EXACT ASYMPTOTICS FOR TYPE I BIVARIATE ELLIPTICAL
DISTRIBUTIONS

ENKELEJD HASHORVA

ABSTRACT. Let (S1,S2) be a bivariate spherical random vector with associated
random radius which has distribution function in the Gumbel max-domain of
attraction. In this paper we obtain an exact asymptotic expansion of the
tail probability P{S1 > un,pnS1 + /1 —p2S2 > vn},pn € (—1,1) with
Un,VUn,n > 1 constants letting up, — oo and pp, — p € (—1,1). As an
application of our result the limit distribution of the joint and the partial
excess distribution is obtained.

1. INTRODUCTION

Let (S1,52) be a spherical random vector with associated random radius R :=
\V/S? 4+ 52 > 0 almost surely. Basic properties of spherical random vectors are
obtained in Cambanis et al. (1981). So if R > 0 almost surely, then we have the
stochastic representation

(S1.82) £ (RO, RO2),
with (O1, Og) uniformly distributed on the unit circle of R? being further indepen-

dent of R (i stands for equality of distribution functions).

A natural generalisation of this class is the class of elliptical random vectors, de-
fined as linear combination of spherical random vectors. Elliptical random vectors
are both from the theoretical and the practical point of view very interesting. This
class is very large, including the prominent Gaussian and Kotz distribution.
Throughout this paper we consider elliptical random vectors (Xo, Yp), (X1, Y1),...
in R? with stochastic representation

(1) (X, V) L (S1, pnSt + /1= p282), pn € (—1,1), n>0.

The basic distribution properties of elliptical random vectors are well-known, see
e.g., Kotz (1975), Cambanis et al. (1981), Anderson and Fang (1990), Fang et.
al (1990), Fang and Zhang (1990), Szablowski (1990), Berman (1992), Gupta and
Varga (1993), Kano (1994), Kotz and Ostrovskii (1994) among several others.
The main asymptotic properties of bivariate elliptical random vectors are derived
by Berman (1982,1983) culminating in his excellent monograph Berman (1992).
Berman'’s focus was the asymptotic properties of the Berman processes. The work
of Berman has been therefore not referred for a long time in the literature of mul-
tivariate distributions. Similar results for bivariate spherical random vectors are
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obtained in Carnal (1970), Gale (1980), Eddy and Gale (1981) in the context of
convex hull asymptotics.
In this paper we are interested in the exact asymptotics of the tail probability

(2) P{X, >un, Y, >0} = tup,v, €ERn>1

letting u,, tend to oc.

Intuitively, since the associated random radius R is the only unknown component
of the elliptical random vectors, we expect that its tail asymptotic behaviour deter-
mines the asymptotic behaviour of (2). This is the case for the Gaussian random
vectors (see e.g., Hashorva and Hiisler (2003) or Hashorva (2005a)).

Indeed the Gaussian case has been treated in very many papers. The result for the
case Up = Un,n > 1 is given in Berman (1962). See Dai and Mukherjea (2001) or
Hashorva (2005a) for further references.

The square of the associated random radius of a d-dimensional Gaussian vector is
chi-squared distributed with d degrees of freedom. From the extreme value theory
we know that R in the Gaussian case has distribution function F' in the max-domain
of attraction of the Gumbel distribution function A(z) := exp(—exp(—x)),z € R.
Motivated by this fact, in the recent paper Hashorva (2006b) an asymptotic ex-
pansion of the tail probability for a general multivariate setup is obtained. Those
results can be applied to our case when p,, does not depend on n.

Making use of a tractable formula for the bivariate elliptical distributions we obtain
in this paper the asymptotic expansion of the tail probability of interest allowing
pn to depend on n, and provide a simpler proof than that in the aforementioned
paper.

Further, we apply our result to study the asymptotics of bivariate excess distribu-
tions.

2. PRELIMINARIES

In this section we present some standard notation and give few preliminary
results. The main results are given in Section 3, followed by the proofs in Section
4 (last one).

Given a random variable Y with distribution function H, we shall denote this
alternatively as Y ~ H. If F' is the Gamma distribution with positive parameters
a,b we write Y ~ Gamma(a,b).
Next, let (X,,,¥,),n > 0 be a bivariate elliptical random vector as in (1), and write
throughout this paper (X,Y), p instead of (Xo, Y0), po-
We assume in the following that the associated random radius R has distribution
function F such that F'(0) = 0. Further, we impose a certain asymptotic restriction
on the distribution function F, namely we suppose that there exists a positive
scaling function w such that

1—F(u+x/w(u))

3 li = — V. R
(3) Jim T exp(—x), Vx €

is valid with z € (0, oo] the upper endpoint of F. The above condition is equivalent
(see the standard monographs de Haan (1970), Leadbetter et al. (1983), Galambos
(1987), Resnick (1987), Reiss (1989), Falk et al. (2004) or Kotz and Nadarajah
(2005), or de Haan and Ferreira (2006)) with the fact that F' is in the Gumbel
max-domain of attraction, meaning the sample maxima of a random sample with
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underlying distribution function F' converges in distribution (after an affine nor-
malisation) to a Gumbel random variable.
We refer to (X,Y) in the case F satisfies (3) as Type I elliptical random vector.
The scaling function w can be defined by

1—F(u)

(4) w(u) = W, u € (0,zp].

