

X T(ZQ, 7?72)F(21, ZQ)lengd’l]ld’r]Qdyldygdfldfg

— / e 2mi®(y1,61) =P (22, —m2)+21m Y282 — 1 &1 — @282 — Y1 —Y2n2]
R8d

X 7(y1,&1)7 (22, —m2) F (21, 22)dzdndydz€.

Using the well-known formulae

/ e—27‘ri"]1(Zl—yl)e—QwifQ(y2—m2)dn1d£2dzldy2 — 5y1(2’1)d215x2 (yg)dyz,
R2d
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we obtain

TQTQ’F(xl,xQ):/ e 2P &) =@z ) —er&a—wamal () €1)7 (29, —1pa)
R4d

X F(y1, z2)dy1dzod& dny,

which is (54). It is straightforward to check that the phase @ in (55) is tame,
that is, it satisfies the properties of Definition 2.3.
Since T € 5§ o(R?), then T € SY o (R*?). O

Theorem 5.4. Consider the type II FIO Ty; in (50), with symbol T € Sg o(R*®)
and tame phase ®. Then

W(Tllf7 TIIg)(x7£) = /]R2d k[](l‘,f?S,Z)W(f,g)(S,Z)deZ7 f7g € S(Rd)u

where

e B e L L
R2

Lo %)dtdr.

r t
7(y + §a§+ 5)7'(3/— 5

Proof. Consider f € S(RY) and use Proposition 5.3 and Remark 22 to compute

W(Tirf,Tr19)(,§)
= AAl/QTQTQIAA;/IQW(f7 g) (l’, €)
t

11— t —27i
:/ (BT3A W (£,9)) (@ + 5 — 5)e >t
R4

:/ </ 2R M)~ Bz =)~ (@2t 2] LT
]Rd R4d
X (Af/lzw(f, )y, y2)dy1dy2d771d772> e P L

:/ (/ B I L e g |
]Rd R4d

X (/ W(f,9)(y1/2+ y2/2, z)ezﬂ(yﬁyz}zdz) dyldygdnldn2) o2kt gy
Rd

—27i[®(y1,m ) — P (Y2, —n2)—mm — Ly — Ltpy— t =
_/ e 2R (Y1) =R (yz,—m2) —@m — g m—anz+ 502 ylz+yzz+§}T(yl’m)T(y%_m)
R6d

x W(f,9)(y1/2 + y2/2, 2)dzdydyz2dndn2dt.

The change of variables y1 /2 + y2/2 = s gives

W(Trrf,Trrg)(z,§)

— 2d/ 6*27"7:[‘1"(25*1/2»Th)*‘b(ymfﬁz)*ff”fh*éﬁ1*zﬁz+é’02*(25*y2)2+y22+§t]
R6d

X 7(2s — y2,m )7 (y2, —n2) W (f, 9) (s, z)dzdsdy2dn1 dnadt.

Next, observing that
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/ e~ 2mi( - "1+£)tdt:/ 6*2ﬂi(nzfn1+2§)%dt:2d/ e~ 2mi(n2—m+28)t" gyt
Rd R4 R4 ’

— 2d /Rd e*Qﬂiﬁzt/Mn172§1(?72)dt/ — 2dTn172§i(,’72)

= 2T, _2¢6(1p2).

we obtain
W (T f, Tr1g)(z, &) = 22d/ e 2mil®(2s—y2,m) —P(y2,26—m)+2(E—m )2 +2(y2—5)2]
R4d

X 7_(25 — Y2, 7’1) (yQa 25 - nl)W(fa g)(S, Z)dZdey2d771
= [ ks W) (s, s,

where

kir(z, €, s, 2) = 224 / o2l (25—y2,m) @ (92,26 )+ 2(E—m)a-+2(y2—5)7]

R2d

X 7(28 — y2,m)7 (Y2, 2§ — m1)dy2dm.
Next, we make the change of variables s —yo = r/2 and £ —n; = —t/2 so that

kn(x,&s,z) _ / e—2wi[¢>(s+g,§+%)—¢>(s—g,g——)} 2mi(tr+rz)
R2d

T t T t

X ’7'(8 + 535 + 5)7—(8 - 535 - i)dtd’ra

which is (57). O
Theorem 5.5. Consider Tr; the FIO of type II in (50). Fix N € N, N > d,
and assume that the symbol T € I™(R??), with m < —2(d+ N). Let ki1 be the
associated Wigner kernel, given by (57). Then,

((y,©)*N+m

<(y7 77) - X(xa £)>2N 7

Proof. We follow the pattern of the proof of Theorem 4.2. By (57) and using
the Taylor expansions in (45) and (47) we obtain

(2,6, 9,m) = / et a ey ¢ v ydrdt, (59
R2

\k11(9€7§7ya77)| 5 x7£’y7n € Rd' (58)

where
- il — & ” T t T t
T(y,f,r,t) = ¢ 2milP2mP2l(v.Lrt) x¢(y+§,§+§)7(y—§,§—§),

and the reminders are given by:

By, .1 t) = Z/ (1 1)0°®((y,€) + (r.)/2)dr

lee|=2

and

2(y, &,y t) Z / (1—7)0%0((y,&) — 7(r,t)/2)dr ;730[! .

| =2
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Again, for N € N and setting u = (r,t) € R??, we have:
(1— Au)NeQWi(n—%(yvf),r—‘Pg(yé))-(r,t)
= 2n(n — y(y, &),z — cpg(y,g)»2N62wi(n7<1>y(y,£),wf<1>s(y,ﬁ))~(r,t).
Integrating by parts in (59), we get:

1

(2m(n — @y(y,£),x — Pc(y,€)))*N
x (1 = A)NF(y, &, r, t)drdt.

krr(z,&,y,m) = /Zd e2mi(N=y (¥,8),2— ¢ (y,£))- (r:t)
R

The same estimates of Theorem 4.2 yield to:

1
y(yv E),I - @6(%5)))21\1
ey
((y,m) — x(x,€)))>N"

A VW=
rr(e. & 90 € g [ 10— 20V g plarat

From [12] we deduce

Corollary 5.6. Under the assumptions of Theorem 5.5, the estimate (7) holds
true, hence Try € FIO(x, N).

Proof. Tt follows from (58), since 2N + m < 0 so that ((y,£))?V*™ < 1, for
every y, & € RY, O
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