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Abstract: Let {X;(¢),t > 0},1 < i < n be mutually independent centered Gaussian processes with almost surely

continuous sample paths. We derive the exact asymptotics of
P (3ieo,1)Vizt,...n Xi(t) > u)

as u — oo, for both locally stationary X;’s and X;’s with a non-constant generalized variance function. Additionally,
we analyze properties of multidimensional counterparts of the Pickands and Piterbarg constants, that appear in the
derived asymptotics. Important by-products of this contribution are the vector-process extensions of the Piterbarg
inequality, the Borell-TIS inequality, the Slepian lemma and the Pickands-Piterbarg lemma which are the main pillars
of the extremal theory of vector-valued Gaussian processes.
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1. INTRODUCTION

Consider a vector-valued Gaussian process {X(¢),¢ > 0}, where X(t) = (X1(¢), ..., Xn(t)) with {X;(¢),t > 0},1 <i <
n, n € N, being independent centered Gaussian processes with almost surely (a.s.) continuous sample paths. In this

paper we focus on the asymptotic behaviour of the probability that X enters the upper orthant {(z1,...,2,) : 2; >

u,i € {1,...,n}} over a fixed time interval [0, T, i.e.,
(1) P (Jiefo,1)Viz1,.. n Xi(t) > u)
as u — 00.

One of important motivations to analyze (1) is its connection with the conjunction problem for Gaussian processes.

The set of conjunctions Cr,, on the fixed time interval [0, 7] with respect to some threshold u is defined as

Cr.:={tel0,1]: [nin. Xi(t) > u}

see e.g., the seminal contribution [32]. One of the key properties of Cr,,, that recently focused substantial attention,

is the probability that Cr,, is non-empty

(2) pru =P (Cr,#¢) =P < sup min X;(t) > u) .

tefo,T] 1Si<n

Clearly, pr.,, is equivalent to (1), implying that one can view at (1) as at the probability of extremal behaviour of
the process {min;<;<, X;(t),t > 0}. Typically, in applications such as the analysis of functional magnetic resonance
imaging (fMRI) data, X;’s are assumed to be real-valued Gaussian random fields. We refer to, e.g., [2, 7, 32|, for
approximations of pr, in the case of smooth Gaussian random fields. Results for non-Gaussian random fields and
general stationary processes can be found in [3, 12].

In the special case when n = 1, then (1) reduces to the the tail asymptotics of supremum of a centered Gaussian
process. One of the techniques that was found to be particularly successful in finding exact asymptotic behaviour of
supremas of Gaussian processes is the double-sum method. This method was originally introduced for the stationary

case in seminal papers of J. Pickands III [27, 28]. Later, it was extended to non-stationary Gaussian processes (and
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fields) including locally stationary Gaussian process and Gaussian process with a non-constant variance function. For
a complete survey on related results we refer to [29, 30].

The main goal of this contribution is to derive exact asymptotics of (1) for large classes of non-stationary Gaussian
processes X;’s, providing multidimensional counterparts of the seminal Pickands’ and Piterbarg-Prishyaznyuk’s results,
respectively; see e.g., Theorem D2 and Theorem D3 in [29]. The proofs of our main results are based on an extension
of the double-sum technique applied to the analysis of (1). Remarkably, the relation between (1) and (2) also implies
the applicability of the double-sum method to non-Gaussian processes, as, e.g., the process {minj<;<, X;(t),t > 0}.
Interestingly, in the obtained asymptotics, there appear multidimensional counterparts of the classical Pickands and
Piterbarg constants (see Sections 2 and 3). We analyze properties of these new constants in Section 3.

In the literature there are few results on extremes of non-smooth vector-valued Gaussian processes; see [4, 15, 22, 34]
and the references therein. In Section 5 we shall present some extensions (tailored for our use) of the Slepian lemma,
the Borell-TIS inequality and the Piterbarg inequality for vector-valued Gaussian random fields. These results are of
independent interest given their crucial role in the theory of Gaussian processes and random fields; see e.g., [1, 8, 26, 29]
and the references therein.

The organization of the paper: Basic notation and some preliminary results are presented in Section 2. In Section 3
we analyze properties of vector-valued Pickands and Piterbarg constants. The main results of the paper, concerning
the asymptotics of (1) for both locally stationary X;’s and X;’s with a non-constant generalized variance function, are

displayed in Section 4. All the proofs are relegated to Section 5.

