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a b s t r a c t

Based on a model of asymmetric competition between a pay and a free media platform, this
paper investigates advertising pricing models. The pay media platform generates revenues
from media consumers through subscription fees, while the free media platform generates
revenues from charging advertisers either on a lump-sum basis (regime A) or on a per-con-
sumer basis (regime B). We show that the free platform produces a higher advertising level
and attracts more consumers in regime A than B although advertisers must pay more for
ads and consumers dislike ads. Moreover, the pay media platform faces higher subscription
fees and lower consumer demand in regime A than B. Compared to regime B, the profit of
the free (pay) media platform is higher (lower) in regime A, while aggregate profits are
higher only if the consumers’ disutility from ads is sufficiently low. In addition, advertisers
are better off in regime A than B, while the opposite is true for the media consumers.
Finally, in small media markets, social welfare is lower in regime A than B, while this is true
in large media markets only if the media consumers’ disutility from advertising is suffi-
ciently high.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction

Two generic business models coexist and compete in
the various media markets: either media platforms provide
their content to the media consumers for free and generate
revenues from advertising (free media platform), or media
platforms do not place ads but charge their consumers a

subscription fee for access to their contents (pay media
platform).1 Free media platforms possess two basic ways
to charge advertisers. Advertisers are charged a lump-sum
fee for placing ads or they are charged on a per-consumer
basis so that the advertising charges are a positive function
of the consumer size. For example, an online media platform
can ask advertisers a certain fixed amount for placing ads
during a certain time period (lump-sum charges) or it can
charge advertisers via the concept of Pay-per-Click or
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1 A third hybrid business model exists where media platforms place ads
and charge consumers (e.g., daily newspapers and magazines). However, in
this paper we focus on the two generic models: pay vs free platforms. One
justification for the coexistence between pay and free media platforms is
that media consumers usually dislike the presence of ads because they
decrease the entertainment value of consuming the media content, see
Depken and Wilson (2004), Anderson and Coate (2005), Wilbur (2008), and
Casadesus-Masanell and Zhu (2010). As a result, some media consumers are
willing to pay for media content and are switching to ad-free pay platforms
to avoid ads (Tåg, 2009b).
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Cost-per-Click where advertisers must pay for each click on
the ad link (per-consumer charges). Other examples for per-
consumer advertising charges include pricing models such
as CPM (cost per thousand impressions/views), CPA (cost
per action, where the required action is defined by the
advertisers, e.g., signing up for a service or ordering products
etc.), and CPV (cost per view/visitor). Particularly, Google ap-
plies the pricing model ‘‘AdWords’’ where advertisers create
their ads and choose keywords which are related to their
business. When consumers search one of the keywords on
Google or use relevant Google services such as Google Mail,
the corresponding ads appear next to the search results and
advertisers have to pay only if consumers click on the ads
rather than paying a lump-sum charge for their ads.

Yet, are per-consumer advertising charges really the
optimal pricing strategy for a media platform and is the
shift towards consumer-based instead of lump-sum adver-
tising charges socially desirable? Based on a simple theo-
retical model of a media market that is served by one
pay media and one free media platform, this paper tries
to answer these and related questions by formally investi-
gating the economic effects of the two distinct advertising
pricing models on relevant outcomes such as platform
profits, consumer and advertiser surpluses as well as social
welfare. We conduct our analysis in a framework of asym-
metric competition because such a setting is common in
the real world but has been widely neglected in the exist-
ing literature. Asymmetric competition between a pay and
a free media platform exists across a broad range of indus-
tries. For instance, pay TV channels compete against free
TV Channels (e.g. HBO vs. CBS), subscription newspapers
compete against free newspapers (e.g. Wall Street Journal
vs. USA Today), fee-based webmail providers compete
against free webmail providers (e.g. Yahoo! Mail Plus vs.
Gmail), and paid dating platforms compete against free
dating platforms (e.g. eHarmony vs. POF). In accordance
with the existing literature (e.g., Anderson and Coate,
2005; Peitz and Valletti, 2008), we model media competi-
tion in the Hotelling fashion. That is, the media consumers
consume ad-free media content on the pay platform and
pay a positive subscription fee or they consume the media
content for free and accept the presence of advertising. The
free media platform can charge its advertisers either a
lump-sum charge (regime A) or on a per-consumer basis
(regime B). In regime A, the advertisers pay a fixed amount
for placing an ad on the free media platform, which does
not explicitly depend on the consumer size. In regime B,
the price that advertisers must pay for placing an ad is
an increasing function of the consumer size. To analyze
these two pricing models, we model the advertising mar-
ket explicitly and assume that advertiser demand posi-
tively depends on the consumer size.

Our model shows that the dominant pricing strategy for
the free media platform is to apply lump-sum charges for
the advertisers because it realizes higher profit compared
to a per-consumer advertising charge. Moreover, the adver-
tising level on the free platform is higher and the platform
attracts more consumers under lump-sum charges although
advertisers must pay more per ad and consumers dislike
ads. We find that the competing pay media platform’s profit
is lower if the free platform imposes a lump-sum charge on

advertisers because the lower consumer demand overcom-
pensates for the higher subscription fee. As a result, the
strength of media consumers’ disutility from ads deter-
mines whether aggregate profits are higher in regime A or
B. Moreover, the advertisers are always better off and the
media consumers are worse off if the advertiser charge is
levied on a lump-sum basis. Overall, in small media markets,
applying lump-sum advertiser charges always yields lower
social welfare; in large media markets, this finding is true
only if the media consumers’ disutility from ads is suffi-
ciently high.

In the remainder of the paper we proceed as follows. In
the next section, we review the related literature. Section 3
introduces the basic model setup and Section 4 provides
the equilibrium analysis. In Section 5, we compare the rel-
evant outcomes of both regimes and derive our main re-
sults. Section 6 discusses the robustness of the results.
Section 7 concludes the paper.

2. Related literature

Our analysis of asymmetric competition between a pay
media platform and a free media platform that charges
advertisers contributes to the literature on the economics
of media markets in two dimensions.2 First, we add to this
literature by comparing lump-sum and per-consumer adver-
tiser charges in an integrated framework. Second, we con-
tribute to the literature because prior research focuses on
symmetric competition between either free media platforms
or pay media platforms and then compares the two indepen-
dent scenarios separately.

In the area of media economics, most papers that
explicitly model the advertising market explore one of
the two advertising pricing models (lump-sum or per-con-
sumer charges). Papers that assume a lump-sum advertis-
ing charge include, e.g., Gabszewicz et al. (2001), Crampes
et al. (2009), Kind et al. (2009), and Reisinger (2011).

Gabszewicz et al. (2001) develop a model in which two
symmetric competing newspapers play a three-stage game
and sequentially set the political opinion, the prices of
newspapers, and the advertising prices. They show that
newspaper editors often tend to sell tasteless political
messages to their readers in order to augment the audience
size and therefore to become more attractive to advertis-
ers. Crampes et al. (2009) present a model of media compe-
tition with free entry by considering the number of active
media platforms as endogenous.3 In their model of sym-
metric competition, the media platforms are either financed
with advertising and subscription revenues or they are so-
lely funded by advertising receipts. The authors find that un-
der constant or increasing returns to scale in the audience
size, there are an excessive number of firms and underprovi-
sion of advertising in the markets. Kind et al. (2009) investi-
gate how the number of the media platforms and the level of
horizontal differentiation between media platforms could
affect the way media firms raise their revenues. They dem-
onstrate that symmetric media platforms generate less

2 For a summary of the literature, see Anderson and Gabszewicz (2006).
3 See also Choi (2006) for a model of broadcast competition with free

entry.
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revenue from consumers when the horizontal differentia-
tion is low. Media firms also generate less revenue from
advertisers when there are more firms in the markets. Rei-
singer (2011) presents a two-sided market model of sym-
metric free media platforms that compete for advertisers
and consumers. He also extends his model to a setting in
which platforms charge consumers for the consumption of
the platform’s content. He shows that media platforms’ prof-
its can increase with users’ nuisance cost of ads.

