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UNIFORM TAIL APPROXIMATION OF HOMOGENOUS FUNCTIONALS OF
GAUSSIAN FIELDS

KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, AND PENG LIU

Abstract: Let X (t),t € R? be a centered Gaussian random field with continuous trajectories and set &, (t) =
X(f(u)t),t € R? with f some positive function. Classical results establish the tail asymptotics of P{I'(&,) > u}
as u — oo with I'(§u) = sup,ejo e §u(t),T > 0 by requiring that f(u) tends to 0 as u — oo with speed
controlled by the local behaviour of the correlation function of X. Recent research shows that for applications
more general functionals than supremum should be considered and the Gaussian field can depend also on some
additional parameter 7, € K, say &, -, (t),t € R?. In this contribution we derive uniform approximations of
P{T'(&u,r,) > u} with respect to 7, in some index set K,,, as u — oco. Our main result have important theoretical
implications; two applications are already included in [12, 13]. In this paper we present three additional ones,
namely i) we derive uniform upper bounds for the probability of double-maxima, ii) we extend Piterbarg-
Prisyazhnyuk theorem to some large classes of homogeneous functionals of centered Gaussian fields &, and iii)
we show the finiteness of generalized Piterbarg constants.

Key Words: fractional Brownian motion; supremum of Gaussian random fields; stationary processes; double
maxima; uniform double-sum method; generalized Piterbarg constants.
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1. INTRODUCTION

Let X(t),t > 0 be a centered stationary Gaussian process with continuous trajectories, unit variance and

correlation function r satisfying for some a € (0, 2]
1—r(t)~|t|*, t—0, andr(t)<1l, Vt>0.

We write ~ for asymptotic equivalence when the argument tends to 0 or infinity.

The seminal paper [24] established for any T' positive and q(u) = u=2/*

P{X(0) > u}

t€[0,T CI(U)

(1) ]P’{ sup X(t) > u} ~THe
as u — oo, where H, is the Pickands constant defined by
1 o
Ho = lim —=Hy[0,T] € (0,00), with H,[0,7]=E{ sup eV2Ba(®)—t% L
T—oo T te[0,T)
with B, a standard fractional Brownian motion with Hurst index a/2; see the recent contributions [6, 7, 10,
19, 20] for the main properties of Pickands and related constants.

While the original proof of Pickands utilizes a discretisation approach, in [25, 26] the asymptotics (1) was derived

by establishing first the exact asymptotics on the short interval [0, ¢(u)T], namely (see e.g., Lemma 6.1 in [26])

(2) ]P’{ sup X(t)>u}NHQ[O,T]P{X(O)>u}, U — 00
t€[0,q(u)T]
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and then using the double-sum method. A completely independent proof for the stationary case, based on the
notion of sojourn time, was derived by Berman (see [3, 4]).

In this contribution we develop the uniform double-sum method. Originally, introduced by Piterbarg for non-
stationary case, see e.g., [26], the double-sum method is a powerful tool in derivation of the exact asymptotics of
the tail distribution of supremum for non-stationary Gaussian processes (and fields). With no loss of generality,
for a given centered Gaussian process Y(t),¢ € [0,S] with continuous trajectories, the crucial steps of this
method are:

a) application of Slepian inequality that allows for uniform approximation as u — oo (uniformity is with respect

to k < N(u)) of summands of ]P{SUPte[kTq(u),(k+1)Tq(u)] Y(t) > u} by P{SuptE[O,Tq(u)] Xe(t) > uk} =:p(ug),
for appropriately chosen stationary process X, e > 0;
b) uniform approximation for k < N(u) of p(uy) as u — oc;

¢) uniformly tight upper bounds for the probability of double supremum

(3) ]P’{ sup Y(t) > u, sup Y (t) > u}

te[kTq(u),(k+1)Tq(u)] te[lTq(u),(141)Tq(u)]
for k,1 € A,, where the set A, is suitably chosen.
The deep contribution [18] showed that while dealing with supremum of Gaussian processes on the half-line it
is convenient to replace Slepian inequality by a uniform version of the tail asymptotics of threshold-dependent
Gaussian processes. Omitting technical details, [18] derives the exact asymptotics and a uniform upper bound

of
]P){ sup §u,7u (t) > gu,‘ru}

te[0,T)

as u — oo, with respect to 7, € K, for &, ;, being centered Gaussian processes indexed by v and 7,, see also
Lemma 5.1 in [16]. This uniform counterpart of (2) is crucial when the processes X,, r, are parameterised by u
and 7.

Recent contributions show strong need for analysis of distributional properties of more general continuous
functionals than supremum, as e.g., sup,c(o, 7} infocjo,5) X (s+f(u)t), S > 0, see [9, 11] or infse 4, sup,e, Y (s,1),
see [14, 16].

The lack of Slepian-type results for general continuous functionals I' can be overcome by the derivation of uniform
approximations with respect to 7, of the tail distribution of I'(§, -, ) as u — co. Therefore, the principal goal
of this contribution is to derive uniform approximations for the tail of homogeneous continuous functionals I"
of general Gaussian random fields. Specifically, we shall consider I' defined on C(F), the space of continuous
functions on E with E C R%,d > 1 a compact set containing the origin. In Theorem 2.1 we derive the following

uniform asymptotics

(4) lim sup PAL(Cur) > Gur, } - C| =0,
u—00 - K, Y (Gu,r,)
where &, ., (t),t € E,7, € K, is a centered Gaussian random field, C' is a positive finite constant, and ¥
denotes the survival function of an N (0, 1) random variable. This result allows us to derive counterparts of (1)
for a class of homogeneous functionals of centered Gaussian fields satisfying some weak asymptotic conditions.
Additionally, in Section 3.1 we derive a uniform upper bound for the double maxima for general Gaussian fields
parameterised by u and 7,. That extends and unifies the known upper bounds for (3).
Brief organisation of the rest of the paper: main results of this contribution and related discussions are presented
in Section 2. We dedicate Section 3 to applications. Finally, we display the proofs of all the results in Section

4, postponing some technical calculations to Appendix.
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2. MAIN RESuULT

We begin this section with some motivations for the investigation of distributional properties of functionals of
threshold-dependent Gaussian random fields. For this purpose we focus on supremum of non-centered Gaussian
process. Then we introduce the class of functionals that are of our interest and provide the main result of this
contribution; see Theorem 2.1.
Numerous articles, e.g., [8, 18, 21, 22], developed techniques for the approximation, as u — oo, of the so-called
ruin probability
(5) plu) = P {sup<X<t> —et) > u} ,

teT
where X is a centered continuous Gaussian process, ¢ > 0 is some constant and 7 = [0,00) or T = [0,T],T > 0.
Originally the double-sum method was designed to handle supremum of centered Gaussian processes. For our
case, this method still works under the following modifications. First, we rewrite the original problem in the

X(t)

language of a centered, threshold-dependent family of Gaussian processes Z,(t) = 73, u > 0 as follows

(6) plu) = P {sup Zu(t) > 1} .

teT

Then, one checks that, for suitably chosen w(u) and N(u),

pu) ~ P {There exists |[k| < N(u):  sup  Z,(t + kSw(u)) > 1}
te[0,w(u)S]

te0,S]

(7) ~ Z ]P’{ sup Y, x(t) >vk(u)} =: Z pr(u)
|k| <N (u)

as u — oo and S — oo respectively, where
. 1
= inf .
te[0,5] \/Var(Z,(w(u)t + w(u)kS))

Yur(t) = Zy(w(u)t + ww)kS)vg(u), vi(u)

Finally, since usually lim,, o N(u) = oo, then in order to determine the asymptotics of p(u) it is necessary to
derive the asymptotics of pi(u), as u — oo, uniformly for |k| < N(u).

In this section, we consider a more general situation focusing on the validity of (4) for centered Gaussian random
fields.