Further, uniformly on the compact sets of z € R

wlu fu)
5) ulTwF w(u) L
and

(6) ulgcr;uw(u) = oo.

In view of Lemma 6.2 of Berman (1982) (given also in Lemma 12.1.2 in Berman
(1992))

aSy +bSs £ /a2 + b2S;, Va,bER,

hence for (X,,Y},) 4 (S1, pnS1 + /1 — p2S2) with p, € (=1,1),n > 0 (as in (1))
we have

Applying Theorem 12.3.1 of Berman (1992) we obtain (n — o)

1\ 1
YP{X >u,t=P{S; >u,} = (1+0o(1 1— F(uy,)],
OPE>w) = PS> w) = (o)) S=li- Flu)
provided that lim, o u, = zp € (0, 00] and F satisfies (3) with the scaling function
w. Consequently, when (X,,,Y;,) is a Type I elliptical random vector, then the
asymptotic tail behaviour of its components is known. In the special case that
(X,,Y,) has independent components we have

P{X, > u,, Y, >v,} = P{X, > u, } P{Y, >vn}, n>1,

hence for this instance there is nothing to investigate.

Provided that (X,,,Y,,) has a density function, we know that X,, and Y;, are inde-
pendent (see e.g., Fang et al. (1990), Hashorva et al. (2007)) only when X,, and Y,
are standard Gaussian random variables. Therefore the above simplification of our
problem of interest is only possible for a trivial case. In the case (X,,Y,,) is Gauss-
ian and X,,,Y,, are correlated (p, # 0), the exact asymptotics of the probability of
interest is know (see e.g., Hashorva (2005a)). The general elliptical case is derived
in Hashorva (2006b).

Next, we consider briefly the bivariate Gaussian case and then give a conditional
limiting result which will be utilised in Section 3. Assume for simplicity that

Up = Uy, a€ (—oo,1], n>1,

and u,,n > 1 is a positive sequence converging to infinity.

It turns out that the correlation p plays via the Savage condition (see e.g.,
Hashorva and Hiisler (2003)) a crucial role in determining the joint tail asymp-
totic behaviour of (X,Y). In the bivariate case this condition is very simple to
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formulate, namely if a > p we have

exp(—(Unta,p)?/2)

P{X >u,,Y >au,} = (1+4+0(1))Cqs, Sl , N — 00,

with

(1
9 au,=vV0-—2ap+a®)/0-p2)>1,C,, = — LI Sy
( ) P \/( P )/( P) P (1—ap)(a—p)
If a < p then

2

—uz /2

(1) PIX >unY >aun} = (1+0(1)1,, P2

Veru,
is valid with 1, , :=1/2if p =a and 1, , := 1, otherwise.
If the Savage condition holds, i.e., p > a then o, > 1, implying that the joint
tail asymptotics is faster than the convergence rate to 0 of P{X > u,}. Moreover,
the speed of the convergence is governed by oy ,, which is actually the attained
minimum of a related quadratic programming problem (see e.g., Hashorva (2005a)).
If the Savage condition does not hold, then (10) shows that the asymptotics is of
the same rate as of P{X > u,},n — oo. The later asymptotics is well-known and
related to Mills Ratio (see e.g., Berman (1962)).
In the Gaussian case (3) holds with w(t) = ¢,¢ > 0, hence we may write (10) using
further (8)

P{X > u,,Y > au,}
= (1+0(1)1,oP{X > u,}

1/2
= (Fo)le (unwl(un)> \/12?[1 ~ Flun)), m =0

showing that the asymptotics is defined by 1 — F(u,) and u,w(u,). This is the
case for Type I elliptical random vectors in general as shown in Hashorva (2006b)
(corresponding to our case p not depending on n). We shall present in this paper
another proof of that result (see Theorem 2 below), and consider further the case
pn depends on n.
Finally for ease of reference we present next a conditional limiting theorem proved
in Theorem 4.1 of Berman (1983) (see also Theorem 12.4.1 of Berman (1992)).
That result first appears in Lemma 8.2 of Berman (1982) (with some additional
restrictions). More special case are dealt with in Gale (1980), Eddy and Gale (1981).
See for details Abdous et al. (2005), Abdous et al. (2006), Hashorva (2006a), or
Hashorva et al. (2007).
Recent deep articles on the subjects are Heffernan and Tawn (2004), Butler and
Tawn (2005) and Heffernan and Resnick (2005).

We denote throughout the paper a Gaussian random variable with mean 0 and

variance /1 — p? € (0,1] by Z,, i.e.,

(11) z, 4 V1= p2W,

where W is a standard Gaussian random variable.