Models with a per-consumer advertising charge can be
found, for example, in Anderson and Coate (2005) and Peitz
and Valletti (2008). Anderson and Coate (2005) develop a
general theory of market provision of broadcasting and
analyze the nature of market failure in this industry. They
show that symmetric commercial broadcasters provide
advertising levels and programming amounts that can be
above or below socially optimal levels, depending on
how strongly viewers dislike advertising (among other fac-
tors). Peitz and Valletti (2008) focus on the endogenous
provision of program diversity by symmetric television
broadcasters. They analyze how the program diversity
and advertising level (among others) may be affected un-
der two different revenue regimes adopted by the TV
broadcasters, pay TV with income from both viewers and
advertisers and free TV with only advertising receipts.
Broadcasters tend to vertically differentiate their channel
programs more when they adopt pay TV than free TV.
Moreover, the advertising level is higher under the free
TV regime when viewers strongly dislike advertising.

The only paper that explicitly compares lump-sum and
per-consumer advertising charges is Armstrong (2006). In
his framework of a so-called competitive bottleneck, two
media platforms (newspapers) generate revenues from
two sources, readers and advertisers. There is competition
for readers, but not for advertisers. Under the assumption
that readers like (dislike) ads, the equilibrium reader price
and platform profit is lower (higher) if platforms charge
advertisers on a lump-sum rather than per-reader basis. In
contrast to Armstrong (2006), who analyzes the symmetric
competition between two pay media platforms (with sub-
scription fees and advertising charges), we consider a sce-
nario of asymmetric competition between one pay media
platform (only with subscription revenues) and one free
media platform (only with advertising revenues).

In sum, neither of the above-mentioned papers on com-
petition in media markets compares the two advertising
pricing models in a framework of asymmetric competition
between pay and free media platforms. Thus, our paper can
offer insights about a scenario, in which pay and free media
platforms coexist and compete for the same consumers. To
the best of our knowledge, only a few papers model the di-
rect competition between pay media and free media in a
integrated framework.

Casadesus-Masanell and Zhu (2010) develop a model of
duopoly competition between a high-quality incumbent
and a low-quality ad-sponsored entrant. They investigate
what the optimal reaction regarding own business model
for the incumbent could be when it faces a new ad-spon-
sored entrant. They consider four different business models
for the incumbent: a subscription-based model; an ad-
sponsored model; a mixed model with both subscription

and ads; and a dual model with two products (one based
on the ad-sponsored model and the other based on the
mixed model). The case in which the incumbent chooses a
subscription-based model is similar to the asymmetric
competition in our setting. Lin (2011) studies the endoge-
nous provision of program quality by one pay TV broad-
caster and one free TV broadcaster competing directly
against each other. He shows that depending on the
viewers’ nuisance cost of ads and on the degree of horizon-
tal differentiation, pay TV does not always offer higher qual-
ity programming than free TV. Dietl et al. (2012) also model
asymmetric competition between a pay TV broadcaster and
a free TV broadcaster to analyze the economic effects of
introducing advertising on the pay TV channel. They show
that under certain circumstances there is scope for the
pay TV broadcaster to place ads on its channel. By doing
so, viewers will always benefit from it while aggregate
broadcaster profits may increase if the viewer’s disutility
from ads is sufficiently high. However, neither of the three
aforementioned papers explicitly models the advertising
market nor compares the two different advertising pricing
models (lump-sum versus per-consumer charges).

Our paper is related also to the literature on two-sided
markets.4 Media markets are canonical examples of two-
sided markets in which media platforms serve two distinct
groups of agents, media consumers and advertisers. It is
essential for the media platforms to take into account the
existence of indirect network effects between media con-
sumers and advertisers. There are positive network effects
that operate from media consumers to advertisers such that
the value of the media platform for the advertisers increases
with the number of media consumers.5 In contrast, the net-
work effects that operate from advertisers to consumers are
considered to be mainly negative in media industries.6 In
our model only the free media platform operates a two-
sided market strategy while the pay media platform oper-
ates in a traditional one-sided market. Although the free
media platform does not price both market sides, due to
the existence of indirect network effects between advertis-
ers and media consumers, such a platform can also be con-
sidered two-sided.

3. Model

We consider a media market with three types of agents:
consumers (users), platforms, and advertisers. The media
market is served by one pay media platform and one free
media platform. The pay media platform charges its con-
sumers a subscription fee for access to the media content
whereas the free media platform gives free access to its
consumers with no further monetary charges. There are
no ads on the pay media platform while the consumers

4 Important works on two-sided markets include Caillaud and Jullien
(2003), Rochet and Tirole (2003), Rysman (2004), Armstrong (2006), Hagiu
(2006), Kaiser and Wright (2006), Belleflamme and Toulemonde (2009),
and Weyl (2010).

5 See Gabszewicz et al. (2004) and Kind et al. (2007).
6 An exception is Kaiser and Song (2009) who find that in the German

magazine market, readers actually appreciate informative ads, such as car
ads in car magazines.
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are exposed to ads on the free media platform. We differ-
entiate two pricing regimes for advertisers: lump-sum
and per-consumer charges.

3.1. Consumers

Suppose there are h 2 Rþ media consumers uniformly
distributed along the unit interval. The two media platforms
are located at the extremes of the unit interval where the
pay media platform (denoted by subscript p) is situated at
0 and the free media platform (denoted by subscript f) is sit-
uated at 1. We consider the Hotelling model with linear
transport cost of t 2 Rþ per unit of length. Hence, the two
media platforms are horizontally differentiated from the
perspective of consumers and the parameter t can be inter-
preted as the differentiation parameter. A lower value of t
means that the media platforms (or rather their media con-
tent) are perceived as closer substitutes by the consumers.

The indirect utility function of a consumer located at
point x 2 [0, 1] when consuming media on the pay media
platform or on the free media platform is given by

up ¼ v � sp � tx; ð1Þ
uf ¼ v � caf � tð1� xÞ; ð2Þ

where sp is the subscription fee and af is the level of adver-
tising on the free media platform. The parameter v 2 Rþ

denotes the consumers’ intrinsic value from consuming
media (Economides and Tag, 2012) and the parameter
c 2 Rþ measures the level of consumers’ disutility from
ads.7 We assume full consumer market coverage, i.e., the
consumers’ intrinsic value from consuming media is suffi-
ciently large such that all consumers will join one media
platform. We also assume that no media platform can corner
the consumer market such that each media platform gains a
positive market share. The marginal consumer, who is indif-
ferent between consuming pay media and free media, is lo-
cated at �x ¼ 1

2þ 1
2t ðcaf � spÞ. All consumers to the left of �x

consume the content of the pay media platform and all con-
sumers to the right of �x consume the content of the free
media platform. As a result, the demand function of the
pay media and free media consumers, respectively, are given
by

np ¼
h
2

1þ 1
t
ðcaf � spÞ

� �
; ð3Þ

nf ¼ h� np ¼
h
2

1þ 1
t
ðsp � caf Þ

� �
: ð4Þ

The consumers of the pay media and free media derive
the following surpluses:

CSp ¼ h
Z �x

0
ðv � sp � tzÞdz and

CSf ¼ h
Z 1

�x
ðv � caf � tð1� zÞÞdz: ð5Þ

Because the consumer market is fully covered, the aggre-
gate consumer surplus is the sum of all consumers’ net
benefits from consuming media, CS = CSp + CSf.

3.2. Advertisers

Advertisers are producers of goods or services who
want to attract potential buyers through ads on the free
media platform. As in previous studies (see, e.g., Crampes
et al., 2009), we assume that each advertiser can place only
one ad on the free media platform such that the number of
advertisers also represents the number of ads. We assume
that the advertisers incur the cost g for designing and pro-
ducing one ad. Advertisers are heterogeneous with respect
to g where g is assumed to be uniformly distributed in the
unit interval, g � U[0; 1]. We assume that the net utility of
advertisers is given by

ua ¼ bnf � pf � g;

where b 2 Rþ measures the marginal gross benefit of an
advertiser derived from each media consumer and pf is
the price an advertiser has to pay per ad. An advertiser de-
cides to place an ad if her net utility is non-negative,
ua P 0. By normalizing the mass of advertisers to unity,
we derive the advertiser demand as8

af ¼ bnf � pf :

Advertiser surplus is then given by

AS ¼
Z af

0
ðbnf � y� pf Þdy: ð6Þ

Advertiser surplus is the positive difference between the
amount that advertisers are willing and able to pay for
placing an ad and the amount that they actually pay.

