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Abstract

Modelling of multiple simultaneous failures in insurance, finance and other areas
of applied probability is important especially from the point of view of pandemic-
type events. A benchmark limiting model for the analysis of multiple failures is the
classical d-dimensional Brownian risk model (Brm), see Delsing et al. (Methodol.
Comput. Appl. Probab. 22(3), 927-948 2020). From both theoretical and practical
point of view, of interest is the calculation of the probability of multiple simultane-
ous failures in a given time horizon. The main findings of this contribution concern
the approximation of the probability that at least £ out of d components of Brm
fail simultaneously. We derive both sharp bounds and asymptotic approximations of
the probability of interest for the finite and the infinite time horizon. Our results
extend previous findings of Debicki et al. (J. Appl. Probab. 57(2), 597-612 2020)
and Debicki et al. (Stoch. Proc. Appl. 128(12), 4171-4206 2018).
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2 K. De,bicki et al.

1 Introduction

In this paper we are interested in the probabilistic aspects of multiple simultane-
ous failures typically occurring due to pandemic-type events. A key benchmark risk
model considered here is the d-dimensional Brownian risk model (Brm)

R(t,u) = (Ri(t,u), ..., Ry(t,ug)) " = utet — W), =0,
where ¢ = (cq, ...,cd)T, u=(uy,..., ud)T are vectors in RY and
W@)=TB(), teR,

with I' a d x d real-valued non-singular matrix and B(t) = (B (¢), . .., Ba) T, t €
R a d-dimensional Brownian motion with independent components which are
standard Brownian motions.

By bold symbols we denote column vectors, operations with vectors are meant
component-wise and ax = (axy, ..., axq)" for any scalar a € R and any x € R?.

Indeed, Brm is a natural limiting model in many statistical applications. Moreover,
as shown in Delsing et al. (2020) such a risk model appears naturally in insurance
applications.Since Brm is a natural limiting model, it can be used as a benchmark for
various complex models. Given the fundamental role of Brownian motion in applied
probability and statistics, it is also of theoretical interest to study failure events arising
from this model. Specifically, in this contribution we are interested in the behaviour
of the probability of multiple simultaneous failures occurring in a given time horizon
[S,T] [0, ool

In our settings failures can be defined in various ways. Let us consider first the
failure of a given component of our risk model. Namely, we say that the ith com-
ponent of our Brm has a failure (or ruin occurs) if R; (¢, u;)= u;+cit — Wi(t) < 0
for some ¢ € [S, T]. The extreme case of a catastrophic event is when d multiple
simultaneous failures occurs. Typically, for pandemic-type events there are at least k
components of the model with simultaneous failures and k is large with the extreme
case k = d. In mathematical notation, for given positive integer k < d of interest is
the calculation of the following probability

Yi(S, T,u) =P{Ft e[S, T],AZ C{1,...,d}, |Z| =k : Njez{Ri(t, u;) < 0}}
=P{EFr e[S, T], IZT C{1,....d},|ZI=k: Njez {Wi(t) — cit >u;}},

where |Z| denotes the cardinality of the set Z. If T is finite, by the self-similarity
property of the Brownian motion v (S, T, u) can be derived from the case 7T = 1,
whereas T = oo has to be treated separately.

There are no results in the literature investigating v (S, T, u) for general k. The
particular case k = d, for which ¥4(S, T, u) coincides with the simultaneous ruin
probability has been studies in different contexts, see e.g., Lieshout and Mandjes
(2007), Avram et al. (2008a), Avram et al. (2008b), Debicki et al. (2018), Ji and
Robert (2018), Foss et al. (2017), Pan and Borovkov (2019), Borovkov and Pal-
mowski (2019), Ji (2020), Hu and Jiang (2013), Samorodnitsky and Sun (2016),
and Dombry and Rabehasaina (2017). The case d = 2 of Brm has been recently
investigated in Debicki et al. (2020).
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Pandemic-type failures in multivariate... 3

Although the probability of multiple simultaneous failures seems very difficult
to compute, our first result below, motivated by Korshunov and Wang (2020)[Thm
1.1], shows that ¥ (S, T, u) can be bounded by the multivariate Gaussian survival
probability, namely by

pr@) =P{Wi(T) —aT, ..., Wg(T) —cqT) € E(u)},
where

E() = U Ez(u) = U (xeRY:Viel: xi>u) 1)
ZIc{l,....d} Zcdl,..,d}
|T|=k |T|=k
When u — oo we can approximate pr(u) utilising Laplace asymptotic method, see
e.g., Korshunov et al. (2015), whereas for small and moderate values of u it can be
calculated or simulated with sufficient accuracy. Our next result gives bounds for
Y (S, T, u) in terms of pr(u).

Theorem 1.1 If the matrix U is non-singular, then for any positive integer k < d, all
constants 0 < S < T < ooandall ¢, u € RY

pr(w) < Yi(S,T.u) < Kpr(u), €5

where K = 1/mingcq1, a1, 71=k P {Viez : Wi(T) > max(0, ¢;T)} > 0.

The bounds in Eq. 2 indicate that it might be possible to derive an approximations
of ¥ (S, T, u) for large threshold u, which has been already shown for k = d = 2
in Debicki et al. (2020). In this paper we consider the general case k < d,d > 2
discussing both the finite time interval (i.e., 7 = 1) and the infinite time horizon case
with T = oo extending the results of Debicki et al. (2018) where d = k is considered.

In Section 2 we explain the main ideas that lead to the approximation of
Y (S, T, u). Section 3 discusses some interesting special cases, whereas the proofs
are postponed to Section 4. Some technical calculations are displayed in Appendix.

2 Main results

In this section W (), t > 0 is as in the Introduction and for a given positive integer
k < d we shall investigate the approximation of (S, T, u) where we fix u = au,
with @ in R? \ (—oo0, 0]¢ and u is sufficiently large.