Theorem 1. [Berman (1992)] Let (S1,S2) be a spherical bivariate random vector
with associated random radius R := \/S} + S3 > 0 almost surely. If the distribution
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function F of R satisfies (3) with the scaling function w, then we have for any
p€(—-1,1) and u, < zp,n > 1 such that im, o u, = zp

(12) qn(pSl—l—\/l—pzSg —pun>’51 > Up LA Z,, M — 00,

with ¢ == Jw(uy,)/un and Z, as in (11).

For the case p = 0 the proof is given in Theorem 12.4.1 of Berman (1992). The
case p € (—1,1) is proved in Berman (1992) in Theorem 12.5.1 (see (12.5.5)). In
fact from (12.5.7) therein we have the convergence in probability

(13) qn‘SI*un||Sl>un g 0; n — oo,

hence the proof of the case p # 0 is a simple consequence of Theorem 12.4.1 of
Berman (1992) and (13).

3. MAIN RESULTS

In this section we consider bivariate elliptical random vectors (X,Y), (X1, X2), ...
with stochastic representation (1) and associated random radius R ~ F. We con-
sider for simplicity only the case F' has an infinite upper endpoint.

Given two sequences u,,v,,n > 1 we derive in the main result below an asymp-
totic expansion for P{X,, > u,,Y, > v,} letting u,, tend to co. For v,,n > 1 we
require that lim,,— o v, /U, = a € (—00, 1]. As illustrated by the Gaussian example
above the pseudo-correlation coefficient p (recall (1)) plays a central role for the
asymptotics via the Savage condition.

The main assumption in this section is that (X,,Y,) is a Type I elliptical random
vector, i.e., the distribution function F' of the associated random radius R is in the
Gumbel max-domain of attraction.

Theorem 2. Let (X,Y),(X1,Y1),... be Type I bivariate elliptical random vector
with stochastic representation (1), where p,p, € (—1,1),n > 1, and let up,v, €
R,n > 1 be given constants such that lim,,_, ., u, = 00. Assume that the associated
random radius R ~ F is almost surely positive with F in the Gumbel maz-domain
of attraction satisfying (3) with the positive scaling function w, and upper endpoint
xp = 00. Suppose further that lim, .o pp, = p € (—1,1) and let Z, be as in (11).
i) If for some z € [—00, 0)
(14) lim gplvn, — pnun] = 2

n—oo
holds with ¢, == v/w(up)/un,n > 1, then for any sequence y, € R,n > 1 such that
limy, 00 Y = y € [—00,00)

P{X,, > tn, Yy > vp +Yn/qn}

1 1 1/2
1 = (1 1))P{Z _ — 1—-F

(15) 1+ oP(Z >y + 2} o= (o) - Flwn)

(16) = (1+0(1)P{Z,>y+2}P{X > u,}

holds as n — oo.

i1) Set an = vy /un,m > 1 and suppose further that a, € (pn,1] for all large n and

(17) lim a, = a€(p1].

n—00
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Then we have

P{X, > u,,Y, >v,}
a,pCa,p 1

1) = (o) e 1 Pl
a?z,pca,p 1 1/2 *
(19) = (1+40(1)) Wor (u;w(u;ﬁ)) P{X >u}, n— oo,

with ot p, Ca,p as in (9) and u}, := Qtpq pUn,n > 1 where

(20) Anap = (1= 2a,pn +a2)/(1—-p2) — au,>1, n— oo
Remarks 1. a) Since F is in the Gumbel max-domain of attraction we have
1— F(ct)
lim ———= = 1
tggol—F(t) 0, Ve>1,
hence (8) yields also

P{X,>ct}y .  P{S>ct}

Ry S Ly
Consequently by (20)
o PO >}
n—oo P{X,, > u,}
Further (6) implies
(21) lim w,w(u,) = lim w,w(uy,) = oo,

n—oo n—oo

hence the asymptotics in (18) is faster than the one in (15).

b) If the distribution function F' has a finite upper endpoint z g € (0,00), then the
first statement above still holds for u,, — xr as n — oo and v,,n > 1 satisfying
further

(22) u = 2ppunv, + 02 < 1—p2, n>1.

¢) Our asymptotic results in the above theorem confirm (for the case p, = p,n > 1)
the ones previously obtained in Hashorva (2006b).

Note that if p,, depends on n, then the rate of convergence in (18) depends explicitly
on p,. Furthermore, the conditions leading to both statements above need to be
formulated with p,, instead of p (see (14)).

In the special case (which is common in applications), namely v,, = upa, p, =
p,n > 1 with a € (—o0,1] and p € (—1,1) we have:

Corollary 3. Under the assumptions and the notation of Theorem 2, if further
an = a € (—oo, 1] for all large n then we have:
i) In the case a < p

P{X > u,,Y > au, + yn/qn}

23 li = 1.
(23) nm00 P{X > u,}

i1) In the case a = p
P{X > Up, Y > au, + yn/qn}

(24) nh_)ngo PIX > u,] = P{Z,>y}.
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1) If a € (p, 1] then we have as n — o0

P{X > u,,Y > au,}

32, ! 1/2
2 = (1 1)) =% P{X aplin
(25) (1 o(0) 22 () PLX > )

with Cy p, 0tq,p as in Theorem 2.

