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Abstract
Let Z(t) = exp (ﬁBH (1) — |t|2H) ,t € Rwith By (t),t € R astandard fractional Brown-

ian motion (fBm) with Hurst parameter H € (0, 1] and define for x non-negative the Berman
function

{eo(RZ) > x}

Bz(0 = E{ «0(RZ)

} € (0, 00),

where the random variable R independent of Z has survival function 1/x, x > 1 and

eo(RZ):/]I{RZ(t) > 1}dt.
R

In this paper we consider a general random field (1f) Z that is a spectral rf of some stationary
max-stable rf X and derive the properties of the corresponding Berman functions. In par-
ticular, we show that Berman functions can be approximated by the corresponding discrete
ones and derive interesting representations of those functions which are of interest for Monte
Carlo simulations presented in this article.
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1 Introduction

In the study of sojourns of rf’s in a series of papers by Berman, see e.g., (1982; 1992) a key
random variable (rv) and a related constant appear. Specifically, let Z(¢) = exp(\/iB )2403)
— |t|2H ),t € R, with By a fractional Brownian motion (fBm) with Hurst parameter H €
(0, 1], that is a centered Gaussian process with stationary increments, Var(Bg (1)) = |t el
t € R and continuous sample paths. In view of Berman (1992, Thm 3.3.1, Eq. (3.3.6)) the
following rv (hereafter I{-} is the indicator function)

€(RZ) = / H{RZ(t) > 1}dt
R

plays a crucial role in the analysis of extremes of Gaussian processes. Throughout this paper
R is a 1-Pareto rv (In R is unit exponential) independent of any other random element.

The distribution function of €y(RZ) is known only for H € {1/2,1}. For H = 1
as shown in Berman (1992, Eq. (3.3.23)) €o(RZ) has probability density function (pdf)
x2e=**/2/(2/7), x > 0, whereas for H = 1/2 its pdf is calculated in Berman (1992, Eq.
(5.6.9)).

The so-called Berman function defined for all x > 0 (see Berman (1992, Eq. (3.0.2)))
given by

H{eo(RZ) > x}

Bz = E{ «0(RZ)

} € (0, 00) (1.1)

appears also in Berman (1992, Thm 3.3.1, Eq. (3.3.6)).

An important property of the Berman function is that for x = 0 it equals the Pickands
constant, see (Berman 1992, Thm 10.5.1) i.e., Bz(0) = Hyz, where H  is the so called
generalised Pickands constant

1
Hz = lim —E{ sup Z(@);.
T—o0 1€[0,T]

This fact is crucial since Bz (0) is the first known expression of 7 in terms of an expectation,
which is of particular usefulness for simulation purposes, see Falk et al. (2010), Dieker and
Yakir (2014), and Hiisler and Piterbarg (2017) for details on classical Pickands constants.

Besides, Berman’s representation of Pickands constant yields tight lower bounds for H 7,
see Debicki et al. (2019, Thm 1.1). As shown in Debicki et al. (2019) for all x > 0

oo T
Bz(x) = Tlem %B([O, T1,x), Bz(0,T], x):= fo IP’{/O I(Z(t) > s)dt > x}ds.

Motivated by the above definition, in this contribution we shall introduce the Berman func-
tions for given § > 0 with respect to some non-negative rf Z(t),t € R, d > 1 with cadlag
sample paths (see e.g., Janson (2020), and Bladt et al. (2022) for the definition and properties
of generalised cadlag functions) such that

E{Z®)} =1, 1eR?. (1.2)

Specifically, for given non-negative §, x define
. 1
B (x) = Jim ﬁb";([o, 719 nsz4, x),
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where
o0
B ([0, T1% N 67, x) ::/ IP’{/ I(Z(t) > s)rs(dt) > x}ds.
0 [0,719NsZ4

Here Ag(dt) = A(dt) is the Lebesgue measure on R4, 0Z9 = R? and Ag (dt)/Sd is the
counting measure on 874 if § > 0. Hence B‘SZ (x), 8 > 0is the discrete counterpart of Bz (x)
and BY (x) = Bz (x).

In general, in order to be well-defined for the function B‘SZ (x), x = 0 some further restric-
tion on the rf Z are needed. A very tractable case for which we can utilise results from the
theory of max-stable stationary rf’s is when Z is the spectral rf of a stationary max-stable rf
X(t),t € R?, see (2.1) below.

An interesting special case is when In Z(¢) is a Gaussian rf with trend equal to the half of
its variance function having further stationary increments. We shall show in Lemma 4.3 that
for such Z the corresponding Berman function Bz (x) appears in the tail asymptotic of the
sojourn of a related Gaussian rf.

Organisation of the rest of the paper. In Section 2 we first present in Theorem 2.1 a formula
for Berman functions and then in Corollary 2.3 and Proposition 3.1 we show some continuity
properties of those functions. In Theorem 2.5 and Lemma 2.4 we present two representations
for Berman functions and discuss conditions for their positivity. Section3 is dedicated to
the approximation of Berman functions focusing on the Gaussian case. All the proofs are
postponed to Section 4.

2 Main Results

Let the 1f Z(1),t € R? be as above defined in the non-atomic complete probability space
(2, F, P). Let further X (z),t € R? be a max-stable stationary rf, which has spectral rf Z in
its de Haan representation (see e.g., de Haan (1984), Kulik and Soulier (2020))

X () = max 71z0@, teRr. 2.1
>

Here I'; = 22:1 Vi with Vi, k > 1 mutually independent unit exponential rv’s being
independent of {Z) }72, which are independent copies of Z. For simplicity we shall assume
that the marginal distributions of the rf X are unit Fréchet (equal to e~ /¥, x > 0) which in
turn implies E{Z(¢)} = 1 forall ¢ € R,

Suppose further that for all 7 > 0

IE{ sup Z(t)} < o0 2.2)
1€[0,T14

and Z has almost surely sample paths on the space D of non-negative cadlag functions f :
R? > [0, 00) equipped with Skorohod’s J;-topology. We shall denote by D = o (71;, ¢t € Tp)
the o-field generated by the projection maps ; : 7w, f = f(t), f € D with Ty a countable
dense subset of R?. In view of Hashorva (2018, Thm 6.9) witha = 1, L = B! see also
Planini¢ and Soulier (2018, Eq. (5.2)) the stationarity of X is equivalent with

E{Z(h)F(Z)} = E{Z(0)F(B"Z)}, Vh e R? (2.3)
valid for every measurable functional ¥ : D — [0, oo] such that F(cf) = F(f) for all
f € D, c > 0. Here we use the standard notation B"Z()=Z(—h),h € R,
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We shall suppose next without loss of generality (see Hashorva (2021, Lem 7.1)) that
P{sup Z(t) >0} = 1. 2.4
teR4

Under the assumption that X is stationary B‘SZ (x) is well-defined for all 8, x non-negative as
we shall show below. We note first that, see e.g., Debicki et al. (2019, 2022)

: L s d 8 8 )

lim — B ([0, T]“ NSZ°,0) = BL(0) = H € (0, 00),

T—oo T4

where H‘SZ is the discrete counterpart of the classical Pickands constant Hz = H%. Hence
for any x > 0 we have
)
B (x) < HY, < 0.