3.3. Media platforms

The media platforms provide the content for the con-
sumers. The pay media platform generates its revenues
purely from the media consumers through subscription
fees, while the free media platform generates its revenues
from advertising receipts. For simplicity, all incurring costs
for the media platforms are assumed to be 0. The profit
functions of the pay and free media platforms, respectively,
are then given by

pp ¼ spnp and pf ¼ pf af :

We consider two advertising pricing models on the free
media platform: In regime A, the advertising charge is lev-
ied on a lump-sum basis where Rf denotes the fixed price
that each advertiser has to pay per ad, i.e., pf = Rf. In regime
B, advertisers are charged on a per-consumer basis where rf

denotes the charge that each advertiser has to pay per con-
sumer for placing one ad. Hence, in regime B the price per
ad positively depends on the number of attracted media
consumers, i.e., pf = rfnf. Fig. 1 graphically illustrates our
model.

7 As mentioned in Section 2, recent works in media industries assume
that consumers do not like ads and derive a disutility from it. We follow
this approach because it allows us to focus on the trade-off for consumers
between ads-free media with a subscription fee and free media that
includes ads. 8 For a similar derivation of advertiser demand, see e.g., Li (2009).
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4. Analysis

In this section, we derive the equilibrium outcomes by
assuming that both media platforms simultaneously max-
imize their profits. The pay media platform sets the sub-
scription fee, while the free media platform either sets a
fixed price for an ad or sets a per-consumer price for an
ad. First, we analyze regime A in which advertisers pay a
lump-sum charge. Second, we investigate regime B where
advertisers are charged on a per-consumer basis.

4.1. Regime A: lump-sum advertising charges

In regime A, the advertising charge Rf is levied on a
lump-sum basis and hence advertisers derive the net util-
ity ua = bnf � Rf � g. The advertiser demand function is
therefore given by af = bnf � Rf. By substituting this de-
mand function into (3) and (4), we obtain free media and
pay media consumer demand in regime A as

nA
f ¼

h
2t þ hbc

ðt þ sp þ cRf Þ and nA
p ¼ h� nA

f : ð7Þ

Consequently, the advertising level is given by

aA
f ¼ bnA

f � Rf ¼
hb

2t þ hbc
t þ sp �

2t
hb

Rf

� �
: ð8Þ

It is intuitively clear that a higher subscription fee sp on the
pay media platform decreases consumer demand nA

p on this
platform and increases consumer demand nA

f on the free
media platform. As a result, the advertising level aA

f on
the free media platform also increases with a higher sub-
scription fee. On the other hand, a higher advertising
charge Rf on the free media platform induces a lower
advertising level aA

f on this platform. Because media con-
sumers dislike ads, this reduction in the advertising level
leads to a higher free media consumer demand nA

f and con-
sequently to a lower pay media consumer demand nA

p .

The pay and free media platforms simultaneously solve

maxsp>0 pA
p ¼ spnA

p

n o
and maxRf>0 pA

f ¼ Rf aA
f

n o
, respectively.

The equilibrium sA�
p ;R

A�
f

� �
is then characterized by9

@pA
p

@sp
¼ nA

p þ sA
p

@nA
p

@sp
¼ 0 and

@pA
f

@Rf
¼ aA

f þ RA
f

@aA
f

@Rf
¼ 0: ð9Þ

The two first-order conditions have an intuitive interpreta-
tion. For the pay media platform, a marginally higher sub-
scription fee sp induces a direct positive revenue effect nA

p

and an indirect negative consumer-mediated effect
sA

p@nA
p=@sp through a reduction in consumer demand. The

optimal subscription fee sA�
p is chosen such that the reve-

nue effect and consumer effect are balanced.
For the free media platform, marginally increasing the

lump-sum advertising charge Rf triggers a direct positive
revenue effect aA

f ¼ bnA
f � Rf and an indirect negative

advertiser-mediated effect RA
f

@aA
f

@Rf
¼ RA

f b
@nA

f

@Rf
� 1

� �
through

a lower advertising level. The advertiser effect
@aA

f

@Rf
is com-

posed of two effects: the first term, b
@nA

f

@Rf
, represents the po-

sitive effect on the advertisers through higher consumer
demand and the second term, �1, is the negative effect
of a higher advertising price. The second effect dominates
the first such that

@aA
f

@Rf
< 0. Again, the platform chooses the

optimal advertising price in a way that balances both
countervailing effects (i.e., revenue effect and advertiser-
mediated effect).

To make the notation simpler, we henceforth write
k � hbc. By solving the above system of first-order condi-
tions, we compute the subscription fee and the lump-
sum advertiser charge in equilibrium as

free media platform 

regime A:  

regime B:

fff
R

aR
f

=πmax

ffff
r

anr
f

=πmax

advertisers

fa
media consumers

fn
ff Rp =

fff nrp =
regime A: 

regime B:

pay media platform 

ppps
ns

p

=πmax

media consumers0>ps

pn

media competition 
a la Hotelling 

negative network effect )0( <−γ

positive network effect )0( >β

free access

Fig. 1. Model Illustration.

9 The second-order conditions are satisfied because @2pp

@s2
p
¼ � 2h

2tþhbc < 0
and @2pf

@r2
f
¼ � 4t

2tþhbc < 0.
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sA�
p ;R

A�
f

� �
¼ tð4t þ 3kÞ

8t þ k
;
hbð3t þ kÞ

8t þ k

� �
:

Hence, each advertiser has to pay pA�
f ¼ RA�

f per ad on the
free media platform. Substituting sA�

p and pA�
f into the de-

mand functions yields equilibrium demands of the pay

media consumers and free media consumers nA�
p ; n

A�
f

� �
as

well as the advertising level aA�
f on the free media platform.

Similarly, we obtain equilibrium platform profits

pA�
p ;pA�

f

� �
, aggregate consumer surplus CSA⁄, and advertiser

surplus ASA⁄. See the appendix for a detailed derivation of
these outcomes.

4.2. Regime B: per-consumer advertising charges

In regime B, the advertising charge rf is levied on a per-
consumer basis and the price per ad is pf = rfnf. Advertisers
therefore enjoy a net utility of ua = bnf � rfnf � g and their
demand function is given by af = bnf � rfnf. With a similar
approach as in regime A, we obtain free media and pay
media consumer demand in regime B as

nB
f ¼

h
2t þ hðb� rf Þc

ðt þ spÞand nB
p ¼ h� nB

f : ð10Þ

Advertiser demand is then given by

aB
f ¼ nB

f ðb� rf Þ ¼
h

2t þ hðb� rf Þc
ðb� rf Þðt þ spÞ: ð11Þ

The same qualitative comparative statics for the demand
functions hold as in regime A.

The pay and free media platforms solve

maxsp>0 pB
p ¼ spnB

p

n o
and maxrf>0 pB

f ¼ rf nB
f aB

f

n o
, respec-

tively. The equilibrium sB�
p ; r

B�
f

� �
is then characterized by10

@pB
p

@sp
¼ nB

p þ sB
p

@nB
p

@sp
¼ 0; ð12Þ

@pB
f

@rf
¼ nB

f aB
f þ rB

f

@nB
f

@rf
aB

f þ nB
f

@aB
f

@rf

 !
¼ 0: ð13Þ

A marginal higher subscription fee induces a direct positive
revenue effect nB

p and an indirect negative consumer-med-

iated effect sp
@nB

p

@sp
. For the free media platform, marginally

increasing the advertising charge triggers a direct positive
revenue effect nB

f aB
f and an indirect effect through changes

in nB
f aB

f . This indirect effect is composed of two effects: first,
marginally increasing rf causes a positive consumer effect
@nB

f

@rf
aB

f > 0 through a higher consumer demand level. Sec-

ond, marginally increasing rf induces a negative advertiser

effect nB
f

@aB
f

@rf
< 0 through a lower advertiser demand level.

Which of the two effects dominates depends on the level

of c. We derive
@nB

f
aB

f

@rf
< 0() c < ĉ ¼ 2t

ðb�rf Þh
. Hence, if the

media consumers’ disutility from ads is sufficiently low,

the positive consumer effect will be dominated by the neg-
ative advertiser effect because consumer demand increases
to such an extent that it cannot overcompensate for the
lower advertising level.