2. NOTATION AND PRELIMINARIES

We shall use some standard notation which is common when dealing with vectors. All the operations on vectors

are meant componentwise, for instance, for any given @ = (z1,...,2,) € R" and y = (y1,...,yn) € R", we write

x > y if and ounly if z; > y; for all 1 < ¢ < n, write 1/ = (1/z1,...,1/z,) if 2; # 0,1 < i < n, and write

xy = (x1Y1,...,TnYn). Further we set 0:= (0,...,0) e R™ and 1 := (1,...,1) € R™.

We use the notation f(u) = h(u)(1+ o(1)) if limy, 0o % =1 and write f(u) = o(h(u)) if lim, 00 % =0. By ¥(+)

we denote the survival function of an N(0,1) random variable, and I'(-) denotes the Euler Gamma function.

We shall refer to { X (¢),t > 0} as a centered n-dimensional vector-valued Gaussian process, where X (t) = (X1 (), ..., X, (1))
with X;’s being independent centered Gaussian processes with a.s. continuous sample paths. Since n hereafter is al-
ways fixed we shall occasionally omit ”n-dimensional” , mentioning simply that X is a centered vector-valued Gaussian

process. Define next

0%{() = (0'%(1(')) .- -,0%("(')), RX(" ) = (RX1('5 .)7"'7RX71(.’.))7

with 0% (t) = Var(X;(t)) and Rx,(s,t) = Cov(X;(s), X;(1)).

Let in the following {B; .(t),t € R},1 < i < n be n mutually independent standard fractional Brownian motions
(fBm’s) defined on R with common Hurst index /2 € (0, 1], and set By (t) = (B1,x(t), ..., Bnx(t)).

A key step in the investigation of the tail asymptotics of supremum of Gaussian processes is the derivation of the tail
asymptotic behaviour of the supremum taken over ”short intervals”. For the stationary case this is achieved by the
so-called Pickands lemma. The non-stationary case is covered by the so-called Piterbarg lemma (see [10, 11, 23] for
similar terminology and related results). Before deriving an extension of these classical results for the vector-valued
Gaussian processes, we need to introduce some further notation.

Let {Y(¢),t € R} be a centered Gaussian process with a.s. continuous sample paths such that Y(0) = 0 a.s., and
let d: R — R be a continuous function such that d(0) = 0. Further, denote 5,52 to be two non-negative constants
satisfying max (S, S2) > 0.

Let {X,(t),t € [-S1,52]},u > 0 be a family of centered Gaussian processes with a.s. continuous sample paths that

satisfies

P1: 0% (0) =1 for all u large and lim, o u*(1 — ox, (t)) = d(t) uniformly with respect to t € [-S, Sa];



EXTREMES OF VECTOR-VALUED GAUSSIAN PROCESSES: EXACT ASYMPTOTICS 3

P2: lim, o u?Var(X,(t) — X.(s)) = 2Var(Y (t) — Y (s)) for all t,s € [-S1, Sa);
P3: there exist G,up > 0 and v € (0,2] such that u*Var(X,(t) — X.(s)) < G|t — 5|7 holds for all u > uy and
s, t e [—51752].

We write X,, € P(Y,d) if {X,}u>0 satisfies P1-P3.
Introduce next some further notation which is related to vector version of the Pickands and Piterbarg constants.
Consider {Y (t),t € R}, with Y (¢) = (Y1(¢),...,Yn(t)), where {Y;(¢),t € R} are mutually independent Gaussian
processes with a.s. continuous sample paths such that ¥;(0) = 0 a.s., and let d(t) = (d1(t),...,dn(t)) with d;(-) being
continuous functions such that d;(0) = 0. We define

HY,d[_Sla SQ] = 62?:1 wiP(Hte[,Shsﬂ \/ﬁY(t) — O’%/(t) — d(t) > ’LU) dw
R’n

= / eXiz1 Wi sup  min (\/éYZ(t) — 0% (t) — di(t) — wi) >0 |dw € (0,00).
n te[—S,8,) 1sisn ’

In the special case of Y (t) = B, (t) being an n-dimensional vector-valued fBm process with independent coordinates

we set
;"[B,i (52) = ’HBMQ[O, Sg].