Let hereafter Z denote a non-empty index set of {1, ..., d}. For a given vector,
say x € RY we shall write x7 to denote a subvector of x obtained by dropping its
components not in Z. Set next

Yr(S, T,azu) =P{3t €[S, T]: Az(t)},
with
A7) ={W(@) —ct € Ez(au)} ={Vi € ZT: W;(t) — cit > a;u}, 3)

where E7(au) was defined in Eq. 1.
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4 K. De,bicki et al.

In vector notation for any u € R
Ui(S, T,au) =P {3r e[S, T]: U A7)y =P U (FtelS,T]: A7)

The following lower bound (by Bonferroni inequality)

Yk (S, T, au) > Z ¥z(S, T, azu)— Z P{3r,s €[S, T]: Az(r) N As(s)}
el I.J c{l,....d}
IZI =1TJ1=k
I#J

(C))
together with the upper bound

V(S T.au) < Y Yz(S. T, azu) )
Zcil,....d)
|T|=k
are crucial for the derivation of the exact asymptotics of ¥ (S, T, au) as u — oo.
As we shall show below, the upper bound (5) turns out to be exact asymptotically as
u — 00. The following theorem constitutes the main finding of this contribution.

Theorem 2.1 Suppose that the square d x d real-valued matrix T is non-singular. If
a has no more than k — 1 non-positive components, where k < d is a positive integer,
then forall0 < S < T < oo,¢ e R4

V(S Toau)~ Y Y700, T, azu), u— 0. (©6)

Moreover, Eq. 6 holds also if T = oo, provided that ¢ and a + ct have no more than
k — 1 non-positive components for all t > 0.

Essentially, the above result is the claim that the second term in the Bonferroni
lower bound (4) is asymptotically negligible. In order to prove that, the asymptotics
of ¥7/(S, T, azu) has to be derived. For the special case that 7 has only two elements
and S = 0, its approximation has been obtained in Debicki et al. (2020). Note in
passing that the assumption in Theorem 2.1 that @ has no more than £ — 1 non-positive
components excludes the case that there exists aset Z C {1, ...,d}, |Z| = k such
that ¥7(0, T, azu) does not tend to 0 as u — oo, which due to its non-rare event
nature is out of interest in this contribution.

The next result extends the findings of Debicki et al. (2020) to the case d > 2. For
notational simplicity we consider the case Z has d elements and thus avoid index-
ing by Z. Recall that in our model W(z) = I'"B(¢) where B(¢) has independent
standard Brownian motion components and I' is a d x d non-singular real-valued
matrix. Consequently ¥ = I'T" " is a positive definite matrix. Hereafter 0 € R is the
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Pandemic-type failures in multivariate... 5

column vector with all elements equal 0. Denote by ITx (a) the quadratic program-
ming problem:

minimise xTE_lx, forall x > a.
Its unique solution a is such that

ar=ar, () lar>0, a; =252 'ar > ay, N

where a is defined if J = {1,...,d} \ I is non-empty. The index set / is unique
with m = |I| > 1 elements, see the next lemma (or Debicki et al. (2018)[Lem 2.1])
for more details.

Lemma 2.2 Let ¥ be a d x d positive definite matrix and let a € R \ (—o0, 0]¢.
I1x (@) has a unique solution a given in (7) with I a unique non-empty index set with
m < d elements such that

m>inxT271x =a'>'a=a; (S 'a; >0, (8)
x>a

x's7\a=x}(Zpp)lar, VxeR? ©)
for any index set F C {1,...,d} containing I. Further if a = (a, ...,a)T, a €

(0, 00), then2 < |I| <d.

In the following we set
r=3x"'a.
In view of the above lemma
A= ar >0, x>0y, (10

with the convention that when J is empty the indexing should be disregarded so that
the last inequality above is irrelevant.

The next theorem extends the main result in Debicki et al. (2020) and further
complements findings presented in Theorem 2.1 showing that the simultaneous ruin
probability (i.e., k = d) behaves up to some constant, asymptotically as u — oo the
same as pr(u). For notational simplicity and without loss of generality we consider
next T = 1.

Theorem 2.3 Ifa € R? has at least one positive component and T is non-singular,
then for all S € [0, 1)

Va(S, 1, au) ~ C(a)pi(au), u — oo, (1n
where C(@) = [Tie; M fan P {Fis0 - Wi(t) —tay > x;} 1 ¥1dx; € (0, 00).

Remark 2.4 1) By Lemma 4.6 below taking 7 = 1 therein (hereafter ¢ denotes the
probability density function (pdf) of I' B(1))

pilau) =P{W(1) —c > ua) ~ [ [ 17 "PAWy (1) > ey /W, (1) > er}upwa +¢) (12)
iel

asu — 0o, where A = '@ andif J = {1,...,d}\ I is non-empty, then U = {j €
J :aj =a;}. When J is empty the conditional probability related to U above is set
to 1.
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6 K. De,bicki et al.

ii) Combining Theorems 2.1 and 2.3 forall S € [0, 1) and all @ € R4 with no more
than £ — 1 non-positive components we have

Yi(S, Law) ~ Y Clan¥zO, 1, azu) ~ CP {Viezr : Wi(1) > ua; +ci}, u— 00
(13)

for some C > 0 and some Z* C {1, ..., d} with k elements.
iii) Comparing the results of Theorem 2.3 and Debicki et al. (2018) we obtain

. (—Iny (S, 1, au))'/?
lim sup < 00
u—oco — InYr(S2, 0o, au)

for all S; € [0, T], $7 € [0, 00).

iv) Define the failure time (consider for simplicity kK = d) for our multidimensional
model by

t(u) =inf{r > 0: W(t) — tc > au}, u > 0.
If a has at least one positive component, then forall 7 > S > 0,x > 0
alxla
lim P [uz(T — ) > x|tw)e [S, T]} —e VT, (14)

u— 00

see the proof in Section 4.