By solving the above system of first-order conditions,
we compute the subscription fee and the per-consumer
advertising charge in equilibrium as

sB�
p ; r

B�
f

� �
¼ t 4t þ 3kð Þ

2ð4t þ kÞ ;
bð2t þ kÞ

4t þ k

� �
:

Substituting sB�
p and rB�

f into the demand functions yields
equilibrium demands of the pay and free media consumers

nB�
p ;n

B�
f

� �
as well as the advertising level aB�

f on the free
media platform. We further derive that each advertiser
has to pay

pB�
f ¼ rB�

f nB�
f ¼

bhð12t þ 5kÞ
8ð4t þ kÞ

per ad. Analogous to above, we obtain equilibrium plat-
form profits pB�

p ;pB�
f

� �
, aggregate consumer surplus CSB⁄,

and advertiser surplus ASB⁄. See the appendix for a detailed
derivation of these outcomes.

5. Comparison of equilibrium outcomes

In this section, we compare the outcomes of the two re-
gimes. First, we compare the subscription fees on the pay
media platform and the prices advertisers must pay for
an ad placed on the free media platform.

Proposition 1.

(i) The subscription fee that a consumer must pay on the
pay media platform is higher in regime A than in
regime B, i.e., sA�

p > sB�
p .

(ii) The price that an advertiser must pay per ad on the free
media platform is higher in regime A than in regime B,
i.e., pA�

f > pB�
f .

Proof. See Appendix B.1. h

Part (i) posits that the pay media platform charges con-
sumers a higher subscription fee if the free media platform
chooses a lump-sum advertiser charge as compared to a
per-consumer charge. To understand the intuition behind
this result, we rearrange the first-order conditions (9)
and (12) to obtain

h
2tþk

tþk�cRA
f � sA

p

� �
¼ sA

p
h

2tþk

� �
; ð14Þ

h

2tþhc b� rB
f

� � tþk�chrB
f � sB

p

� �
¼ sB

p
h

2tþhc b� rB
f

� �
0
@

1
A: ð15Þ

The left-hand side (lhs) of both equations represent the
revenue effect np, while the right-hand sides (rhs) charac-

terize the consumer-mediated effects sp � @np

@sp

� �
. Substitut-

ing the best-response functions RA
f ðsA

pÞ ¼
hb tþsA

pð Þ
4t and

rB
f ¼

bð2tþhbcÞ
4tþhbc into (14) and (15), we obtain the following re-

sults. For a given subscription fee sp, the revenue effects
(lhs) are equal in both regimes, while the consumer-med-

10 T h e s e c o n d - o r d e r c o n d i t i o n s a r e s a t i s fi e d b e c a u s e
@2pp

@s2
p
¼ h � 1

2t � 1
2tþk

� �
< 0 and @2pf

@r2
f
¼ � h2ð4tþkÞ2 ð12tþ5kÞ2

256tð2tþkÞ3
< 0.
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iated effects (rhs) are stronger in regime B than in regime
A. Hence, increasing the subscription fee decreases the rev-
enue effects with equal strength in both regimes, while the
consumer effect increases more strongly in regime B than
in A. As a result, the equilibrium subscription fee is larger
in regime A than in B, i.e., sA�

p > sB�
p . Fig. 2 depicts these ef-

fects as a function of the subscription fee sp.
According to part (ii), the per-ad price pA�

f ¼ RA�
f that

each advertiser must pay if it is charged on a lump-sum ba-
sis is higher than the per-ad price pB�

f ¼ rB�
f nB�

f if it is
charged on a per-consumer basis. The intuition behind this
result is as follows. In both regimes, marginally increasing
the advertising charge induces a positive revenue effect
and a negative advertiser effect. However, an additional ef-
fect is present in regime B: the platform takes into account
that a higher advertising charge induces a higher consumer
demand (positive consumer effect), which enters the first-
order condition with a positive sign. This effect is not pres-
ent in regime A because advertisers are charged on a lump-
sum basis. As a result, we derive

pA
f sA

p

� �
¼

hb t þ sA
p

� �
4t

and pB
f sB

p

� �
¼

hb t þ sB
p

� �
4t

:

Because we know that the subscription fee is higher in re-
gime A than in B, i.e., sA�

p > sB�
p , it must be the case that

pA�
f > pB�

f .
In the next proposition, we compare both regimes with

respect to consumer demands and advertising level.

Proposition 2.

(i) The free (pay) media platform attracts more (fewer)
consumers in regime A than in regime B, i.e.,
nA�

f > nB�
f and nA�

p < nB�
p .

(ii) The advertising level on the free media platform is
higher in regime A than in regime B, i.e., aA�

f > aB�
f .

Proof. See Appendix B.2. h

Even though the advertising level on the free platform is
higher in regime A than in B, part (i) of the proposition pos-
its that this platform attracts more consumers in regime A
than in B. To understand the intuition behind this result, re-
call that the subscription fee on the pay media platform is
higher in regime A than in B and consumer demand on
the free media platform is given by nf ¼ h

2 1þ 1
t ðsp � caf Þ

� 	
.

Increasing the subscription fee on the pay platform de-
creases consumer demand on this platform, and in turn, in-
creases consumer demand on the free platform. Hence, the
higher subscription fee on the pay platform in regime A
compared to B, overcompensates for the higher advertising
level on the free platform such that the free media con-
sumer demand is higher in regime A than in B. Due to our
Hotelling specification, it follows that the pay media con-
sumer demand is higher in regime B than in A.

Part (ii) of the proposition shows that the free platform
attracts more advertisers in regime A than in B. This result
is true despite a higher price per ad in regime A than in B.
However, the free platform attracts more consumers in re-
gime A than in B, which makes it more attractive for adver-
tisers to place ads. We conclude that the higher consumer
demand overcompensates for the higher price in regime A
compared to B.

Next, we compare the profits of the media platforms in
both regimes and establish the following proposition:

Proposition 3.

(i) The profits of the free (pay) media platform is higher
(lower) in regime A than in regime B, i.e., pA�

f > pB�
f

and pA�
p < pB�

p .
(ii) Aggregate platform profits are higher in regime A than

in regime B if and only if the consumers’ disutility from
ads is sufficiently low, i.e., PA⁄ > PB⁄,c < cp.

Fig. 2. Intuition for Proposition 1.
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Proof. See Appendix B.3. h

Part (i) of the proposition states that the free media
platform generates higher profits if it prices advertisers
via a lump-sum charge as compared to a per-consumer
charge. Recall that profits of the free platform are given
by pf = pfaf. Because each advertiser must pay a higher
price pf per ad in regime A than in B, and in addition, the
advertising level af is also higher in regime A than in B,
the claim follows immediately. Regarding the pay media
platform, we find that this platform generates higher prof-
its pp = spnp if the free platform charges advertisers on a
per-consumer basis as opposed to a lump-sum charge. Re-
call that the subscription fee is lower but consumer de-
mand on the pay platform is higher in regime B
compared to A. Hence, the higher consumer demand over-
compensates for the lower subscription fee such that prof-
its of the pay platforms are higher in regime B than in A.

Part (ii) shows that whether aggregate platform profits
is higher in regime A or B crucially depends on the con-
sumer preferences towards ads. If the consumers suffi-
ciently dislike ads then aggregate profits are higher in
the case that the free platform charges advertisers on a
per-consumers basis. If, however, the consumers’ disutility
from ads is sufficiently low then aggregate profits are high-
er in the case that the free platform charges advertisers on
a lump-sum basis.