Set below for § > 0
S5 = S5(Z) :/ Z(t)rs(dt) = 8¢ Z Z(t)
sz ”
ted 7

and let So = So(Z2) = fRd Z(t)A(dt). In view of (2.4) we have that Sy > O almost surely.
Since we do not consider the case § > 0 and § = 0 simultaneously, we can assume that S5 > 0
almost surely (we can construct a spectral rf Z for X that guarantees this, see Hashorva (2021,
Lem 7.3)).

In view of Debicki et al. (2022, Cor 2.1) if P{Sy = oo} = 1, then Hz = 0 implying

By(x) =Hz =0, V¥8x=0.

The next result states the existence and the positivity of Berman functions presenting further
a tractable formula that is useful for simulations of those functions.

Theorem 2.1 IfP{Sy = oo} < 1, then for any 8, x non-negative constants we have

5 * [ Z)
B =| E 711( I(Z(1) > s)hs(dr) > x) Ads) < oo, (2.5)
0 Ss 824
Moreover, (2.5) holds substituting S5 by S,, where n > 0if6 = O and n = ké,k € N if
8 > 0, provided that
{So(Z) < 00} C {S;(B"Z) € (0,00)}, Vre 87 (2.6)
almost surely.

Remark2.2 (i) If x = 0, then we retrieve the results of De¢bicki et al. (2022, Prop 2.1).
(i) As shown in Dgbicki et al. (2022) condition (2.6) holds in the particular case that
Z(t) > 0,t € R? almost surely.
(iii) One example for Z, see for instance Debicki et al. (2022) is taking
Z(t) = exp(V(1) — 0y(1)/2)), 1 €R?,

where V (¢), t € R? is a centered Gaussian rf with almost surely continuous trajectories
and stationary increments, 0‘2, (t) = Var(V(t)) and oy (0) = 0. For this case Z(t) > 0,
¢ € R? almost surely, condition (2.6) is satisfied and (2.5) reads

B (x) = /OOOE{S%H(/BZJ I(V(t) — 03(1)/2 > Ins)rs(dr) > x)}x(ds) < oo.
2.7)
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Corollary 2.3 [f Z has almost surely continuous trajectories, then for all xo > 0

lim BY%(x) = BY(xo). (2.8)
X—>X(

Define next a probability measure . on D by
w(A) =E{Z0){Z/Z(0) € A}}, AeD. (2.9)

Let ® be a rf with law p. By the definition, ® has also cadlag sample paths and since D is
Polish, in view of Varadarajan (1958, Lem. p. 1276) we can assume that ® is defined in the
same probability space as Z. Recall that As(d)/8¢ is the counting measure on §Z¢ if § > 0
and X is the Lebesgue measure on R9. Since we can rewrite (2.5) as

%0 1
Bl (x) = /0 IE{ Sé(@)ﬂ(/m I(O(t) > s)hs(dr) > x>}x(ds) < 0, (2.10)

where

S$5(0) 2/ O)As(dr)
574

and the law of ® is uniquely determined by the law of the max-stable stationary rf X and
does not depend on the particular choice of Z, see Hashorva (2018, Lem A.1), hence if Z,
is another spectral rf for X, then

B (x) = BY (x) (2.11)

for all § > 0. Assume next that P{Sy < oo} = 1 and let
Z.(t) = (p(T))'BT 05(t), t €82 (2.12)

be a spectral rf of the max-stable f Xs(¢) = X(¢),t € 872, where Q3 is independent of a rv
T, which has pdf p(s) > 0, s € 8Z%. We choose p to be continuous when § = 0. In view of
Debicki and Hashorva (2020, Thm 2.3) one possible construction is

ot
Q) t €874

0s(t) = Cm,

’

with ¢ = 1if § = 0 and ¢ = 87 otherwise. Set below Qs = Q,g/c.

Lemma24 (i) IfP{So < oo} = 1, then for Qs as above and all §, x non-negative we have

BS(x) = /OOOIP{/W I1(Qs(1) > s)As(dt) > x}k(ds) < 00. (2.13)

(ii) If P{Sy < oo} > 0, then with V(t) = Z(t)|So < oo for all §, x non-negative we have
B%(x) = P{Sp(®) < 00} B (x) < . (2.14)

Let in the following Y () = R®(¢) with R a 1-Pareto rv with survival function 1 /x, x > 1
independent of ® and set hereafter

eg;(Y):/ Y (1) > 1}as(dr).
874

Recall that when § = 0 we interpret Z¢ as R?. We establish below the Berman representation
(1.1) for the general setup of this paper.
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Theorem 2.5 [fP{Sy = oo} < 1, then for all §, x non-negative

[ Hes(¥) > x)
B (x) _E{W} < 0. (2.15)

Corollary 2.6 Under the conditions of Theorem 2.5 we have that €y(Y) has a continuous
distribution if Z has almost surely continuous trajectories. Moreover, B‘Sz(x) > 0 for all
x = 0 such that P{es(Y) > x} > 0.

Proposition 2.7 For all § > 0 and x > 0 we have

Ples(Y) > x}2

3 —1
Eley ()] < BZ(x) < x7 Ples(Y) > x}). (2.16)

Remark2.8 (i) If x = 0, the lower bound in (2.16) holds with 1 in the numerator, see
Debicki et al. (2019), and Hashorva (2021).
(i) If E{e} (Y)} is finite for some p > 0, then combination of the upper bound in (2.16)
with the Markov inequality gives the following upper bound

By (x) <x P'Efef (1)}, x> 0. (2.17)
(iii) If E{es(Y)} < oo and [;° e (B%(x))!/2dx < oo, then it follows that for all s > 0

Efe s <1+ 5Ele;(n))'2 / T e B ) .
0

(iv) Since Y = R®, we can calculate in case of known ® the expectation of €5(Y) as
follows

Eles ()} =/ P{RO(r) > l}Aa(dt)=/OO/ P(O(r) > 1/rtrs(dt)r—2dr.
874 1 574

If Z(t) = exp(V () — 0\2, (t)/2)),t € R is as in Remark 2.2, Ttem (iii), then in view
of Debicki et al. (2019, Lem 5.4), and Hashorva (2021, Eq. (5.3)) we have

- oy (ev@® Inry o,
Eles(V)} = /szd/; \If< 5 a(z))r As(dt)dr
=2

_ / W (oy (1)/2)hs(d1),
teszd

(2.18)
where W is the survival function of an N (0, 1) rv.