3 Examples

In order to illustrate our findings we shall consider three examples assuming that
I'T'T is a positive definite correlation matrix. The first example is dedicated to the
simplest case k = 1. In the second one we discuss k = 2 restricting a to have all
components equal to 1 followed then by the last example where only the assumption
I'TT is an equi-correlated correlation matrix is imposed. In this section 7 = 1 and
S € [0, 1) is fixed.

Example 1 (k = 1): Suppose that a has all components positive. In view of Theorem
2.1 we have that

d
Vi (S, 1au) ~ Y Yy (0, 1, aju)
i=1
as u — oo. Note that for any positive integer i < d
Y110, 1, aju) = P{Jeo,1) : B(t) — cit > aju},
where B is a standard Brownian motion. It follows easily that
d
Ui (S, 1, au) ~ 22]?{3(1) > aju+ci}, u— oo.
i=1

@ Springer



Pandemic-type failures in multivariate... 7

Example 2 (k = 2 and @ = 1): Suppose next k = 2 and a has all components equal
1. By Theorems 2.1 and 2.3 we have that

Yi(S. 1, 1u) ~ Z Cij(HP {krer?,in-}(Wk(l) — ) > u)}
{i,j}c(l,....d} W

as u — oo, where 1 € R? has all components equal to 1. Using further Remark 2.4
we obtain

2 _ 2
PN 2 letepu GRS
u 1+/),y,~ l+,o,:j 2(17}][2/)

(1= pij)? 2w =07 ))

Here we set p; j = corr(W;(1), W;(1)). Consequently, if p; j > p;* j+, then as
u — o0

P{krer%}}lj)(wk(l) —c) > u)} ~

]P’{ min (Wr(1) — ¢ > u)} =0 (IP’{ min (Wi (1) — ¢ > u)}) .
ke{i*, j*} ke{i, j}

The same holds also if p; j = pj* j* and ¢; + ¢; > ¢+ + cj=. If we denote by ©
the maximum of all p; ;’s and by ¢, the maximum of ¢; + ¢; for all i, j’s such that
pi,j = T, then we conclude that

Vi(S, 1, au) ~ Z Ci,j(HP {krer{lliflj}(Wk(l) —Ck > u)} .

i,je{l,...d}, pi j=T1, ci+cj=cx

Note that in this case C; (1) does not depend on i and j and is equals to
a- r)2/ P{30: Bi(t) —t > x, Bo(t) — 1 > y}e“*fZ)(”y)dxdy,
R2

where (Bj(t), B2(t)),t > 0 is a 2-dimensional Gaussian process with B;’s being
standard Brownian motions with constant correlation t. Consequently, as # — 00

CcxlU

2
Uz Cxl
Vo (S, 1, 1u) ~ Cou2e #2040

where
2

6_2(1—r2) cicj

-t %
27(1 —17) i,j€{l,....d}, pi j=T, ci+cj=cy

,,,,,

x/ P {EI,Z() :B1(t) —t>x,By(t)—t > y} e(l_rz)("‘”)dxdy € (0, 00).
R2

Example 3 (Equi-correlated risk model): We consider the matrix I such that ¥ =
I'T T is an equi-correlated non-singular correlation matrix with off-diagonal entries
equalto p € (—1/(d — 1), 1). Let @ € R with at least one positive component and
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8 K. De,bicki et al.

assume for simplicity that its components are ordered, i.e., a; > a» > --- > aq and
thus a; > 0. The inverse of X equals
1
[Jd D — } ,
Il+pd-1)]1-0p
where J; is the identity matrix. First we determine the index set / corresponding to

the unique solution of ITyx (a). We have for this case that / with m elements is unique
and in view of Eq. 7

1 o ai
AM=CEn = ——|a - p—=E 1, > 0y, 15
1= () ag 1_p|:al '01+,o(m—1) | >0 (15)
with 0 € R? the origin. From the above m = |I| = d if and only if
d ..
ad>:0 Zi:lal I
I1+pd-1)

which holds in the particular case that all a;’s are equal and positive.
When the above does not hold, the second condition on the index set / given in
Eq. 7 reads
23 ar = p17) T ar > ay.
Next, suppose thata; = a > 0,¢; = ¢ € Rforalli < d. In view of Eq. 13 for any
positive integer k < d and any S € [0, 1) we have

Yi(S, 1, au) ~ CP{Vi< : Wi(1) > ua +c}, u— oo, (16)
where (set I = {1,...,k})

—d‘ . Al x
€= ad—n! ,EA" /Rkp{afio tWi(t) —ta; > x et M dxg € (0, 00).

Note that the case p = 0 is treated in Bai et al. (2018)[Prop. 3.6] and follows as a
special case of this example.

4 Proofs
4.1 Proof of Theorem 1.1

Our proof below is based on the idea of the proof of Korshunov and Wang
(2020)[Thm 1.1], where ¢ has zero components, k = d and S = 0 has been con-
sidered. Recall the definition of sets E7(u) and E (u) introduced in Eq. 1 for any
non-empty Z C {1, ..., d} such that |Z| = k < d. With this notation we have

Y (S, T,u) =P{Ft €[S, T]: W) —ct € E)} =P{tx(u) <T},
where t (#) is the ruin time defined by
Tr(u) =inf{t > S : W(t) — ct € E(u)}.
For the lower bound, we note that

Yr(S, T,u) =P{3t €[S, T]: W) —ct € Em)} >P{W(T)—cT € E(u)}.
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Pandemic-type failures in multivariate... 9

By the fact that Brownian motion has continuous sample paths

W (T (w)) — ety (u) € IE(u) (17)

almost surely, where dA stands for the topological boundary (frontier) of the set

A C R4
Consequently, by the strong Markov property of the Brownian motion, we can write
further

P{W(T) — ¢T € E(u)}

T
:f f P{W(t) — ct € dx|tx(w) =t} P{W(T) — ¢T € E@)|W(t) — ¢t = x} P {tx(u) € dt}.
0 JIE®m)

Crucial is that the boundary 0 E (#) can be represented as the following union

VEw) = |J GEz@noEw)= | Fr(w).

