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Abstract Let (X,Y) = (RU;, RU») be a given bivariate scale mixture random vec-
tor, with R > 0 independent of the bivariate random vector (Uj, U3). In this paper
we derive exact asymptotic expansions of the joint survivor probability of (X, Y)
assuming that R has distribution function in the Gumbel max-domain of attraction,
and (Uj, U>) has a specific local asymptotic behaviour around some absorbing point.
We apply our results to investigate the asymptotic behaviour of joint conditional
excess distribution and the asymptotic independence for two models of bivariate scale
mixture distributions.
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1 Introduction

Let (X, Y) be a bivariate random vector with stochastic representation

(X.Y) L (RU,. RU), (1)
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110 E. Hashorva

where R > 0 is independent of the bivariate random vector (U, Us) (g stands for
equality of distribution functions). The random vector (X, Y) has a scale mixture
distribution; a canonical example of such (X, Y) is a bivariate spherical random
vector with rotational invariant distribution function (df) with (U;, U,) uniformly
distributed on the unit circle of R2. In this model (see Cambanis et al. 1981) the
dependence between U; and U, is a functional one, namely U 12 + U22 = 1 almost
surely, and

U1, U L (hW, by1 = W2), 2

with I1, I, € {—1,1}, W € (0,1) almost surely, w2 being beta distributed
with parameters {1/2,1/2}, and P{l; =1} = P{I; =1} = 1/2. Furthermore,
11, I, R, W are mutually independent.

Our main interest in this paper is the tail asymptotics of the joint survivor proba-
bility of (X, Y). If R is such that R%is chi-square distributed with 2 dof, then X and
Y are independent Gaussian random variables with mean zero and variance 1. For
Gaussian random vectors the asymptotics of the joint survivor probability is investi-
gated by many authors, see e.g., Berman (1962), Dai and Mukherjea (2001), or Lu
and Li (2009). The elliptical model is obtained by extending Eq. 2 to

d
(U, Ua) = (LW, LipW + oo/ 1= W2),  pe(=11),
ps =1/ 1= p. €)

Hashorva (2007) generalises the known tail asymptotic results for Gaussian ran-
dom vectors to the more general class of elliptically symmetric (for short elliptical)
random vectors by exploiting the fact that the asymptotics of the joint survivor prob-
ability is determined by the asymptotics of the survivor function F := 1 — F of
the associated random radius R. Specifically, in the aforementioned paper the prin-
cipal assumption is that F' is in the Gumbel max-domain of attraction (MDA), which
means that for some positive scaling function w

lim M =exp(—t), VteR. 4)
X—>00 F(x)

As shown in Hashorva (2007) condition (4) is crucial when (X, Y) is an elliptical
random vector with stochastic representation (1) and (Uy, U;) satisfies Eq. 3. More
specifically, for any a € (p, 1]

23
a,p;

P{X >x,Y > ax} ~ 27(1 —ap)(a — p) v(a,x)

F(ayx), 3)

where
ap = pgl,/l—Zap+a2> 1, vx):=xwkx), xekR. (6)
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Exact tail asymptotics in bivariate scale mixture models 111

Throughout this paper f(x) ~ g(x) means lim,_, f(x)/g(x) = 1, and Eq. 4 is
abbreviated by F € GM D A(w).

As shown in Manner and Segers (2011), if W? is beta distributed with positive
parameters «, B (its df is denoted by beta(a, §)), then (X, Y) is a generalised Dirich-
let random vector. Hashorva (2009c) extends Eq. 5 for the class of Dirichlet random
vectors. As indicated in Hashorva (2009a, b) for certain asymptotic problems the
distributional properties of (U1, Uz) do not need to be explicitly known.

A natural question that arises is that what models for the dependence between
U; and U3 lead to asymptotic results similar to Eq. 5? In this paper we answer the
above question for two specific models: The first one is referred to as the uncon-
strained dependence model, or simply Model A. In that model we assume that
U, € (0, 1] almost surely. Additionally, we impose a local asymptotic assumption on
the behaviour of (U;, Uz) around some absorbing point, see Eq. 10 below.

The second model (or simply Model B) motivated by Eq. 3 is referred to as the
functional dependence model where we assumes

(U1, U2) £ (W, ph W + D" (W), p e (=1, 1), (N

with z* some positive measurable function 11, I, € {—1,1}, W € (0, 1) almost
surely, and Iy, I, W are mutually independent. Model A differs substantially from
Model B since Uy and U, are not related to each other. Model B is a natural gener-
alisation of the elliptical random vectors, however we do not impose distributional
assumptions for our asymptotic treatment.