The above defined constants play significant role in the following multidimensional extension of the Pickands-Piterbarg

lemma (compare with, e.g., [10, 14, 29]).

Proposition 2.1. Let {X,(t),t € [-51,52]},u > 0 be a family of centered vector-valued Gaussian process with
independent coordinates X; , € P(Y;,d;) for some Y;,d;,1 < i <n. If f(-) is an n-dimensional vector function such

that limy, o f(u)/u = ¢ > 0, then as u — oo

P(ﬂte[fsl,SQ] Xou(t) > f(u)) = Hey c2al—S1, S2] [ [ ©(fi(w) (1 + o(1)).

=1
The proof of Proposition 2.1 is given in Section 5.1.

Let X be a centered vector-valued Gaussian processes with independent coordinates X;’s which are stationary

Gaussian processes with unit variance and correlation functions r;(-),1 < i < n satisfying
(3) ri(t) =1—a; [t|™ +o(|t|™) t— 0, and r4(t) <1, Vt #0,

where x; € (0,2], a; > 0,1 < i < n. Let k = minj<;<y, ki, and denote @ = (a1l =y}, - Anl{n,—x}) With 1gy
denoting the indicator function. Hereafter we write X € S(a,«) if (3) is satisfied by the vector-valued Gaussian
process X.

As a straightforward implication of Proposition 2.1 we obtain the following corollary.

Corollary 2.2. Consider a centered vector-valued stationary Gaussian process X € S(a,k). For any 8; > k and

b(t) such that bi(t) = b;|t|" 1rs<oy + bilt|P 1m0y 1 < i < n, define Z;(t) = %,t eR,1<i<mn If f(:) is an

n-dimensional vector function such that lim, .~ f(u)/u = ¢ > 0, then for any non-negative constants S1, Se satisfying
maX(S’l, 52) >0

(4) P(Trieisiu-2/r spu-2r) Z(8) > F(W)) = Hoyap, c2al—S1, 52 [] W (£i(w) (1 + (1))

i=1

holds as u — oo, where d(t) = (di(t), ..., d,(t)) with d;(t) = b;(t)1{5,=x}-
Next we introduce multidimensional counterparts of the Pickands constant, defined as

(5) Hep, = lim Sil'HCBK,(S)

S—o0
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for k € (0,2] and C > 0, C # 0. Note that if n =1 and C; # 0, then Hep, = Cf/RHj:, where

H: = lim T'E <exp ( sup (V2B . (t) — t"‘)))

T—oo t€[0,T]

is the classical Pickands constant; see e.g., [29] and the recent contributions [19, 20, 33]. The existence and finiteness of
Hep, follow by Fekete’s Lemma, since by Lemma 3.1 displayed in Section 3, Hep,, (S) is sub-additive. Furthermore,
Proposition 3.2 below shows that Hcpg, > 0 .

Finally we introduce multidimensional counterparts of Piterbarg constants. For x € (0,2] let d = (d,...,d,),
d=(dy,...,dy)besuchthat Y1 | d; >0and > ;" d; >0, and let d(t) = (di(t),...,dn(t)) with d;(t) = d;[t|"1;<0y +
Ei|t|"”"1{t>0}. We define, for C > 0, C # 0,

d — h _
Hep, = Jim Hep,al-5,0]
Hép, = lim Heg,,al0, 9]

S—o0

d,d .

=i = 1 — .
Hee, Jim Hep, a5, 5]

In Theorem 4.3 we shall prove that the above generalized Piterbarg constants exist and are both positive and finite.

3. ESTIMATES OF THE GENERALIZED PICKANDS AND PITERBARG CONSTANTS

In this section we provide some estimates of the above defined multidimensional counterparts of Pickands and Piterbarg

constants. We begin with the subadditivity property of He g, (5).
Lemma 3.1. Let k € (0,2] and C >0, C #0. Then for all S € N
(6) Hep, (S) < S Hep, (1) € (0,00).

The proof of Lemma 3.1 is given in Section 5.2.
Clearly, from the subadditivity of Hcp, (-) we obtain that Hep, exists and is finite. In the next proposition we

confirm that Hep, is strictly positive by establishing a positive lower bound.
Proposition 3.2. If x € (0,2] and C >0, C # 0, then

1/k
(Z’L 102)
2 THURD (k1)

Hes

Proposition 3.3. For each n € N we have

n—1 n—1
n 2 n 1
< — 1 2 J— < -
Hp, < n(n_l ( + m)) and Hp, < n(n_1> N

where n/(n — 1) is set to be 1 for n = 1.