For every x € Fr(u) using the self-similarity of Brownian motion for all non-
empty index sets Z C {1, ...,d}and allr € (S, T)

P{W(T) —cT € E(u)|W(t) —ct = x} P{W(T)—cT € Ez(u)|W(t) — ct = x}
P{Wz(T) —czT >z uz|W(t) — ct = x}
P{Wz(T —1t) —cz(T —1) > 0}
P{WZ(T — 1) = ez (T — 1)}

P{Wz() = ervT 1]

P{Wz() = eV}
= P{W(T) > é7T}

VIV oIl v

v

|Z|=k

where ¢; = max(0, ¢;), hence for all x € 9E (u)

.....

|Z|=k

Consequently, using further Eq. 17 we obtain

P{W(T) —cT € E(u)}

T
> min P{Wz(T) > Z’IT}/ f P{W(t) — ct € dx|tx(u) = t} P {7} (u) € dt}
IC‘{II‘:k d} s JIE@)

= _min P{Wz(T) > ¢zT}yw(S, T, u)
Zcll, . d)

|ZI=k

establishing the proof.
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10 K. De,bicki et al.

4.2 Proof of Theorem 2.1

The results in this section hold under the assumption that ¥ = I'I'" is positive
definite, which is equivalent with our assumption that I" is non-singular. The next
lemma is a consequence of Hashorva (2019)[Lem 2]. We recall that ¢ denotes the
probability density function of I' B(1).

Lemma 4.1 For anya € R?\ (—o0, 0]¢ we have for some positive constants C1, C,
P{W()—c > au} ~ C{P{Vics : Wi(1)—c; > aju} ~ Cou"*p(au+c), u — oo,

where o is some integer and a is the solution of quadratic programming problem
Ms(a),~ = I'T'" and I is the unique index set that determines the solution of
IT b (a)

We agree in the following that if 7 is empty, then simply the term Az (¢) should be
deleted from the expressions below; recall that Az (¢) is defined in Eq. 3.

We state next three lemmas utilised in the case T < oo. Their proofs are displayed
Appendix.

Lemmad4.2 LetZ, 7 C {l,...,d} be two index sets such that T # J and |I| =
|J| = k>1. If agu g has at least two positive components, then for any s,t € [0, 1]
there exists some v = v(s,t) > 0 such that as u — o0

P{Az) N Az} =0 (™) 3 Pla()), (18)
Ixc{l,..., d}
|Z*|=k
and
P{A7\ g (), Ag\z(s), Azn g (min(z, 5))} =o(e‘”“2) > P{Az-(D)}. (19)
Z*c{1,...,d}
|T* =k

Lemma 4.3 Ler S > 0, k < d be a positive integer and let a € R? be given. If
Z,J C{1,...,d} are two different index sets with k > 1 elements such that az, 7
has at least one positive component, then there exist s1, s € [S, 1] and some positive
constant T such that as u — 00

P{3s,r €[S, 1]: Az(s) NAz (1)} =0 (e™)P{A7\7(s1) N Ag\7(52) N Az 7 (min(si, 52))} .
(20)

Case T < oo According to Theorem 1.1 and Lemma 4.1 it is enough to show the
proof for S € (0, T). In view of the self-similarity of Brownian motion we assume
for simplicity 7 = 1. Recall that in our notation ¥ = I'I" T is the covariance matrix
of W (1) which is non-singular and we denote its pdf by ¢. In view of Egs. 19 and 20
forall § € (0, 1) there exists some v > 0 such that as u — o0

> ]P’{Els,te[S,l]:AI(s)ﬂAj(t)}=0(e—vu2> > Plaz(}.

Z.Jc{l,....d} Ic(l,....d)
\Z|=1T |=k.T£T IZI=k
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Pandemic-type failures in multivariate... 1

Note that we may utilise Egs. 19 and 20 for sets Z and 7 of length &, because of
the assumption that @ has no more than k£ — 1 non-positive components. Hence any
vector a7 has at least one positive component.

Further, by Theorem 1.1 and the inclusion-exclusion formula we have that for
some K > 0 and all u# sufficiently large

Yi(S, Lu) <K Y P{AZ(D}.

Hence the claim follows from Eqgs. 4 and 5.

Case T = oo Using the self-similarity of Brownian motion we have

P{3r>0:Az(1)} =P{3r > 0: Wzut) > (@+ct)zu} = P{3t > 0: Wz(1) > (a + ct)z/u}
=P{3r>0:450},

where
AL(t) ={W1() = (a + ct)z/u}. 21

For t > 0 define

R N -1 1
= -x'Xz Y77 = 1 Yor=(XZ . 22
rz(r) eoin oX Xrr¥, XIT Var(Wz(1)), 77 = (Zz77) (22)
Since lim; o rz(t) = oo we set below rz(0) = oo.
In view of Lemma 4.1 we have as u — o0

—~ rr(tu
P{A%0)} ~ Clu= gz ,(az + ez0)/u) = Cou™e= "2,

where aI/_—I:?II is the solution of quadratic programming problem I1;s . (a7 +czt)
and ¢z ,(x) is the pdf of Wz(¢), o is some integer and Cy, C, are positive con-
stant that do not depend on u. For notational simplicity we shall omit below the
subscript Z.

The rest of the proof is established by utilising the following lemmas, whose
proofs are displayed in Appendix.