3 Approximation of Bg(x) and its Behaviour for Large x

We show first that Bz = B% can be approximated by considering B‘SZ (x) and letting § | O.
Proposition 3.1 For all x > 0 we have that

lim B, (x) = BY (x).

lim 7(x) = Bz (x)
We note in passing that for x = 0 we retrieve the approximation for Pickands constants

derived in Dgbicki et al. (2022). An approximation of B‘SZ (x) can be obtained by letting
T — oo and calculating the limit of
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B, ([0, T19 N 874, x)
Td '

For such an approximation we shall discuss the rate of convergence to B‘SZ (x) assuming

further that
2
o (1
Z(t) = exp (V(t) - Vz( )> , teR?

is as in Remark 2.2, Item (iii).
Al 0‘2, (#) is a continuous and strictly increasing function, and there exists «g € (0, 2] and
Ap € (0, 0o) such that

wup ol (1)
X
=0 [0

where ||-|| is the Euclidean norm.
A2 There exists oo € (0, 2] such that

oot

llel—o0 [|z]|%

The following theorem constitutes the main finding of this section.
Theorem 3.2 Under A1-A2 we have for all §, x non-negative and » € (0, 1)

B.([0, T19 N 874,
Al ]Td N, 3.1)

lim (B%(x) —
T—o0

Remark3.3 (i) For x = 0 the rate of convergence in (3.1) agrees with the findings in
Debicki (2005).
(i1) The range of the parameter A € (0, 1) in Theorem 3.2 cannot be extended to A > 1.
Indeed, following Ling and Zhang (2020), for V(¢) = V2Bi(1),8 =0, T > x and
d =1 we have

Bz([0, T1, x) = 2W (x/~2) + V2(T — x)p(x/v2)

implying
Bz(x) = V2 (x/2), (3.2)
where ¢(-) is the pdf of an N (0, 1) rv. Consequently, we have
Bz([0, T1,
Jim 1B7(x) - M T = 2W(x/v2) — V2xp(x/v/2)| > 0.
— 00

In the rest of this section we focus on d = 1 log-Gaussian case. In view of (3.2) for some
finite positive constant C

In(B%(x)) ~ —Cod(x), x — oo.
The next result gives logarithmic bounds for B‘SZ (x) as x — oo that supports this hypothesis.
Proposition 3.4 Suppose thatd = 1 and V satisfies A1-A2. Then

In(BS
timinf 202D
X—00 O’V(X/Z)
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Table 1 Values of E{eg(Y)} for § = {0, 1,5, 10} and V (1) = V2B (1)

E{es(V)} \ H 0.1 0.2 0.3 0.4 0.5
=0 60480 72.216267 12.309822 5.866446 4
§=1 48824.040913 72.594979 12.632020 6.140195 4.232120
§=5 57667.986631 74.736598 14.803952 8.344951 6.474827
6 =10 59291.12614 77.87128 18.22637 12.07630 10.54057
E{es(Y)}\ H 0.6 0.7 0.8 0.9 1
=0 3.198992 2.777685 2.527405 2.366354 2.256758
s=1 3.395236 2.942920 2.665777 2481422 2.351603
§=5 5.685059 5.295399 5.104008 5.026130 5.004070
5§ =10 10.09794 10.00788 10.00016 10 10
and
, In(BS (x)) 3-2V2
lim su < - .
2
x—o00 Oy (X/Z) 2
Remark3.5 (i) If wesuppose additionally that 0\2, isregularly varying at co with parameter
a > 0, then it follows from Proposition 3.4 that
o InBL(x) In(B%(x)) 3-2V2
— ghmmf%gl 22 < - -
* T ox—oo op(x) xsoo oy (x) 20+
(ii) If follows from the proof of Proposition 3.4 that under A1-A2
1 InPles(Y) >x}) In(P{es(Y) > x}) 3-2V2
—5 <liminf ————— <1 5 < - .
2 X—00 oy (x/2) x—00 oy (x/2) 2

Example3.6 Let V(1) = v2By(t), with H < 1, ie,, o3 (t) = 2t>H. Then E{eo(Y)}
41/Q2H)+0.5

= JzrajamTos) €€ Debicki et al. (2019). For § > 0 we use (2.18) to compute E{es(Y)},
see Table 1. The graph of E{es(Y)} as a function of § and the upper bound (2.17) with p = 1
for Berman constants as a function of x € [1, 10] are presented on Fig. 1.

We simulated Berman constant Bz (x) using estimator (2.15) for different x and H see
Table 2. In our simulation we generated N = 20000 trajectories by means of Davies-Harte
algorithm on the interval [—64, 64] with the step e = 1/2° = 0.001953125. Since the sample

expectation
44 46

42

40

I ! 1 1

expectation
24 25 26 27 28

1

Upper bound p

H=0.5 5=1

H=0.9 5=10

=1
8
!

upper bound p

Fig. 1 E{es(Y)} as a function of § € [0,2] and H = {0.5,0.9} and the upper bound (2.17) with p = 1
for Berman constants as a function of x € [1,10] for H = 05,8 = 1 and H = 0.9, § = 10 where

V() =~2By (1)
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paths of fractional Brownian motion are very torn by the negative correlation of increments
for H < 0.5 we cannot trust the simulation for H close to 0 and we estimated Berman
constant for H > 0.4 (see the half width of 95% confidence interval in Table 2). Let us note
that the estimator (2.15) for x = 0 is different from the estimator of Pickands constant in
Dieker and Yakir (2014). Compare our simulation for x = 0 with the results of Dieker and
Yakir (2014) for Pickands constant.

Example 3.7 Let X(¢), € R be a stationary Ornstein-Uhlenbeck process, i.e., a centered
Gaussian process with zero mean and covariance E{X (1) X (s)} = exp(—|t — s|),s,t € R.
Then the random process

V2 [y X(s)ds ift >0
V() =
V2 [* X(s)ds ift <0

is Gaussian with stationary increments and variance 0‘% (1) = 4(t| + e = 1). Using (2.15)
we simulated the Berman constant for § = 0 and different x, see Table 3 and for x = 0 and
8 =1{0,0.1,0.2,0.5, 1, 2, 5, 10}, see Table 4. We generated N = 20000 trajectories with

the step ¢ = 107> on the interval [—15, 15]. In Fig.2 we graphed Bz(x) and 11;(575/(;)))

function of x and we get that this ratio is asymptotically around —0.4. Note that according
to Remark 3.5 it should be between —0.5 and —0.04289322.

Using (2.18) we computed E{es(Y)} and 1 /E{es(Y)} fors = {0,0.1,0.2,0.5, 1, 2, 5, 10},
see Table 5. The graph of the lower bound of B‘SZ (0) for the integrated Ornstein-Uhlenbeck
process that is 1/E{es(Y)} as a function of § € [0, 10] is given in Fig. 2. The value of Bz (0)

as

Table 3 Estimation of B (x) for integrated Ornstein-Uhlenbeck process and the half width of 95% confidence
interval

X 0 0.5 1

Bz (x) 0.5267956 = 0.01817717 0.452556 + 0.004676632 0.3482289 + 0.003180162
X 1.5 2 2.5

Bz (x) 0.2621687 + 0.002588018 0.1900299 + 0.002216284 0.1376086 + 0.001910763
x 3 4 5

Bz (x) 0.09881259 + 0.00163841 0.05088893 + 0.00116684 0.02715927 + 0.0008278098
X 6 7 8

Bz(x) 0.01433577 +0.0005788133  0.007437053 + 0.0003983809  0.003796336 + 0.0002730899