Next, let E C R? be a compact set including the origin and write C(E) for the set of real-valued continuous
functions defined on E. Let I' : C(E) — R be a real-valued continuous functional satisfying

F1: there exists ¢ > 0 such that I'(f) < csup,cp f(t) for any f € C(E);

F2: T'(af +b) = al'(f) + b for any f € C(E) and a > 0,b € R.

Note that F1-F2 cover the following important examples:
I =sup, inf, asup+(l—a)inf, a€R.

We shall consider a family of centered Gaussian random fields &, ,, given by

Zyr, (1)

o T @

te E,1, € Ky,

with Z,, r, a centered Gaussian random field with unit variance and continuous trajectories, and hy, -, € Co(E),
where Cy(FE) is the Banach space of all continuous functions f on E such that f(0) = 0 equipped with the

sup-norm. In order to avoid trivialities, the thresholds g, -, will be chosen such that

lim P{T(¢ur,) > Gur,} =0.

U—r 00
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In order to derive the asymptotics of P{I'(y,r,) > Ju.r, } @8 u — oo we shall first condition on &, -, (0) =
GJu,ry — guLT’ yielding that

—q2_ /2 w?
P{0(Eur) > gum} = ﬁ_ﬂ—g/ [ R NG > 0} du,
where
X (1) = g (e () = guir) + 0] (Eura 0) = g, = ).
Note that .

d Gu,T
wrg ()= Zu,7, (t) = Tu,r t,0 L7, (0 E {Xu,r, (t , t Ea
Xur O (Zan () = 1, (602, (0)) + B, (0} 2 €

where < means equality of distributions.
Next, we shall impose the following assumptions (see also [16][Lemma 5.1] and [18][Lemma 2]) to ensure the
weak convergence of {xu.r,(t),t € E}, as u — o0.
CO0: The positive constants g, -, are such that lim,_,« inf, cx, gu,r, = 00.
C1: There exists h € Cy(E) such that
(8) lim — sup |gi - hur, (t) = ()| = 0.
U0 r e Ky teE

C2: There exists 0, -, (s,t) such that

—1/=0

g Var (Zyq, () — Zyr,(9))

9 lim su su 2
( ) u—00 ‘ruelgu s;éth 29U,Tu (S’t)

and for some centered Gaussian random field 7(t),t € R? with continuous trajectories and 7(0) = 0

(10) lim sup |0yr,(s,t) —Var(n(t) —n(s))| =0, Vs,tekFE.

U—r 00 TuEK,

C3: There exists a > 0 such that

ou T )t
(11) limsup sup  sup d’”‘#
u—oo 1,EK, s#t,s,tEE Zi:l |Si — tilu‘
and
(12) limlimsup sup sup gZyTuIE {[Zur,(t) = Zy 7, (8)] Zur, (0)} = 0.

0 u—oo 1,EK, ||t—s|<c,s,teE
If X is a centered Gaussian process with stationary increments sastifying AI-AII in [16], then Y, x(¢),t €
[0,5], k] < N(u) in (7) satisfies CO-C3; see also [18].
The intuitive explanation behind these assumptions is as follows: C1 and (12) in C3 are used to guarantee the
uniform convergence of the function E {x,, ., (t)} for t € E as u — oco. Utilising further C2, the convergence
of finite-dimensional distributions (fidi’s) of xu, -, (f),t € E to those of n(t),t € E can be shown. Moreover, the
tightness follows by (11) in C3.
Given h € Cy(F) and the functional T satisfying F1-F2, for 7 introduced in C2, we define a new constant

(13) Hy 1 (B) = E{e"0 Lt (t) i= Van(t) = Var(n(t) - h(t),
which by F1 is finite. For notational simplicity we set below

M, (E) = HP(E).

1,0

We present next the main result of this section. Recall that ¥ stands for the survival function of an N(0, 1)

random variable.
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Theorem 2.1. Under assumptions CO-C3 and F1-F2, if further P{T'(§u,r,) > Gu,r, } > 0 for all 7, € K,, and

all u large, then

(14) lim sup P{F(guﬂ'u) > gu,ru}

—H L (E)| = 0.
U0 r,eKy, Y (gu,r,) mh( )
Remark 2.2. i) Under the assumptions of Theorem 2.1 we have

. PAT (&u,r) > Gu,ra
15 limsup su —r —
( ) u~>oop Tuelgu q}(gu;ru)

< 00,

which coincides with the results of Lemma 5.1 in [16] and extends Lemma 2 in [18].

ii) Condition C2 and (12) in C3 are equivalent to C2 and

(16) lim sup giTuVar(Zu,Tu (t) = Zur,(0)) —2Var(n(t))| = 0.

U0 B 7, eK,

iii) Condition C2 can be formulated also for the degenerated case n(t) = 0,t € RY almost surely. The claim of
Theorem 2.1 holds also for such n.

Next we give a simplified version of Theorem 2.1. Instead of C2-C3, we assume that

o Var(Zy.,(t) — Zy -, (8))

{17) “1520 rfglgu s#ilslff)eE LT g Z;_i:l Ci“?gqfi((;)(lj)i)*ti\) —1=0
where ¢;(u),i = 1,...,d are some functions of u with ¢;(u) > 0 for u large enough and lim, . gi(u) = p; €
[0, oo] with
0, 1<i<d
wi=19 (0,00), di+1<i<ds,
0, do+1<17<d

and ¢; > 0,1 < i <d. Moreover, 0;,1 < i < d are regularly varying at 0 with indices a;,0/2 € (0, 1] respectively
and 0;(0) =0, 0;(t) > 0,t > 0,1 <i<d; 0;,do+1 <i <d are bounded on any compact interval and regularly
varying at oo with indices a; «/2 € (0, 1], respectively; o2(t),d1 + 1 < i < dy are continuous and non-negative
definite, implying that there exist centered Gaussian processes 7;,d; + 1 < ¢ < ds with continuous sample path
and stationary increments such that Var(n;(t)) := o2(t),dy +1 < i < dy. We refer to, e.g., [8, 18, 21, 22],
where particular examples of Gaussian processes that satisfy the above regularity assumptions are investigated;

see also [23] for characterisation of such processes in terms of max-stable stationary processes.

Proposition 2.3. Suppose that CO-C1 and F1-F2 hold. If (17) holds with Z?:l ¢i >0 andP{T(&u.r,) > Gur,} >
0 for all 7, € K,, and all u large, then (14) holds with

(18) D) =S VaBa, )+ S vaE LSS mp ),
i=1 i=dy+1 i(pi) i=da+1

where By, ,,1 <4 <d1, n;,d1 +1<dz and B do +1 <1 < d are mutually independent.

Qg oo )

Remark 2.4. i) Condition (17) is satisfied by a large class of important processes that are investigated in the
literature, see e.g. [8, 12, 16, 18, 21].
ii) Under the assumptions of Theorem 2.1

P {T;(£0x i=1,....d
(19) lim sup {Til6wr,) > v, b
U0 1, eK, Y (gu,r,)
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with T';,1 < d continuous functionals satisfying F1-F2 and

Hg)l,;""rd = /Rew]P’ {Ti(n") > w,i=1,...,d} dw € (0,0).
Moreover, (19) holds also in the case that 1 is degenerated, i.e., n(t) = 0,t € R? almost surely.

Finally, we present below a version of Theorem 2.1 under slightly different and more explicit assumptions. We
keep the same notation as in Theorem 2.1 and moreover let o7, | () := Var(&u,r, (t)).

D1: Condition CO holds for g, ,, and oy, (0) = 1 for all 7, € K, and all v > 0, and there exists some
h € Co(E) such that

lim  sup (g2 (1— 0w (1) — h(H)] = 0.
U= e e K,

D2: There exists a centered Gaussian random field 7(t),t € R? with continuous sample paths, 7(0) = 0 such
that for any s,t € E and 7, € K,,

(20) i sup. |62, Var(€ur, ()~ €0 (9) = 2Varlute) = n(5)| =0,
U=0 1 eK, o
and
(21) lim sup gﬁ ~Var(&y -, (t) —&ur,(0) — 2Va7’(77(t))‘ =0.
UDOYe B r eKy|

D3: There exist positive constants G, v, ug such that for any v > ug

sup gi,ruvar(gu,‘ru (t) - gu,m(s)) < GHt - SHU
Tu€EKy

holds for all s,t € F.