Corollary 4. Under the assumptions of Theorem 2 we have:
i) In the case p € (0,1)

(26) P{X>u,Y>y} = (14+01)P{X>u,}, n—oo

is valid for any y € R.
i1) In the case p =0 and

(27) lim (“’(“”)>1/2 = be0,00),

we have for y € R
(28) P{X >u,,Y >y} = (1+01)P{Z,>by}P{X >u,}, n— oo
i) If p € (—1,0) then for any y > 0

P{X > u,,Y >y}

(200 = (1+o(1) <(127r/’)’22)3> v (M) 1/219{)( Sut), n— oo,

is valid with

ul =/ (y2 = 2puny +u2)/(1—p2?), neN.

Remark 1. The above corollary is important also in a distributional context. In
view of (26) and (29), X and Y cannot be independent if (X,Y) is a Type I ellip-
tical random vector with pseudo-correlation p € (—1,1),p # 0.

When X, Y are independent with (X,Y") Type I, then we have thus p = 0, hence if

further (27) holds, then (28) implies that YV’ < Z,/b.

We consider next an illustrating example:
Example 1. [Kotz Type III| Let (X,Y) = R(O1,p0;1 + /1 — p203), with R a
positive random radius independent of the bivariate random vector (O1, O3) which
is uniformly distributed on the unit circle of R%2. We call X a Kotz Type III elliptical
random vector if further

P{R>u} = (1+o(1)Kuexp(—ru®), K>0,cR NeR, u— oo,

with 6 <0 if N < 0. We consider next only the case § > 0. Define the function w
by

w(u) = rou’"t, u>0.

For any x € R we have

P{R>u+z/w(u)}
P{R > u}

= (14 o0(1)) exp(—ru‘S Kl + 1"5%)6 - ID — exp(—x)
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as u — oo, implying that F is in the Gumbel max-domain of attraction with the
scaling function w. In view of (8) we have

K
P{X>u} = (1+0(1)—=uN"%?¢x —rud), u— oo.
(X>u) = (o) 2 (=)
Let u, — oo and y,, — y € R be two given sequence and let a € (—o0, 1] be a given
constant. Then by the above results we have if p < a

P{X > Uy, Y > auy, + ym/réu‘sn_l/un}

K
= (1 —+ 0(1))\/ﬁu2/75/2 eXp(—TUfl)y n — Q.
If a = p similar asymptotics follows where the constant is additionally multiplied
by P{Z, > y}.
Assuming that a € (p, 1] we obtain as n — oo
K a(2;p6+N C,

P{X >u,,Y >au,} = (1+ 0(1))T’IJUHN*5 exp(—7(Qa ptin)?).

Note in passing that the Gaussian case corresponds to the choice of parameters

K=1,N=0,6=27r=1/2.

4. APPROXIMATION OF EXCESS DISTRIBUTION

Consider (X,Y), (X1,Y7),... Type I elliptical bivariate random vector with sto-
chastic representation (1) and associated random radius R ~ F. Let u,,n > 1 be
a positive sequence such that lim,, o, u, = zp,|u,| < zp,n > 1. The random
variable X,, — u,|X, > u, is the excess of X,, above the threshold u,, given X,
jumps the threshold.

An immediate consequence of the assumption F' is in the Gumbel max-domain of
attraction with the positive scaling function w is the convergence in distribution of
the corresponding excess random variables above the threshold u,,

(30)  w(wn)(Xn — un)|Xn > tn S U, wup) (Y — up)|Yn > up 2 U,

with U ~ Gamma(1,1) a unit Exponential random variable.

Another interesting situation arises when we additionally condition on the other
component being large, i.e., considering the joint excess bivariate random sequence
(with respect to wy,, vy, n > 1)

(Xun,Y,'unyyvn,X,un) = (Xn - unaYn - ’Un){Xn > U'qun > Up, n Z 1.

With the above notation we can re-write (12) and (13) as
(31 (00 = puttn) g (X = wn) ) [Xo > w0 % (2,,0), n—ox,

where ¢, := \/w(uy)/un,n > 1and Z, as in (11).
Convergence in distribution is stated in the next theorem, which is a slight modifi-
cation of Berman’s result presented in the previous section.

Theorem 5. Let (S1,52) be a Type I bivariate spherical random vector with asso-
ciated random radius R ~ F', where F satisfies (3) with upper endpoint xp € (0, c0]
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and the scaling function w. Let u, < xp,n > 1,p, € (—1,1) be constants such that
lim,, oo U, = TF and set

Xn = Sl, Yn = pn51+\/1—p%52,n2 1.

If lim, 00 pn = p € (—1,1), then we have the convergence in distribution (n — oo)
(32) (qn(Yn = Pntin), w(un) (X, — un)) ‘Xn > Uy A (Zp, U)7 n — 0o,

where ¢, = \/w(uy)/un,n > 1, and Z, as in (11) independent of U ~ Gamma(1,1).