X 9 10 11

Bz(x)  0.001998398 +0.0001906838  0.001205136 + 0.0001414664  0.000631948 + 9.837308e-05

X 12 13 14

Bz(x) 0.0003812784 +7.355149¢-05  0.0001845301 + 4.89203e-05 0.00010499 + 3.593126e-05

X 15 16 17

Bz(x) 9.130422e-05 +3.276786e-05  2.426165e-05 = 1.594309e-05  2.103512e-05 + 1.463212¢-05
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Table4 Estimation of B%,(0) for
integrated Ornstein-Uhlenbeck

process and the half width of BL(0) 05267956 +001817717  0.5131973 £ 0.007850686
95% confidence interval

8 0 0.1

s 0.2 0.5

B‘SZ 0) 0.5126575 + 0.007194036 0.4934096 + 0.005746635

5 1 2

B‘SZ 0) 0.4484668 + 0.00402201 0.3843544 + 0.001995524
5 5 10

B’SZ 0) 0.1908583 + 0.0004065713 0.09984 + 3.913749¢-05

constant for the integrated Ornstein-Uhlenbeck process with the same parameters as here
was simulated in Debicki et al. (2003) resulting in the value 0.528.

4 Further Results and Proofs

Let in the following X (1), ¢ € R? be a max-stable stationary rf with cadlag sample paths
and spectral rf Z as in Theorem 2.1 and define ® as in (2.9). Define Y (t) = RO(¢),t € R4
with R an 1-Pareto rv (with survival function 1/x, x > 1) independent of ® and set My s
= sup,¢s57¢ Y (¢). Note in passing that

P{Mys>1}=1

since My s > RO®(0) > 1 almost surely by the assumption on R and by the definition
P{®0) =1} =1.

Recall that S5 = S5(Z) = fszd Z(t)rs(dt). In view of (2.4) we have that P{Sy > 0} = 1.
In the following, for any fixed § > 0 (but not simultaneously for two different §’s) we shall
assume that S5 > 0 almost surely, i.e., Z is such that IP{supIGBZd Z(t) > O} = 1. Such a
choice of Z is possible in view of Hashorva (2021, Lem 7.3).

A functional F : D — [0, oo] is said to be shift-invariant if F(f(- — h)) = F(f(-)) for
allh e RY.

-04

1
(x/2)

10

By(
00 01 02 03 04 05
L 1
100(B2(x))/ o}
08
1
lower bound
040 045 020 025 030
!

Fig. 2 The graphs of Bz (x) and % as function of x and the lower bound of Pickands constant as a
G’V X
function of § for integrated Ornstein-Uhlenbeck process
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Table 5 Estimation of Efes(Y)}
and 1/E{es(Y)} for 5 0 0.1 0.2 0.5

§=1{0,0.1,02,05,1,2,5,10}  gie(y)) 3234658  3.245584 3248405  3.268183
1/Eles(Y)} 03091517 0308111  0.3078434  0.3059804

s 1 2 5 10

E{es(Y)} 3.339158 3.626068 5.482154 10.05426
1/E{es(Y)}  0.2994767  0.2757808  0.1824101 0.09946035

We state first two lemmas and proceed with the postponed proofs.

Lemma 4.1 IfP{Sy < oo} = 1, then P{Ss < oo} = 1,8 > 0 and for all x > 0
Ples(Y/x) < o0} =1, Vx>0,V5>0. 4.1)

Moreover ]P){My,(g < oo} =1.

Proof of Lemma 4.1 In view of (2.4) Sy > 0 almost surely. The assumption that Sy < oo
almost surely is in view of Dombry and Kabluchko (2017, Thm 3) equivalent with Z(z) — 0
almost surely as |[t|| — oo, with ||-|| some norm on R?. Hence S5 < oo almost surely
follows from Dombry and Kabluchko (2017, Thm 3). By the definition of ® and the fact that
P{So(Z) € (0, 00)} = 1 we have

0 :E{Z(O)H{limsupZ(r) > 0}} = E{Z(O)H:limsupZ(t)/Z(O) > 0}]

llz] =00 lltll—o0

= E[H:limsup@)(t) > 0]]
izl —o00

implying that ]P’{lim”,”HOO Q) = 0} = 1. Consequently, IP’{lim”,”ﬁoo Y() = 0} =1and
hence the claim follows. O

4.2)

Below we interpret oo - 0 and 0/0 as 0. The next result is a minor extension of Soulier
(2022, Lem 2.7).

Lemma 4.2 [fP{Sy < oo} = 1, then for all measurable shift invariant functional F and all
8, X non-negative

xIE{ F( /x)
&(Y)

Proof of Lemma 4.2 For all measurable functional F : D — [0, oo] and all x > 0

F()
€s(Y)

I{ My s > max(x, 1)}} = E{ I{ My s > max(1/x, 1)}}. 4.3)

XE{F(I(Y (h) > x)} = ]E{F(thY)l[(xY(—h) > 1)} (4.4)

is valid for all & € R? with B"Y (1) = Y(t — h), h,t € R?. Note in passing that B"Y can
be substituted by Y in the right-hand side of (4.4) if F' is shift-invariant. The identity (4.4)
is shown in Bladt et al. (2022). For the discrete setup it is shown initially in Planini¢ and
Soulier (2018), and Basrak and Planini¢ (2021) and for case d = 1 in Soulier (2022).
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Next, if x € (0, 1], since Y(0) = R > 1 almost surely and by the assumption on the
sample paths we have that P{es(Y /x) > 0} = 1, recall P{®(0) =1} = 1. By Lemma
4.1 ]P){My,,g e (1, oo)} = 1, hence for all x > 1 we have further that My s > x implies
€s(Y /x) > 0. Consequently, in view of (4.1) €s(Y /x)/es(Y /x) is well defined on the event
My s > x,x > 1 and also it is well-defined for any x € (0, 1].

Recall that A5(d?) is the Lebesgue measure on R? if § = 0 and the counting measure
multiplied by 8¢ on §Z if § > 0. Let us remark that for any shift-invariant functional F, the
functional
F(Y/0)I{My s > max(x, 1)}

es(Y)es(Y/x)

F*(Y) =

is shift-invariant for all 4 € R if § = 0 and any shift 4 € 874 if § > 0. Thus applying the
Fubini-Tonelli theorem twice and (4.4) with functional F* we obtain forall § > 0, x > 0

B { F(Y/x)
e(Y)

_ x/ E[ F(Y/0)I{My s > max(x, 1)}
874

I{My s > max(x, 1)}}

es(Y)es(Y /x)
_/ . F(Y)I{My s > max(1/x, 1)}
B 874

I{Y (h) > x}]kg(dh)

es(xY)es(Y) [xY(=h) > 1}})\8(6”1)

_x F(V)I{My s > max(1/x, 1)}
B es(xY)es(Y)