Lemma 4.4 Letk < d be a positive integer and let a, ¢ € RY. Consider two different
sets L, J C {1,...,d} of cardinality k. If both az + ¢zt and a7 + ¢ 7t have at

least one positive component for all t > 0 and both ¢z and ¢ 7 also have at least one
positive component, then in case 1 := arg mi(r)l rr(t) #1i7 = arg mi(r)l rg (1),
> 1>

P{3s,1>0: AZ(ONAY ()} = o(P{AT (D)} + P{A% (@}, u— oo
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12 K. De,bicki et al.

Lemma 4.5 Under the settings of Lemma 4.4, if a + ct has no more than k — 1
non-positive component for all t > 0 and ¢ has no more than k — 1 non-positive
components, then in case f7 = arg mi(l)l rr(t) =1t 7 = arg mi(r)l rg(t)

> >

P{3s.1>0: AZONAG ()} =0 Y PlAgGo}|. u— oo

Kc{l...d}
1K=k

Combining the above two lemmas we have that for any two index sets Z, 7 C
{1,...,d} of cardinality k, there is some index set C C {1,...,d} such that as
u — oo

P{3s,1>0: AZ()NAS (1)} =0 (P{3r > 0: AR (1}),
which is equivalent with
P{3s,1>0: Az(s)NAZ (D)} =0 (P{3t > 0: Ac()}).
The proof follows now by Eqgs. 4 and 5.

4.3 Proof of Theorem 2.3

Below we set
Su,N):=1—Au"?

and denote by a the unique solution of the quadratic programming problem Iy (a).

We denote below by I the index set that determines the unique solution of
15 (a), where @ € R? has at least one positive component (see Lemma 2.2). If
J ={1,...,d} \ I is non-empty, then we set below U = {j € J : a; = a;}. The
number of elements |/| of I is denoted by m, which is a positive integer.

The next lemma is proved in Appendix.

Lemma 4.6 Forany A > 0, a € R? \ (—o0, 01%, ¢ € R? and all sufficiently large u
there exist C > 0 such that
< A/C P{W() > au + c}

m(u, A) =P {Elte[O,E(u,A)] cW(@) —te > ua} < PW{) > max(e. 0)]

(23)
and further
M@, A) =P {EI,G[(;(,LA)’[] W) —te > ua} ~ C(e)K([0, Au""pua + c),
(24)

where C(¢) = P{Wy (1) > cy|W;(1) > ¢;} and for , = £~ la

.
E([A1, A2]) =/ P{3reiarnng: Wit) —ta; > xl}el’xldxl € (0, 00)

Rm

for all constants A1 < No. We set C(c) equal 1 if U defined in Remark 2.4 is empty.
Further we have

A1im E([O,A]):/ ]P’{EI;EO:WI(I)—ta]>x1}e)‘lTx’dxle(O,oo). (25)

Rm
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Pandemic-type failures in multivariate... 13

First note that for all A, u positive
M@u,A) <P {3ze[0,1] cW(@) —te > ua} <M(u, A) +m(u, A).
In view of Lemmas 4.6 and 4.1

. m(u, A)
Iim lm ———— =
A— 00 U—>00 M(u, A)

k]

hence

. . P{3ic011: W) —te > ua}
lim lim

=1
A—>00 u—>00 Mu, A)

and thus the proof follows applying Eq. 24.
4.4 Proof of Eq. 14

The proof is similar to that of Debicki et al. (2017)[Thm 2.5] and therefore we
highlight only the main steps. If T > § > 0 by the definition of 7(u#) and the
self-similarity of Brownian motion
% =inf{t > 0: W(Tt) —tTe > au} = inf{t > 0: W(t) — tv/Tc > au/NT}.
Thus, without loss of generality in the rest of the proof we suppose that 7 = 1 >
S>0.
We note that
P{u*(1 — () = x, t() €[S, 11}
P{zr(u) €[S, 11}
Plu*(l—t@) = x,t(w) <1}  P{u*(1—7t@) > x,t(u) < S}
- P{r(u) €[S, 1]} P{t(u) €[S, 1]}
= Pi(u) — Py(u).

P{zﬂ(l — ) > x|t @) €[S, 1]} -

Next, for X(u) =1 — ;—2

Plrw) <iw)} _ P{3ici0,5) : W) — et > ua}
P{r(u) €[S, 11} P{3rc0.17: W) — ¢t > ua}
. _ = u
P {ate[o,l] W) — (e/x(u)t > ma}
= , U — OQ.
P{3rc0.11: W) — ¢t > ua}
Hence by Theorem 2.3, the fact that

1 1 2-Ts—1~ ~ -
w( iy &+(c¢i(u)>> — g(uii + ey (7 )T S w-neT e
VEw)

Pi(u) =

and

1 i i - -
lim e ? —e Y 2 4 lim e—%(x(u)—l)cTE e -1
u— 00 u— 00
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14 K. De,bicki et al.

we obtain
il x—1a

lim Py(u) =e "7 . (26)
u—>00

Moreover, following the same reasoning as above
Pt <S)  Plrw <S$)
S Pt elS. 1} Plrw) <1}

as u — o0o. Thus, combination of Eqs. 26 with 27 leads to

P (u)

27)

iTx—1

lim P {u2(1 — () > x|t@) €[S, 1]} — 5

a

Appendix

Lemma A.1 [ffora € (RU{—oco})? and T C {1, ...,d} such that at has at least
two positive components and T is non-singular, then for all t > 0

2
P{AZ(t)} = o (e v ) Y P{Any®}. u— oo,
ieT
where v = v(t, L) > 0 does not depend on u.
Remark A.2 Lemma A.1 implies that for any vector a € (R U {—o0})? and for any

d-dimensional Gaussian random vector W, if a has at least two positive components,
there exists some positive constant n and i € {1...d} such thatas u — oo

P{W > au) = o(e ™ )P(Wg > agu), K ={1,...,d}\{i}.

