Berman’s Inequality under Random Scaling
Enkelejd Hashorva and Zhichao Weng
University of Lausanne, Faculty of Business and Economics (HEC Lausanne), Lausanne 1015, Switzerland
April 23, 2014

Abstract: Berman’s inequality is the key for establishing asymptotic properties of maxima of Gaussian random
sequences and supremum of Gaussian random fields. This contribution shows that, asymptotically an extended
version of Berman’s inequality can be established for randomly scaled Gaussian random vectors. Two applications
presented in this paper demonstrate the use of Berman’s inequality under random scaling.
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1 Introduction

In the analysis of extreme values of Gaussian processes and Gaussian random fields Berman’s inequality plays a
crucial role. Essentially, for given two Gaussian distribution functions in R? it bounds their difference by comparing
the covariances. The key result that motivated this comparison method is Plackett’s partial differential equation
given in [28]. As explained in [20], it was then developed by Slepian [29], Berman [1, 2], Cramér [4], Piterbarg [26, 27]
and then by Li and Shao [22]. Specifically, the developed results are summarised by Berman’s inequality which we

formulate below in the most general form derived in [22]. Let therefore X = (X4,...,X,) and Y = (Y3,...,Y,)

be two Gaussian random vectors with N(0,1) components and covariance matrices A; = (/\l ) and Ay (/\”

respectively. For arbitrary constants u;,7 < n, [22] obtained

1 u? + u?
PX;<uj,l<i<n)—PY;<wu,1<i<n)<— Z A;jexp -7,
2 2(1+ pij)

<i<j

where
pij == max(|)\ \ \)\ |) Aj; = ‘arcsin()\gjl-)) - arcsin()\g))|. (1.1)

Clearly, for arbitrary constants v, u;,7 < n, set w := minj<;<n min(|ui|, |vi])

w?
P(—v; < X; <w;, 1<i<n)—P(—v; <Y; <y, 1 <i<n) § Z A”exp( ) (1.2)
i< L+ pij
<i<j<n

for a detailed proof see [21], see also [23] for recent extensions.
Berman’s inequality can be applied also to non-Gaussian random vectors. For instance, consider two random
vectors X = (51 X1,...,5.X,) and Y = (81Y1,...,8,.Y,) with S, S;,i < n some positive independent random
variables with common distribution function G being further independent from X and Y. In the special case G is

the uniform distribution on (0, 1), the upper bound in (1.2) implies

As(u,v) = P(-v; < 8X; <wy, 1 <i<in) —P(—v; < SiY; <uy, 1 <i<n)
2 i )2
< = Z A”/ / exp( (w/5:)* + (w/s;) )dsidsj
T 1<i<j<n (1 + p”)
2
< = Aij exp< ) (1.3)
T 1<§<n ’ 1 +p2]

Another tractable case is when G(x) =1 — exp(—x),x > 0 is the exponential distribution. Indeed, by (1.2) for all
0 < a,b <1 we have

Aswv) < = % Aw/ / exp( w/‘;giif()“;;sj)z s —sj> dsids,

1<z<]<n




% Z Ayj /OOO /OOO exp (_ (w/;z‘()jigj;sﬂz —as; — bsj> exp (—(1 —a)s; — (1 —b)s;) ds;ds,;
) : (1.4)

Clearly, if we do not know the distribution function of S it is not possible to obtain an explicit upper bound for

W=
w(ro

w

IN

m Y. Ayexp (—‘;(a? +b3)(1 + piy)”

1<i<j<n

Ag(u,v). Since for the analysis of extremes of Gaussian random sequences or processes Berman's inequality is
applied for large values of the u;’s and v;’s (see e.g., [27]), in this paper we are concerned with the derivation of
Berman’s inequality for some general scaling random variable S and all u;’s and v;’s sufficiently large. We shall
consider two particular cases for the random vector S = (51, ..., 5,), namely it has independent components, and
it is comonotonic with S = (S,...,5) =: S1. From the proofs it can be seen that the joint dependence of (.S;, S;)
for any pair (4,7) is crucial; our results can be in fact extended for certain tractable dependence models. We shall
deal for simplicity only with these two cases.

Since random scaling is a natural phenomena related to the time-value of money in finance, measurement errors
in experimental data, or physical constrains, the extension of Berman’s inequality for inflated/deflated Gaussian
random vectors is or certain interest also for statistical applications.

Of course, Berman’s inequality alone is not enough for extending [17] to randomly scaled Gaussian triangular
arrays; some additional results (see [15, 16]) which show that for some tractable tail assumptions on S the scaled
random vector X behaves similarly to X are also important. Specifically, we shall deal with two large classes of
random scaling: a) S is a bounded random variable with a tractable tail behaviour at the right endpoint of its
distribution function, including in particular the case that its survival function is regularly varying, and b) S is a
Weibull-type random variable.