Theorem 2.5. If D1-D3 and F1-F2 are satisfied, then (14) holds.

3. APPLICATIONS

3.1. Upper Bounds for Double Supremum. Uniform bounds for the tail distribution of bivariate maxima
of Gaussian processes play a key role in the double-sum technique of V.I. Piterbarg; see, e.g., [26, 27]. More
precisely, of interest is to find an optimal upper bound for
D(A1, A2, &1, E2,u) == IP’{ sup Xy (t) > my, (u), sup X,(t) > m,\z(u)},
teEX+E1 tEX2+E2
which is valid for all large u with A;’s and &;’s controlled by E, by requiring that \; + & C E,, with E, a
compact subset of RY. Further, the thresholds my, (u), my,(u) are assumed to satisfy

(22) lim m(u) =00, lim  sup
U—r 00 U—r 00 Ni+EiCE,

my; (’U,) _
m(u)

for some positive function m.

Set below F(A, B) = infsea tep|s — t| with A, B two non-empty subsets of R? and |[-|| the Euclidean norm.

Let K = {()\1, )\2) AN+ & C Ey,i= 1,2}.

Theorem 3.1. Let X,(t),t € E, C R? be a family of centered Gaussian random fields with continuous tra-
jectories, variance 1 and correlation function r,. Suppose that there exist positive constants S1,Cy,Co, 8 and

a € (0,2] such that for u sufficiently large

(23) m2(u)(1 —1ry(s,t)) > Cql|s — t||B, s —t]]| > S1, s,t€ Ey,
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and

(24) m2(u)(1 = ru(s,t)) < Calls —t|*, s,t € Ey,s—te[-1,1]%
Moreover, there exists 6 > 0 such that for u large enough

(25) ru(s,t) >0 -1, s,t€ E,.

If further (22) holds, then there exists C > 0 such that for all u large enough

R N
(26) sup “ S
(A1,22)€K,E:C[0,52],£:#0,i=1,2 So™ W (ma, a, (1))

with S > 1, mx, a, (w) = min(my, (u), mx, (w)) and C a positive constant independent of S, u

Next assume that x;(t) > 0,¢t > 0,1 < ¢ < 2d are some non-negative locally bounded functions and define

d
i i — b ~ i i i — b
ZFJ |5 ) and  Gu(s,?) :Zf?+d(q +a(u)ls |)

im1 Ki(qi(u)) P Kitd(qita(u))

Further, let ¢;(u) > 0,u > 0 be such that

lim g;(u) = ¢; € 0,00, 1<4i<2d

U—r 00

Corollary 3.2. Let X,(t),t € E, be centered Gaussian random fields with continuous trajectories, variance 1

and correlation function r, satisfying (25). Assume further that (22) holds. If further for u sufficiently large
(27) C3gu(s,t) <m*(u)(1 —ry(s,1)) < Cagu(s,t), s,t€ By,

with C3,C4 > 0 and k;,1 < ¢ < 2d, being regularly varying both at 0 and at oo with indices o; o > 0
and o0 > 0, respectively, then there exists C > 0 such that for w large enough (26) holds with 8 =

24 Min(@; 0, Qi .00, 2) and Cy1 a fized positive constant.

.....

Corollary 3.3. Let X, (t),t € E,C R? be centered Gaussian random fields with continuous trajectories, variance
1 and correlation function 1, satisfying (25) and (27) with ¢; = 0,1 <4 < 2d and k;,1 <1i < 2d being reqularly
varying at 0 with indices a; 0 > 0. If further (22) and

(28) limsup sup max;=1,.. 2q¢:(u)|s; —t;| < o0
u—00 s,tef,

hold, then there exist positive constants C,Cy such that for u large enough (26) holds with 3 = mln(2 ming—1,.. 24 ®;0)-

Remark 3.4. i) Under the assumptions of Theorem 3.1, using the idea of [15, 28], since for v € (0,1)

D()‘la /\2,51,52,11,) < ]P{ sup (’VXU(S) + (1 - W)Xu(t)) > m>\1,/\2ﬂ(u)} )
SEAN+E1,tEN2+E2

with mx, a,.~(u) = ymy, (w) + (1 —v)my, (u), then in some cases (26) can be improved by putting 4v(1 —~v)Cy
instead of C1 and mx, x, () instead of mx, x,(u), respectively.
ii) A particular example is k;(x) = 2, «; € (0,2]. For such a case, the result of Corollary 3.3 yields the claim

of Lemma 9.14 in [27], see also Lemma 6.3 in [20].
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3.2. Tail Approximation of I'g, (X,). In many applications the tail asymptotics of general functionals of
Gaussian random fields X,, indexed by thresholds w > 0 is of interest. In this section we present an application

of Theorem 2.1 concerned with the tail asymptotics of I'g, (X,,), where

d
E, = <H[ai(u),bi(u)]> x B

i=1
is also parametrised by u, with E a compact subset of R, n € N. Without loss of generality, we assume 0 € E.
The functional I'g, is defined as follows:
Let T : C(E) — R be a real-valued continuous functional satisfying F1-F2 with ¢ = 1 in F1. For any compact
set A C R define

Taxe(f) = sggF*(f(s,t)), feCAxE).

It follows that I' 4« g is a continuous functional and satisfies F1-F2 with ¢ = 1 in F1. Examples of I'* are
' =sup, inf, asup+(1—a)inf, a<1.

We shall consider X,,(s,t),(s,t) € E,, a family of centered continuous Gaussian random fields with variance

function o, (s,t) and correlation function r,(s,t, s, t') satisfying as u — oo

d 1B d
(29) 0u(0,0) =1, 1—0y(s,0)~ Y |SZ( jr € [ lai(w), bi(w)]
‘ gi\u
=1 i=1
and
1_ au((s é))

YO0 ST [ai (u),bi (w)] t£0,t€E | Y iy gi(u)

where 8; > 0 and g¢;(u) is a function of u satisfying lim, .~ g;(u) = oo for 1 < i < d+n. Moreover, there exists

m(u) such that lim, o, m(u) = oo and

(31) lim sup m>(w)(1 — ru(s:t, 8", ')

U—r 00 s st s st d Cio; (ql(u)|5175 d+n Cid?(qi(u”ti*t;l)
(ONEB DA |3 iy Tr ey T Limdtl — oFqa(a)

—1|=0,

where ¢; > 0, ¢;(u) > 0, lim, 00 gi(u) = @; € [0,00],1 < i < d+ n, and o; are the variance functions of 7;’s,
centered continuous Gaussian processes with stationary increments, n;(0) = 0, satisfying further the following
assumptions:

A1l: o2(t) is regularly varying at co with index 2a; o € (0,2) and is continuously differentiable over (0, 00)
with o2(t) being ultimately monotone at co.

A2: 02(t) is regularly varying at 0 with index 2a; ¢ € (0,2].

Moreover, we shall assume that

oy 190 _ IO

= . 1<i<d+n.
Let
\/C—iBa, o(ti), @i =0

‘71(‘/’1)

\/C—lBai,oo(ti)a Ppi = 0
In the sequel, we shall denote

Pp(B) = Ho P (B),  Hy(E) =H(E)
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and set

7)7}; = SILH;OPS([O,S]), 737’; = SIEEOP’};([_S’ S, Hy= SILH;O 5—17.[”([075])

if the limits exist. We refer to [12, 17, 26] for the properties of Piterbarg constants 73,’7I and Pickands constants

H,,. Next, suppose that

m?(u)

lim = € [0, 0]

u=oo gi(u)

and for all u large P{T'g, (X,) > m(u)} > 0.