Hashorva (2006b) obtains in Theorem 5.1 the convergence in distribution of the
joint excess sequence (X, vou,s Yu, Xu,)s? > 1. A similar (independent) result
appears in Asimit and Jones (2007) under the further restriction that the scaling
function w is regularly varying and F' has an infinite upper endpoint.

We apply our previous results to derive several approximations in the next theorem.

Theorem 6. Let F,(X,Y),p,Z,,(Xn,Yn), Pns@n,Un, Up,n > 1 be as in Theorem
2, F satisfies (3) with the scaling function w and upper endpoint xp = 0o, and let
hpisn > 1,1 =1,2 be positive constants such that

(33) lim guhn; = ¢ €[0,00), 1=1,2,

with g, == Jw(uy)/up,n > 1.
i) If (14) holds with z € [—00,00), then we have for any z,y € R

. P{Xu Yo, > hnlanv X un > thy} =
34) 1 = 3,.(coy — per),
(34) s P{X > up + hp1z|X > u,} pa(cay = per2)
where ®, ,(s) := P{Z, > s+ z}/P{Z, > z},s €R.
Furthermore, in the case that z € R we have the convergence in distribution

(35) (w(un)Xun,Y,vna QnYUn,X,un> i) (Ua Vtz)v n — oo,

with U ~ Gamma(1,1),V, ~1 -0, .
i) Set ul = \/(u2 — 2puunv, +02)/(1 — p2),n € N. If further (17) is satisfied,
we then have the convergence in distribution

(36) (W) X v 005 Yo ) > (U1 T2), 0= o,
where
1—ap a—p
Uy ~ Gamma(l, ————<), U ~ Gamma(l, ————<),
( aa,p(l _pQ)) ( aa,p(l _p2>)

with Uy, Uy being further independent and ., := /(1 — 2ap + a2)/(1 — p?) > 1.

We give next an illustrating example.
Example 2. Let X,Y, p, F,w, uy,u),vy,n > 1 be as in Theorem 6. Assume that
forall ¢ > 1

(37) im Y A e (C1,00),

woe w(u)

If (17) holds, then we obtain (the convergence above is locally uniformly)

’LU(U:;) _ w(unaa,p> A
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hence for any z,y positive

lim P{X>un+L,Y>vn+LyX>umY>vn}
n—o0 w(uy,) w(uy,)
. QT gy
= lim P{X>un+ —Y >v, + |X>un,Y>Un}
n—oo w(uy) w(uy)

= exp(—a ) ([Kapw + Koy

1—ap a—p
= exp(— W] T+ —I7 y)
ad 1- ) a1 )

Note in passing that if (X,Y") is a Kotz Type III elliptical random vector with § > 0
then (37) holds with A = 4§ — 1.

5. PROOFS

For the proof of Theorem 2 we need the next lemma, which could be of some
interest on its own.

Lemma 7. Let F' be a univariate distribution function with upper endpoint xp €
(0,00] such that F satisfies (3) with the positive scaling function w. Let further
an < by < xp,Up,rp,m > 1 be four sequences of positive constants such that
Uy = Aply, < Tp,¥n >1
(38) lim wy =zp, and lim upw(u))[b, —a,] =n € [0,].

n—oo

n—oo

If further ¥y, hy,n > 1 are positive measurable functions such that for all large n

(39) Un(an + z/(upw(uy))) = rphn(z), Ve >0,
where
Jm ha(z) = hz),

and for all n large and any x > 0
ho(z) < Kmax(z?,2*?), K€ (0,00),\ € (—1,00),i=1,2,
is satisfied, then we have for any &, — & € [0,00) with £ <n < 00
b x

L I Falnyde = (o)™ .
as n — oo with I(h,n,§) : fg z) exp(—z)ds € [0,00).
Proof. Set for any n € N

Uy 2= Aplp, by = upw(uy),  Np = tplbn — anl.

Since lim,, .o u} = xp the assumption on F' implies

N

=exp(—z), VzeR.
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Next, applying Fatou Lemma we obtain

bn
lim inf/ 1 — F(upz)|tn(x) dx

n=eo n+§n/w(u:z,)

> liminft;! / "1 = Flunfan + 2/60])]6n (@n + /t,) da

n—oo §
n

n _ * *
> (1= F(u)]rat," / lim inf L= Flu, +o/wlu;) hn () dz
3

n
(1+o(1)ru[l — F(ul))t;, ! / exp(—z)h(x)dz, n — co.
3
Since for all = positive it follows that h(z) < K max(z*,2?) we have
n
0< / exp(—x)h(x) dr < co.
3

The proof for the limsup follows (non-trivially) along the lines of the proof of
Lemma 4.2, 4.3, 4.5 in Hashorva (2006a) utilising ideas and results in Berman
(1992). The case A > 0 follows easily with the arguments from Berman (1992) (see
(12.3.7) therein). The case a € (—1,0) is established using further the fact that for
any € > 0,z € [0,1]

1= F(7n 4+ z/w(m))