In view of our findings, several known results for Gaussian random sequences and processes can be extended to the
scaled Gaussian framework; we shall demonstrate this with two representative applications.

Organisation of the rest of the paper: Section 2 presents Berman’s inequality for scaled Gaussian random vectors.

In Section 3 we display two applications, while the proofs are relegated to Section 4.

2 Main Results

We consider first the case that S is non-negative with distribution function G which has right endpoint equal 1.
Intuitively, large values of S do not influence significantly large values of the product say SX if X is a Gaussian

random variable being independent of S. It turns out that the following asymptotic upper bound
P(S>1—-1/u) <cagu " (2.1)

valid for all u large and some c4 > 0,7 > 0 is sufficient for the derivation of a useful upper bound for Ag(u,v)
defined above.
A canonical example of such S is the beta random variable, which is a special case of a power-tail random variables

S, namely
PS>1—-1/u)=1+o(1))cu™", u— o0 (2.2)

holds for some ¢ > 0,7 > 0. Hereafter we set w = minj<;<, min(|u;|, |v;|) and write Agy(u,v) instead of Ag(u,v)
it § = (5,...,5). Further write Ag(ul) and Agy(ul) instead of Ag(u,v) if all components of v equal —oo,

u = (u,...,u) =: ul and the covariance matrix Ay of Y is identity matrix.



Theorem 2.1. Let X,’)Z,Y,SN’,S, Siyi < n be as above. If (2.1) holds, then for all u;,v;,1 < i < n large and

€ > 0 we have

2
As(u,v) < (Ka+euw™ Y Aj(1+pi;)* exp (— v ) (2.3)
1<i<j< L+ pij
i<n
and
2
Asi(u,v) < (K +ew " Z Aij(14 pij)" exp (— v ) ) (2.4)
1<i<j< L+ pij
i<j<n
where Ky = 24 (D(1 +1))% and Ky = 2—csT(1 + 1).

Corollary 2.2. Under the conditions of Theorem 2.1, for all u large and some positive constants Q we have
47 u?
As(ul) < Qu 132@ A ex ( - A(1)|> (2.5)
and
2
Agy(ul) < Qu™>" Z |/\§j1)| exp ( n “ o) ) (2.6)
1<i<j<n + A |
We shall investigate below the more difficult case that the scaling random variable .S has distribution function with
an infinite right endpoint. Motivated by the example of the exponential distribution in Introduction, we shall assume
that S has tail behaviour similar to a Weibull distribution. Specifically, for given constants « € R, ¢p, L, p € (0, 00)
suppose that

P(S>u)=(1+o0(1))cpu®exp(—LuP), u— o0 (2.7)

is valid. The class of distribution functions satisfying (2.7) is quite large. More importantly, under (2.7) SX has
also a Weibull tail behaviour if X is a N(0,1) random variable independent of S, see e.g., [16]. We state next our

second result for Weibull-type random scaling.

Theorem 2.3. Let X,/X/,Y,?,S, Siyi < n be as above. If (2.7) holds, then for all u;,v;,1 < i < n large and

€ > 0 we have

4Ot+2p —2a—p P 2p
As(u,v) < (Kp+u'S S Ayl +pig) #7 exp (201 + pig) " # Twt ) (2.8)
1<i<j<n
and
Asi(w,v) < Kp+ w3 Ay(l+py) T exp (=21 +piy) )HTw ), (29)
1<i<j<n

34+2p4a 1

where T = Ltp 717 + (Lp)p%2_1, Kp = 4c%(Lp) NN (p+2)7" and K =2 = 7 2c5(Lp) 72 T (p+2)=.

Corollary 2.4. Under the conditions of Theorem 2.3, for all u large and some positive constants Q we have

As(ul) < QuEs" 3" |A§;>|exp(—2(1+\A§;>|)—ﬁTuz~%) (2.10)
1<i<j<n
and
Asi(ul) < QuFH 3 A |eXp( @201+ A" )2+PTu2+p). (2.11)
1<i<j<n

Remarks: a) Clearly, when S is uniformly distributed on (0,1) then condition (2.1) holds with ¢4 = 7 = 1. For
this case we have two results, the one derived in the Introduction and that given by (2.3). We see that the bound
obtained by (2.3) with ¢4 = 7 = 1 is better due to the term w=47.

b) Also for the case S is a unit exponential random variables we have two bounds, one which holds for all values
of u;,v;,7 < n and the asymptotic one given in Theorem 2.3. The bound implied by (2.8) with ¢cg =1, =0,p =
1,L =1 is asymptotically better than that implied by (1.4).