Theorem 3.5. Let X,(s,t),(s,t) € E,C R¥™ be a family of centered Gaussian random fields with continuous
trajectories satisfying (29)-(31) and

0, if 1 <@ <dy, . .
Yi = vi € (0,00), di +1<i<dy, 7 €[0,00), d+1<i<d+n.

If further for 1 <i <d;

(M) as(w) tim (M) bi(w) TR GO il CHORLAC)

— /5 Y, — 1/ Yi2, )
u—00 (gi(u))l/ﬁz u—oo  (g;(u))t/Bi u—00 (gi(u))Q/ﬁl

with —00 < y;1 < Yi2 < 00, fordi+1 <i <dz, a;(u) <0 <b;(u),limy oo a;i(u) = a; € [—00,0],lim,— o0 b;(u) =
b; € [0,00] and a;(u) <0 < b;(u) for do +1 <14 <d, then

P{T'p, (Xu) > m(u)}

d1 d2 , . di - ryin 5 B gi(u) 1/Bs
(33) ~ Tl T1 Pl oot e I [ e as T (L4025 ) wom)
i=1 i=dy+1 i=1"Yi1 i=1
where
(34) Vo) =D Voo (), () =Y yailtsl®+, hi(si) = vlsil™, di+1<i<ds.
=1 =1

Remark 3.6. Theorem 3.5 extends and unifies both the previous findings of [8, 18, 21, 22] and in particular
Theorem 8.2 in [26].

3.3. Generalized Piterbarg Constants. Let X (¢),t > 0 be a centered Gaussian process with stationary
increments and continuous trajectories. Suppose that the variance function o?(t) = Var(X(t)) is strictly

positive for all ¢ > 0 and 0(0) = 0. Define next

PL([0,8],(0,T]) =E{ sup inf eV2X(t=s)=(tb)o(li=s)
te[0,1] S€[0,5]

where b, S, T are positive constants. In the special case, that X = B, is a fractional Brownian motion (fBm)

with Hurst index a/2 € (0, 1], the generalized Piterbarg constant
Ph. () = lim P ([0,8),(0,]) € (0,00)
—00

determines the asymptotics of Parisian ruin of the corresponding risk model, see [11]. Note that the classical
Piterbarg constant corresponds to the case S = 0. Our next result shows that P4 (S) € (0,00) for a general

Gaussian process with stationary increments.
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Proposition 3.7. If X (t),t > 0 is a centred Gaussian process with stationary increments and variance function
satisfying A1 with regularly varying index 2a € (0,2] and A2 with reqularly varying index 2cg € (0,2), then

for any b, S positive we have

Jim P ([0, 81,10, 77) & (0, 00).

4. PROOFS

Hereafter, by Q, Q;,2 =1,2,... we denote positive constants which may differ from line to line.

Proof of Theorem 2.1 Since we assume that P{I'({y.r,) > gu,, } > 0 for all u large and any 7, € K, then
by conditioning
6712/2

V2T
e_gi,ﬂ'u /2

w?
= [ UTEELP{D Xu,m,) > w} dw
| {T(xur,) > w)

2
eigu,ru /2

R S
V2T Gy, T

P{T(Eur.) > gur) = AP@@wn>mmﬁwam:x} dx

with Z,, -, > 0 for all u large and

Xu, (t) = Cu, e (t)|(<un'u (0) = 0)7 Cu, 7 (t) = Gu,T, (§U,Tu (t) - QU,Tu) +w.

Hence the proof follows by showing that ’H}; (E) is finite and

(35) lim sup |Zy,-, —H, ,(E)| = 0.

u—roo TuEKy,

Weak convergence of I'(xuy,r, ). We have that x, -, (0) = 0 almost surely. Setting 7, -, (s,t) = Cor(Zy, +,(8), Zuy -, (t))

we may write

d Gu,ry

Xu, 7y (t)zl Y (0) (Zuﬂ'u (t) = Tu,r, (£,0) Zu, r, (O)) +E{xur ()}, teE,

where £ means equality of the fidi’s. Since
(1 + hayr, O)E AXuyr, (1)} = =G 7, (1 = Tur, (£,0)) = gt 7 P, () + w (L = Tz, (£,0) + hayr, (£))
by C1, C3 for some arbitrary M positive, uniformly with respect to t € E, 7, € K,,,w € [-M, M]
(36) (1 + hur, )E {Xur, ()} = —(05(t) + h(t)), u— o0
and also for any s,t € E uniformly with respect to 7, € K, w € [—M, M|
Var (14 b, ()X, (8) = (1+ B, ()X, (5))
= s [B{(2n ) - 20n9) | - BLZur 01200 - Zur O
(37) = 2Var(n(t) —n(s)), wu— co.

Consequently, by Lemma 4.1 in [29] the fidi’s of (1+ A, -, (t))Xu.r, (t),t € E converge to those of n"*(t),t € E as
u — 0o uniformly for 7, € K,,w € [~M, M] where M > 0 is fixed (recall n"(t) = v/2n(t) — Var(n(t)) — h(t)).

Condition C3 together with the uniform convergence in (36) guarantee that Proposition 9.7 in [27] can be
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applied to yield the uniform tightness of (1 + hy r, (£))Xu,, (t),t € E and thus {(1 + hy -, (£))Xu,7 (1)t € E}
weakly converges to {n(t),t € E}, as u — oo, uniformly with respect to 7, € K,. Further, since

lim  sup Ay, (t) =0,
U0 teE, Ty €Ky

then {xu. -, (t),t € E} converges weakly to {n"(t),t € E} as u — oo, uniformly with respect to 7, € K.
Consequently, since we assume that I" is a continuous functional, by the continuous mapping theorem I"(xy. 7, )
converges in distribution to I'(n") as u — co uniformly with respect to 7, € K.

Convergence of (35). Denote by A = {w : P{T'(y") > w} is discontinuous at w}, then A is an countable set

with measure 0. Hence for any w € R\ A

lim sup |P{T'(xu,r,)>w}—P{T(n")>w} =0
U— 00 TuEKu
and by CO
2 M p 2
__w M
lim sup e“’[l—e 293~*u}§ — c - 5— 0, u—o0
U—r00 TuEKy, wE[—M,M] 2lim 1nfu—>oo lnfTuEKu gu,Tu
implying

lim sup
U— 00 TuEKL

| A; [e”ﬁwmxu,m) > w} — P {T(y") > w}] dw\

M __w?
< lim sup / e?(1—e )P {I‘(nh) > w}dw

U=0 r eKyJ—M

4+ lim sup

U0 1, €Ky

-M

/ lew_z;gT (P{C(xu,r,) > w}—P {I‘(nh) > w})] dw’

M

< e lim sup
U—> 00 M TueKu

P{T(Xu,r,) > w} —P{T(n") > w}‘dw =0.

Using (36) for § € (0,1/¢), |w| > M with M sufficiently large and all u large we have
sup (1 + hur, (8)E {Xu,r, (1)} < d|wl.

TuEKy,tEE

Moreover, in view of (37) and (11) in C3 we have that for u sufficiently large

2 { (Zuira ) = Zur, (S))Q}

d
QZ [si — ;]
i=1

Consequently, by Piterbarg inequality (see e.g., Theorem 8.1 in [26] ) we obtain for some ¢ € (0,1), § € (0,1/¢)

IN

Var (14 b ()X, (8) = (1+ B, ()X, (5))

IN

with ¢ given in F1, and all u large

2

/ e P{T (xu,r,) > w} dw
|w|>M

< e“fP{csupa+hu,m<t>><xu,m<t>—E{xu,m@)})>w—c sup <1+hu,m<t>>E{xu,m<t>}}dw
|w|>M tekE teE, 1 €Ky

e M ooew — c— 0)w) dw
< oMy /M (1 - e)(1/c — b)) d

= AM)—0, M — occ.
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Moreover, by Borell-TIS inequality (see e.g., [1])

TR A G I
e+ / P {‘/50 supn(t) > w — esup (Var(n(t)) + h(t))} dw

teE teE

IN

_ (w—a)?
_M + / ew 2supte g Var(v2en(t) dqp
M

IN

= B(M)—0, M — oo,

with @ = v2cE {sup;c g n(t)} — esup,e i (Var(n(t)) + h(t)) < co. Hence (35) follows from

M w2

sup [T, — H,(B)] < sup ¢TI P D (ur,) > w) — P {T(") > w}] d“"

Tu €Ky Tu €Ky
+A(M)+ B(M)
— AM)+ B(M), u— oo,

—-M

— 0, M — o0,

establishing the proof. O
Proof of Proposition 2.3 It follows from Remark 2.2 ii) that it suffices to prove (10), (11) and (16). Without

loss of generality, in the following derivation we assume that ¢; > 0,1 < i < d. By (17), we have

- |Sz_t1|) s
u‘ruSt —Z (u)) s (,t)EE.