For both models we present several examples and provide some applications. Our
first application establishes an asymptotic approximation of the joint conditional excess
distribution. In the second application we discuss the Gumbel MDA of bivariate dis-
tributions related to Model B. In the third application we derive an explicit expression
of the residual tail dependence index 7 for bivariate scale mixture random vectors.

Organisation of the paper: In the next section we state our first result dealing
with some general scale mixture bivariate random vectors which fall under Model A.
We introduce in Section 3 some constrains on the dependence function of (Uj, U,)
via Eq. 7, and then investigate the tail asymptotics of interest for Model B giving
a generalisation of Eq. 5 in Theorem 3. The applications are presented in Section 4
followed by the proofs of all the results which are relegated to Section 5.

2 Tail asymptotics under unconstrained dependence

Consider a bivariate scale mixture random vector (X, Y) = (RU;, RU;), where R
has df F (denote this R ~ F). We assume throughout this paper that F' has an
infinite upper endpoint satisfying Eq. 4 with some positive scaling function w. It
is well-known (see e.g., Resnick 2008 or Falk et al. 2010) that w can be defined
asymptotically by

®)
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112 E. Hashorva

where the integral mentioned above is finite, and further
v(x) ;= xw(x) > 00, x — o0. )
Given a constant a € (0, 1] we investigate the asymptotics of
Pasn(x) == P{X > x[1+§/v(x)],Y > ax[l +n/v(x)]}, x — oo

for 8, n € [0, oo). The reason for dealing with p, 5 ,(x) is our interest concerning the
approximation of the joint conditional excess distribution, see the first application in
Section 4.

Throughout in the sequel we assume that U is a bounded random variable. With-
out loss of generality we consider only the case U; has df with upper endpoint equal
1. This implies that p, s ,(x) < F(x) for any x positive. For both Models A and B
we show below that this upper bound is too crude; roughly speaking we show the
asymptotic behaviour

Da,s,n(x) ~ W(X)f(X),

with ¢ some positive function decaying polynomially fast to 0 as x — oo.
In addition to the Gumbel MDA assumption in Eq. 4 we impose next a certain
asymptotic behaviour of (U;, U;) around (1, a), namely for §, € [0, co)

P{U >1—(s—08)/x,Uy>a(l —(s—n)/x)}

lim
X—>00 P{U, > 1—1/x}

ZELI(S785 77), s € (07 OO), (10)
with &, a positive measurable function and U, := min(Uj, U, /a). Note that for
3 €[0,n]

§a(s +8,0,n—8) =&4(s,0,n), Vs e (0,00). (11)

If § = n = 0, then condition (10) reduces to
P{U, > 1—s}=5s"Ly(s), £4(5,0,0) =s7,Vs > 0 (12)

for some y € [0,00), with L, a positive measurable function such that
limgyo Ly(s)/La(ts) = 1,V > 0, ie., L, is slowly varying; see Bingham et al.
(1987), De Haan and Ferreira (2006) or Jessen and Mikosch (2006) for more details
on regularly varying functions.

Theorem 1 Let (X,Y) = (RU;, RU3) be a bivariate scale mixture random vector
with R ~ F a positive random variable being independent of (U1, Uz), and let
a € (0,11, 68,n € [0, 0o0) be given constants. Suppose that F has an infinite upper
endpoint satisfying Eq. 4 with some positive scaling function w, and Uy € (0, 1] has
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Exact tail asymptotics in bivariate scale mixture models 113

df with upper endpoint 1. Assume that Eq. 12 is satisfied with some function L, and
y € [0, 00), and if § + n > O suppose further that Eq. 10 holds. Then we have

(x) ~ Js.nLa(l ())f(x) (x) == xw(x) (13)
Da,s,n(x snLa(1/v(x )y’ v(x) == xw(x),
with
s = / &.(s,8,n)exp(—s)ds € (0, 00).
B
Remarks

(a) Inview of Lemma 6.1 in Hashorva (2009b) for any A € (1, 00), ¢ € Rand F as
in Theorem 1 we have

fim S FOO

— 14
X—00 F()C) ( )

In fact Eq. 14 follows directly from Proposition 1.1 in Davis and Resnick (1988),
see also Embrechts et al. (1997, p. 586), and A1l. in Hashorva (2009¢). We refer
to Eq. 14 as the Davis—Resnick tail property.

Further we have the self-neglecting property of w, i.e.,

Wi +1/wE)

o) 1 (15)

holds locally uniformly for + € R. Refer to Reiss (1989), Embrechts et al.
(1997), De Haan and Ferreira (2006), Resnick (2008), or Falk et al. (2010) for
details on the Gumbel MDA.