/ H{xY(h) > I}Ag(dh)}
874

F(Y
= E{Qiyiﬂ{m,s > max(1/x, 1)}},

hence the proof follows. O

Proof of Theorem 2.1 Let § > 0 be fixed and consider for simplicity d = 1. By
the assumption we have E{supte[oj] Z(t)} < oo for all T > 0. Since we assume that
P{sup,cg Z(1) >0} =1,then P{Sy >0} = 1. Using the assumption we have P{S, < oo} > 0
for all n > 0 and thus by (2.3) we obtain

00 > ]E: sup Z(t)SO} :fIE{Z(h) sup Z(t)/Sg}k(dh)
R ]

1€[0,2] So 1€[0,2

:/E{Z(O) sup Z(t)/So}A(dh)
R tel h]

i+1
= Zf ]E{Z(O) sup Z(t)/SO}A(dh)
' ]

iez Vi te[—h,2—h

ZZE{Z(O) sup Z(t)/So}

iz rel—i,1—i]

> ]E{Z(O) sup Z(t)/So}‘
teR
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Since also forany M > Oand n > 0

S
0<E{ sup ZH2Y < oo
1€[0,M] A

we conclude as above that for all n > 0

E{Z(O) supZ(t)/S,,} < 00
1eR

nZ

IE{Z(O) sup Z(t)/Sn}An(dh)<oo. 4.5)
h<t<h+1

Next, forany x > 0andn > 0

e.¢]
T’lf ]P’{/ L(Z(t) > $)hy(dt) > x, S, = oo}ds
0 [0,T1NnZ

o0
<77 / IP’{/ L(Z(t) > s)hy(dt) > 0, S, = oo}ds
0 [0,T1NZ

o0
:T’lf P sup  Z(t) > 5,8, =00¢ds
0 1€[0,T1NZ

:TIE{ sup Z(t),S,,:oo}

tel0,T1NnZ
— 0, T — oo,

where the last claim follows from Debicki et al. (2022, Cor 2.1). We shall assume that S5 > 0
almost surely (this is possible as mentioned at the beginning of this section). For notational
simplicity we consider next § = 0. For any M > 0, T > 2M by the Fubini-Tonelli theorem
and (2.3)

/OO]P’{/ I(Z(t) > s)A(dt) > x}ds
0 [0,T]
= / E{@ OO]I{/ I(Z(t) > s)A(dt) > x}ds}dh
R So Jo [0,T]
= / E{@ oo]l{f I(Z(t — h) > s)A(dt) > x}ds}dh
R So Jo [0,T]
T+h
/ / {Z(O) {/ I(Z(t) > s)A(dt) > x}}dsdh
h
Z(O) T+h
/ / { {/ I(Z(t) > s)A(dt) > x”dsdh
h

00 T+h
+/ / E{@H{/ I(Z(t) > s)A(dt) > x”dsdh
h<—M-Torh>—M JO So h

= Iur+Jur.
Thus we obtain
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-M/T o0 T(14+h)
Inr / gl Z© ]1(/ L(Z(t) > s)A(dt) > x)ds dh
T —M/T—1 So Jo Th

0 00 T(+h)—M
— / ]E:Z(O) ]1(/ I(Z(1) > s)A(dD) >x)ds]dh
T

1 So Jo h—M
0 %)
—>/ E{@ ]1(/ ]I(Z(t)>s)>»(dt)>x)dS}dy, I'—o0
_1 So Jo 857
UM
So Jo
7o) [~
So Jo

) H(/ I(Z(1) > s)hs(di) > x)ds}
YA

<E ]1(/ I(Z(@t) > $)A(dr) > O)ds}
R

VAQ
=E ()supZ(t)}=H%<oo,
So teR

where H% is the Pickands constants, see Debicki et al. (2022, Prop 2.1) for the last formula.
Let us consider the second term

J Z(0) [® T(1+h)—M
M.T =/ S EAL) ]1(/ ]I(Z(t)>s)k(dz)>x)ds dh
T (=00, —1)U(0,00) So Jo Th-M

—1 00 T(+h)—M
_ / E{Z(O) 1[(/ I(Z(t) > s)h(dt) > x)ds}dh
T

So Jo

oo h-M
o0 70 o) T(14+h)—M
+/ ]E{() 11(/ L(Z(t) > $)A(d1) > x)ds dh
0 So Jo Th—M
= Kyr+Lyur.

Further, assuming for simplicity that 7 is a positive integer we get

—1 00 T(4+h)—M
Kur < / E{Z(O) H(f I(Z(v) > s)A(dv) > O)ds}dh
T

0 So Jo h—M
-1
Z(0

—/ E L sup Z(t) ¢dh

N S0 te[Th—M, T(14+h)—M]
1 (=M 170
—/ E Q sup  Z(t) ¢dh
T J_ S0 relh, h4T]

T-1 _7-M
1 Z0
*Z/ ) sup  Z(t) ydh
T = Joo S0 reth+i. h+i+1]

T-1 o T-M+i
lZ/ ]E!Z;(D sup Z(t)}dh

T Joo 0 relh, h+1]
1

-1 M
: / IE{Z(O) sup Z(t)]dh

IA

0 S0 refh, ht+1]

T

L A(0]

:/ IEL sup Z(t) ydh — 0, M — oo,
S0 tefh, h4+1]
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where the last convergence follows from (4.5). The same way we show that Ly, 7 — 0 as
M — oo establishing the proof.

We prove next the second claim. In view of Dgbicki et al. (2022, proof of Prop 2.1) almost
surely for all §, n € [0, 00)

11 50
51(©) — $,(8) S5(©)

©0), {S;(®) < oo} ={S5(0) < oco}. (4.6)

Consequently, for any §, 1, x non-negative
B(S,r](x)
R VA(0)
::/ IE{ ( )]1{5,7 <oo}]l</ L(Z(1) > $)hs(dr) >x)}ds
0 Sy SZ

© (1
= /0 E{Sn(@)ﬂ{sn(@) < oo}]l([SZ LO() > $)rs(dr) > x)}ds

L1 8©)
_ /0 IE{ 5.0 5.0 1{S5(®) < oo}]l([SZ (O() > s)hs(dr) > x)}ds.

We proceed next with the case § = 0, the other case follows with the same argument where
it is important that n = k¢ for the shift transformation. Taking § = 0, n > 0 we have

BO.n(x)

N 1 ew
_/R/O E{Sn(@) SO(@)H{SO(G)<oo}11([R11(®(z)>s)x(dt)>x)}dsx(dr)

© [ 20 Z0) [ }
= E {So(Z I I(z s)A(d dsi(d
g]jzfme[o,n]fo {Sn(z) 532 50 < oo ( [ 120 > 900 > x) jdsi(an)

- /OO]E 3 / 20 Z0) oz < oo}]I(/ L(Z(t) > $)A(dt) > x)],\(dr)ds
0 YA

venZ r+vel0,n] Sn(z) So(Z)
o0
_ / E
0
nZ—r) Z(0)

© 1
= E — Ald I{So(Z I I(Z( Adt d
/0 frem]ngz 5,572 405, 2y ) < ) (/R 2@ > ) )>x)] s

% ( Z(0)
:/0 E SO(Z)H(/RH(Z(t)>s)A(dz)>x)}ds,

/ Z(0) Z(r —v)

o B 5D I{So(Z) < oo}lI(/R L(Z(t) > s)A(dE) > x)lx(dr)ds

venz

where we used (2.3) with 7 = r — v to obtain the second last equality above and (2.6) to get
the last equality, hence the proof follows. O

Proof of Corollary 2.3 Given x > 0 consider the representation (2.5)

B (x) = /OOOJE{@H(/RGI (Z(t) > s)A(dr) > x)}ds.