By uniform convergence theorem (UCT) for regularly varying functions, see [5], (10) holds with 1 defined in

(18). Next we verify (11). For 0 < 8 < min(min; <;<q &0, Ming, +1<i<d Qi 00) We have

d
cio?( |sz—t| filai( |Sz— til) 2
|si — i /2,

2 Z )

i=1

with f;(t) = 3252 ,t > 0. Note that f; is regularly varying at 0 with index a; 0 — /2 > 0 for 1 <7 < d and for

dy +1 <1 <d, f; is regularly varying at co with index a; - — /2 > 0. By UCT for any M > 0 we have

filgi(u)lsi —ti]) 50— 1,
filgi(u))

Using the fact that f; is bounded on compact intervals for ds + 1 < i < d, again by UCT, for any M > 0

filgi(w)lsi = ti]) 50— t;
fi(gi(u))

Moreover, since f; is regularly varying at 0 with index a; 0 — 8 > 0 and ¢; € (0,00),d1 +1 < i < do, then for

aio—PB/2| _ 0.

lim max;—1,. . 4, sup
U000 0<|si—ti|<M

ico—B/2| 0.

lim max;—g,+1,.., sup
oo 0<|sqy—ti\§]\4

any M > 0 and u large enough

filgi(u)|si — i)
maxg, +1<i<d sup — <
e 20<\si—ti\§]\4 fi(gi(u))

Thus we conclude that for u 1arge enough

d
[ _ti
z 'SD D < @S jsi— 182, sten,
=1

which confirms (11). We are now left to prove (16). In light of (17) and UCT, we have

lim sup Var(Zuqr, (t) = Zu,7,(0)) —2Var(n(t))

Gu,
U0 4 N\ [0}, 70 K ‘
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gg,‘ru VaT(Zu,Tu (t) - Zu,Tu (O))
20, -,(0,1)

< lim sup

U= te E\{0},7u €Ky

1|20, 0.0)

+ lim  sup |20,..,(0,1) — 2Var(77(t))' =0,
U0 te B, 1, €K,
which implies that (16) holds. This completes the proof. O

Proof of Theorem 2.5 We check that C0-C3 hold. Clearly, CO is satisfied by the assumptions. We observe
that

o, (1)
wr ()= —2"—  teE 1,€K,,
5 B u( ) 1+hu7ﬂru (t) e T e
with 0 0
- gur t 1_0uT t
t) = . hoyr () = ———4——=,
guﬁm( ) Ou,, (t)7 ' «(0) Ou,ry (t)

which together with D1 immediately implies that C1 is valid. Let next for u > 0

9s -
9’“‘-,711. (Sa t) = %Va’r(gu,ru (t) - gu,‘ru (S))

Direct calculations yield

euﬂ'u(svt) = Il,u,Tu(Svt) + I27u,7'u(37t) + I37u,7'u(87t)7 s,tek,

where ) ) )
gu T VCLT({u T (t) - gu T (S)) gu T (Uu T (t) — Ou,t (5))
I s 1) = - — — qu‘r 1) = - — — )
L, (8:1) D) o2 (1) 2 (:1) 2 o2 . (t)

Our,(t) = Our, (s)

057” (t)au,m (S)

I3.u,7, (57 t) = gim

E {(guﬂ'u (s) — Eur (t))guﬂ'u (s)}-
It follows from D1 that

H—1)2+(1- 2
lim sup Ly (S, t) < lim sup 2 (Uu,‘ru( ) )2 + ( Ou,1, (S))
u=00 g te B €K, U0 g te B, €K, o2 .. (1)

Further, by D1,D2
lim sup |[14r,(s,t)—Var(n(t) —n(s))|=0, s,teFE

U—r 0O TuEK,

and

. , t) = our, (5)|
- 2 |Uu,7'u( Uy Toy
Jixy, oo Wowr (5,0 < Jim, S0P gure =02 9

Thus we confirm that C2 holds. Moreover, by D3 and the fact that

(Uu,ru (t) — Ou,Ty, (S))2 < Var(gu,ru (t) - é—u,ru (3))

\/Var(&mu (s) = &ur (1)=10, s,t€E.

we obtain

: Ou,r, (8,1) . gg,ruvar(gu,m (t) — &u,r ()
lim sup sup ————= < Q lim sup sup
WO T €Ky s#t s tER ||t— S”V U700 1, €Ky s#t,s,LEE ||t_ S||V

< 00.

Using again D1,D2 we obtain

lim sup  |[1,4,7,(0,t) — Var(n(t))| =0,
U= te B r, €Ky

lim  sup Ippu.(0,6) =0, lim  sup |I34r,(0,t) =0,
U0 te BT, €K, U0 te BT, €K,
which imply
lim  sup |0y, (0,t) — Var(n(t))| = 0.
U0 te B, ru €Ky
Hence C3 is satisfied with (16) instead of (12). In view of Remark 2.2 the proof is completed. O
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Proof of Theorem 3.1 Recall that F(A, B) = infsc a1 p|/s — t|| with A, B two non-empty subsets of R% and

|-l the Euclidean norm. Clearly, for any u positive
]P’{ sup Xy (t) > mya (u), sup X,(t) > my, (u)} < IP’{ sup (Xu(s) + Xu(t)) > 2ma, a, (u)} ,
teX+E1 tEX2+E2 SEXN +E1,LEN+E2

where my, x, () = min(my, (u), mx,(w)). By (23) and (25), we have that for u sufficiently large and F (A1 +
&1, A2 + &) > S, with S large enough,

20 FP (&N + &)
m?(u) '

20 < Var(Xyu(s) + Xu(t) =4 —2(1 —ry(s,t)) <4

Moreover, by (24) and the above inequality,
Var(Xy,(s) + Xu(t) — Xu(s') — Xu(t'))
T 2/Var(Xu(s) + Xu(t)/Var(Xu(s') + Xu(t))
< ML = ruls, 8) 1 —ru(t, 1))
s—1qe/2 @
< - e —A
< G mg(u) Z(|SZ Sz| + |t1 tz| )

i=1

1—Cor(Xu(s) + Xu(t), Xu(s') + Xu(t))

holds for s,t,s",t € [0,1]%. Let X} (s,t),s,t € R:, u > 0 be a family of centered Gaussian random fields with

unit variance and correlation satisfying

25— 1q2/2¢
2 (sl )

ru(s,t) =e = mFwW , s, teR?
and let further
d
2m u .
.3, (¥) Liy,.iag = H[ljalj +1].