3 Applications

An important contribution in extreme value theory concerned with maxima of triangular arrays of Gaussian random
variables is [17]. Motivated by the findings of Hiisler and Reiss in 1989 (see [18]) the aforementioned contribution
considered a triangular array of N(0,1) random variables {X,, ;,4,n > 1} such that for each n, {X,,;,4 > 1} is a
stationary Gaussian random sequence. Assume that g, ; = E (Xn,iXm-ﬂ») satisfies for any 7 > 1

lim (1 - g, )Inn= §; € (0,00), & :=0 (3.1)

n—o0

and for each n, g, ; decays fast enough as j increases. Under some additional conditions (see Theorem 3.1 below)

the deep contribution [17] shows that for the maxima M,, = maxi<;<n X ;

nan;OP (M, < apz+by,) =exp(—dexp(—z)), = €R, (3.2)
where
apn, = (ann)_%, by, = (21nn)% - %(21nn)_%(lnlnn+ln4ﬂ) (3.3)
and

19:]P’(E/2+\/5k_1Wk§6k_1, for all k22>,

with E a unit exponential random variable independent of Wy and {Wy, k > 2} being jointly Gaussian with zero

means and covariances
di—1+ 051 = Ojiy|

24/0i—10;-1

The proof of (3.2) strongly relies on Berman’s inequality. Hence, our first application extends the result of [17]

E(W:W;) =

to triangular arrays of randomly scaled Gaussian random variables. In the following we investigate the effect of a

comonotonic random scaling considering a bounded S and thus S = S1.

Theorem 3.1. Let {X,,;,i,n > 1} be a triangular array of standard Gaussian random variables defined as above
satisfying (3.1), being further independent of the iid non-negative random variables {S,,n > 1} where Sy satisfies

(2.2). If there exist positive integers ry,l, such that

ln . Tn
lim % =0, lim -%=0, (3.4)
n—00 T, n—oo N
72 - longl (14 Jon])7 c
lim —e¢," g I ex (—n> =0, ¢,:=2lnn—-(27+1)Inlnn 3.5
> o (1T (27 +1) (35

n—oo 1 / 2
" j=ln ]‘ - ‘QTL,]

and further
T(l—on j)—@n,j
g (Inp)  Feng

lim limsup Z n tren =0, (3.6)

m—o0 / 2
n— oo j=m 1— Qn,j

then for the maxima M, = maxi<;<n SnXn: the result in (3.2) holds with ¥ defined as above and

Tn

21 +1

an = (2Inn)~Y2, by = (2Inn)Y/? 4+ (2Inn)~1/2 (ln(c(27r)_1/2f(l + 7)) (Inlnn+In 2)) . (37

Remark: Using similar arguments as in the proof of Theorem 3.1, the findings of the recent contribution [6] can
also be extended by considering randomly scaled Gaussian field on a lattice.

In our second application we consider scaled Gaussian random vectors where the scaling vector S has independent
components. Let {ka = (Xfll,)c,XT(f,)c), 1<k<nmn> 1} be a triangular array of bivariate centered stationary

Gaussian random vectors with unit-variance and correlation given by

n,k’ n,k?“*n,

corr (X(l) Xff,l) = Xo(n), corr (X(i) X(jl)) =\ (Jk =1, n),



where 1 <k #1 <mn and i,j € {1,2}. Further, let {Xn B = (XT(Ll,){,X(z)) 1<k<n,n> 1} denote the associated
iid triangular array of {X,, }, i.e., corr ( T(Llll,X(Q)) = Xo(n) and corr (Xfl)k,X(])) =0,for1 <k#1[1<mnand
i,j € {1,2}. Let {Spx,1 <k <mn,n > 1} be iid random variables being independent of {X,, 1,1 < k <mn,n > 1}
and {X,, 1,1 < k < n,n > 1}, respectively. Assume that the correlation \o(n) satisfies

lim 221 = Ao(n)) = 202 with A € [0, 0], (3.8)

n—00 Ay,

where
1

_ m(bm/:(l _ P())dw, by = F! (1 - i) ,

with F~! the inverse of the df F' of 5171)2{711). It is well-known (see e.g., [10]) that

Qn

lim sup

n—oo w,yeR

P (11211324 Sn kallz)c un(x)’lglkaé( Sk X I)c < un(y )) - HA(fUay)‘ =0,

where u,(2) = anz + by, 2 € R and the Hiisler-Reiss distribution function H) is given by

Hiy(z,y) = exp (—e—% ()\ + y;;) eV ( 2;’)) , (3.9)

with @ the distribution function of an N(0, 1) random variable.