We conclude this section with lower bounds for the generalized Piterbarg constants "ng B. ’H%’%H.

Proposition 3.4. For any € (0,2], C > 0,C # 0 and d,d satisfying >y, d; > 0,51 d; > 0 we have
— n _ —1/k
'H%BN > (e/@Zmax(O,di)) Hes,
i=1

and

n —1/k
WD, > 2o (3 (st0d) +o07) ) e,
i=1

‘We note that the lower bounds above are new even for the case n = 1.
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4. MAIN RESULTS

In this section we derive the asymptotics of (1) for X with locally stationary coordinates (see e.g., [5, 6, 24, 29] for
locally stationary Gaussian processes) in Theorem 4.1 and for a large class of X with a non-constant generalized
variance function in Theorem 4.3. These results provide multidimensional counterparts of Pickands theorem and

Piterbarg-Prishyaznyuk theorem.

4.1. Locally stationary coordinates. Let {X(¢),¢ € [0,7]} be a centered vector-valued Gaussian process with
independent coordinates X;’s which are locally stationary Gaussian processes with a.s. continuous sample paths, unit

variance and correlation functions r;(-,-),1 < i < n satisfying

(7) ri(t,t +h) =1—a;(t) |h]" +o(|h

"), h—0

uniformly with respect to ¢t € [0,7T], where ; € (0,2], and a;(t),1 < i < n are positive continuous functions on [0, 7],

and further
(8) ri(s,t) <1, Vs,t € [0,T] and s # t.

Let in the following a(t) = (a1(t)1{x, =k}, - @n(t) 1k, =x}), t € [0,T]. Recall that we set £ = minj<j<,, K.

Note that X € S(a, k) is a particular example of the above defined vector-valued Gaussian processes.

Theorem 4.1. Let X be a centered vector-valued Gaussian process with independent locally stationary coordinates

satisfying (7) and (8). If f(-) is an n-dimensional vector function such that lim,_,o f(u)/u = ¢ > 0, then
T n
9) P (Jiepr X(t) > f(u) = / HcmBmdt ux H\Il(fz(u))(l +o(1)), u— oo.
0 i=1

The special case of Theorem 4.1 for X € S(a, x) has been derived in [9]. A straightforward comparison of Theorem

4.1 with Theorem 1.1 in [9] implies the following proposition.

Proposition 4.2. IfC >0, C # 0 and « € (0,2], then

1
Hem, =lim —P <max Zca, (uk) < O) € (0, 00),
wou  \ k>1

with

Zeop, (1) := min (\@OiBm(t) — C2t5 + EZ) t>0,

1<i<n

where E;’s are mutually independent unit mean exponential random variables being further independent of B; . ’s.

4.2. General non-stationary coordinates. Let {X (t),t € [0,T]} be a centered vector-valued non-stationary Gauss-
ian process with a non-constant generalized variance function. The following set of conditions constitutes a vector-
valued counterpart of Piterbarg-type conditions on X;’s (see e.g., [29] for the original Piterbarg’s conditions imposed
on Gaussian processes or fields with a non-constant variance function):

Assumption I: The following generalized variance function

n

9t) = Z Jg(l,(t)

i=1

attains its minimum over [0, 7] at the unique point ¢ = to € [0, 7.
Assumption II: There exist a; € (0,2], a; > 0, 1 <4 < n such that

V(Xi(t) Xi(s))zl—aihf—s

() 7x,(5) ol — s

holds as t, s — tg.
Assumption III: There exist some > 0, b= (b,...,b,) and b= (by,...,by,) such that
Jx, (t() + t)

1—
0X; (to)

=b; 111" <oy + i [t 1oy + o), 1<i<n
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holds as t — 0.
Note in passing that Assumption III implies that

(10) glto +1) — glto) = 2 (01 <oy + Ol oy [t° + 0(1t%), t— 0,

which combined with Assumption I implies

n

b, b
0 .= = >0, 0:= : > 0.
0= 0%, (to) = 2 0%, (to) ~

i=1 i=1

Assumption I'V: There exist some positive constants G,y and p such that
. _ Y. 2) « Y
llglagan ((XZ(t) Xi(s)) ) <Glt—s|

holds for all s,t € (to — p,to + p) N[0, T].