4 — 2C1 FP (M +E1 Aot E2) | 1
m?2(u) J=

M, X1, A2,E1,E2 *= \/
For all u large we have

P { sup (Xu(8) + Xu(t)) > 2mx, a (u)}

SEXN +E1,tEN+E2

< P sSup XU(S) + Xu(t) > My, Ay, X0,E1,E2
SEXN +E1,tEN+ES
< P sup XU(S) +Xu(t) > My Ay X2,E1,E2
s€EX1+][0,52]2,teX2+[0,52]4
[S2]
< § P sSup XU(S) + Xu(t) > My Ay, A2,61,E
it iz iy siyeonyily=0 | SEM g €At i
[S2]
< E P sSup X;(Sv t) > My, A1 X2,E1,E2
i1 yi2seeeridyi] il nrily=0 s€EX+Tiy, iy t€X+ T
2d
(38) = (52 + 1) P sSup X;(Svt) > My, Ay Xa,E1,82 (
s,t€(0,1]4

where we used Slepian inequality (see, e.g., [1, 2]) to derive (38). Hence in order to complete the proof, we need

to apply Proposition 2.3 to the family of Gaussian random fields { X} (s, ), (s, ) € [0,1]??}. Let

K, = {()\1,)\2),)\1' +(€Z C Eu,z = 172}
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Note that
lim sup sup (mu7>\17)\2751,52)2var (X:;(S? t) - X;(S/7 tl)) “1l=0
U0 (N} NV EK, (5,8)£(s",t'),(s,t),(s',¢/)€[0,1]2d | 2 Zle 26*1d°‘/262(2f:1 |si — sh + Z?:l [t; — ti]®)

Since conditions C0O-C1 are clearly satisfied, then Proposition 2.3 implies

lim sup
YOO (A1, A2)EK

:O,

1
P sup X, (8,t) > My ro61.6, ¢ — H 0,12d
\If (mu,)\l,)\2,$1,£2) {s,te[o,l]“ ( ) 1,A2,C1,C2 77([ ] )

where
d . 2d ‘
n(s,t) =Y V/2671d*/2CBY (si) + Y V/2071d*/2C,BY (t;-a),
i=1 i=d+1
with ng), 1 <7 < 2d independent fBm’s with index «. Thus we establish the claim for F'(A; + &1, Ao +E&2) > 5.
For F()\l + 51, )\2 + 82) S Sl, we have

]P’{ sup  X,(s) > my, (u), sup X.(t) > m>\2(u)} <P sup Xu(t) > ma,a,(u) p.
s€EA1+E1 teXa+E2 teX1+[—S1,524+51]4
By (24) and Slepian inequality
P sup Xu(8) > ma,a, (u)
SEA+[—51,52+51]¢

< (8o 4251 + 1)le>{ sup X7(6Y%5,0,...,0) > my, ., (u)}
s€[0,1]4

~ (SQ +251 + l)dH)\([Oa l]d)ql(m)\lQQ (’U,)), U — 00,

with A(s) = v/6n(s,0,...,0). This completes the proof. O

Proof of Corollary 3.2 Let 5 = %minizl 2a Min(; 0, (.00, 2) and fi(t) = ri(t)/t8. Clearly, f;’s are regularly

varying at 0 with index ;o — 8 > 0 and regularly varying at oo with index o; ... — 3 > 0. With this notation

we have
i(gi i —ti i(gi i — b .
(39) rilgiw)ls D _ fulawls |)|5i_ti|'87 si Ftii=1,...,2d.
ri(qi(u)) figi(w))
figi(w)|si—ti])
fiai(uw))
Lower bound. For ¢; = 0 we define g;(t) = 1/f;(1/t). Then g; is both regularly varying at 0 with index

Next we focus on . We consider the upper bound and lower bound respectively.

Qoo — f > 0 and regularly varying at oo with index «; 9 — 8 > 0. By the assumption on ;’s, further g; is

bounded over any compact interval and by UCT

9i( =) 1 @i0—h
lim  sup %:( )‘11 1k < > =0
u=oo s 21| il gay) |si — ti
implying that for u large enough
1
A e Pv—
lnoioni I Wy <1
gi(m) |si — ti
Consequently, for u sufficiently large
i(q i—t gi( -1u ) 1
filgi(u)lsi —ti]) _ we) Lo s
fi(gi(u)) 9ilGmn=a) 2

Next, if ¢; € (0,00), then by the fact that lim;_, fi(t) = oo, there exists S > 0 and M/ such that for u
sufficiently large

filgi(u)[si — ti])

>Mi/7 Si—ti>S.
T (@) 53 =t > 51
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For ¢ = oo, Potter’s theorem (see e.g., [5][Theorem 1.5.6]) implies that for any 0 < € < a; 00 — 0 there exists
M/ > 0 and S} > 1 such that for u sufficiently large
filgi(w)|si —ti))
fi(gi(w))
Consequently, there exists S > 1 and M > 0 such that for u sufficiently large
ri(gi(u)]si —ti|)

ri(gi(w))

> Mi”|3i —t; Qo0 —f—e > M{/, |Sl — til > Si

> Mls; —t;|°, |si —ti] > S,i=1,...,d.
Further, for u large enough

(40) gu(s,t) > d 2 M|s—t|%, ||s—t| > Vas.

Upper bound. If @; € {0, 00}, then using again UCT we have that

i(gi i —ti
p Dl@@lsi—t) _
lsi—tsj<1  filqi(u))
is valid for all u large enough and some constant C. Further, since f; is locally bounded, then the above holds

also if ¢; € (0,00). This implies that for some M’ > 0

d
(41) gu(sat)SM/Z|SZ_tl|5 SdM/HS_tHﬁa s—te [_151]d7
i=1
which combined with (40) and Theorem 3.1 establishes the claim. O
Proof of Corollary 3.3 The claim follows straightforwardly using the arguments of Corollary 3.2 for the case
p; = 0. O

Proof of Theorem 3.5 Without loss of generality, we assume that a; = —o0, b; = oo for d1 +1 < i < ds. Set

in the following

dy
L = [ [1kiS, (ki + 1)S], k= (a, ... ka,),
i=1
da d
Ji= [ WS @+0sIx J[ BT.@+0T), 1= (g, la),
i=dy+1 i=da+1
do d do
T = I[ =881 x [ -1.71.0= ][] [-S.8] x {0}, 0eR**,
i=di+1 i=do+1 i=di+1

Further, define
;=D xJ"XE, Ii=IixJxE, Iy=1IxJ xE,

Ki:{k,@ﬂgké@il,lﬁiﬁdl}a

u

i) 4y o b
T - T

Lu_{l,aéu)—lglig éu)+1,d1+1§z§d2, +ldy+1<i<d,J € J }

For some ¢ € (—1,1) and u > 0 set

dy Yi,2 L 5 dy gz(u) 1/8i
Oc(u) := H e~ (=alsl dsH (mz(u)) W (m(u)).
i=1"Yi1 i=1
Observe that o
Xo(s,1) = ou(8,6) X u(s,t) 04(0,0)  0,(0,0) 0y(s,0)
wene 04(0,0) 7 ou(s,t)  0u(s,0) ou(s,t)
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Using (29) and (30), there exists e, 1(s) and e, 2(s,t) such that as u — oo

sup lew.1(s)] = o(1), sup ey 2(s,t)| = o(1),
senle[ai(u),bi(u)] (s,t)EE,
and
d d
04(0,0) |s;
= 14+ 1 +eui(s)) ;s €| ai(w),b;(w)],
0.(8,0) ; gi(u) 11;I1
d+n
o.(s,0) ;|8
= 1+ (1+eyz2(s,1) ——, (s,t) € E,
7u(5:1) 2 a@
Note that by F2 for I'*
* * v Uu(S,t)
Do) = swp &)= s o0 (Ko 2l
S€TTE, fas (w).bi ()] S€TT [ () bi ()] ou(s,0)

Thus, by F2 for I'*, and the property of sup functional we have that for 0 < e < 1/2 and u sufficiently large
(42) P {I‘Eu (X)) >mu)} <P{Tg, (Xu) > m(u)} <P {FEu (X, %) >m(u)},

where for (s,t) € E,

X, (st) = @ [s:] iU(Svt) B \ﬂw 351
A+ A =g m) I+ 2, (A =6y + El a1 Ym2(ay)
X ! —,
(L4 (1+ eua(s ) D7 )
and
X< (s.1) = Xu(s,1)

ds s: [P A% dtn 4Py
(1+Zi: (1"‘5)‘ (‘ )(1+Zz d1+1(1+6)| (‘ ))(1+(1+eu2(5 t))Zi:dJrl ‘;i(lu))