In the following we are interested in the case that only a fraction of random vectors is observed. Assume therefore
that €, is an indicator random variable of the event that the random vector X, ; is observed. Then =, =
> h_y €nk is the number of observed random vectors from the set {X,, 1, , Xy 0}

We shall impose the following condition:

Condition E. The indicator random variables ¢,, ;, are independent of X,  and S, . Further, the convergence

in probability

[1]

n

P
— =1, N —00
n

holds with 7 some random variable taking values in (0,1] almost surely.

For notational simplicity we set

maX{Sn,an,k; 1 < k < N, Enk = 1}a Z.f ZZ:I Enk > 17
inf{x|P (Sp xXn.r < x) > 0}, otherwise,

M, (e,) :== {

( ) min{Sn,an,ka 1<kL N, Enk = 1}7 Zf E :Zzl En,k > 1,
E’I’L =
inf{x|P (Sy £ Xnr < x) > 0}, otherwise

and M,, = max{S,, x X r,1 < k <n}, m, = min{S, X, ,1 <k <n}.

For Sp 1, = 1,1 < k < n almost surely, according to [12], under Condition E we have

P (Mle)(sn) < un(xl),Mél) < un(y1)) . o) (A"(xl)Al_"(yl))‘ — 0,

lim sup
n—o0 z1,y1 ER
z1<y1

where u,(x) = apz + b, with a, and b, defined in (3.3) and A(z) = exp(—e™®), x € R, provided that
limy, s 0o Max;, <k<n A11(k,n)Inn = 0 with [, = [nB], 0<B<(1-6)/(146)and 6 = maxi<genn>1 |A1(k,n)l.

Below we obtain a more general result for our 2-dimensional setup considering Weibull-type random scaling.

Theorem 3.2. Let {(Xfll,l,XfLZ,l),l < k < n,n > 1} be a bivariate triangular array of standard Gaussian
random vectors defined as above. Let {Syx,1 < k < mn,n > 1} be iid random variables being independent of

{(X(lll,XT(f,)c),l <k <n,n>1}. Suppose that the correlation Ao(n) satisfy (3.8) with A € (0,00) and condition E

n,



holds. Let 3 be a constant satisfying 0 < B < 2(1 + 0) %5 — 1 with ¢ = MaX1<k<nn>1 [Aij(k,n)| < 1, and write

igelt,2}
tn = [nP]. If (2.7) holds and the covariance function satisfies

lim max Aj;(k,n)lnn=0,
n—00 tn<k<n
i,j€{1,2}

then we have

ILm sup ’P <*un(yl) < mg)(en) < Mél)(en) < up (1), —un(y2) < m{? )( n) < M( )(en) < up(z2),
n—oo z;,y; ER,I<
1’1§1'371'2Sw4€,51§;3,y2§y4

) < ) € M < o). —uas) < m® < M) < )
-E (H;\](xl,$2)Hj\7(y17y2)H>1\7n(1’3; $4)Hiin(ysay4))‘ =0,

where Hy is defined in (3.9) and norming constants a,, and b, satisfy

24p

2+p 2 2-p Inn\ 2 2+4p 2 2p [« Q

n=——T""2(1 W, bp = | — —T = (1 % | —Ilnlnn— —InT +1 1
a 5 » (lnn) < T ) + 5 » (Inn) p nlnn » nT+Inwg| (3.10)

with T =2"1Q% + LQ™?, wp = cp(2+p)"2Q~ and Q = (pL)Y/2+p),

4 Proofs

PROOF OF THEOREM 2.1 By the independence of S and (X,Y’) and the generalised Berman’s inequality (see
Theorem 2.1 in [22] and Lemma 11.1.2 in [21]), if (2.1) holds, then

Ag(u,v) = P(—v; < S X; <wup,1 <i<n)—P(—v; <S;Y; <u;yl <i<n)

= / (P(—”i <X < “",1<z'<n> —IP’(—%<YZ-< ui,1<i<n)> dG(s1) - - dG(sn)
[0,1]™ Si Si Si Si
2 2
g/ Ajjexp (— (w/si)” + (w/s;) ) dG(sy)---dG(sy)
i [O

U™ 1<icj<n 2(1+ pij)

I N R i X g

1<2<J<n

IN

where p;; and A;; are defined in (1.1) and w = min;<;<, min(|u,|, |v;|). Note that for 1 <i,j <n,e>0

[ e (<5 (5)) e
~ /1 exp (—M (w>2> dG(s)

e+1
w

1+€) 1
- 5> 9) (o (o)
w 1]
1+pu w 1+pij 1 2 2, —2,2
= 1+ —7=t B . — 2(1 )t 1 i t dt
i < +<1+pz~j>w-1t>( T 1) P Ty W A ) (L e

1+p” 1+ 14 pij ) < w? )
~ S>1- t)exp(—t— —-) at
/0 ( w? 2(1+ pij)

€

2 71+pi_w2
ca(l+ pij) w>" exp (_w) / T tTexp(—t) dt
2(1+piz) ) Jo

IN

_ar w?
~ CAF(T+1)(1+p”)T’UJ 2 exp <_2(1—i—p”)) , W — Q.