1—F(1,)

holds uniformly for any sequence 7, < xg,n > 1, such that lim,, .. 7, = xF, hence
the proof. |

—exp(—z)| < eexp(—z)

PROOF OF THEOREM 2 Set forn € N

Qp ‘= Un/Un) Wn, 1= w(un)’ an ‘= \/m

(6) implies lim,, 00 Upwy, = co. In view of (12) we have
Gn (Yo, — prun)| Xn > up 4, Z,, n— 00,
with Z,//1 — p? a standard Gaussian random variable. Consequently for all n

large we have
P{X, > up,Yn >0y +Yn/qn}
= P{X > un} P{qn (Y, — pnun) > qulantn + Yn/qn — prtin]| Xn > un}
P{X > un} P{gn(Y — pntn) > Yn + VunWnlan — pp]|X > un}
= (1+01)P{Z,>y+2}P{X >u,}, n— oo

Using now (8) establishes the first claim.

ii) For simplicity assume that p,p, € [0,1],n > 1 and v,,n > 1 is a positive
sequence. The other case follows with similar arguments.

In view of Lemma 3.3 of Hashorva (2005b) we obtain

P{X, >u,,Y, > ayu,}

1 ™/2 1 Bn
= 5 [l — F(z/cos(a))] da + o [1 — F(y/ cos(a — ¢y,))] dav
T J B, T Jpp—m/2

= Inl +In27
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with 3, := arctan((an, — pn)/\/1 — p2),¥n := arccos(py),n > 1.
Define next for any n € N

nap = 1/ cos(B) = /(1 = 2pnan +a3) /(1 - p2) 2 1,

and
* o, * o, *
Uy 1= O g plUn Wy = w(uy).

By the assumptions

lim 3, = 8 :=arctan((a — p)/+/1 — p?),

and
lim @4, = 1/cos(8) = /(1 —2pa+a2)/(1—p2) >1, lm oy 4 pu, = 0o

A simpler formula as the above one for the bivariate tail probability is given in
Abdous et al. (2006), Kliippelberg et al. (2007). Transforming the variables (bor-
rowing the idea and the formula from Abdous et al. (2006)) we obtain applying
Lemma 7
I, = 1 [1- F(unx)]l# dx
27 1/ cos(Bn) T2 —1

= 0 L= Flun) 1 L - exp(—z) dz
= (1+o(1) 2ruywy, 1/ cos(B) \/(1/cos(B))2 — 1 /0 p(=)d

1-F(uy) 1 1

2mun Wy Otap \/(0tg,p)? — 1

= (1+0(1)

, n — oo,

and similarly for any a > 0
1 [ 1 1
I = (1= Flanuny)| =

il —dy
2m an/ cos(fBn) Yy \/y2 -1
1-F(u;) 1 1
= (ot ) ,
2rupwy, Qap \/(0g,)?/a? — 1
Consequently we may write as n — oo using further (8)

P{X, > u,,Y, > ayu,}

= (1+0(1))

1 1 } 1— F(uz)

1
+
Qa,p [\/(aa,p)Q -1 \/(O‘a,p)2/a2 -1
o, ,Co,1—F(u})

n

2mupwik

= (1+0(1)

2m Unp Wy,

iy Cap ( 1 >1/2 1 — F(uy)
Vor \wpwy ) \/2ma o punwy

o’ C 1\ Y2
'WW’( > P{X >u’}, n— oo
Ver \upwy

(1+0(1))

— (1+0(1))

In the case a = 0 we obtain the same asymptotics since I,,2 = o(I,1),n — oo. Thus
the claim follows. O
PrROOF OF COROLLARY 3 In view of (21)

lim u,w(up)la—p] =0, ifa=p
n—oo
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or
lim upw(u,)la —pl = —o0, ifa<p

implying that (14) holds with z = 0 or z = —o0, respectively. Hence the proof
follows immediately from Theorem 2. O
PROOF OF COROLLARY 4 i) Since u,, — oo we get using (6)

nh—>ngo V unw(un)[y/un - P} = —0Q,

hence (14) holds with z = —oco. Applying Theorem 2 establishes the first claim.

ii) In this case (14) holds with z = by, thus the claim follows again by a direct

application of the mentioned theorem.

iii) For all large n we have a,, := y/u, > p and further lim,,_,, a,, = 0. Utilising

again Theorem 2 establishes the proof. (I
PROOF OF THEOREM 5 (5) and (8) imply that both S; and S; are in the Gumbel

max-domain of attraction with the scaling function w. Consequently

P{S1 > up + a1y /w(un)}

li =0
nLHOlO P{Sl > Un}
for any 7,,n > 1 tending to co. Hence the proof follows easily from (12). O

PROOF OF THEOREM 6 Set for n > 1

qn ‘= \/mv u/n = Up + h’nlx’ Yn = anth

By the assumptions and using (6) we obtain for any z,y € R

lim v, =00, lim y, = coy
and
, 1 1
lim 2% = lim 14+ zhpi/u,] = lim [1 +xw] =1,
hence
SN 1/2
lim (W) [Un — pnul] = lim gulvn — puun] — ppx lim hpig,
n—oo un n—oo n—oo
= z-—pax,

consequently applying Theorem 2 we obtain for any x,y € R
P{Xn > Uy + hp12, Yy > v, + hn2y}