Upper bound. By the property of sup functional, we have that

P{lp, (X;Y) >mu)} < > P{I(X;)>mw}+ Y  P{Tg (X, >mu)}

keK (k,)EK} XL,
(43) S Z P {FI[’)‘ (gu,k) > mu,k} + Z P {1—‘10,0 (gu,k,l) > mu,k,l} 5
keEK (k,)EK T XLy,
where
X, kSt
§u7/€(85t) = s;]5 (S+ ) — (Sat) € Iga

5 |Pi d+n ti] %
(1 + Zz d1+1( ) gi (u) + Z =da+1 y7|n2‘(u))(1 + (1 * eu’Q(S’ t)) Zi:d-’_l Ll(‘u))
Xou(s+ (k,1)(S,T
Suki(s,t) = e+ &L d+)n )\t P (58) € oo,
1+ (1 + eu.?(sa t)) Z =d+1 g;(u)

<1+Z1— L)

My =
da
_ |/€ 5|67 |i5S)% 1;S]%
Mgk = <1+Zl €) + > (1-2¢) O Z y/2 2 |
i=d1+1 i=do+1

with kS = (k1S ..., kq,S,0,...,0) € R? and
(kvl)(sa T) = (lea e -7kd1Sa ld1+1Sa e -7ld287 ld2+1Ta ldT) € Rda

kfzmin(|ki|,|ki+1|), 1gigdl,l;‘:min(|li|,|li+1|), di+1<1i<d.
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In order to apply Proposition 2.3, by (31), set

d / d+n 2 /

ciof ( Isz sil) cio; (qi(u)|ti — ti]) -

eukStS t Z t +Z : 2 : ) (Sut)7(57t)6107
=1 )) i=d+1 g; (q’t(u))
dso d+n )

|SZ|BZ |tl|ﬂl %

P k(s,t) = ( > (-9 @ Z o) (140(1)), (s,t) €I,

i=d1+1 i=ds +1 =d+1 7"

Gu,k = My k, K, = K;_, E= Ig

First we note that condition CO holds straightforwardly. One can easily check that C1 holds with

do d d+n
(44) he(s,t) = > (L=evlsil® + Y ylsil® + Y wltd”,  (s,0) € 1.
i=d1+1 i=do+1 i=d+1

Thus in view of A1-A2 and by Proposition 2.3, we have

P{T: (Suk) > Muk }
\If(mmk)

(45) lim sup

YT kery

- H€¢,he (Ig) = Oa

with h defined in (44) and V,(s,t) = El Vi (si) + 301 Vi, (t:) with V,,, defined in (32). Similarly, we

have

P{T u > My,
(46) lim sup (L Cuet) > Mot} —H,, +(Ioo)| =0,
Uk EKE X Ly W (k1) @
with h(s, t) = S Yitalti|Pi+. Further, as u — oo
D0 P{Tr Gur) > ma(w)} ~ HY_ 5 (1) D U(my)
kK, kKT
* — N (1—e)m2(u [k} 51
~ Y (5) U (m(u) Y e e OTIm
kEK
(47) ~ STUHy 4, (15)Oc(u)
and
Z P{T 1y (Eurit) > Mups}
(k,))EKF XLy
~Hy GMoo) Y W)
(k,))EKF XLy
|y s|? Dl
= HxF/ 7 ({o,0) Z U (my, k) Z eimz(“)(zl (120 B 2 EYon )(1+0(1))
. keK leL,
< H%,E(IO,O) Z (M) Z -2 a1 (=20 7il17 1% =320 w210 T‘Bl(l +0o(1))
keK leL,
d2 5, d 5,
(48) SSdI’H&oﬁ(IO,O)( e N el ) O (u)(1 4 o(1)).
i=d1+1 i1=do+1
Lower bound. By the property of sup functional and Bonferroni inequality, we obtain
P{Tp, (X)) >mw} > P{ka(xjf) > m(u)}
keK,
(49) - Y p {rfk (X,5) > m(u),T7, (X}) > m(u)} :

k,qe Ky k#q
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Similarly as (47), we have

(50) S° T (X5 > mu)} ~ 5T0HY - (70)0 o (w)

keEK,

. * d . n
with he (87 t) = Ziilerl(l + 6)’7i|5i|'81 + Eizl ’7i+d|ti
It follows from F1, that

Bita (s,t) € Io. Finally, we focus on the double-sum term.

S P {rfk (X} > m(u),T; (X,) > m(u)}

kg€ Ky k#q
< Z ]P{ sup X ¢(s,t) > m(u), sup X[ (s, t) > m(u)}
kge K ktq (s,t)Efk (s,t)Efq

< Z ]P’{( sup Xu(s,t) > myk, sup Xu(s,t) > mmq} .

k,qeK T ktq s,t)EI} (s,t)ely

Let for u > 0
Ti={(k,q), kg€ Ky k#q, LNl #0}, To={(k,q),k,q€ Ky, I[xNI, = 0}.

Without loss of generality, we assume that q; = ky + 1, S > 1. Then I, = :f,'C U :f,'C’ with

dy
I = k1S, (k1 + 1)S = V8] x [ [[kiS, (ki +1)S] x J x E,
=2

dy
= [(k1 +1)S = VS, (ky + 1)S] x [ [[%:S, (ki + 1)S] x J x E.

Consequently,

]P’{ sup X, (s,t) > my, sup Xu(s,t) > muyq}
(s,t)ely (s,t)ely,

< ]P’{ sup Xo(s,t) > my, sup Xu(s,t) > mu,q} + ]P{ sup Xu(s,t) > muyk} )
(s,t)el, (s,t)el, (s,t)ell
Similarly as in (45), we have

) IED {Sup(s)t)e'fg yu(sa t) > mu,k}
lim sup

U0 e \I/(mu,k)

H:}]ph*( ) =0,

with Ip = [0,V/S] x [0,5]% 1 x J x E.
Let B = ntnn(nmnszr1 Q0 mlnf*l @ o0)- By (31) and Corollary 3.2, there exists C > 0 and C; > 0 such that

]P{ sup Xu(8,t) > myr, sup Xu(s,t) >mu_,q}
(s,)ET] (s,t)el,

< C(S + |B| +1)2@tme=Cis™ g x| )

and for (k,q) € Tz

]P’{ sup X (8,t) > my, sup Xu(s,t) > mu)q}
(s,t)eT} (s,t)ely,

<C(S + [B| 4+ 1) e T lg(my ),
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with my, . = min(m.y, g, my,q). Since each I, has at most 3% neighbours, then for S and u sufficiently large

Z ]P{ sup_ Xou(s,t) > myr, sup Xou(s,t) > muﬁq}
(k,q)ET1 (s,t)€l} (s,t)ely

<31 HYPL (D)W (mag) + Y C(S + |E| +1)2@tme=Cis g )

keK; (k@) €T
¢, 58/2
<Q > (HV - )wmu,k)
keK,
cy58/2
(51) < QS‘dl (’Hi}lph*( o) +e 2 )Ge(u).