Consequently, for any € > 0 and all large u;, v;,7 < n

2 w?
A < Z(T(r+1 A1+ p; - .
s(.9) < 2O+ DA S Al ) e (1)
i<j<n
With similar arguments as above we have
Asi(u,v) = / (P(f& <x;<¥ gign) fﬂb(f& <v, <% gign)) dG(s)
0 s s s s
2
< 2% ay [ e (-0 day
i< L+ pij
i<j<n
21 T L, ’LU2
s T+ Dleatew 1<Z A (Lt pig) eXp(_lerij)’
<i<j<n
hence the claim follows. O

PROOF OF THEOREM 2.3 According to the independence of the scaling factors with the Gaussian random variables
and the generalised Berman’s inequality (see Theorem 2.1 in [22] and Lemma 11.1.2 in [21]) again if (2.7) holds,

then we have

As(u,v) = /[OOO]n(P(_<X <1<z<n>—P(—<Y<l<z<n>) dG(s1)---dG(sp)

, Si Si Si Si
: /
™ [0,00]™

S Ajexp (_ (w/si)* + (w/s;)* ) dG(s1) - - dG(sp)
2% 4y / / exp( (w/ S()H[E:)/t) >dG(s)dG(t),

1<ici<n 2(1 4 piy)
1<z<]<n

IA

where p;; and A;; are defined in (1.1). Note that for 1 <4, j < n and some positive constants c1, ¢z, using similar

arguments as in the proof of Theorem 2.1 in [16], we have

[ e (o (5)7) 4o

- [T e M (5)7) ot

cowp¥? 1 wH 2
~ c¢glp s9TPle —Ls”—i( ))ds
B )t Xp( 21+ pij)
CBL

w2 SIE rea(Lp(l14piy)) P p2 e w? ) ( ) . 2)
pl———— / t*" P exp | —Lp () p P+ 27t dt
<L 1+ Pz‘j)) (Lp(14pi;)) 742 Lp(1 + pij)

—2a— 2p

~ 4 3 CB Lp p+2 1+ pij )2(p+2)w p+2 exp (_(1—|—pij)7ppﬁ([/ﬁpippﬁ —Q—(Lp)ﬁQ*l)wm), w — 00.
p

Hence for € > 0 we have

2(1—a)
4 Lp) pF2 ta+2p I .
Ag(u,v) < (c% +€)(Lp) wss Z Ay (1+ Pij)% exp (72(1 " pij)_mTwm) ’

p+2 1<i<j<n

where T = L72p~#52 + (Lp)722~L. Proceeding as above

Agi(u,v) = / ( (f—<X <—1<z<n)fIP’(f%<Yi§%,1§i§n)>dG(s)
2 o 2
< - Z / exp (— iw/s) ) dG(s)
g 1<i<j<n +p”
< 27 ep +)(Lp) 7 (p + 2) 7w



> Ay(l+piy) T exp (*(2(1 +pij) ")
1<i<j<n
O

hence the proof is complete.

Lemma 4.1. Under the conditions of Theorem 3.1, for any bounded set K C {2,3

P (E/Q—‘r O AWy <p_1,k € K) ,

..} we have

lim P(SpXnk < tn, k € K|S, Xp1 > up) =
n—,oo
where E is a standard exponential random variable independent of {Wy, k € K} and the W), have a jointly Gaussian

distribution with mean zero and
i—1 Jj—1 li—3] Z,J c K.

E(W,W;) = :
(WiW;) N T

PrROOF OF LEMMA 4.1 A centered Gaussian random vector X
(On,li—j])ijekuq1} has stochastic representation

(Xpn,k € KU{1})T with covariance matrix

BB,
(X ke KU{NT £ RBIU i1,

where m is the cardinality of set K, R is a positive random variable such that R? is chi-squared distributed with

m + 1 degrees of freedom and independent of U,,+1 which is a random vector uniformly distributed on the unit

sphere of R™*1. Since 3, is independent of X,, ;, using Corollary 5 in [3] we have (set t,,(y) = upn + y/un)

(S Xn ks k S K|San,1 = tn(y))T i Rm,yBrIUm + tn( )212;
where $15 = (o x-1,k € K)T, BZB,Z = (0n,Ji—j| = Onji—10n,j—1)ijex and Ry, , is a positive random variable
independent of U,, with distribution function F,, , defined by

m
2

F (8 ) amarge
S (2 = (taw)) )% L etomdF (s)

with Fj the distribution function of S, R. According to Theorem 3.1 in [11] F} in the Gumbel max-domain of
(4.1)

x>0,

)