(b) Under the assumptions of Theorem 1 applying Theorem 4.1 in Hashorva et al.
(2010)

Da,s,n(x) ~ P{RW, > x}, (16)

with R independent of the random variable W, which is positive and satisfies

P{W,>1—1/x}~ %La(l/m—y.

Furthermore, Eq. 13 holds locally uniformly for n, § € [0, 00).
(c) ByEqgs.4,13and 15

Js.y = exp(—8)Jo y—s, V8 € [0, ],

which follows also directly by the definition on Js ; and Eq. 11. Note that Jy o =
L'y +1).
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114 E. Hashorva

We present next three illustrating examples.

Example 1 Let Uj, Uy be two random variables taking values in [0, 1] such that
U, > U; almost surely. Suppose that P{U; > 1 — s} = sV L(s),s € (0, 1) with
y € [0,00) and L a slowly varying function at 0. If R is independent of (U;, U2)
satisfying the assumptions of Theorem 1, we obtain

F(x)

P{RU| > x} = P{RU| > x, RUy > x} ~T'(y + ) L(1/v(x)) .
(v(x))¥

7)

For U12 >~ beta(w, B) the asymptotics in Eq. 17 is shown in Berman (1983). For the
more general case that U; has a regularly varying survivor function see Theorem 3.1
in Hashorva et al. (2010).

Example 2 Let S; ~ G;,i = 1, 2 be two independent random variables with values
in [0, 1] such that
Gi(l—s/x) _

im — =y, Vs>0,i=1,2, 18
=00 Gi(1 — 1/x) Vi (18)

with y; € [0, 00). Let A1, A € (0, 1) be given constants with A1 > A;, and set

Ui :=MS1+ 1S, r:=1—x, i=1,2.

For all x large and s > 0, for any 8, € [0, 00) we may write (set G2 x(z) =
Gy(1 —z/x),81:=5—06,80:=5—1)

P{Ui>1—=s1/x,Ur>1—s/x} = G1(1 — 1/x)G2(1 — 1/x)

/oo P{S1 > 1—[s; — hizl/(xhp), i = 1,2}
X —
0 Gi(1—1/x)

x dGa,x(2)/G2(1 = 1/x).
By Eq. 18 for s > max(é, n) we obtain

PU >1—(s—=98)/x,U»>1— (s —n)/x}
~&(s.8,mG1(1 = 1/x)Ga(1 — 1/x), (19)

with

Y1

B =y [ (max(0. mindls — 8 = Tiz/Ar s = 0~ Taz/h)) )
0

x 77271 dz.
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Exact tail asymptotics in bivariate scale mixture models 115

Note that for s € (0, max(8, )] Eq. 19 holds with g(s, 8,n) =0, and
~ 1 —
£(s,0,0) = [ A" / [1—2pe]" 2 ar
0
1/%2 o
+ " /1 [1—Joe]" e lar | st >0, (20)

Consequently, Eq. 10 holds with

§(s,8,m)

é(S, 0,0) 1(s > max(8,n)), s>0,

€1(s, 0, ) =

where 1() is the indicator function. Thus with R >~ F such that F € GMDA(w) the
result of Theorem 1 holds.

Example 3 Let U; >~ G;,i = 1,2 be two random variables with values in [0, 1].
Suppose that for some K < [0, 1)

P{U1 > x,Uz > y} = G1(0)Ga()I1 + KG1(x)G2(»)],  Vx,y €10, 1].
The bivariate random vector (Uj, Uz) possesses thus the Farlie—Gumbel-
Morgenstern distribution, see e.g., Hashorva and Hiisler (1999). If Eq. 18 holds,

then for any 6, n, s € [0, 0c0) we obtain

PU >1—(—-=8)/x,Up>1—(s—n)/x}
~ (s =8N —mFGI(1 = 1/x)Ga(1 — 1/x),

with (x)+ := max(x, 0), x € R. Consequently, if the positive random variable R ~
F is independent of (U1, U>) and F € GM D A(w), then locally uniformly in §, n

Pa,s.n(xX) ~ [ /O (t =&t — ) exp(—1) dr}
x G1(1 —1/v(x))G2(1 — 1/v(x))F (x). (21)

For any a € (0, 1) we observe another asymptotic behaviour, namely if Ga(a) is
continuous at a with Gz (a) € (0, 1)

P{U > 1—(s=8)/x,Us>a(l = (s —n)/x)}~ (s = )Y G1(1 = 1/x)Ga(a)
implying thus

Pas.n(x) ~ T(y1 + D exp(—=8)G2(a)G (1 — 1/v(x))F (x).
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116 E. Hashorva

3 Tail asymptotics for functional dependence

In this section we deal with bivariate scale mixture random vectors assuming that the
dependence between the components is determined by some deterministic function.
Explicitly, let (X, Y) be a bivariate random vector with stochastic representation

X, V)L (RLW, pRILW + RLzZ*(W)), p e (=1, 1), (22)

with (11, I), R > 0, W € (0, 1) mutually independent, and z* : [0, 1] — [0, 1] a
positive measurable function.