0

By the monotonicity with respect to variable x of the function
Z(©
E{QH(/ I(Z(1) > s)A(dr) > x)} 4.7)
S() R4
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in order to show the continuity of B%(x) it suffices to prove that

E{@ﬂ(/ I(Z(t) > $)A(dt) = x)} =0 (4.8)
S() Rd

for almost all s > 0. Let us define the following measurable sets
Ay = ]I(/ WZ() > $)h(d) =x).
R4

Since Z has almost surely continuous trajectories we have A; N Ay = @if 0 <5 < 5" and
x > 0. Thus there are countably many s > O such that P{A;} > 0 because if there were not
countably many ones we would find countably many disjoint Ay such that Y P{A;} = oc.
Thus we get (4.8) for almost all s > 0. The continuity at x = 0 follows from the right
continuity of (4.7). ]

Proof of Lemma 2.4 Item (i): In view of (2.5) and substituting ® (1) = Qs(t)/Ss(®) to
(2.10) we get

PP 1 / }
Bz(x)_/o E{SB(QS)]I( IRCOEDNCD >x> ds.

Since S5(Qs) = 1 the claim follows.
Item (ii): If P{Sp < oo} > 0 we can define V() = Z(t)|So < oo and set (recall Sy = Sp
(2),E{Z(0)} =1)

b =E{Z(0)[{Sy < oo}} = P{Sp(®) < o0} > 0.
For this choice of b by (2.3) we have

E{Z(OI{So < oo}}  E{Z(0)I{Sp < oo}}
P{Sy(®) <00}  P{SH(®) < oo}

E{(V()} =

forall t € R. Clearly, P{sup,cpa V(1) > 0} = 1. In view of Dombry and Kabluchko (2017)
V is the spectral rf of a stationary max-stable rf X, with cadlag sample paths and moreover
So(V) = fRd V(t),(dt) < oo almost surely. In view of Debicki et al. (2022, proof of Prop.
2.1) we have that

{85(0) < oo} = {Sp(O) < oo}

almost surely for all § > 0. Consequently, we obtain for all § > 0

B (x) = /OOE @H(/ L(Z(1) > $)hs(dr) > x)H{S(g < oo}}ds
0 Ss 574

— /OOO]E SB;@)H(/W T(O() > s)hs(dt) > x)ﬂ{Sg(@) < 00, Sp(O) < oo}}ds

SIAC
:/0 E S(SEZ))H<./5Zd I(Z(1) > s)hs(di) > x)]I{So(Z) < oo}}ds

e (VO
- b/o IE{ SB(V)JI(/W LV () > s)hs(dt) > x)}ds

= bB‘%,(x) < 00

establishing the proof. O
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Proof of Theorem 2.5 Assume first that P{Sy < oo} = 1. In view of (4.1) we have that
€5 < oo almost surely, hence as in Kulik and Soulier (2020), and Soulier (2022) where d = 1
is considered it follows that (2.12) holds with

Y(1)

Qs(t) = Cm,

telR,

with ¢ = 1if § = 0 and ¢ = 87 otherwise. Set below Q5 = Q/c and for simplicity omit
the subscript below writing simply My instead of My 5. Since Y (t)/My < 1 almost surely
forall r € 829 and P{My € (1, 00)} = 1, in view of Lemma 2.4 we have using further the
Fubini-Tonelli theorem and Lemma 4.2

B‘Sz(x) = /OOIE ]I(/ I(Qs(v) > s)As(dv) > x)}ds
0 874

o 1 1
= /0 E &) M—y]l{etg(Y/s) > x}}ds

o0 1 1
= /0 E eg(Y)H{My > s}Vyﬂ{es(Y/s) > x}}ds

o0 1
:./0 E se,g(Y)H{MY >s}F(Y/s)}ds

/Oo i]E{WH{MY > max(1/s, 1)}}ds
0

S2 65(Y)MY

_ Hes(Y) > x} [ 1
— E{W A S—Z]I{My > max(1/s, 1)}ds}

_ ]E{ I{es(Y) > x} }
es(Y)

The last equality follows from (recall My € (1, co) almost surely)

< ] Sl L
f —I{My > max(1/s, 1)}ds = / —ds +/ —I{My > 1/s}ds = My.
) 52 | 52 )

In view of (4.1) for all x non-negative such that P{es(Y) > x} > 0 we have that B‘SZ (x) €
(0, 00), hence the proof follows.
Assume now that P{Sy < oo} € (0, 1). In view of Lemma 2.4 we have

By (x) = bBY (x),

with V(1) = Z(1)|Sp < oo, which is well-defined since P{Sy < oo} > 0 by the assumption.
Since Sp(V) < oo almost surely and Y, () = Y (¢)|So(®) < 0o, t € R by the proof above

I{es (Yy) > x}}
€s(Yy)

{So(®) < oo}}.

BS(x) = P{Sp < oo}]E{

_ {es(RO®) > x}
B { €s(RO)

In view of Soulier (2022, Lem 2.5, Cor 2.9) and Hashorva (2021, Thm 3.8) and the above

1 1
H) =B,(0)=E) ————t =E{ ——[{S)(® 4.9
2= Fz® {GB(R(“))} {fa(R(“)) 50(©) < OO}} @9
and thus €5(R®) < oo implies Sp < oo almost surely. Hence the proof is complete. O
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Proof of Corollary 2.6 In view of (2.3), the representation (2.15) and the finiteness of B% (x)
for all x > 0, the monotone convergence theorem yields for all xog > 0

lim IE{ I{xo < eo(Y) < x} } _ IE{]1{60(1/) = xo} } _o
€(Y) €o(Y)

consequently, since by our assumption Lemma 4.1 implies P{ey(Y) € (0, c0)} = 1, then

x{xo

Pleo(Y) = xo} = E{I{eo(Y) = x0}} =0
follows establishing the claim. O
Proof of Proposition 2.7 In order to prove (2.16) note first that for any non-negative rv U
with df G and x > 0 such that P{U > x} > 0

1 /ooldG()> P{U > x} >IP{U>x}
PU=x ) Y7 [Rvac) T T EW)

Consequently, we obtain for all x > 0

Ples(V) > x> Plep() > x)?
Efe;(N{es (V) > x}} ~ Eles(¥))

BY(x) =

establishing the proof of the lower bound (2.16). The proof of the upper bound follows from
the fact that

By (x) = / —dF(y) < - / dF(y) = x"'Ples(¥) > x},
X y X X
where F is the distribution of €5(Y’). This completes the proof. O

Proof of Proposition 3.1 Since B‘SZ (0) is the generalised Pickands constant H?,, then the
claim follows for x = 0 from Debicki et al. (2022). In view of (2.14) we can assume without
loss of generality that P{Sy < oo} = 1. Under this assumption, from the proof of Lemma
4.1 we have that Y (#) — 0 almost surely as ||¢|| — oo. Hence for some M sufficiently large
Y (¢) < 1 almost surely for all # such that ||¢|| > M. Consequently, for all § > 0

es(Y) :/ {Y () > 1}rs(dt).
sz4n[—M M4

Moreover, €5(Y) < oo almost surely for all § > 0 implying €5(Y) — €p(Y) almost surely
as 6 | 0. In view of Soulier (2022, Lem. 2.5, Cor. 2.9) and Hashorva (2021, Thm 3.8) for all
§=0

HS, = E{1/es(Y)).