To understand the intuition behind this result, we
analyze how the components of the profit functions react
to changes in the disutility parameter of ads c. For the
pay media platform, the subscription fee increases with
c in both regimes and the increase is stronger in regime
A than in B. Hence, the spread between the subscription
fees augments in c. The effect of c on consumer demand
nA�

p in regime A is ambiguous, while the effect is positive
on consumer demand nB�

p in regime B. Overall, the spread
between nB�

p and nA�
p increases in c. It follows that the

difference in pay media profits Dp ¼ pB�
p � pA�

p between
regime B and A also augments in c. Regarding the free
media platform, it is intuitive that the advertising level
a�f on the free media platform in both regimes decreases
in c. However, it depends on the level of c whether the
decrease is stronger in regime A or B. Furthermore, the
price p�f that advertisers have to pay for placing an ad in-
creases in c because a higher level of c leads to a lower
advertising level which, ceteris paribus, increases adver-
tisers’ willingness to pay. The increase in the price for
the advertisers is more pronounced in regime A than B
such that the price spread between regime A and B aug-
ments for an increasing c. Finally, we find that profits p�f
of the free media platform decreases with c in both re-
gimes but it depends on the level of c in which regime
the decrease in profits is more pronounced. Particularly,
the difference in free media profits Df ¼ pA�

f � pB�
f be-

tween regime A and B reaches its maximum for low val-
ues of c and then diminishes for higher values of c.

Overall, we conclude that for low values of c the differ-
ence in free media profits Df compensates for the differ-
ence in pay media profits Dp such that aggregate profits
are higher in regime A than in B. Because Df diminishes
and Dp augments for higher values of c, a critical value of

c = cp exist above which aggregate profits are higher in re-
gime B than in A.

The next proposition compares aggregate consumer
surplus and advertiser surplus in both regimes.

Proposition 4.

(i) Aggregate consumer surplus is higher in regime B than
in regime A, i.e., CSB⁄ > CSA⁄.

(ii) The advertiser surplus is higher in regime A than in
regime B, i.e., ASA⁄ > ASB⁄.

Proof. See Appendix B.4. h

Part (i) states that the media consumers are better off in
regime B than in regime A. This result is intuitive because
the consumers benefit from a lower subscription fee and a
lower advertising level. In contrast, advertisers enjoy a
higher surplus in regime A than in regime B, as stated in
part (ii) of the proposition. On one hand, advertisers bene-
fit from higher consumer demand in A compared to B, but
on the other hand, they face higher prices. As we know
from Proposition 2, the higher consumer demand out-
weighs the higher price such that the advertising level in
A is higher than in B. Overall, the higher advertising level
together with the higher consumer demand compensate
for the higher price such that the advertiser surplus is
higher in A compared to B.

In a final step, we compare social welfare in both re-
gimes. We define social welfare W, as the sum of aggregate
platform profits, aggregate consumers surplus and adver-
tiser surplus

W ¼ Pþ CSþ AS:

We establish the following proposition:

Proposition 5. In large media markets (i.e., h > h0), social
welfare is higher in regime B than in regime A if and only if the
consumers’ disutility from ads is sufficiently high, i.e.,
WB⁄ > WA⁄,c > cW. However, in small media markets (i.e.,
h 6 h0), social welfare is always higher in regime B than in
regime A regardless of the consumers’ disutility from ads.

Proof. See Appendix B.5. h

The proposition shows that the welfare effect of charg-
ing advertisers on a lump-sum basis or a per-consumer ba-
sis depends on the market size of consumers and the
consumers’ disutility from ads. In large media markets
(i.e., h > h0 ¼ 8t

9b2) the disutility must be sufficiently low to
ensure that social welfare is higher in regime A than in B.
If, however, consumers sufficiently dislike ads then the
opposite is true. In small media markets, in contrast, social
welfare is always higher if advertisers are charged on a
per-consumer basis than if they are charged on a lump-
sum basis. Fig. 3 illustrates the result for large media mar-
kets by depicting social welfare in regime A and B as a
function of the disutility c. For the figure, we set the
parameters as follows: N = 50, t = 30, v = 50 and b = 3.5.

The figure shows that in both regimes social welfare is a
concave function in c and that for c = 0, social welfare
would be equal in both regimes. For low values of c, social
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welfare is higher in regime A than in B because welfare de-
creases with c stronger in regime B than in A. However, for
intermediate values of c, social welfare decreases less
strong in regime B than in A such that there exists a critical
value c = cW for which welfare is equal in both regimes.
Above this critical value cW, welfare is higher in regime B
than in A. To understand the intuition behind this result,
recall that the aggregate consumer surplus is always lower
in A than in B, while the opposite is true for the advertiser
surplus. In addition, aggregate platform profits are higher
in regime B than in A if the consumers’ disutility from
ads is sufficiently high. Hence, if c is low, then the higher
advertiser surplus together with the higher aggregate plat-
form profits outweigh the higher aggregate consumer sur-
plus in regime A compared to B such that WA⁄ > WB⁄, which
is is true as long as c < cW. If c increases above this critical
value cW, the difference in the aggregate consumer sur-
pluses between regime B and A is so large that it compen-
sates for the lower advertiser surplus and eventually lower
platform profits, yielding a higher level of social welfare in
regime B compared to A. In the case of small media mar-
kets, this overcompensation of aggregate consumer sur-
pluses between regime B and A is true regardless of the
consumers’ disutility from ads such that social welfare is
always higher in regime B compared to A.11

6. Discussion and robustness

In this section, we examine the sensitivity of our results
to alternative model specifications, discuss restrictive
assumptions of our model and point out possible model
extensions.

6.1. Symmetric competition

We examine the sensitivity of our key findings with
respect to the nature of competition (symmetric vs.

asymmetric competition). In Appendix C, we provide
the symmetric baseline case of our model for two free
media platforms.12 We find that the qualitative pattern
of results with respect to platform profits, consumer and
advertiser surpluses as well as social welfare is consistent
between symmetric and asymmetric competition of med-
ia platforms. The only exception is aggregate industry
profit. Here, we find that for symmetric competition the
overall platform profits are unambiguously higher in re-
gime A than B as compared to the ambiguous result under
asymmetric competition (derived in Part (ii) of Proposi-
tion 3).

We conclude that independent of whether the media
industry is served by free media platforms (symmetric
competition) or by mixed media platforms (asymmetric
competition), the welfare implications of the two different
advertising pricing models (lump-sum and per-consumer
charges) remain qualitatively the same. Of course, the
absolute levels of the equilibrium outcomes differ across
the scenarios.

As mentioned in Section 2, the existing literature fo-
cuses on symmetric competition between free media
platforms in order to investigate the economic effects
of lump-sum and per-consumer charges. For example,
Armstrong (2006) shows that two symmetric media plat-
forms, which generate revenues from both advertisers
and ad-averse consumers, realize higher profit when they
charge advertisers on a lump-sum rather than on a per-
consumer basis. We obtain the same results regarding
platforms profit as Armstrong (2006) if we consider sym-
metric competition between two free media platforms.
Yet, Armstrong (2006) does not analyze the welfare
implications of the two advertising pricing models. Our
paper, in contrast, sheds light on the effects of the two
pricing models on consumer and advertiser surpluses as
well as social welfare for both symmetric and asymmet-
ric competion.

Fig. 3. Social Welfare.

11 Formally, the differences of aggregate platform profits as well as
advertiser surpluses between regimes B and A decrease more strongly than
the respective difference of consumer surplus between regimes A and B for
low parameters of h.

12 We do not provide the symmetric baseline case for pay media
platforms because (i) it represents the standard Hotelling model in
traditional one-sided markets and (ii) the focus of our paper is on distinct
advertising pricing models for free media platforms.
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6.2. Heterogeneous consumers with respect to the disutility
from ads

In our paper, we followed the standard literature in
media economics (e.g., Anderson and Coate, 2005; Arm-
strong, 2006; Peitz and Valletti, 2008) and adopted the
Hotelling approach by assuming that the two media plat-
forms are horizontally differentiated from the perspective
of consumers. The parameter t represents the differentia-
tion parameter, where a lower value of t characterizes plat-
forms whose media content is perceived as closer
substitutes by the consumers. Given our model of asym-
metric competition between pay media without ads and
free media with ads, an alternative modeling approach
would be to consider media consumers that are heteroge-
neous with respect to their disutility derived from ads.
That is, not all consumers dislike ads to the same extent
as it is assumed in our model.13 The introduction of heter-
ogeneous consumers with respect to the disutility from
ads would yield media platforms that are perceived as verti-
cally rather than horizontally differentiated. Hence, the pay
media platform caters to the ad-averse consumers while the
free media platform is more attractive to the less ad-averse
consumers. As a result, the profit of the pay media platform
is expected to increase in the consumers’ disutility from ads,
while the opposite is true for the free media platform.
Depending on whether the profit effect is more pronounced
in regime A or B, it could reverse our results regarding aggre-
gate platform profits derived in Proposition 3. Similarly, our
results regarding social welfare crucially depend on whether
the advertiser and consumer effect is more pronounced in
regime A or B.