We assume that the df F of R has an infinite upper endpoint, and the df of
W has upper endpoint equal 1. In the sequel Iy, I take values in {—1, 1} with
P{l, = I, =1} € (0, 1]; we allow I and I, to be dependent.

The random vector (X, Y) is a scale mixture random vector for which the depen-
dence of the components is being determined by p, z* and the random variables
R, W,I;,i = 1,2. We refer to the implied dependence of the components as the
functional dependence. Note in passing that if

W2 ~ beta(1/2,1/2), z(x)=+v1—x2, xe€l0,1],

and I, I are independent with E{[;} = E{l>} = 0, then (X, Y) is a bivariate
elliptical random vector.

Generally speaking, it turns out that under Eq. 22 the local asymptotics of the
probability density function (pdf) of W is important. More precisely, we shall derive
an asymptotic expansion of

pa(x) =P{X>x,Y>ax}, a€(@0,1],x>0
requiring further that for some constant a,, € (1, c0)

P{W — 1/a, € (K1s, K25)} ~ Lk, k,(s)s™, ¥4 € [0, 00) (23)

holds for all s > 0 small with K1 < K3, K1, K> € R some given constants such that
Lk, k, is a locally bounded slowly varying function at 0. Additionally, we need to
impose a local asymptotic condition on the inverse of the transformation z (see below
(Eq. 24)).

We state first the result for p, (x).

Theorem 2 Let (X,Y),R ~ F,p € (—1,1) be a bivariate random vector with
stochastic representation (Eq. 22), where z* : [0, 1] — [0, 1] is a positive measur-
able function, and let a € (0, 1],a, € (1,a/|p|) be given constants. Suppose that
for some ¢ € (0, 1) the function z(x) := px + 7*(x),x € [0, 1] is decreasing in
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Exact tail asymptotics in bivariate scale mixture models 117

Ve :i=[1/ay, —&,1/a, + el and z(x) < a/a,,Vx € (1/ay,, 1]. Assume further that
the inverse z; of z in V satisfies

c
ze(ajap — 1/x) —1/a, ~ < (24)
locally uniformly for x > 0 with ¢ € (0,00). If F € GMDA(w), and Eq. 23 is
satisfied with Ky := —1/a,, K> := ca/a,, then a, is unique and
f(x*)

pa(x) ~ P{ly = I =1} I'(ya + DLk, k,(1/v(x)) (25)

(v(x))7e’

where x4 == a,x, v(x) ;= xw(x),x > 0.

Remarks

(a) If W in Eq. 22 possesses a positive pdf 4 continuous at 1/a,, then under the
assumptions of Theorem 2 the asymptotics in Eq. 23 holds for any K| < K>,
with y, = 1 and

Lk, k,(u) = (K2 — Ky)h(1/a,), u > 0. (26)

(b) In view of Eq. 14 p,(x) given by Eq. 25 converges faster to O than F(x). In
fact for any constant > O we have (recall Eq. 9 and the Davis—Resnick tail

property)

Pa(X) .
m ——— =
100 (V(X)HF(x)

(c) As it can be seen from the proof of Theorem 2 the local behaviour of z at 1/a,
is crucial. Another tractable specification for the function z is to assume that
it is increasing in (1/a, — ¢, 1/a,) and decreasing in (1/a,, 1/a, + ) with
1/a, alocal maximum. In this case we can still find the asymptotics of p,(x),
provided that additionally z; and z; are the inverses of z in (1/a, — ¢, 1/a,)
and (1/ap, 1/a, + ¢), respectively satisfying

2Eaja, — 1/x) — 1/a, ~ —%, i € (0, 00)

locally uniformly for x > 0.
In the setting of Model B we shall approximate p 5.5, ,(x) defined by

Pa,s,n.p(X) == P{X > x[1+68/v(apx)],Y > ax[1 + 77/1)(61,0)6)]} , x>0,

with §, n € [0, 00) and a, € (1, a/|pl).
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118 E. Hashorva

Theorem 3 Under the assumptions and notation of Theorem 2, if further F has pdf
f which is positive and continuous at 1/a,, then a, is unique. If also

ze(aja, +1/x) — 1ja, ~ _E 27)

locally uniformly for x > 0, then for any n, § € [0, 00)

h(1/ap)
dp

S+ car;)f(x*)

~PlLi=5h=1
pa,é,n,p(x) {1 2 } ca+1/) 00y

(ca+1) exp(— (28)

holds locally uniformly for §, n € [0, c0).
We present next two examples.