Fm,y(z)

attraction and B (S, X W)
. nsn,1 > tn Y _
1 1 =e¥,  VWyeR.
SL T arern R B

Hence, by Theorem 3.1 in [8]

(SnXnk < un, k € K|S, Xp1 = ta(y))
2

Dny
(1 — 02 )2 1-—
( (1~ 1) o+ Qn;—ly < Un( 2Qn,k—1)’k c K

B <
— ]P(\/ék,ka—i—%gék,l,keK), n — 00 (4.2)

uniformly on compact sets of y, where

On,li—j| — On,i—10n,j—1

(Zni ke )T £ R, ,BIU,,, with BB, =
\/(1 - 9721,171)(1 - Qi,jﬂ) o
i,jEK

and {Wy, k € K} being jointly Gaussian with zero means and covariances

di—1+ 051 — di—| iicK

E(W;W;) = ,
(W:W;) SNt




Since further

> P (San 1 < tn(y))
P(SnXnk < nak K|S, X, n) = n,yd .
( kS U € | 1>u ) /0 Pny ]P)(San,l N un)

the proof is established by applying Lemma 4.4 in [8] (recall (4.1) and (4.2)). O
PROOF OF THEOREM 3.1 According to (2.4),if 1 <k < ... < ks <nand k = minj<;<s(ki+1 — k;) then the joint
distribution function Fi,, k., of SpXn k..., SnXn i, satisfies

2

n -

S QU;2TTL § |Qn,7,|(1 + ‘Qn,iD exp | — Un, .
‘ /11— o2 1+ |«Qn z|
i=k Qn)i ’

s
Fkl»--<7ks (un) - HP(San,IW < un)

=1

Suppose now that 1 < iy < ... <1, < j1 < ... <jy <nand j; —ip > l,. Identifying {ki,...,ks} in turn with
{it, o yip, g1y g by {01,y ipy and {J1, ..., jp }, we thus have

7 il fonl)T

n 2
_ 0 U
B1seeerip a1yl (un) — Fi1,..‘7ip(un)Fjl,.wjp/ (Un)l < 3QUn27'n E | n ) exp (—1"> .
: 1- 02, + lon.il

i=ly

By Example 1 in [9] and Table 3.4.4 in [5] we have

lim nP (S, Xn1 > up(z)) =%, V zekR,

n— oo

where u, (x) = anz + b, with a,, and b, defined in (3.7). Consequently, as n — oo

u?(z) =2Inn — (27 + 1) Inlnn + O(1).

n

Hence, in view of (3.4) and (3.5), Theorem 2.1 in [24] implies

lim
n—oo

P <1I£112L<Xn5 Xn,i <up(z )) — exp (—nIP’(S Xn1 > up(z (m{S Xni < up()}SnXn1 > un(m)>>] =0.

=2

Note that for m < j <, we have
T(l—epn j)—0n j

1—oy 1+on, 4
Qn,j _ Ony < QH_T:; (lnn) n.j

TN Ny

where W is a N(0, 1) random variable. The claim can then be established by using similar arguments as in the

W > u,

proof of Theorem 2.1 in [17] making further use of (3.6) and Lemma 4.1. O

Next, for some index sets I,, C N we define

— maX{SnAan,k:ak S Inagmk = l}a Zf Zke[ En,k Z 17
M(Inaen) = . l S "

inf {x|]P’ (Sn,an,k < X) > 0} , otherwise,
N min{Sn,an,ka ke Inaen,k = 1}7 Zf Zke] En,k > 1;
m(l,, e,) = "

inf {x|]P’ (Sn,kxn,k < X) > 0} , otherwise.

For simplicity, we write ﬁn(sn) = ﬁ({l, 2,...,n},€n), ﬁ([n) = max{Sn,k)/in,k, kel,}, Mn = maX{Sn,kfin,k, 1<

k < n}. Similarly we also define m,,(&,,), m(I,), m,.

Lemma 4.2. Let {(X(1 X( )) 1 <i<n,n>1} be a triangular array of centered stationary Gaussian random

vectors defined as above with the correlation Ao(n) satisfying (3.8) with A € (0,00). Further let {Spr,1 < k <
n,n > 1} be #d random variables being independent of {(X,(L1 X(z)) 1 <i<n,n>1} and satisfying (2.7). Then

we have

lim P (—un(yn) < ) < MY < (), ~un(y2) < P < MO < unlwz)) = Halwn, 22) Ha (91, 2):

n—oo
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PROOF OF LEMMA 4.2 Our proof is similar to that of Theorem 2.1 in [14]. For any integer n we may write
n (1 - P(nvth% y17y2)) = nPl(nvxth) + nPQ(n7y1ay2) - nP3(n,x1,y2) - nP4(n,y1, 3)2),
where

Pln, 1, w2,y1,92) = P (<ua (1) < Sua X0 < wnlon), —un(92) < S0a X} < un(22))

Pi(n,z1,22)

( XY > un(xl)) 4P (s X3 > un(xg)) _Pp (sn XY > up(@n), Sug XE) > un(x2)) ,

Py o 1> un(z1), S 1Xn 1 < un(yz)) ;

(
Pa(n,y1,92)

(n, 1, Y2) ( 1X

( ( . 1X(1) < —un(yl),Sle 2} > un(xg)) .