However, given that the two media platforms provide
different content, our assumption of horizontal rather than
vertical differentiation seems to be plausible because we
believe that the consumers’ choice for adopting one media
platform more likely depends on their taste for media con-
tent rather than their (dis) taste for ads.

6.3. Quality provision of media content

In addition to ad-free content, pay media platforms
often provide high-quality content such as Hollywood
Blockbusters or exclusive premium sports channels. As
we have recently seen a shift towards more free ad-
based media, one might ask whether program quality de-
creases if free ad-based media platforms start competing
with pay media platforms. Lin (2011) already addressed
this issue and investigated endogenous quality provision
by television channels in three scenarios: (i) symmetric
competition between two pay TV channels, (ii) symmet-
ric competition between two free TV channels, and (iii)
asymmetric competition between one pay TV and one
free TV channel. The model shows that the incentives
to offer programming quality depend mainly on the nui-
sance cost of adverting for viewers, the broadcaster’s
marginal return on advertising, and the degree of hori-

zontal differentiation between the competing channel
programs. Particularly, asymmetric competition between
a free media and pay media platform affects the overall
level and the allocation of program quality between tele-
vision broadcasters. Whether pay TV or free TV offers
higher program quality depends on the extent to which
the channel programs are perceived as substitutes and
on the nature of competition (symmetric vs asymmetric
competition). Under symmetric competition, the program
quality on pay TV is always higher than on free TV, while
this result does not always hold under asymmetric com-
petition. Here, depending on the degree of horizontal dif-
ferentiation between the channel programs, it can be the
case that the program quality on pay TV is lower than on
free TV.

By integrating endogenous provision of content quality
by media platforms into our model of asymmetric compe-
tition would significantly increase the complexity of the
model because both media platforms would then have an
additional strategic variable at their disposal. Because in
this case, the model would be no longer analytically tracta-
ble, we abstract from such an extension and leave it for fur-
ther research in a setting which is tailored towards this
question.

6.4. Two-part tariff, market coverage, and endogenous choice
of business model

In our paper, we analyzed two basic uniform advertis-
ing charges (lump-sum and per-consumer charge) but we
neglected the aspect of a two-part tariff to advertisers.
Although it would be interesting to examine whether our
results still hold under any convex combination of the
two uniform pricing regimes, extending the current model
to a two-part tariff has proven to be less than straightfor-
ward. We faced the issue of multiple equilibria implying
a continuum of possible best solutions.

Moreover, within the Hotelling specification we have
assumed that the media market is fully covered. It would
be interesting to allow for demand expansion effect (‘‘hin-
terlands’’ in the Hotelling model) and see whether and how
our results change. Such an extension must take into ac-
count that demand expansion effects could interact with
the inter-side externalities between consumers and adver-
tisers on the free media platform in a non-trivial way.14 An
alternative way to consider an uncovered media market is to
specify media consumers’ preferences with a quadratic util-
ity function as shown in Kind et al. (2007) and Kind et al.
(2009).

Finally, we assumed asymmetric competition in which
a pay media platform competes with a free media plat-
form. A more general game should allow media platforms
to choose their business model endogenously. It would
be interesting to examine whether the asymmetric com-
petitive situation that we study can be an equilibrium out-
come of the more general game. For example, Tåg (2009a)
shows in a two-sided market model in which competing
platforms (technology firms) may prefer to be one-sided

13 We are grateful to an anonymous referee who suggested providing a
discussion of our assumption regarding horizontal differentiation. 14 We are grateful to an anonymous referee who pointed this out.
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and restrict third party application development (in our
setting advertisers) because it removes network effects
and thereby relaxes competition for consumers. Interest-
ingly, in his setting with positive externalities between
the groups, an asymmetric market structure can arise as
an equilibrium outcome.

7. Conclusion

This paper is motivated by the observation that in real-
ity pay and free media platforms often coexist and directly
compete with each other. The existing literature, however,
widely neglects to model asymmetric competition in med-
ia markets. To begin filling this research gap, we develop a
simple model of asymmetric competition between a pay
media platform and a free media platform. Specifically,
we examine how different advertising pricing models
(lump-sum versus per-consumer charges) affect relevant
equilibrium outcomes.

Our paper shows that profit-maximizing free media
platforms should charge their advertisers on a lump-sum
basis rather than a per-consumer basis because in doing
so they can realize higher profits. However, from the per-
spective of a social planner this is not always desirable be-
cause, at the same time, the profit of the pay media
platform will be lower such that the effect on aggregate
platform profits depends on the media consumers’ disutil-
ity from ads. Particularly, if the disutility is sufficiently low,
aggregate platform profits are higher under lump-sum
charges. Furthermore, the advertisers are always better
off if they are charged on a lump-sum basis, while the
media consumers are better off if advertisers are charged
on a per-consumer basis. Hence, choosing one of the two
advertising pricing models benefits either the consumers
or the advertisers. Finally, our model shows that social
welfare is higher if the advertisers are charged on a per-
consumer basis when the media market is small, while this
is true in large media markets only if the media consumers’
disutility from ads is sufficiently high.

Our analysis has implications for policy makers and reg-
ulators in the media industries. One common form of
advertising regulation is to directly limit the number or
length of ads on media platforms through so-called ‘‘adver-
tising caps.’’ Our results suggest another indirect instru-
ment could achieve the aim of low advertising levels.
According to our model, the prohibition of lump-sum
advertising charges and the enforcement of per-consumer
charges lead to a lower advertising level on free media
platforms. Such an enforced per-consumer advertising
charge could be particularly relevant for the television
broadcasting industry where lump-sum advertising
charges are predominant due to the difficulty of measuring
the exact number of free TV viewers. However, policy mak-
ers and regulators should be aware of the resulting welfare
effects of such a regulation because in large media markets
social welfare could decrease through per-consumer
charges, especially if the consumers’ disutility from ads is
low.

Regarding the question raised in the introduction
whether per-consumer advertising charges are socially
desirable, we conclude that the answer depends on two
critical factors: the size of the media market and the level
of consumers’ disutility from ads. In media markets with a
relatively small audience size, it is desirable from the per-
spective of a social planner that free media platforms adopt
per-consumer advertising charges. This insight can also be
applied to large media markets with highly ad-averse con-
sumers. However, if the consumers in large media markets
are less ad-averse, policy makers should create better
incentives for charging lump-sum advertising fees or take
regulatory measures to hinder per-consumer charges.
More important, policy makers should be technically able
to assess the values of both relevant parameters (i.e., med-
ia market size and consumers’ disutility from ads) correctly
and reliably before they undertake further actions.

The issues surrounding the implications of different
advertising pricing models remain a fertile and important
line of inquiry for scholars in media economics.

Appendix A. Equilibrium outcomes

A.1. Regime A

Plugging sA�
p ;R

A�
f

� �
into the demand function yields

equilibrium demands of the pay media consumers as

nA�
p ¼

htð4t þ 3kÞ
ð2t þ kÞð8t þ kÞ :

On the free media platform, consumer and advertiser de-
mands, respectively, are

nA�
f ; a

A�
f

� �
¼ hð3t þ kÞð4t þ kÞ

ð2t þ kÞð8t þ kÞ ;
2htbð3t þ kÞ
ð2t þ kÞð8t þ kÞ

� �
:

By noting that the marginal consumer in equilibrium is
given by �x ¼ tð4tþ3kÞ

ð2tþkÞð8tþkÞ, consumer surplus is given by

CSA� ¼ v � 5t
2
þ 19t3 þ 8kt2

27ð2t þ kÞ2
þ 10ð326t3 þ 37kt2Þ

27ð8t þ kÞ2

 !
h > 0;

and advertiser surplus is

ASA� ¼ 2h2t2b2ð3t þ kÞ2

ð2t þ kÞ2ð8t þ kÞ2
:

Equilibrium profits are then given by

pA�
p ¼ sA�

p nA�
p ¼

ht2ð4t þ 3kÞ2

ð2t þ kÞð8t þ kÞ2
and

pA�
f ¼ pA�

f aA�
f ¼

2th2b2ð3t þ kÞ2

ð2t þ kÞð8t þ kÞ2
:

A.2. Regime B

Plugging sB�
p ; r

B�
f

� �
into the demand function yields

equilibrium demands of the pay media consumers as
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nB�
p ¼

hð4t þ 3kÞ
8ð2t þ kÞ :

On the free media platform, consumer and advertiser de-
mands, respectively, are

nB�
f ; a

B�
f

� �
¼ hð12t þ 5kÞ

8ð2t þ kÞ ;
htbð12t þ 5kÞ

4ð2t þ kÞð4t þ kÞ

� �
:

By noting that the marginal consumer in equilibrium is gi-
ven by �x ¼ 4tþ3k

8ð2tþkÞ, consumer surplus and advertiser surplus
are respectively given by

CSB� ¼ v � 103t
64
þ 11t3 þ 5kt2

16ð2t þ kÞ2
þ 4t2

4t þ k

 !
h > 0;

ASB� ¼ h2t2b2ð12t þ 5kÞ2

32ð2t þ kÞ2ð4t þ kÞ2
:

Equilibrium profits can be derived as

pB�
p ¼ sB�

p nB�
p ¼

htð4t þ 3kÞ2

16ð2t þ kÞð4t þ kÞ and

pB�
f ¼ pB�

f aB�
f ¼

th2b2ð12t þ 5kÞ2

32ð2t þ kÞð4t þ kÞ2
:

Appendix B. Proofs

B.1. Proof of Proposition 1

Part (i). This part posits that the subscription fee is
higher in regime A than in regime B sA�

p > sB�
p

� �
. This proof

is straightforward and thus omitted.
Part (ii). This part claims that the advertiser’s price per

ad is higher in regime A than in regime B, i.e.,
pA�

f > pB�
f ¼ rB�

f nB�
f . We derive

pA�
f > pB�

f ()
hbð3t þ kÞ

8t þ k
>

bð2t þ kÞ
4t þ k

hð12t þ 5kÞ
8ð2t þ kÞ

¼ hbð12t þ 5kÞ
32t þ 8k

:

We rearrange the inequality in the following way and
obtain

hbð3t þ kÞð32t þ 8kÞ � hbð12t þ 5kÞð8t þ kÞ > 0:

After simplifying, we have

4h2b2tcþ 3h3b3c2 > 0;

which proves part (ii) of Proposition 1. This completes the
proof of Proposition 1.

B.2. Proof of Proposition 2

Part (i). This part of the Proposition 2 claims that the
consumer demand for the pay (free) media platform is
lower (higher) in regime A than in regime B, i.e., nA�

p < nB�
p

and nA�
f > nB�

f . First, we prove the claim for the pay media
platform. Hence,

nA�
p < nB�

p ()
htð4t þ 3kÞ
ð2t þ kÞð8t þ kÞ <

hð4t þ 3kÞ
8ð2t þ kÞ :

We rearrange the inequality in the following way and
obtain

htð4t þ 3kÞ8ð2t þ kÞ � ð2t þ kÞð8t þ kÞhð4t þ 3kÞ < 0:

After simplifying we get

�khð4t þ 3kÞð2t þ kÞ < 0

and conclude nA�
p < nB�

p . By noting that
nk�

f ¼ h� nk�
f ; k 2 fA;Bg, it immediately follows that the

consumer demand for the free media platform is higher
in regime A than in regime B, i.e., nA�

f > nB�
f .

Part (ii). This part of Proposition 2 claims that the
advertising level in regime A exceeds that in regime B,
i.e., aA�

f > aB�
f . Hence,

aA�
f > aB�

f ()
2htbð3t þ kÞ
ð2t þ kÞð8t þ kÞ >

htbð12t þ 5kÞ
4ð2t þ kÞð4t þ kÞ :

We rearrange the inequality in the following way and
obtain

2htbð3t þ kÞ4ð2t þ kÞð4t þ kÞ
� ð2t þ kÞð8t þ kÞhtbð12t þ 5kÞ > 0:

After simplifying we get

3tð2t þ kÞh3b3c2 > 0:

and it follows that part (ii) of Proposition 2 holds. This
completes the proof of Proposition 2.

B.3. Proof of Proposition 3

Part (i). To prove part (i) of Proposition 3, that is, the
free media platform realizes a higher profit in regime A
than in regime B pA�

f > pB�
f

� �
, we have to show that

2th2b2ð3t þ kÞ2

ð2t þ kÞð8t þ kÞ2
>

th2b2ð12t þ 5kÞ2

32ð2t þ kÞð4t þ kÞ2
:

We rearrange the inequality in the following way and
obtain

2th2b2ð3t þ kÞ232ð2t þ kÞð4t þ kÞ2

� ð2t þ kÞð8t þ kÞ2th2b2ð12t þ 5kÞ2 > 0:

After simplifying we get

th2b2ð2t þ kÞð768t3kþ 1008t2k2 þ 376tk3 þ 39k4Þ > 0:

Equivalently, for the proof of the other claim in part (i), i.e.,
the profit of the pay media platform is higher in regime B
than in regime A pA�

p < pB�
p

� �
, one has to show

ht2ð4t þ 3kÞ2

ð2t þ kÞð8t þ kÞ2
<

htð4t þ 3kÞ2

16ð2t þ kÞð4t þ kÞ :

We rearrange the inequality in the following way and
obtain

ht2ð4t þ 3kÞ216ð2t þ kÞð4t þ kÞ
� ð2t þ kÞð8t þ kÞ2htð4t þ 3kÞ2 < 0:
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After simplifying we get

�hk2tð4t þ 3kÞ2ð2t þ kÞ < 0

and it follows that part (i) of Proposition 3 holds.
Part (ii). To prove part (ii) of Proposition 3

(PA⁄ > PB⁄,c < cp), first let PA⁄ �PB⁄ � H with PA� ¼
pA�

p þ pA�
f and PB� ¼ pB�

p þ pB�
f . One can calculate that

H ¼ j1
j2

I, where

j1 ¼ h3b2ctð4t þ 3kÞ and j2 ¼ 32ð2t þ kÞð4t þ kÞ2ð8t þ kÞ2;
I ¼ 32t2ð6b� cÞ þ 4tð27b� 8cÞkþ ð13b� 6cÞk2:

We now derive the following properties:

(1) j1
j2
> 08c 2 ð0;1Þ.

(2) limc?1H = limc?1I = �1.
(3) I(c = 0) = 192t2b > 0.
(4) I(c) has two critical points with

c1 ¼
�32htbþ13h2b3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
448h2t2b2þ1112th3b4þ169h4b6
p

18h2b2 and c2 ¼
�32htbþ13h2b3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
448h2t2b2þ1112h3tb4þ169h4b6
p

18h2b2 . Moreover, c1 is a

global minimum and c2 is a global maximum because
@2 I
@c2

���
c¼c1

¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2b2ð448t2 þ 1112htb2 þ 169h2b4Þ

q
> 0

and @2 I
@c2

���
c¼c2

¼ �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2b2ð448t2 þ 1112htb2 þ 169h2b4Þ

q
< 0.

(5) @I
@c

���
c¼0
¼ 4tð27hb2 � 8tÞ,

we thus distinguish three different cases:

(5.1) If @I
@c

���
c¼0

< 0, then c1 < 0 and c2 < 0 with c1 < c2.

(5.2) If @I
@c

���
c¼0

> 0, then c1 < 0 and c2 > 0 with c1 < c2.

(5.3) If @I
@c

���
c¼0
¼ 0, then c1 < 0 and c2 = 0 with c1 < c2.

From (1) to (5) it follows that PA⁄ < PB⁄ if and only if c
exceeds a critical level ccrit. For all values of c smaller than
ccrit it is the case that PA⁄ > PB⁄. This completes the proof of
Proposition 3.