Proof of Lemma A.1 For notational simplicity we shall assume that Z = {1, ..., d}
and set K; = 7 \ {i}. By the assumption for all i € Z the vector a, has at least one
positive component and & = I'T' T is positive definite. In view of Lemma 4.1 for any
fixed t > 0 and some C1, C» two positive constants we have

P{AZ()} ~ Cru®gi(au +¢), PlAk (1)} ~ Coaug (@iu+¢), u— o0,

where ¢, is the pdf of W(r) with covariance matrix X(t) = t¥ and a =
argmingsq x ' S7N(1)x, @; = argminges, x T 27 (1)x, with §; = {(x e RY : V) €
K;:x; > a;}. Since {x € R? : x > a} C S;, then clearly

a'x 'ha>a "' a;

for any i < d. Next, if we have strict inequality for some i < d, i.e., &TE_I(Z‘)ZI >
a; " =~ 1(t)a;, then it follows that

P{AZ()) ~ Cugy(@u +¢) =0 (e ""P{Ak,]}), u— oo

forv = % (&TE_I(Z‘)& — a_iTE_l(t)a_i) > 0, hence the claim follows.

@ Springer



Pandemic-type failures in multivariate... 15

Let us consider now the extreme case that for all i < d we have a' > la =
a; ' £~ 'd;. Define the following set

E={xeR:x"s'x <a'z'®a).

Since (1) is positive definite, E is a full dimensional ellipsoid in R?. By the
definition, E N S; = {a}. Define the following lines in R4

li:{xeRd:VieK,-,xi:ﬁi}

and observe that since /; € S;, then /; N E = {a}, and they are linearly indepen-
dent. Since the boundary of E is smooth, there can not be more than d — 1 linearly
independent tangent lines at the point @, which leads to a contradiction. O

Proof of Lemma 4.2 First note that since Z # 7, then [ZUJ| > k+1. Consequently,
we can find some index set K such that

IKl=k+1, KCcZuJg

and further aj has at least two positive components. Applying Lemma A.1 for any
t € [0,1] and some v > 0

PlAxc®) =0 (™) P {Axy 0]} u— oc.
jex

If s = t, then applying Lemma 4.1

0<P{Az()N A7 (D)) =P{Azu7()} < PlAC()) =0 (e—uuz) S P{azo).

Next, if s < 1, then applying Lemma 4.1 we obtain

A similar asymptotic bound follows for t < 1, whereas if s = ¢ = 1, the first
claim follows directly from the case s = t discussed above. We show next Eq. 19. If
s < t,then s < 1 and applying Lemma 4.1 we obtain

0 < P{An\g (), A7\z(s), Azn g (min(z, 5)) }
P{As6)}=0(cP{az(D})

o(e™) X PlAc().

Kcll,...,d}

IA

IA

A similar asymptotic bound follows for ¢t < s or s = ¢t < 1 by applying Eq. 18
establishing the proof. O
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16 K. De,bicki et al.

Proof of Lemma 4.3 Define for s, t € [S, 1] the Gaussian random vector
Wis. 1) = Wn7() . Wnz(®) ', Wrng(mints, )17,

with covariance matrix D(s, ). We show first that this matrix is positive definite. For
this we assume that s < t. As D(s, t) is some covariance matrix, we know that it
is non-negative definite. Choose some vector v € R?. It is sufficient to show that if
vTD(s, t)v =0,thenv = 0 (here 0 = (O, ..., O)—r S Rd). Note that

vTD(s, Hv = Var(W(s, 1), v)) = Var((W(s), v) HW nz(O)—W nz(s), v\7).

Using that W (¢) has independent increments, this variance is equal to the sum of the
variances. Hence, both of them should be equal to zero. In particular it means that
Var((W(s), v)) = 0. Hence, as s > S > 0, we have that v = 0. Thus, D(s, t) is
positive definite and D1 (s, 1) exists.

Set further

0= (agg alnpazg) s €, 1) = (g, g te g minGs, Degn )
With this notation we have
IP’{Els,t e[S, 1]1: Az(s)N Aj(t)} <P{3s,t €[S, 1]: W(s,t) —c(s, t) > au}.

Let a(s, t) = argming>q x D71, 1)x be the unique solution of Il ps ;) (a) and
let further ro(s, 1) = D~ 1(s, 1)@(s, ¢) be the solution of the dual problem. We denote
by I(s, t) the index set related to the quadratic programming problem ITps ) (a).
Then to(s, t) has non-negative components and according to Lemma 2.2 since both
s,t > S > 0 we have

a'w(s,t)=a' (s,Hw(s, 1) =a (s,0)D” (s, 1)a(s, 1) > 0.

Consequently, we have

P{3s,r €[S, 1]: Ws, 1) — ¢(s, 1) > au} < P {Eis,t €IS, 11: 107 (s, 1) V(s 1) — (s, 1)) = uto ' (s, 1)as, z)}

w ' (s, 1) (W(s, 1) — ¢(s, 1) - }
YO =

= IP’{EIs,te[S, 17:

IA

(s, HW(s, 1)
IP’{EIS,IE[S,]].W qurC}

wTGDAGD" Moreover, for some 51, 5o €

for any positive u, where € = ming ;¢[s, 1]
[S, 1]

2 w5, HW 0\ I 1
o = sup E e = sup —F i — = =7 i —
s,relS.1] o' (s,)a(s,t) seefs,1] @ (s, )D7 (s, 0als, 1) al(s1,52) D7 (sq, s2)a(sy, 52)

since [S, 112 is compact. Moreover, one can check that for some positive constant G
and s1, 52,11, 1 €[S, 1]