Moreover, for all u large

Z ]P’{ sup Xu(s,t) > myr, sup Yu(s,t)>mu7q}
(k,q)ET3 (s,t)ely (s,t)€l,

< Y S+ |B|+ 12t F O Ty ()
(k,q)ET2

< D0 W(my QY Y SRR
keEK, q#0

(52) < @SQIG_QQSﬁG)e(u)'

Inserting (43-52) into (42) and dividing each term by Og(u), we have, with e — 0
cqy88/2

SN HY, s (To) —QS™ (H?}iﬁhs (Io) + e = ) — QS e—Q:S”

Pl (Xu) > m(u)}
=My ew

P{l'p, (Xu) > m(u)}

< lim lim limsup

TH0Y—=00 4o Oo(u)
dg 5 d 5
d d1yT * —QsPi —yQTPi
< %13105‘ 1’7'-[,‘/ ho(Lg) + hgloyhﬂngoS IHV¢,E(IO) ( Z e + _ Z e Y )
i=d1+1 i=do+1
d2 s
_ g—diqyT 7 —QsPi
(53) = SN, 4 (o) <1+ e )
i=d1+1
Note further that
(54) M- (o) = My, ((0,VS)) HHW [0, 5] H Py OS]HF (B)
=2 i=di1+1
and
_ d1 d2
(55) Hy (o) = [T v, 10.5] T Pu: (0,515 (B,
i=1 i=dy+1 ’

with Vi, , ‘7%, and h defined in (32) and (34). Using further the fact that (see e.g., Theorem 3.1 in [8])

. Hv,[O,S] .
SIE;T;O%T:HVWE(O,OO), 1<i<dy

and letting S — oo on the left side of (53), we have

dy ds
i=1 =41 oh i=dy+1
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Thus we conclude that
lim PV [-5,5] € (0,00), di +1<i<dy,

S—o0

which establishes the claim by letting S — oo on both sides of (53). For other cases of a;,b;,d1 +1 < i < da,

the proof is similar as above. O

Proof of Proposition 3.7 We have that for any S, T positive
b bo?(t)
0 < Px([0,5],[0,T]) <Py [0, T].

2
In order to complete the proof it suffices to prove that limp_, o P?g © [0,T] < oo. For this purpose, define for

any S > 0,u > 1
X(u(t+1))

F=y

Y.u(t) = t€[0,u  Inul.

Note that

a?(ult — s]) — (o(ut) — o(us))®  o?(ult — s|) — (uo(ud)(t — s))?
20 (ut)o(us) - 20 (ut)o(us) ’

with @ € [s,¢]. By A1 and Theorem 1.7.2 in [5], it follows that

1—Cor (X (ut), X (us)) =

li —ua(u) = Qloo-
W5 o (w)
If we set f(t) = t?/o%(t), then by Lemma 5.2 in [16] it follows that f is bounded over any compact set and

regularly varying at oo with index 2 — 2a, > 0. Consequently, UCT implies for any S > 0

. flut) aoar |
B Zy ey R0
and therefore as u — oo
02(u|t —s|) a o?(ub)(t — s)?
B 02(u|t—s|) 2 fult —s|) N o?(ult — s|)
(%) = Sutong 0~ )~ Ta

for s,t € [1,1 +u "t Inwu]. Let further
Iy(u) = [ku™S,u Y (k+1)S], 0<k < N(u), with N(u) :=[S™ Inu] + 1.

It follows that for S sufficiently large

N(u)
(57) po(u) < P{ sup  Yu(t) > V20(u) } < po(u) + Z pr(u
te[0,u—"Inu]
where
po(u) =P< sup Y, (t) > vV20(u) ¢,
telo(u)
- bo?(kS)
pr(u) =Pq¢ sup X(u(t+1 >\/§Uu(1—|— ) , k>1.
k( ) {telk(u) ( ( )) ( ) 40,2(u)
In order to apply Theorem 2.1, in view of (56) we set (using the notation in Theorem 2.1)
bo? (kS
68 K= {k0SkSN@L E=05L gu=Vao@ (14 20 ke K,
o

Zup(t) = X(u(u kS +u't+1)), ke K,,

2(|t - s)
bun(st) = g2, =D e B Rek,
,k(sa ) gu,k 20’2(U) ) S, S ) S )
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bo?(t)
202(u)’
CO0 and C2 are obviously fulfilled. C1 is also satisfied with

hao(t) = teE, hyr=0, keK,\{0}, n=X.
gi,ohu,o(t) — bo%(t), wu— o0
uniformly with respect to t € E and
92 phui(t) =0, t€ E ke KN\0}, u>0

Next we shall verify C3. Clearly by A2 for u sufficiently large

2
t_
U= on2p— sy < Qlt— s/, site Bk e K.

9u,k(s,t)=gi)k 202() =

Moreover, by (56)

sup sup gi,kE {Zuk®t) = Zu,7(8)] Zu,k(0)}
kEK, ||t—s||<e,s,teE

o1
202(u)

o%(s)

- o)

(Jo*(t) — o*(s)| + 0(1)) =0, u— oco,e 0.

(1+0(1))

< sup sup gi.k(
k€K, |[t—s||<e,s,teE

2
gu,k
< sup sup 5
kEK., ||t—s||<c,s,teE 20 (u)

Thus C3 is satisfied. Therefore, in light of Theorem 2.1, we have that

. po(u) bo? (t)
lim —2XY  _ phi g g
2 oy X0
and
(59) lim  sup pi(v) — Hx0, S]' —0.
U= keK, /{0}

v (VEo(u) (1+245))

Dividing (57) by ¥(v/20(u)), letting u — oo and by A1, we have that for sufficiently large S;

o0

Pi00,5] < PR D0,51] + Hx[0,51] Y e
k=1
< ngz(t) [0, 51] + Hx]0, 5] Z o= Q1 (kS
k=1
ba’2(t) —Qp800
= PX [OaS1]+Hx[O,S1]e 1,

Next, letting S — oo leads to
Jim P O00,8] < PR O[0, 81] + Hx [0, Si]e” P < oo
—00

establishing the claim.
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5. APPENDIX

Proof of Remark 2.2 ii). First we suppose that C2 and (12) hold. Our aim is to prove (16). By (12), the

continuity of af,(t), t € E and the compactness of E, for any ¢ > 0, there exists a constant € := ¢, > 0 such that

limsup sup sup 9o ;. Var (bu(s)) — ga .. Var (bu(t))| < ¢/3,

u—00 T, €KYy ||t—5||<€,s,t€E

with b, (t) = Zy 7, (t) — Zy -, (0) and further

sup 0727(1%) - 0727(5) < c/3.

lt—sll<e,s,teE

By the compactness of E, we can find E. C E which has a finite number of elements such that for any ¢t € E
O(t)NE,#0, Oct):={secR: |t —s| <e}.
For any t € E, with t' € O.(t) N E,

G2 Var (by(t)) — 207 <t>\ <

G2 Var (bu(t) — 4%, Var <bu<t’>>\

+2 +

QZ,THVC”" (b (1)) — 20727 t].

op(t) —on(t)
It follows from C2 that

lim sup
U0 Tu€Ky

g2 . Var(by(t)) — 20,27(t)’ =0, te k.
Consequently, we have

limsup sup sup
u—00 T,eK, teER

G2 Var (bu(t)) 2oz<t>\

Stmsw s s gk Var (b)) - o, Var ((0)
u—00 T, €KYy ||t—5||<€,s,t€E ’ ’

+2 sup 0727 (t) — 0727 (s)| +1limsup sup sup gz, Var(b,(t)) — 20727(t)‘
[t—s||<e,s,te E u—oo T,EK, tEE|

<ec.

Hence letting ¢ to 0 yields (16).
Next, supposing that C2 and (16) hold, we prove (12). By the continuity of af,(t), t € F and the compactness

of E, for any ¢ > 0, there exists a constant € > 0 such that

sup 0727(1%) - 0727(5) <c/3.

[t—sli<e.s,te B

For any s,t € F

gz,mvmm(s))—gz,mv@w(bu(t»] < g2 Var tu(s)) - 202()| + 2002(s) - 2(0)

_|_

20727(t) - giﬂ.u Var (bu(t))‘
Consequently, by (16)

limsup sup sup
u—00 T, €Ky ||t—s||<e,s,teE

G2 Var (bu(s)) — g2, Var (bu<t>>}

ay(t) — oy (s)

< 2limsup sup sup "

u—o0 T,EK, teEE

< c

9o . Var (by(t)) — 20,27(t)‘ +2 sup
’ lt—s||<e,s,teE
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Letting ¢ — 0, the above establishes (12), which completes the proof. ([
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