Example 4 Let (X, Y) be a bivariate scale mixture random vector with stochastic
representation (Eq. 22) where p = 0. Define next

) =z(x) =1 —xI)HP, pe(0,00),xe[-1,1],

where z has the inverse function z ! (y) = (1 — y”)l/p, y € [0, 1]. Forany a € (0, 1]
the equation

2 Ya/s)=1/s, s e (1, 00)

has the unique solution a, = (1 + a” )!'/P e (1, 00). Furthermore Egs. 24 and 27
hold with ¢ = a?~ 1.

Let W > 0 with pdf & being further independent of the positive random variable
R>~F.If F e GMDA(w), then by Theorem 3

5+a”n) F(apx) (29)

Pasnp@) ~ Pl = I = 1}ab—h(1/ay) exp (— o ) e
]

Note that when (RI}W, ILRz*(W)) is a generalised symmetrised Dirichlet ran-
dom vector, then I1, I, R, W are independent and W possesses the pdf h(x) =
pxP~1g(xP), with g the pdf of beta(a, B), see Fang and Fang (1990).

Example 5 Under the setup of Example 4 redefine z* as

) =Vl = %2, z(x) = px+25x), poxe (=11, pei=,/1-p%

First note that z(p) = 1 is the maximal value of z(x) for any x € [—1, 1]. Hence
in order to apply Eq. 28 necessarily a € (p, 1]. The assumptions of Theorem 2 are

satisfied for a, = ,0*_1\/1 — 2ap + a?, and Eq. 24 is satisfied for ¢ = (a — p)/(1 —
ap) € (0, 0o). Note further that a, < a/|p| and also Eq. 27 holds. In view of Eq. 28
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Exact tail asymptotics in bivariate scale mixture models 119

we obtain

p2h(1/a,) F(apx)
I—ap xw(apx)

a’n+8—ap(n +38)
X exp (— a2 . (30)
*%p

DPa,snpXx) ~ P{ly =1 =1}

In the special case that W2 ~ beta(1/2,1/2) and P{l; =1} = 1/2,i = 1,2 with
11, I, independent we have

2a, _ 2a,(1 — 02)
w a3 —1 a—p

Consequently Eq. 30 reduces to Eq. 5 for § = n = 0.

h(1/ap) =

4 Applications

Let (X,Y) be a given bivariate random vector. For some high threshold x the
approximation of the joint conditional excess random vector

(xH oyl .= (X —x, Y —ax)|X > x,Y >ax, xe€(0,00), ac(01]

is of some interest in statistical applications if in particular suitable norming constants
can be found so that the df of (X*!, y[4¥]) can be approximated by some known df,
see De Haan and Ferreira (2006), Reiss and Thomas (2007) and Falk et al. (2010).
Another interesting problem of the bivariate extreme value theory is the asymptotic
independence of X and Y. When X and Y are asymptotically independent an interest-
ing topic also for application (see e.g., De Haan and Ferreira 2006; Reiss and Thomas
2007; or Peng 1998, 2008, 2010) is the estimation of the residual dependence index
n. In our last application we give an explicit formula for 7.

4.1 Asymptotics of conditional excess distribution

We start by considering Model A as in Section 2. For any s, ¢ positive and some
positive scaling function w we have

P[X[x] > s/w(), Y > t/w(t)} _ Pasa®)
Pa,0,0(x)
Under the assumptions of Theorem 1
pa,s,z(x) I
—_— X — 00,

Pa0,0(x)  Joo’
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120 E. Hashorva

where J;; depends on the limit function &,. Denote by (E7, E2) a bivariate ran-
dom vector with positive components and survivor function given by Js ;/Jo o, s, t €
(0, 00). Then the above asymptotics can be cast into joint convergence in distribu-
tions. Specifically, if (X,, Y,),n > 1 is a sequence of bivariate random vectors
defined in the same probability space such that (X,,, ¥;,) < (xtnl ylanly 5 > 1 then
we have the convergence in distributions

(e X", gmyyey 4 (B, Ey), n — oo, G1)

where the scaling function g equals w. The limiting random vector has df which
clearly depends on &,. Further, E| and E» can be dependent, for instance in the setup
of Example 3 taking a = 1.