B.4. Proof of Proposition 4

Part (i). This part of Proposition 4 states that media
consumers enjoy higher surpluses in regime B than in re-
gime A (CSA⁄ < CSB⁄). To prove it, we need to derive

v � 5t
2
þ l1

� �
h < v � 103t

64
þ l2

� �
h:

We rearrange the inequality in the following way and
obtain

�5t
2
þ l1 þ

103t
64
� l2 < 0;

with

l1 ¼
19t3 þ 8kt2

27ð2t þ kÞ2
þ 10ð326t3 þ 37kt2Þ

27ð8t þ kÞ2
and

l2 ¼
11t3 þ 5kt2

16ð2t þ kÞ2
þ 4t2

4t þ k
:

After simplifying, we get

� tkð4t þ 3kÞð256t3 þ 528kt2 þ 224tk2 þ 19k3Þ
64ð2t þ kÞ2ð4t þ kÞð8t þ kÞ2

< 0:

It follows that part (i) of Proposition 4 is true.
Part (ii). This part of Proposition 4 indicates a higher

advertisers surplus in regime A than in regime B, i.e.,
ASA⁄ > ASB⁄. Hence, we have to show that

2h2t2b2ð3t þ kÞ2

ð2t þ kÞ2ð8t þ kÞ2
>

h2t2b2ð12t þ 5kÞ2

32ð2t þ kÞ2ð4t þ kÞ2
:

We rearrange the inequality in the following way and
obtain

2h2t2b2ð3t þ kÞ232ð2t þ kÞ2ð4t þ kÞ2

� ð2t þ kÞ2ð8t þ kÞ2h2t2b2ð12t þ 5kÞ2

> 0:

After simplifying, we get

h3b3t2cð2t þ kÞ2ð4t þ 3kÞð192t2 þ 108tkþ 13k2Þ > 0:

It follows that part (ii) of Proposition 4 is true. This com-
pletes the proof of Proposition 4.

B.5. Proof of Proposition 5

We derive social welfare in regimes A and B as

WA� ¼ h
54
ð54v � 135t þW1 þW2Þ and

WB� ¼ h
64
ð64v � 67t þW3 þW4Þ

with

W1 ¼
3t2ð2t þ hb2Þ
ð2t þ kÞ2

þ 2tð11t þ 4hb2Þ
ð2t þ kÞ ;

W2 ¼
20tð61t þ 5hb2Þ
ð8t þ kÞ � 375t2ð8t þ hb2Þ

ð8t þ kÞ2
;

W3 ¼
2t2ð2t þ hb2Þ
ð2t þ kÞ2

þ 2tð14t þ 5hb2Þ
ð2t þ kÞ ;

W4 ¼
8tð16t þ 5hb2Þ
ð4t þ kÞ � 32t2hb2

ð4t þ kÞ2
:

If c = 0, then WA� ¼WB� ¼ h
128 ð128v þ 27hb2 � 40tÞ. More-

over, we derive

@WA�

@c
¼ h2tb

27
ðW5�W6Þ<0 and

@WB�

@c
¼ h2tb

64
ðW7�W8Þ<0
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with

W5 ¼
375tð8t þ hb2Þ
ð8t þ kÞ3

� 10ð61t þ 5hb2Þ
ð8t þ kÞ2

;

W6 ¼
3tð2t þ hb2Þ
ð2t þ kÞ3

þ 11t þ 4hb2

ð2t þ kÞ2
;

W7 ¼
64thb2

ð4t þ kÞ3
� 8ð16t þ 5hb2Þ

ð4t þ kÞ2
;

W8 ¼
4tð2t þ hb2Þ
ð2t þ kÞ3

þ 28t þ 10hb2

ð2t þ kÞ2
:

In addition,

@2WA�

@c2 ¼ h3tb2

27
ðW9 þW10Þ > 0 and

@2WB�

@c2 ¼ h3tb2

32
ðW11 þW12Þ > 0;

with

W9 ¼
20ð61t þ 5hb2Þ
ð8t þ kÞ3

� 1125tð8t þ hb2Þ
ð8t þ kÞ4

;

W10 ¼
9tð2t þ hb2Þ
ð2t þ kÞ4

þ 22t þ 8hb2

ð2t þ kÞ3
;

W11 ¼
6tð2t þ hb2Þ
ð2t þ kÞ4

þ 28t þ 10hb2

ð2t þ kÞ3
;

W12 ¼
8ð16t þ 5hb2Þ
ð4t þ kÞ3

� 96thb2

ð4t þ kÞ4
:

Hence, welfare is a strictly concave function in c.
Moreover,

@WA�

@c

�����
c¼0

¼ � h2bð136t þ 27hb2Þ
512t

< 0 and

@WB�

@c

�����
c¼0

¼ � h2ð32tbþ 9hb3Þ
128t

< 0:

For h > h0 ¼ 8t
9b2, we derive @WA�

@c

���
c¼0

> @WB�

@c

���
c¼0

. Hence, at

c = 0, welfare in regime A decreases less strongly in c

than welfare in regime B. It follows that WA⁄ > WB⁄ for
low values of c. Increasing the parameter c, numerical
simulations show that there exists a critical value c⁄

such that @WB�

@c > @WA�

@c "c > c⁄. It follows that there must

exist another critical value cW such that WB⁄ > WA⁄

"c > cW. For h 6 h0 ¼ 8t
9b2, we derive @WA�

@c

���
c¼0

< @WB�

@c

���
c¼0

.

Hence, at c = 0, welfare in regime B decreases less
strongly in c than welfare in regime A. Furthermore,
numerical simulations show that this is true for all
c > 0. It follows that WB⁄ > WA⁄"c > 0. This completes
the proof of Proposition 5.

Appendix C. Symmetric competition

Suppose there are two symmetric free media platforms,
denoted by i and j. We use the same notation from our
model of asymmetric competition and derive the con-
sumer demand for each platform as

nf ;i ¼
h
2

1þ 1
t
ðcaf ;j � caf ;iÞ

� �
and

nf ;j ¼
h
2

1þ 1
t
ðcaf ;i � caf ;jÞ

� �
:

Consumer surplus is

CS ¼ h
Z �x

0
ðv � caf ;i � tzÞdzþ

Z 1

�x
ðv � caf ;j � tð1� zÞÞdz

� �
:

We adopt the prevailing assumption of multi-homing of
advertisers (e.g., Armstrong, 2006; Peitz and Valletti,
2008), which implies that the advertiser demand is inde-
pendent of which platform attracts more consumers and
is given by af,i = bnf,i � pf,i and af,j = bnf,j � pf,j. Overall adver-
tiser surplus is then computed as

AS ¼
Z af ;i

0
ðbnf ;i � y� pf ;iÞdyþ

Z af ;j

0
ðbnf ;j � y� pf ;jÞdy:

Both media platforms choose their advertising prices in
both regimes so as to maximize profits. With a similar
equilibrium analysis as under asymmetric competition,
we obtain the relevant outcomes in the two regimes as fol-
lows: 15

Regime A:

RA�
f ;i ¼RA�

f ;j ¼
hbðtþkÞ
4tþ3k

; aA�
f ;i ¼ aA�

f ;j ¼
hbð2tþkÞ

8tþ6k
;

PA� ¼ h2b2ð2tþkÞðtþkÞ
ð4tþ3kÞ2

;

CSA� ¼ h vþ 16t2

36ð4tþ3kÞ�
k
6
�13t

36

� �
;

ASA� ¼ h2b2ð2tþkÞ2

4ð4tþ3kÞ2
; and

WA� ¼ h vþhbð5b�6cÞ
36

þ t
36

16t
4tþ3k

þ4hb2ð7tþ6kÞ
ð4tþ3kÞ2

�13

 ! !
:

Regime B:

rB�
f ;i ¼ rB�

f ;j ¼
t þ k�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p
hc

; aB�
f ;i ¼ aB�

f ;j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p
� t

2c
;

PB� ¼
t þ k�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p� 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p
� t

� 

4c2 ;

CSB� ¼ h v þ t
4
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p
4

 !
;

ASB� ¼
t 2t þ k� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p� 

4c2 ; and

WB� ¼ 1
4c2 t hbðc� 3bÞ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p� ��
þ2hc 2vcþ ðb� cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt þ kÞ

p� �
� 2t2

�
:

15 Note that in both regimes the platforms share the equilibrium
consumer demand equally, i.e., nA�

fi ¼ nA�
fj ¼ nB�

fi ¼ nB�
fj ¼ N

2.
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A comparison of the equilibrium outcomes in both re-
gimes leads to the conclusions drawn in Section 6.1.
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