Theorem 4.3. Let X be a centered vector-valued Gaussian process that satisfies Assumptions I-1V with the parameters
therein. Denote a = mini<i<n o, @ = (a1l{a,=a},- -+ 0nl{a,=a}), and let ¢ = (c1,...,¢,) with ¢; = m,l <1<

n. Suppose that @ > 0 and 6 > 0.
i) If « < B3, then

P < sup min X;(t) > u) =Heyan, O T (1 + 1) ua B H\I/ (ciu) (14 0(1)), u— oo,

te[o,1] 1<isn B i
where
0 7, to=0
=% 05407, tye(0,7)
077, tg =

ii) If « = 3, then

P ( sup min X;(t) > u) = ﬁﬁ\ll (ciu) (1 +0(1)), u— oo,

=1
where
’b
Hejamy 10
= b,c%b
H= Hjﬁ;a, to € (0,7)
c’b
H to="T

i) If a > B, then

n
P sup min X;(t) >u | =] ¥ (cqu)(l+0(1)), u— .
(m i X v )
Remarks: a) For n =1, the above theorem reduces to the classical result for non-stationary Gaussian processes (see
e.g., [29, 17]).

b) Let X be a centered vector-valued Gaussian process with independent coordinates X;’s which are copies of a Gaussian
process X, and let {X,.,(t),t > 0},1 < r < n be the order statistics processes of {X;(t),t > 0},1 < i < n, i.e., we
define

Xl;n(t) = Imax Xl(t) Z ngn(t) 2 N Z Xn;n(t) = min Xi(t), t Z 0.

1<i<n 1<i<n

Under the assumptions of Theorem 4.1 or Theorem 4.3, with similar arguments as in [9] we obtain

n!

P < sup Xp.n(t) > u) =—P ( sup min X;(t) > u) (I14+0(1)), u— oo.

t€(0,7] (n—mr)lr! tefo,T) 1SisT
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5. PROOFS

Before proceeding to the proofs of Theorem 4.1 and Theorem 4.3, we present four lemmas that will play important
roles in further analysis and being also of some independent interest. We begin with a vector version of the Slepian
lemma, then give the vector-valued counterparts of the Borell-TIS inequality and the Piterbarg inequality, respectively.

Below we write 7 for a compact set in R*, k > 1 and denote by |z| the Euclidean norm of x € R* .

Lemma 5.1. (Slepian Lemma) Let {Y (t),t € T} and {Z(t),t € T} be two centered separable vector-valued Gaussian

processes with independent coordinates. If for all s,t € T

0% (t) =o0%(t), Ry(t,s)> Rz(t,s),
then for any uw € R™ we have
(11) P(atg Y (t) > u) < ]P’(Hte'r Z(t) > u).

Proof: The claim for any finite set 7 follows by a direct application of Gordon’s inequality (see [21]). If T is a given
compact set of R*, then the proof can be easily established using standard arguments that make use of the separability

assumption; see e.g., [1]. O

Set in the following 7'72- =infier >, ﬁ
X4

Lemma 5.2. (Borell-TIS inequality) Let {X (t),t € T} be a centered vector-valued Gaussian process with independent
coordinates which have a.s. continuous sample paths. If 71 > 0, then there exists some positive constant p such that

foru>pu
)2
P (Jer X (t) > ul) < exp <(“M)T%> .
Proof: It follows that

(12) P(3ter X(t) >ul) < P (su%zY(t) > u) ,

where (set A(t) = >0 iy j 0’%]_ t),teT)
2 (e 07, (1)
Y(t) = ; (A(t) X;(t), teT.
Since further

n -1
Var (Y (1)) = ( U; (t)>

the claim follows from the Borell-TIS inequality for one-dimensional Gaussian processes (e.g., [1]) with

uw=E (Sup Y(t)) < 0
teT
and thus the proof is complete. O

Lemma 5.3. (Piterbarg inequality) Under the conditions of Lemma 5.2, if further Assumption IV holds, then for all

u large
2
(13) P (ie7 X (t) > ul) < Cmes(T) ur~Lexp (—1;7'72—) )

where C' is some positive constant not depending on u.
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Proof: We use the same notation as in the proof of Lemma 5.2. In the light of (12) and Theorem 8.1 in [29], it suffices
to show that

(14) E(Y(t)-Y(s)?) <Llt—s|", Vs,teT

holds for some positive constant L, which is a direct consequence of Assumption IV. O
The last lemma below concerns the asymptotics of a probability of double events; it is crucial when dealing with the

double sum term in the proof of our main results.