Assume next that (X, Y), a, a,, p satisfy the assumptions of Theorem 3. For any
s, t positive Eq. 28 implies

P{X >x+s/wlapx), Y > ax + t/w(apx)}
P{X > x,Y > ax}

~ exp(—sDg.c — tD:;’C),

where
9p x . _9nC
ca—+1

Consequently, Eq. 31 holds with
glx) =wlapx), x>0

and Ei, E> two independent exponential random variables with mean 1/D, . and
1/D; ., respectively.

Under the setup of Example 5

1 —ap " a—p

Dje=——>, Df =— "~
“CTa,(1—p?) “CTa,(1— p?)

»ope(=1L1.

Consequently, Eq. 31 holds in the special case that (U1, U») is uniformly distributed
on the unit circle of R2.

4.2 Asymptotic independence and MDA

A common measure of the asymptotic dependence between (X, Y) is the tail
dependence function

. P{Gi(X)>1—s/x,G2(Y) >1—1t/x}
500 min(P{G1(X) > 1 —s5/x}, PG2(Y) > 1 —1/x))

=:1(s,1), s,t € (0,00)

(when it exists) where G, G, are the distribution functions of X and Y, respec-
tively. If I(1, 1) = 0, then we say that X and Y are asymptotically independent.
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Exact tail asymptotics in bivariate scale mixture models 121

See for instance De Haan and Ferreira (2006), Reiss and Thomas (2007), Hiisler
and Li (2009), Peng (2010), Das and Resnick (2011) and Haug et al. (2011) for
more details concerning the modelling of asymptotic independence in the context of
extreme values.

We discuss briefly the asymptotic independence for scale mixture distributions
with (Uj, Uz) specified by Model A. It can be seen by Example 1 that for par-
ticular (U, Uz) the dependence function I(s, ¢) can be positive, thus asymptotic
independence does not hold. However, under the setup of Example 2, Eq. 21 implies
I(s,t) = 0,Vs,t € (0,00). Consequently, X and Y are asymptotically independent
with df in the Gumbel MDA.

In the framework of Model B we consider (X, Y) with stochastic representation
(Eq. 22) where p € [0, 1). The case p € (—1,0) follows with similar arguments,
therefore omitted here. Next, we specify the asymptotic behaviour of W and z(W).
Assume that for some yy, y» € [0, 00)

P{W>1-s/x} " P{z(W)>1-s/x}

lim —————— =", im =s", Vs>0.
x—oo P{W > 1—1/x} x—oo P{z(W) > 1—1/x}

As in Example 1, applying Eq. 17 we obtain
P{(RW > x} ~T(y1 + DP{W > 1 —1/v(x)} F(x)
and
P{Rz(W) > x} ~T (o + DP{z(W) > 1 — 1/v(x)} F(x).

Suppose that z*(x) < b < 1,Vx € [0, 1], and set z(x) := px + z*(x). Applying
Eq. 14 we obtain

P{Y >x}~P{ =1, =1} P{Rz(W) > x}
and
P{X >x}~P{L =Ty +DP{W > 1—1/v(x)} F(x).

Consequently, by Eq. 15 both X and Y have distribution functions in the Gumbel MDA
with the same scaling function w. Let b; (x), i = 1, 2 be defined asymptotically by

bi(x) =G (1 —1/x), x> 1,
where Glfl is the generalised inverse of G;,i = 1, 2. In view of Eq. 14 we have

bit) _

errolo by(x) - (32)
Furthermore (see e.g., Falk et al. 2010)
w(bi(x))[Gi_l(l —s/x) —bi(x)] = —1Ins, Vs € (0, 00). (33)
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If X, Y are such that the conditions of Theorem 2 hold, then comparing the asymp-
totics of P{X > bi(x/s),Y > by(x/t)} and P{X > bi(x/s)}, P{Y > br(x/t)}
utilising further Eqs. 14 and 32 we obtain I(s, t) = 0, Vs, ¢t € (0, 0o0). Consequently,
X and Y are asymptotically independent.