E (me, WWG1,1) W (52, 2)W(s2, 12)
o T (s, t)acs, 1) T (52, 2)a(s, 1)

2
) ] < Glls1 — s2| + |t1 — 2] (28)
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Pandemic-type failures in multivariate... 17

Thus, utilizing Piterbarg inequality, see e.g., Piterbarg (1996)[Thm 8.1], we have
that there exist positive constants C, y such that
P{3s,1 €[S, 1]: Ws, 1) — c(s, 1) > au} < Cu? e~ @t®?/20°
for all u positive. Further, by Lemma 4.1 for some constants «, C*, CTasu— oo
P{A7\ 7(s1), A\z(52), Azn 7 (min(sy, 52))}
=P {W(s1, 52) — c(s1, 52) > au}
~ CF = 3 (@152)utc(s1.52) T D™ (s1.52) (@(s1.52)ute(s1.52))

2
— Ot 207 o155 T DT (s1.52) (c(s1.52))

Hence the claim follows for t = |€/o?| + sup; ,e(s.17 198G, D (s, t)e(s, )] +
1. L]

Lemma A.3 The function rz(t),t > 0 defined in Eq. 22 is convex and if ¢z has at
least one positive component, then there exists T > 0 such that for some positive s
andanyt > 0

r(T +1t) > rz(T) + st. (29)

Moreover, if at + c1t for any t > 0 have at least one positive component, then
rz(t),t > 0 has a unique point of minimum.

The proof of Lemma A.3 is purely analytical, thus we skip the details, referring
for precise argumentation to the extended version of this contribution (Dgbicki et al.
2021).

Lemma A.4 Suppose that = = I'T'" is positive definite. For any non-empty subset
Tc{l,...,d}ifczand az+c1t forallt > 0 have at least one positive component,
then for any point 0 < t # f = argmin,~( rz(t) there exists some positive constant
v such that

IP’{WI(t) > (ag +cIt)ﬁ} =0 (e_””)]ID{WI(f) > (a1+czﬂﬁ}, u — 0o.

Proof of Lemma A.4 For notational simplicity we omit below the subscript Z. Since
for any ¢ > 0 we have Var(W(¢)) = t X, then by Lemma 4.1

P{W(t) > (a+e)u} ~ Cu— 02~ 5POTZH0)

where C is some positive constant, «(¢) is an integer and p(z) is the unique solution
of I1;x (a + ct), which can be reformulated also as

P{W(t) > (a+e)u) ~ Cu=®D2e=2r 0y - oo,
Ift #17,thenr(t) —r(f) =t > 0and

PIWW > @+ eV} o wiawnp,—% _ (5
B{WG) > (@t ehva] " ¥ =o(e)

as u — oQ. O]
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18 K. De,bicki et al.

Lemma A.5 Let a, ¢ € R? be such that a + ct has at least one positive component
for all t in a compact set T C (0,00). If & = I'T'T is positive definite, then there
exist constants C > 0, y > 0 and t € T such that for all u > 0

Pl{3re T: W) > (a+cn)u) < Cu’e 27O,

If we also have that for some non-overlapping index sets L, J C {1,...,d} and
some compact subset T C [0, 00)? both ((at + ¢7t1) T, (ag + c‘ytz)—'—)—r have at
least one positive component for all (t1, ty) € T, then for some t = (1, t) € T as
u— 00

P{Elt eT: Wr(t) > (az + c7t)u, W 7(12) > (aj+cjt2)ﬁ}
= o(eV"P{W1(t1) > (az + crt)Vu, Wr(t) > (ag + c7t)/u)).

Moreover, the same estimate holds if L and [J are overlapping and for all (11, t,) €
T we have t| # t;.

Proof of Lemma A.5 Denote by D(t) the covariance matrix of W(¢), which by
assumption on I' is positive definite. Let a(f) = arg me thD_l(t)x be the
x>a+c

solution of I1p(a + ct), t > 0 and let further
w(r) = D~ (Da)

be the solution of the dual optimization problem. In view of Eq. 10 1o, (¢) has positive
components for / the unique index set related to I1p ) (a+ct) and moreover by Eq. 9

f@O) = a+c)=a (D' ®)aw) >0
implying

: ' OW@)
P{Elt eT: W(t) > (a+c[)\/ﬁ} < ]I’D{al eT: m > \/ﬁ}

‘We have further that

5 wl OW(E) \° 1 1
o =supE — = sup — = = = = >0
reT w' (t)(a+ ct) e @' @D @)a@) a'(®OD ' (M)a®)
for some t € T, since T is compact. Since f(¢) > 0,7 € T is continuous, we may
apply Piterbarg inequality (as in the proof of Eq. 20) and obtain

IP){Hl‘ € T: W(t) = (a +C[)\/ﬁ} < Cuyg_u/202

for some positive constants y and C, which depend only on W(¢) and d. Since, by
the definition we have r(t) = 1/02, the proof of the first inequality is complete.

The next assertion may be obtained with the same arguments but for vector-valued
random process

W(s, 1) = (Wz(s), WL)T.
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By the definition of T, for any (s,#) € T we have |Var(W(s, t))| > 0, thus
we can apply Piterbarg inequality and in consequence, using Lemma 4.1, the claim
follows. O

Lemma A.6 Suppose that ¥ = T'T'" is positive definite. For any subset T C

{1,...,d} ifer € RZ! has at least one positive component and at + c1t € R
has at least one positive component for all non-negative t, then for some positive

constants v, t = arg mi(r)l rz(t) and all T large
1>

]P’{Elt >T: Wz@) > (a7 + cIt)ﬁ} = a(e_““)P{WI(f) > (at +c1f)ﬁ}, u — 00.