Applying Debicki et al. (2022, Thm 2) and (4.9) yields
E{l/es(Y)} = HY — HY = E{l/eo(Y)}, 81 0.
Hence 1/€5(Y), § > 0 is uniformly integrable and hence

{es(Y) > x}
es(Y)

establishing the proof. O

B‘}(x):E{ }—>B%(x), 8§10
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4.1 Proof of Theorem 3.2

Suppose that V(¢), € R? is a centered Gaussian field with stationary increments and
variance function a\%(-) that satisfies A1-A2. Then, by stationarity of increments 0‘2,(-) is
negative definite, which combined with Schoenberg’s theorem, implies that for each u > 0

R,(s,t) :=exp (—#0‘2/(5 — t)) , s, t € R?
is positive definite, and thus a valid covariance function of some centered stationary Gaussian
f X, (t),t e R?, where s — ¢ is meant component-wise. The proof of Theorem 3.2 is based
on the analysis of the asymptotics of sojourn time of X, (¢). Since the idea of the proof is the
same for continuous and discrete scenario, in order to simplify notation, we consider next
only the case § = 0.

Before we proceed to the proof of Theorem 3.2, we need the following lemmas, where

2
Z(t) = exp (V(t) — UVZ(I)) is as in Remark 2.2, Item (iii).

Lemma4.3 ForallT > 0andx >0
(i)

: P[flo,Tjd I(Xy (1) > w)dt > x}
lim
e W (u)
(ii) Forallx >0

= B0, T1%, x).

P{ fio e 1) > wdr > x|
l

P (In(u)d W (1) = Bz(0),
d

fim 2200 TR0 p ) e (0. ).

T— 00 T4

Proof of Lemma 4.3 Item (i) follows straightforwardly from Debicki et al. (2023, Lem.
4.1). The proof of Item (i) follows by the application of the double sum technique applied
to the sojourn functional, as demonstrated e.g., in Debicki et al. (2023, Prop. 3.1). The
claim in Item (ii) follows by the same argument as its counterpart in De¢bicki et al. (2023,
Lem. 4.2). m]

The following lemma is a slight modification of Piterbarg (1996, Lem 6.3) to the family
Xy, u > 0. Leti = (i1, ..., iq), with i1, ... ig € {0, 1,2, ..}, Ri := [[{_,[ix T, (ix + DT]
and
i, (x — DT <In(w), k=1, ..., d},
iT <In(u), k=1, ....d}.

K:={i= (1 .iz): 0
K:={i= (@1, .iz): 0

VASIV/AN

Lemma 4.4 There exists a constant C € (0, 00) such that for sufficiently large u, for all
i,j € K,i #jwe have
1
P{max X, () > u, max X,(t) > u gCTMexp —— inf a‘%(t—s) W(u).
IER,' tERj IERi,SERj

Proof of Theorem 3.2 The proof consists of two steps, where we find an asymptotic upper
and lower bound for the ratio
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IEJD{f[O,ln(u)]d I(X,(t) > u)dt > x}
(ln(u))dlll(u) ’

asu — oo. We note that by Lemma 4.3 the limit, as u — 00, of the above fraction is positive
and finite.

Asymptotic upper bound. If T > 0, then for sufficiently large u

IP’{/ I(X, () > uydt > x}
[0,In(u)]4

2/ I(X,(t) > u)dt > x

iekC

< ]P’{EliefC /Ri (X, (t) > w)dt > x} —|—IP’{ el iz m%( Xu(t) > u, m7azXX u(t) > u}

relxj

SZ]P’{/R.I[(XM(I)>M)dt>x}—HP’[ ueICn;éJm%(X u(t) > u, m%(X (t)>u}

=~ te

ic/C
d
< Fln(?) —‘IPH/ I(X,(t) > w)di > x}
T [O,T]d

+P{ ek iz 3% X, (t) > u, max X, (1) > u} (4.10)

teR;

where [-] is the ceiling function and the last inequality above follows from the stationarity
of X,,. Using again the stationary of X, we obtain

teR;

IP’[ el iz m%( Xu(t) > u, m7azx X, (1) > u}

< P{max X,(¢t) > u, max X, (¢t) > u 4.11
Z [teRi u(0) max u(0) } (@.11)
i,jelC,i#j

(ln(u))d_‘ { }
< P{ max X,(t) > u, max X, (t) > u
’V T4 AZ teRo u(®) teRx «)
ke/C . k£0

1 d
:"(n;bzl)) —‘ Z P{m%qu(t)>u, mriazx Xu(t)>u}
KkeK k0 Ron Rttt 0 reK

+ Z IP’{max X, (t) > u, max Xu(t)>u}
A teRy reRx
ke/C.k#£0, RynRy=0

In?(u)
::[ =7 —‘(21+22). 4.12)

Next, by Lemma 4.4, for sufficiently large 7, # and some Consty > 0
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1
¥ <crH ——02(Tk) | ¥
2 X exp( SOV (TK) ) W)

ke k#£0, RynRi=0

< €T " exp (—Consto T [[k[|*>) W (u)
k>0

< Const; T2 exp (—T%"/z) W (u). (4.13)

The upper bound for ¥; follows by a similar argument as used in the proof of Piterbarg

(1996, Lem. 6.3), thus we explain only main steps of the argument. For a while, consider the
following probability

teRy teR1,0....,0)

IP’:max X,(t) >u, max X,(t) > u}
Then, for each ¢ > 0 and sufficiently large T, u,
P{max X,(¢t) >u, max X,(¢)>u
teRy telX,0,...,0)

< ]P’{ max X, () > u}
1€[0,T¢]x[0,T 14~

+ ]P{ max X,(t) > u, max X, (t) > u}
tel0,T14 te[Te,T¢+T]x[0,T]4~!

< Consta T4 W (u) + Const3 T2 exp (—T¢/?), (4.14)

where the above inequality follows by Lemma 4.4 and

Pimax e -1 Xy (1) > u
lim {max; o 7¢ 10,7741 Xu(t) > u}

U—>00 \Ij(u)
g |_T_] (d—1)(1—¢) lim P{maxtE[O,Tg]d X”(t) > u}
U— 00 \IJ(M)

= [7719=DI=98, ([0, T¥1%, 0)
< Consty T4 11¢,

which is a consequence of the stationarity of X,, and statement (i) of Lemma 4.3 applied to
x = 0. Again, by the stationarity of X, we can obtain the bound as in (4.14) uniformly for
all the summands in X;.