4.3 Residual tail dependence

Modeling of the asymptotic dependence is often done in the framework of copulas,
see e.g., De Haan et al. (2008), Li and Peng (2009) and Peng and Qi (2011). For
X, Y with asymptotically independent components it is of some interest to quantify
the asymptotic independence in terms of some indices. Let G, G2 be the distribution
functions of X and Y, respectively. One successful approach to model the asymptotic
independence is the estimation of the residual dependence index 7 € (0, 1] (see e.g.,
Peng 1998, 2008, 2010; De Haan and Ferreira 2006; Reiss and Thomas 2007; Falk
et al. 2010; or Hashorva 2010). So if for some x, y positive

S, ( )= P{G{(X)>1—x/u,Gr(Y)>1—y/u}
oY) = G (X) = 1= 1/, Ga(Y) > 1 — 1/u)

— S(x,y), u— oo,

then for any ¢ > 0
S(cx,cy) = c/18(x, y),

where S, (1, 1) is regularly varying with index —1/7.

n for Model A

Example 1 shows that the asymptotic independence is not always observed for our
first dependence model. We consider next the setup of Example 2 which exhibits
asymptotic independence calculating n for that example. Since lim,_, o b1 (1) =
lim,_, oo b2(u) = 00, by Egs. 21 and 33 for any x, y € (0, 1] we obtain

Sux, y)
im
u—oo §,(1,1)
. P{X > bi(u) —Inx/wbi()),Y > by(u) —Iny/w(ba(u))}
T uso0 P{X >bi(u),Y > by(u)}
B 1
CTi+nrn+D

oo
/ (t + Inx)}' (t + Iny)?? exp(—1) dt (34)
0
implying that n = 1.

n for Model B

Let (X, Y) be as in our second application satisfying further the assumptions of The-
orem 3. Since X, Y are asymptotically independent we calculate next n assuming that
the scaling function w satisfies

lim wicu) =t
u—oo w(u)

., Ve e (0,00), (35)
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with A € [0, 00). Thus w(x) = x* 'L(x) with L a positive slowly varying function
at infinity. If A = 0 suppose further that lim,_, o L(u) = oo.

Case limsup,,_, ., w(u) € [0, 0o) In view of Eq. 32 for any y € (0, 00)

ba) = —Y ) — (1 + 0(1)—)
? wby()) w(by (1))’

Since limy—, o0 b1 () = 00, Egs. 34 and 35 imply for any x, y € (0, 1) (set t(u) :=
L/w(apby(u)))

Su(x,y)
m
u—o0 S, (1, 1)

o P{X > b1 (u) — a})_lr(u)lnx, Y>bi(u)— (1 +0(1))aﬁ_lr(u) lny}
~ w0 P(X > b1). Y > b1(w) + o(z ()}

= exp (az_l (Dg,cInx + Dy .In y)) .
Consequently, since further o, > 1

al—k

o Yy
= = e (0, 1],
=D+, <

with n = 1 only when A = 0.

Case limy,_, oo w(u) = 00 In order to calculate n we assume further
Jim w(ba)[b2(u) — bi(w)] =& € R. (36)
As above for any x, y € (0, 1) as u — oo we obtain

Su(X, )’)
m
u—o0 S, (1, 1)

i P{X > bjw)—as 't Inx,Y > by(u) — (1 +o(1)as 'z @)(ny + &)}
= 1um

=00 PIX >bi),Y > bi(u) + (1 +o(1)a) ' Er(w)}
= exp(az_l(Da,c Inx + D .In y)).
Hence again n = a;}‘ € (0, 1], with » = 1 only for A = 0.
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5 Proofs

Proof of Theorem I Since R is independent of the bivariate random vector (Uy, U>),
and U; < 1 almost surely for any 8, n € [0, oo) we have

Pa,s.(x) = P{RU; > x(1 +8/v(x)), RU2 > ax(1 + n/v(x))}
= / P{U; > x(14+38/v(x))/r,Uz > ax(1 +n/v(x))/r} dF(r),
Vx > 0.

Let ¢ be a positive constant. The assumption (Eq. 12) implies that for any ¢ € (1, 1 4
e) we have P{U; > 1/c, U > a/c} € (0, 1). In view of Eq. 14

. F(ax)
lim — =
xX—>00 F(x)

0, VYo e (1,00), (37
hence we obtain (set Fy(s) := F(s/w(x) + x))

Pa,s,y(x) ~ / P{Uy > x(1+6/v(x)/r,Uz > ax(1 +n/v(x))/r} dF(r)
x(148/v(x))

(c—Dv(x)
= / qs,n(s, v(x)) dFx(s),
s
with

s> 6.