Lemma 5.4. Consider a centered vector-valued stationary Gaussian process X € S(a, k). Suppose that for those X;’s

with k; = Kk there exists some global constant € > 0 such that
1 %t“ > Ry, (£,0) > 1 — 2a;t"

holds for allt € [0,¢]. Assume further that f(-), h(-) are two n-dimensional vector functions such that lim,_,cc f(u)/u =

c1 >0 and limy, o h(u)/u = ¢c3 > 0. Then there exist two positive constants F,G such that for all to > S > 1

P (ate[O,S]u%/ﬂ X(t) > f(u), Hz&e[:so,1f0+s]7f2/~ X(t) > h(“))

fi(u) +hi(u)>

2n K
< FS8%exp (—G(tg — 5) )quf< 5

holds for all u large.

Proof: First note that if k; = &, in view of the proof of Lemma 6.3 in [29] (or Lemma 5 in [25]) we obtain that

P ( sup  X;(t) > fi(u), sup Xi(t) > hi(u)>

te[0,S|u—2/x telto,to+Slu—2/x

< FiS exp (=Gilto — §)") ¥ (W)

holds with some positive constants F;, G;. Further, if k; > k, then there exist some positive constant L and sufficiently
small €1 > 0 such that

ri(t) > e "
is valid for all ¢t € [0,¢&4].
Let {£(t),t > 0} be a stationary Gaussian process with a.s. continuous sample paths and correlation function re(t) =
e~ '+ > 0. By the Slepain lemma (cf. Theorem C.1 in [29] or Lemma 5.1) we have

P ( sup  X;(t) > fi(u), sup X;(t) > hl(u)>

te[0,Su—2/x) telto,to+SJu—2/x

<P ( sup  X;(t) > max(f;(u), hz(u))>

te[0,Su—2/#]

SP’( sup  £(t) >

te[0,Su—2/+x] 2
Consequently, the Pickands lemma (cf. Lemma D.1 in [29] or Corollary 2.2) implies

P ( [ sup  X;(t) > fi(u), sup X;(t) > hz(u)>

0,Su—2/x] teto,to+SJu—2/x

< FS*W (W) < FiS%exp (—Gi(to — S)") ¥ (W)

for all u sufficiently large, with G; = 0 and some F; > 1. Moreover since in view of the independence of X;’s

P (Hte[o,S]u—2/~ X(t) > f(u), Ete[to,to-i-S]u—?/" X(t) > h(u))
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P <ﬂ { sup  Xi(t) > fi(u)} N { sup Xi(t) > hi(“)})
i=1 | t€[0,5]u—2/# i=1 | tE€lto,to+Su—2/»

HIP’ ( [Osup X;(t) > fi(u), sup X;(t) > hz(u)>

€[0,S|u—2/x te(to,to+S|u—2/x

IN

the claim follows by choosing F = [[;_, F; >0, G =>_""_, G; > 0. This completes the proof. O

5.1. Proof of Proposition 2.1. The idea of the proof is based on a multidimensional modification of the proof of

Theorem D.1 in [29]. We shall present only the main steps that lead to the claim. For all u > 0 we have

P (Greor) Xult) > F(u)) = /}R ) H (jz?/) P (3icom Xul) > £(u) | X,u(0) = v) dv

=TT [ i lemtieioy (Breon Xu(0) > 50| X00) = £ - 75 ) o

i

Consider the family x,(t) = (x1,u(t),- -, Xn(t)) indexed by u, where

Xiu(0) = fiu) fj‘(];)) :

Yilt) = (mu) (Xoa(t) — i) +

and observe that

P (atem Xult) > flu) | Xu(0) = flu) - J:(UU)) =P (Buepom) X, (t) > w).