Proof of Lemma A.6 For notational simplicity we omit below the subscript Z. For
some given T > f we have using Lemmas A.5, A.3

P{3r>T: W) > (a+e)vu} < ZP{EIIE[T+i,T+i+1]: W) > (a+ ct)/u}
i=0

r(t;)

et .
ZCuy67 2 U
i=0

-0, - —isu
Cu’e 2" E e
i=0

oo
Cuyef%n" <1 —i—/ eﬂ’”dx) ,
0

where s > Oand #; € [T +1i, T +i + 1]. The last integral is finite and decreasing for
sufficiently large u. Hence the claim follows with the same arguments as in the proof
of Lemma A 4. O

IA

IA

IA

Proof of Lemma 4.4 Using Lemma A.6 we know that there exist points r7, 7 such
that

P{3r > Tr: AL ()} =o@®{AL(D)). Pl =Ty: A0} =0®{A% (D)., u— oo

Next, for some positive & < |f7 — f.7|/3 we have

P{3s.1>0: AL(ONA% ()} < P{AGs, 1) eliz —e. iz + el x [ig —e,i7 + €] AL() N A ()]
+ P{3r [0,/ —¢e]: AL} +P{3r € [iz +&, Tzl : AL(D)}
+ P{3rel0,iy —el: A0} +P{Ar eliy +e Ty]: A0}
+ P{3t>Tr: AL} +P{3t =Ty : A0},

Using Lemmas A.5, A.6 and
P{A}(t)} ~ Cu—ae—r(t)u/27 P{A}(t)} _ O(Me—r(t)u/2)’ U — 00
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20 K. De,bicki et al.

we obtain
P{3s,1>0: AZ(ONA%(s)} = o(efP{AI(sl)mA (s2)h
+ ouPP {A%(13)}) + o™ P {A% (1) D)
+ o(uBSP{ A% (15)]) + o™ P { A% (16)})
+ oP {AL(ED}) + o {A% (G}

for some positive constants #;, 3 < i < 6, where

rel0,iz—el, 14 €lizte Tzl, 15€[0,i7—¢l, t6€liz+e Tyl s1€liz—e iz+el s2€lig—e ig+el

Note that fori = 3,4,¢t; # 7. Hence by Lemma A.4
u"P{A%()} = o (A% }.
The same works also for j = 5,6
uIP (A7)} = o®{AZ (D))

Thus we can focus only on the first probability. By the definition of A% and Ai‘7
in Eq. 21

P{AZ(s1) N A (s2)} =P {W(s1,52) > b/u},

where b = ((az +ezs1) T, (ag + cgs2)7) and W(s, 1) = (W), Wz )T
Definei =ZU J \ {i}. Applying Remark A.2, there exists an index i and a constant
n > 0 such that

P {A;(sl) N Af}(sz)} =0 (e_””) P {(W(sl, $2)) > b'[\/ﬂ} .
Ifi € Z, then
P{OWV(s1.52))7 > bivu} <P{W7(s2) > (a7 + cgsu},
or
P{OWV(s1,52))7 > bivu} < P{Wz(s1) > (az + czsi)u}.

In both cases

VP A% (s1) N A% (s2)) = 0 (P{Wz(s1) > (az +czsnu} + P{W 7(s1) > (ag + cgs)u})

O(P{Wz(fl) > (a1+czf1)u} +]P{Wg(fz) > (ag +Cyfg)u})

establishing the proof. O

Proof of Lemma 4.5 Using Lemma A.6 we have
P{3s,1>0: AZ(NAL ()} < P{3(s,1) € T1 : AL(HNAL ()} +P{3(s, 1) € T2 : AZ(OHNAL (1))
+ oP{A% (D] + o {AL ()],
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where
Ty = {(s,1) € [0, Tz] x [0, T7] : |s — iz| > |t — iz},
T, = {(s,1) € [0, 7] x [0, T7]) : |s — iz| < |t — iz]}

and 77 and 77 are the constants from Eq. 29. According to Lemma A.5 for some
(si,1;) € T;

P{36s.0) € Ty : A%(5) N A% 0] = oV )P [A5(s) N 4% 700}
If s1 # f1, then according to Lemma A.4
G {Ag(sl) n A*j\I(tl)} < V" P{A%(s)) = o(PALGD ).
Otherwise, using the definition of Ty, |t; —f7| < |s1 —f7| = 0, so #; = #7 and thus
P{Afe0) N A% (0] =P (A0}
This probability can be bounded using Remark A.2, namely we have
P {Aéfuj(fl)} = O(g_w>P [A§UJ\{i}(tAI)}

forsomei e ZUJ andn > 0. As |Z| = |J| =k,andZ # J,then |[ZU J| > k+ 1
and thus |Z U J \ {i}| > k. Consequently, we have

VP {A5, (D} = o(P{at, @D =o| Y Plagio)
K%{l...d}
K=K

With similar arguments we obtain further

P{3Gs.1) € Ty AZ(NA% (D)} =0 Z P A% (i)}
Kc{l...d}
|KCl=k

Hence the claim follows. O

Recall that a stands for the unique solution of the quadratic programming problem
[y (a).

Proof of Lemma 4.6 By the self-similarity of Brownian motion for all # > 0

m(u, A) =P {Frco.50,0 : W) — te > ua) =P {3,6[0,1] SW() — 82, Ayre > 5 (u, A)ua}.

Hence, applying Theorem 1.1 we obtain
P{W() > 6~ V%(u, Aua + 8% (u, A)c}
P{W(1) > max(c, 0)} ’

which after some standard algebraic manipulations, straightforwardly implies
inequality (23).

m(u, A) <
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Equation 24 and limit (25) follow by the same idea as the proof of “Pickands’
lemma” in e.g. Debicki et al. (2018); see Lemmas 4.2 and 4.3 therein. We skip long
but standard proof, referring for details to the extended version of this contribution
(Debicki et al. 2021). O]
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