= P{X, >u,,Y, > vy + ynvVtn/wluy)}

= (14+01)P{Z, > coy — pcix + 2} P{X > up + hpz}, n — oo.
Thus we have if x,y are positive (recall (7))

P{X, > up + hp12, Y, > v, + hngy]Xn > Up, Yy > Un}
P{X, > up + hp12,Y, > v,y + hpoyt
P{X,, > up, Y, > v,}
P{X > Up + hnll‘}
P{X >u,}

with ®,, = P{Z, > s+ 2}/P{Z, > z},s € R and Z,/+/1 — p? a standard
Gaussian random variable, hence (34) follows.

= (1+0(1))®):(c2y — perz)

n — 00,
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Next, if the sequence h,1,n > 1 is asymptoticaly equivalent with w(u,),n > 1, i.e.,
lim,, o0 hpiw(uy,) = 1, then

lim g¢phn1 =0,
n— o0

and further Vaz € R (recall (8))

. 1= F(up+ hpiz) . P{X >u,+x/w(u,)}
1 =1 = —x).
noo 1 — F(up) note  P{X > un) exp(—)
Consequently if additionally lim,_, s Anaw(u,) = 1 we obtain for any z,y € [0, 00)

lim P{X, > up + hp12,Y, > v, + hngy‘Xn > Up, Yy > v} = exp(—x)ﬁp,z(y).

n—oo

We thus have the convergence in distribution

d
w(up) (X, — u”)|X” > U, Yn >v, — U, n— oo,

with U a unit exponential random variable, and for any z € R

\/w(un)/un(Yn—vn)‘Xn>un, Yo >v, > Vi, n— oo,

where V, is a positive random variable with survival function ®, .(y),y > 0. Fur-
thermore, the joint convergence in distribution holds, hence (34) follows.

ii) Since lim,, o0 upw(u, ) = 0o we have that (14) holds with z = oo, hence Theorem
2 implies for any z,y € R as n — oo

P{Xn > Uy + hnlya Yn > Up + hn2y}’

R e L)

27 Upw(

with C, , defined in (9) and

=+ (L4 o(1) (e — aKa )i + Koy fw(uy), 1 — oo,

where u}, := 0ty q,pUn, O q,p = \/(1 — 2pnan +a2)/(1 - p2), and

a—p
oy =V (1-2ap+a?)/(1-p?) > 1, K,,:= P 0.
a,p
Since
Qap— aK,, = 1_7‘“’2 = Kap>0
O‘a,p(l —pP )

we may further write (n — oc0)

P{Xn>un+ ,Yn>vn+i)}

_r

w(ul) w(u
q,pCap §7d

= (1t 0(1) X (T K)o

thus the proof follows. O



EXACT TAIL ASYMPTOTICS FOR TYPE I BIVARIATE ELLIPTICAL DISTRIBUTIONS 15

REFERENCES

Abdous, B., Fougeres, A.-L., and Ghoudi, K. (2005) Extreme behaviour for bivariate elliptical
distributions. The Canadian Journal of Statistics 33,(3), 317-334.

Abdous, B., Fougeres, A.-L., Ghoudi, K., and Soulier, P. (2006) Estimation of bivariate excess
probabilities for elliptical models. (www.arXiv:math.ST/0611914).

Anderson, T.W., and Fang, K.T. (1990) On the theory of multivariate elliptically contoured
distributions and their applications. In Statistical Inference in Elliptically Contoured and
Related Distributions, K.T. Fang and T.W. Anderson, eds, Allerton Press, New York, pp.
1-23.

Asimit, A.V., and Jones, B.L. (2007) Extreme behavior of bivariate elliptical distributions.
Insurance: Mathematics and Economics, 41, 1, 53—61.

Berman, M.S. (1962) A low of large numbers for the maximum in a stationary Gaussian
sequence. Ann. Math. Stats. 33, (1), 93-97.

Berman, M.S. (1982) Sojourns and extremes of stationary processes. Ann. Probability 10,
1-46.

Berman, M.S. (1983) Sojourns and extremes of Fourier sums and series with random coeffi-
cients. Stoch. Proc. Appl. 15, 213-238.

Berman, M.S. (1992) Sojourns and Extremes of Stochastic Processes. Wadsworth & Brooks/
Cole, Boston.

Butler, A., and Tawn, J.A. (2005) Conditional extremes of a markov chain. Preprint.
Cambanis, S., Huang, S., and Simons, G. (1981) On the theory of elliptically contuored
distributions. J. Multivariate Anal. 11, 368—385.

Carnal, H. (1970) Die konvexe Hiille von n rotations-symmetrisch verteilten Punkten. Z.
Wahrscheinlichkeitstheorie Verw. Geb. 15, 168—176.