=P
P
=P
P

Py(n,y1,x2) n,

The random vector (X 7(1 %, X (2)) has the following stochastic representation

(XT(LI%,X@)) (Rcosb, Rcos(f — vy,)),

where R is a positive random variable being independent of the random variable # which is uniformly distributed
in (—m,m) and 9, = arccos(Ag(n)). If S, 1 satisfy (2.7) and is independent of (X,(Lli,X(Q)), using Laplace approx-

imation (see e.g.,[16]) we have that the distribution function of S, 1R is in the max-domain of attraction of the

Gumbel distribution. Hence, according to Remark 2.2 in [13] we have

lim 7P (Snvlf(ﬂ > un(x)) —e®, zER, (4.3)
where u,(x) = anz + b, with a,, and b, defined in (3.10). Moreover, by Theorem 2.1 in [7]
. —x
nh_)rréonpl(n,a:l,xg) =0 ( 2)\ ) exp(—xz2) + @ (/\ + ) 1) exp(—x1) =: D(x1,x2)

and since (—Sn’lX}(ﬂ, —Sn1X 22)
nh~>ngo TLPQ(TL7 Y1, y2) = D(y17 yQ)
Since lim;, 00 Ag(n) = 1, lim,,—, o0 ¥, = 0 implying

lim nP3(n,r1,y2)
n—oo

= lim nP(S,,1Rcos(8) > un(x1), Sp1Rcos(d — y) < —upn(y1))

n—00
= lim nP(S,1Rcos(0) > up(x1), Sn1Rcos(0 — ¥,) < —up(y1),cos(d) > 0,cos(f — 1) < 0)
™
,—7r+¢n) <f< f§+¢n)

IN

n—oo

= lim nP (Sn,chos(O) > Up (1), Sn,1Rcos(0 — ¢,) < —up(y1), max (f

n—oo

= 0.

m
2

Similarly, we have lim,,_, o nPy(n,y1,x2) = 0. Hence for all x1,x2,y1,y2 € R

lim P (—un(yl) <m < ]\7,51) < U (1), —tn(y2) < MP < ]\77(12) < un(m2)>

n— 0o
= lim (P<n’x17x27y1’y2)>n
n— 00
= lim (1—(1—P(n,$17$27y1ay2)))n
n—00
D D V"
C b (1 _ D(z1,22) + D(y1, y2) Yo ())
n— 00 n n

= exp(—D(xz1,22) — D(y1,y2)) = Ha(z1,22)Hr(y1,92),

hence the proof is complete. a

(Snaki) < un<y1>)+ﬂ»(sn1x<i “un(y2)) = B (01X < —unln). S0a X3 < —ualae))
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Lemma 4.3. Under the conditions of Lemma 4.2, if the indicator random variables €, = {e,4,1 < i < n} are
independent of both {()A(fllz),f(,(fl)), 1<i<n} and {Sn:, 1 <i<n} and satisfying condition E, then
lim sup P (—un(n) < D (a) < M (en) < 1), —un(ye) < D () < M (€0) < wn(a2),

n—00 z;,y; €R,i={1,2,3,4}
z1<@3,w2<w4,y1 <Y3,¥2<y4

~un(ys) < ) < MY < (), ~un(ya) < P < MO < unl))

—-E (Hf(chz)Hf(yl,yz)Hi_"(fz,u)Hi_"(ys, y4))‘ =0.

PROOF OF LEMMA 4.3 Using similar arguments as for the derivation of [19], let Ky = {j : (s—1)v+1 < j <

51/}71 <s < la v = [?]7 X = (Il,I2,$37l’4), y = (y17y27y37y4) and /611 = {6n,kal < k < TL} be a nonrandom

triangular array consisting of 0’s and 1’s. For some random variable 1 such that 0 <7 <1 a.s., write

[Oa il]7 /JZO,
B, =<w:nw)e 2 ,
wol { n(w) { (& #+1]’ O<pu<2—1

BlL’lW@n = {w : €n7k(w) = 6n,k7 1<k< n} n B#,l.