Application of the bounds (4.12), (4.13), (4.14) to (4.10) leads to the following upper
estimate

IP{ Sioungop X () > wydt > x}

lim sup

1= 00 In? ()W (1)
< Bz([0, T14, x)
Td

1
+ Const4ﬁ (Td_H'g + 7% exp (—=T°/?) + T exp (—T€/2)> . (415

which is valid for all ¢ > 0 and T sufficiently large.
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Asymptotic lower bound. Taking T > 0, for sufficiently large u

IP’{/ I(X,(t) > w)dt > x}
[0.In(u)}¢

>P Z/ I(X,(t) > w)dt > x
~ R,
ielC

. & I(Xy, dt
'EKfRi( (1) > u) >x}

> ]P{a
> ZIF’{/R (X, (t) > u)dt > x’
ieivC '

— P{max X, () > u, max X,(t) > u 4.16
2 !R (0 > 10, max X () } (4.16)
i,jelC ij
ld
> { 1 EM)JP{/ I(X, (1) > w)dt >x]
T [O,T]d

— P{ max X, (t) > u, max X, (t) > u ¢, 4.17)
Z !tGRi ! IERj !
i,jelC ij

where in (4.16) we used Bonferroni inequality.
Using that K C K with the upper bound for

Z P{ max X, (t) > u, max X, (t) > u (4.18)
S 1eR; 1eR;
i,jekC ij

derived in (4.11), we conclude that for each T sufficiently large and ¢ > O,

P{ Sioungop X () > wydt > x}

lim inf
u—00 (In ()W (u)
> Bz([0, T4, x)
Td

I
~Consty 7 (7971 4+ T exp (=) + T exp (=T*?)) . (4.19)

Thus, by statement (ii) of Lemma 4.3 combined with (4.15) and (4.19), in view of the fact
that e can take any value in (0, 1), we arrive at

. Bz(0, T1%,x) |
1 B - T"=0
i, [Bew = =
for all A € (0, 1) establishing the proof. O

Proof of Proposition 3.4 The idea of the proof is to analyze the asymptotic upper and lower
bound of
Ples(Y) > x}

as x — oo and then to apply Proposition 2.7. In order to simplify the notation, we consider
only the case § = 0. Let Z(¢) = V (¢) — 0‘2, (t)/2,t € R with V a centered Gaussian process
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with stationary increments that satisfies A1-A2 and W an independent of V exponentially
distributed rv with parameter 1.
Logarithmic upper bound. Let A € (0, 1/2). We begin with an observation that

Ples(Y) > x}
= IP’{/ IW+ V() — o2 (1)/2 > 0)dr > x}
R
< IP’{W < Aog(x/2), / Aok (x/2) + V(1) — o (1)/2 > 0}dt > x}
R
+P{W > Ao (x/2)}

< oAt/ +[p>{/ {Aog (x/2) + V() — o3 (1)/2 > 0}dt > x}
R

<e AT/ 4 p sup V(1) —o2(1)/2 > —Aod(x/2)
te(—o00,—x/2]U[x/2,00)
1
< e_AU‘z’(X/Z) + zp{are[x/loo)v(t) > <§ - A) U‘zf(t)} (4.20)
Vit 1
= 2 L opla 0 2O (, _A> , .21
oy ) 2

where in (4.20) we used that {V (—t),t > 0} 4 {V(t),t > 0} and the assumption that 0‘2, is
increasing. Next, by A1, for sufficiently large x and s, ¢ > x/2 such that |t — 5| < 1
( V() Vi)
v

ov (1) oy(s)

) > exp (—|t — 5|%/2) =: Cov (Z(1), Z(s))

where Z is some centered stationary Gaussian process. Hence, by Slepian inequality (see,
e.g., Corollary 2.4 in Adler (1990))

V() (1 ) ad V(1) (1 )

P{3 o (z-a)t <Y pl3 IS ()

{ refx/2,00) G‘Q/(Z) 3 kgo te[x/2+k,x/2+k+l]0‘2/(t) 5
o0

1
< Zp{ate[o,uzm > (5 - A) av<x/2+k>}

k=0
and by Landau-Shepp (see, e.g., Adler (1990, Eq. (2.3))), uniformly with respect to k
In (P{Zre.nZ® > (3 —A)ovx/2+h)}) 1 ( 1 )2

im 5 = Z_A
x—00 oy (x/2+k) 2\2

The above implies that

74 1
In (P{H[e[x/Z,oo)?((tt)) > (E - A)}) 1 (1 2
_A) .

lim 5 < —=
xX—00 UV(X/Z)

Thus, in order to optimize the value of A in (4.21) it suffices now to solve

1 2
(3-4) =24
2
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that leads to (recall that A < 1/2)

-2
A= ﬂ
2
Hence
. In(P{es(Y) > x}) 3-2J2
lim 5 < - ,
r=00 oy (x/2) 2

which combined with (2.16) in Proposition 2.7 completes the proof of the logarithmic upper
bound.
Logarithmic lower bound. Taking A > 1/2 we have

Ples(Y) > x} = IP’{/ W4+ V(1) — o3 (1)/2 > 0)dr > x}
R
> IP’{W > Aa‘z,(x/Z),/ {Aod (x/2) + V() — o3 (1)/2 > 0}dt > x}
R

>P{W> AU‘Z,(x/Z)}IP{te[_)icr}gx/zl V() > —(A— 1/2)03(x/2)}

— AT/ (1 _ [p{ sup V() > (A— 1/2)03()6/2)]) :

te[—x/2,x/2]

Using that

IP’[ sup V(i) > (A— 1/2)0‘%(x/2)>

rel=x/2,x/2]

<2 Y ]P’{ sup V(1) > (A—1 /2)0‘2,():)] (4.22)
i€f0,...,[x/2)—1) LrEliitl]

+2P]  sup V() > (A —1/2)03 () (4.23)

tellx/2],x/2]

and the fact that by the stationarity of increments of V

telii+l1] 1€[0,1]

E: sup V(t)} =E{] sup (V(r) = V(@) + V(i)} =[E]{ sup V(t)} = U <0
reli,i+1]

we can apply Borell inequality (e.g., Adler (1990, Thm 2.1)) uniformly for all the summands
in (4.23) to get that for sufficiently large x (recall that 0‘2, is supposed to be increasing)

A—1/2)02(x)2)—p)?
]P{ sup V(t)>(A—l/2)0‘2/(x/2)} <4(x+1)exp<_(( /)zav(x/) #) )
207, (x/2)

te[—x/2,x/2]
A—1/2262(x/2
. exp(_( /2?03 (x/ >) o

4

as x — OQ.

Hence we arrive at
.. In(P{es(Y) > x})
liminf ——M———= > —

x—00 a\z,(x/Z)

’
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which combined with (2.16) in Proposition 2.7 and the fact that, by the proof of the logarithmic
upper bound E{es(Y)} < oo implies

1
fim inf B2 o

: 24
xX—00 UV(X)

for all A > 1/2. This completes the proof. O
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