Dai, M., and Mukherjea, A. (2001) Identification of the parameters of a multivariate normal
vector by the distribution of the minimum. J. Theoretical Prob. 14, 1, 267-298.

De Haan, L. (1970) On Regular Variation and its Applications to the Weak Convergence of
Sample Extremes. Mathematisch Centrum Amsterdam, Netherlands.

De Haan, L., and Ferreira, A. (2006) Eztreme Value Theory. An Introduction. Springer.
Eddy, W.F., and Gale, J.D. (1981) The convex hull of a spherically symmetric sample. Ad-
vances in Applied Probability, 13, 751-763.

Falk, M., Hiisler, J., and Reiss R.-D. (2004) Laws of Small Numbers: Extremes and Rare
Events. DMV Seminar 23, 2-nd edition, Birkhauser, Basel.

Fang, K.-T., Kotz, S., and Ng, K.-W. (1990) Symmetric Multivariate and Related Distribu-
tions. Chapman and Hall, London, United Kingdom.

Fang, K., and Zhang, Y. (1990) Generalized Multivariate Analysis. Springer, Berlin, Heidel-
berg, New York.

Galambos, J. (1987) Asymptotic Theory of Extreme Order Statistics, 2nd ed. Krieger, Mal-
abar, Florida.

Gale, J.D. (1980) The Asymptotic Distribution of the Convex Hull of a Random Sample.
Ph.D. Thesis, Carnegie-Mellon University.

Gupta, A.K., and Varga, T. (1993) FElliptically Contoured Models in Statistics. Kluwer, Dor-
drecht.

Hashorva, E. (2005a) Asymptotics and bounds for multivariate Gaussian tails. J. Theoretical
Prob. 18, 1,79-97.

Hashorva, E. (2005b) Elliptical triangular arrays in the max-domain of attraction of Hiisler-
Reiss distributon. Statist. Probab. Lett. 72 (2), 125-135.

Hashorva, E. (2006a) Gaussian approximation of conditional elliptical random vectors. Sto-
chastic Models. 22, 441-457.

Hashorva, E. (2006b) Exact asymptotic behaviour of Type I elliptical random vectors. Sub-
mitted. (http://www.imsv.unibe.ch/™ enkelejd /mextrtypl.pdf)

Hashorva, E., Kotz, S., and Kume, A. (2007) L,-norm generalised symmetrised Dirichlet
distributions. Albanian Journal of Mathematics. 1 (1), 31-56.

Hashorva, E., and Hisler J. (2003) On Multivariate Gaussian Tails. Ann. Inst. Statist. Math.
55,(3), 507-522.

Heffernan, J.E., and Tawn, J.A. (2004) A conditional approach for multivariate extreme
values. J. R. Stat. Soc. Ser. B Stat. Methodol. 66, 3, 497-546.



16

ENKELEJD HASHORVA

[29] Heffernan, J.E., and Resnick, S.I. (2005) Limit laws for random vectors with an extreme

component. (http://www.maths.lancs.ac.uk/™ currie/Papers/ConditModel. pdf)

[30] Kano, Y. (1994) Consistency property of elliptical probability density functions. J. Multi-

variate Anal. 51, 139-147.

[31] Kliippelberg, C., Kuhn, K., and Peng, L. (2007) Estimating the tail dependence of an elliptical

distribution. Bernoulli, 13 (1), 229-251.

[32] Kotz, S. (1975) Multivariate distributions at a cross-road. In: Statistical Distributions in

Scientific Work 1, G.P. Patil, S. Kotz, and J.K. Ordeds, D. Riedel, Dortrecht, 240-247.

[33] Kotz, S., and Ostrovskii, I.V. (1994) Characteristic functions of a class of elliptical distribu-

tions. J. Multivariate Analysis. 49, (1), 164-178.

[34] Kotz, S., and Nadarajah, S. (2005) Exztreme Value Distributions, Theory and Applications.

Imperial College Press, London, United Kingdom. (Second Printing).

[35] Leadbetter, M.R., Lindgren, G., and Rootzén, H. (1983) Extremes and related properties of

random sequences and processes. Springer-Verlag, New York.

[36] Reiss, R-D. (1989) Approzimate Distributions of Order Statistics: With Applications to Non-

parametric Statistics. Springer, New York.

[37] Resnick, S.I. (1987) Extreme Values, Regular Variation and Point Processes. Springer, New

York.

[38] Szablowski, P.L. (1990) Expansions of E(X|Y 4 eX) and their applications to the analysis of

elliptically contoured measures. Comput. Math. Appl. 19, No.5, 75-83.

UNIVERSITY OF BERN, INSTITUTE OF MATHEMATICAL STATISTICS AND ACTUARIAL SCIENCES,,

SIDLERSTRASSE 5, CH-3012 BERN, SWITZERLAND, AND, ALLIANZ SUISSE INSURANCE COMPANY,
LAUPENSTRASSE 27, CH-3001 BERN, SWITZERLAND

E-mail address: enkelejd.hashorva@stat.unibe.ch
E-mail address: enkelejd.hashorva@Allianz-Suisse.ch