Set
P(Ks7ﬂnaxa Y)
= P (~unlyn) < (K, B,) < MO (K, B,) < (1), —un(y2) < 0P (K, B,) < MP(K,,B,) < un(w2),
—un(ys) < W (K,) < MO (K,) < unlws), —un(ys) < P (K,) < MO (K,) < un(aa))
and

P(?’L, IBn7X7 y)
= P(u(n) <D (8,) < MP(B,) < wnwr), —ualye) < mP(B,) < MP (B,) < un(aa),

() < ) < MY < wn(ws), —un(ys) < 2 < M < ().

Using similar arguments as in the proof of Lemma 3.3 in [25] for n large we can choose a positive integer 7, such

that I < 7, < v and 7, = o(n), by (4.3) we have

l
P(n7 ﬁnax7y) - HP(KSa/Bn7X7Y)

+ (Sn,an%% S _un(y2)> + P (Sn anQ,i > Un(l'g)))
— 0, n—oo. (4.4)
Note that
Vi 1 djek,Pni  p
< P(Ks, B,,X%y)
v u 2jex,Pri p
< 1—§21—y(1—?)22+ <V—2l> V(Ss — T1) + s,
where

Y1 = Pi(n,x1,22) + Pa(n,y1,y2) — P3(n,x1,y2) — Pa(n,y1,22),

232 = Pl(n,x3,z4) + P2(”aﬂ37y4) - P3(n7$37y4) - P4(n,y3,z4)
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with P;(n, 21, 22)’s defined in the proof of Lemma 4.2 and

Y3 = Z Z (P ( ™ 1X 2’ (s—1)r+1 > u”(xi)’ Sn 1X(jzs v+t > u”(xJ))
i,j={1,2} t=2

+P (Sn 1X (s—1ywt1 > Un(Ti), Sn, 1X( eyt < —un(yj)>

P (S Xv(f)(s D+l S _“"(y’i)’S"JXT(L zs—l)v+t = u”(xj))

+P (sn X i € a0 San X9 < un(yj))) .
Since 0 <1 — %%; — v (1 — £) ¥, < 1 applying Lemma 3 in [19] we obtain

u=0 B, e{0,1}n

! ! ﬂnEl - (1 - ﬂl) 77,22
P<Ksa/6.nax7y) - |jl - 2 :
11 11

I (Bu,z,ﬁn)>

2t—1

! ﬁn21— 1—£ nZg
< > ¥ E(Z P(K, B, %,y) - ll— = (Z £) 1(Buis,)
=03, €{0,1}n s=1
2l -1 ek, g p
v 2t
< ZZ]E z [(B,y) | n(S1 — S2) +n¥s
pn=0 s=1
! =
Sus v(s—1) 1 n(zl_EQ)
< 2(2s—1)d d = — by 4.
< a0 (Tn) v (o)) - ) T e (4.5)

where d(X,Y) stands for Ky Fan metric, i.e., d(X,Y) = inf{e,P(|X — Y| > ¢) < €}. Furthermore,

21

> ¥ (i)
n=0 B, e{0,1}" s=1
21
355 (8 ] 0) o

7”(21;[ E2) (4.6)

By the fact that lim,_, d (E”,n) = 0 and utilising (4.3)-(4.6), by passing to limit for n — oo and then letting

vs

l

- [1_ s —(1l—77)n22]

s=1

_ 5%21 — (1 — 57) TLEQ

H(B#Jﬁn)>

IA

<

v — oo we obtain

l

P(n,en,x,y) —E <1 ~ n(D(z1,22) + D(y1,y2)) + (1 —n)(D(ws, 24) + D(y3,y4)))l|

D(zq,x2) + D(y1,y2)
= ol—1

_|_

%(e_xl +e Y e +€_y2)2.

Next, letting | — oo implies

lim sup P(n,en,x,y) —E (Hg(fﬂbffz)H:\?(ylay2)H§7n($3»$4)Hiin(y3ay4))‘ =0,
n—oo x4,y €R,i={1,2,3,4}
z1<z3,x9<wy,y1 <Y3,¥2<Y4

hence the claim follows. a

PrROOF OF THEOREM 3.2 If (2.7) holds, by (2.8) for some positive constant Q we have
B (~ualn) < mD(en) < MP(en) < (@), —un(y) < mP (er) < MP (€) < (),

—ti (ys) < m) < MY <y (ws), —un(ys) < mP < MP < Un(u))
P (—un(yr) < A (e0) < M (o) < (1), —un(ye) < WP () < M (e0) < un(a2),

—un(ys) < 1) < MO < (@), —un(ys) < D < NP <y (20))|
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< o FE 3T ST sk m)lexp (<201 + g, m)) T Tw )

i,j=1,2 k=1

where w = min(|u,(2;)], |un(y:)],1 < @ < 4). In view of Lemma 3.3 in [13], the sum of the right side of the

inequality tends to 0. Thus the claim follows by Lemma 4.3. a
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