Gs.n (s, v(x)) = P {Ul U+ U a(l+ n/v(x))}

, Uz >
14+ s/v(x) 14+ s/v(x)
Condition (10) implies

qs,n(s, v(x))
P{U, > 1—1/x}

— &,(5,6,1), Xx—> o0

locally uniformly s > §. Hence in view of Egs. 4 and 9 Fatou’s Lemma yields

liminf 1 (e=Dv(x) qS,T](S, U(X)) dF ( ) = foo%- ( S ) ( )d
iminf = L () > (5,8, n)exp(—s)ds.
xX—00 F(JC) S P{Ua >1-— l/x} § K P (38)

When § = n = 0, by Eq. 12 ¢5,(s, 1) is regularly varying at 0. Utilising further
Potter’s bounds (see e.g., De Haan and Ferreira 2006) for the integrand and utilising
Lemma 7.5 and 7.7 in Hashorva (2007) we obtain

1 (e=Du(x) s, v(x
/ q0,0(s, v(x)) dF(s) < Joo,
§

lim sup ——
X—>00 F(x) P{Ua >1— l/x}
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and further

1 DO go0(s, v(x))

lim =
M—oo F(x) Ju P{U, >1—-1/x}

dFy(s) =0

Since for any s > §
qs.n(s, v(x)) < qo,0(s,v(x)), &,n=>0

this implies

1 =Dy ,
/ 4600 o

M—oo F(x) Jm P{U, > 1—1/x}

hence the general case with §, n € [0, co) is established by utilising further Egs. 10,

38, and thus the proof is complete.

Proof of Theorem 2 Define

O

Xy i =apx, v(x) =xwkx), F@s):=F[l+s/vx)]), seR,x>0.

By the independence of 1, I and RW we may write for any x > 0

Pa(x) = P{RW > x, pRW — 7" (W) > ax} P{Lh=1,1,=-1}

+ P{RW > x, Rz(W) >ax} P{I, =1,1, = 1}
=CiPL=1,L=—1}+CP{=1,1, =1}.

If p < 0, then the fact that z* is non-negative implies p,(x) = C>. When p € (0, 1)

by the assumptiona/p > a,
C; < P{RW > a/px} < P{R > a/px} = F(a/px).

Since z(s) < a/a, forany s € [1/a,, 1] we have

P{W > x/r,z(W) > ax/r} < P{W > 1/a,, 2(W) > ax/r]
< P{W > 1/a,,z(W) > a/a,}

=0, Vx,r>0,x <r =<apx.

Hence for any ¢ € (0, 1)

(ap+e)x
szf P{W > x/r,z(W) > ax/r} dF(r)

X

+ foo P{W > x/r,z(W) > ax/r} dF(r).
(

ap+e)x
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Since (by the assumption) the function z is decreasing and possesses an inverse
function z¢ in [1/a, — &, 1/a, + €] for some given ¢ > 0, we have

(ap+e)x
/ P{W > x/r,z(W) >ax/r} dF(r)

oX

ev(xx)

:/ PIW > 1/a,[1 + /001", 2(W) > a/a, 1 + /0] | dFi(s)
0
£v(xy)

=/ P[W > 1/ap[1 +5/vx)]™ W < ze(a/ap(l +s/v<x*)]—1)} dFy(s)
0
£v(xx)

=/ P*{cas/(apv(x*))(l+0(l))>W—l/ap>—s/(apv(x*))(1+o(l))}dEC(s).
0

Hence by the assumptions on W and F' applying Potter’s bound for the integrand and
utilising Lemmas 7.5 and 7.7 in Hashorva (2007) we obtain

(ap+e)x
/ P{W > x/r,z(W) > ax/r} dF(r)

F(x)

N/OOOSV"GXP( s)dsL_ 1/ay, La/ap(l/v(x*))(( )))/a

In view of Eq. 37 a, is necessarily unique, hence applying Eq. 14 we obtain as
X — 00

pa(x) =F(a/p)+ (1 +o()P{Iy =L =1}T (Yo + DL_1/a,.cafa, (1/v(x:))
F(x,)

X —

(v(xx))7e

~Plh=hL=1}T(y.+ l)L—l/ap,ca/ap(l/U(x*))

+0(F((@+em) B
F(xy)
(v(xy))7a’

and thus the result follows. O

Proof of Theorem 3 By the assumption on the density function # of W we have that
Eq. 23 holds for any K| < K3, K, K> € R with y, = 1. As in the proof above for
any § € [0, o0) and ¢ > 0 small enough we obtain (set & := (can + 8)/(ca + 1))

PasnpX)=>0+o()P{l} =1 =1}

ev(xy) _ _
x/ p{ww_l/ap> (+0(1)6 S)}dp;(s)
£ apv(xx) apv(xy)
~P{L= 12—1}/ [(ca+1)s—8—n]exp(— s)dsh(l/ap) Fow) , X —> 00
ap U(x*)
hence the result follows. O
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