By P1-P2 for any w € R
E (xiu(t)) = —Var(Y;(t)) — d;(t), u— o0

holds uniformly with respect to t € [0,T]. Moreover,
E ((Xiu(t) = Xiwu(s))?) = 2Var(Yi(t) - Yi(s)), u— o0
for all s,t € [0,T]. Hence
Tim P (Bueform) xu(®) > w) =P (Jueor) (V2Y (1) = Var(Y (1) — d(t)) > w)

for each w € R. The remaining part of the proof follows line-by-line the same reasoning as the corresponding proof of
Lemma D.1 in [29], where P3 is used for the tightness of x;.’s; see also Proposition 9.7 in [30] and Lemma 2 in [18].
This completes the proof. O

5.2. Proof of Lemma 3.1. Tt suffices to suppose that in Corolarry 2.2 we have by(t) = --- = b,(t) =0 (so Z;(-) =
X;(+) is stationary) and note that

R

P (3iep0,5u-2/+) X(t) > f(u)) < P (3refh—1,kju-2/x X(t) > f(u))

>
Il

1
= SP (Fiepo,u-2rr X(t) > flu))
is valid for all © > 0. O

5.3. Proof of Proposition 3.2. The idea of the proof is based on a multidimensional modification of a technique
developed in Lemma 16 and Corollary 17 in [16] and in Lemma 7 in [31]. For a fixed @ > 0 and a positive integer N,
using Bonferroni’s inequality, we obtain

Hep, (aN) = - eXi=1 Wi (Ete[O,aN] {\@CBK(t) —C*t" > w}) dw

/n eXi=1 Wi (HISkSN {\/iCBH(ak) — C*(ak)" > w}) dw

Y

Y

S 2 wip (/9 2
;/ne =t ]P( 2CB/(ak) — C*(ak) )>w)dw
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=2

-1

=1 l=k+

=1

Nk n
= Z H /R eViP (\/iCiBm(ak) — C¥(ak)" > wl) dw;

_ Z XN: /R” 82?:1 wilp (\/EC(BH(GIC) + Bn(al)) _ CQ((G/{;)“ n (al)"“) S 2w) "
2 /R" i1 Wi HP (\@C@‘Bi,n(ak) — C2(ak)" > wi) dw

3 /R Tt gp (V2OU(By wlak) + By e(al)) — C2((ak)* + (al)") > 2u,) duw

2

=1 Il=k+12

k
- ﬁ: 4" E(GXP (\@CiBi,n(ak) - Ciz(ak)n)>

Y YT /ew,.P(ﬂ@(&,ﬁ(amwm(am—cv-?((ak)wam >wi> o
=1’/R

2

Since exp (V2C;B; . (ak) — C?(ak)”) is log-normal distributed

E (exp (\/ﬁCiBm(ak) - Cf(ak‘)”))

E (exp (ﬁci(Bi,n(ak‘) + B, (al)) — C2((ak)* + (al)*) >>
2

implying

N—-1
’HCBK(GN) > N —

BShS ﬁE<eXp (ﬁa(&,m(ak) + Bis(al) - C3(ak)" + <a1>'@>>>_

exp (~C3(all — k)" /4)

k=1 l=k+1

Y

where C? = 3" | C?. From the definition of Hep,,, for any a > 0

V(e Em ()

XN: exp <_ 21 C?aa(l _ k))N)

. HCB (CLN) 1 S CQGK
= RN > _ _ K
Hos, MmN = o\t D oxp s

> 2 (1 — /000 exp (— 024@& ;v”) dm)
1 I'(1/k)
T ( K(C2a“/4)1/”>
1 1 D(1/k)
T ( a/@(CQ/Zl)l/R)
The maximum over a > 0 of f(a) = L (1— <) is attained at a* = 2¢ with f(a*) = 4. Consequently, setting
c= % we obtain
N (e
" AT (1/k)

establishing the claim.
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5.4. Proof of Proposition 3.3. In view of Lemma 2.2 and Lemma 2.3 in [13], we have for any T" > 0

(2+T)<1>(\/T72)+ T/mexp (-T/4) < 2+\/Z+T,

HBI (T)

T
N

Hence the case n = 1 is clear. Next, for n > 2, from the subadditivity of Hg, (-) and the independence of B; ,(-) we

Hp,(T) = 1+

have .

o, = ot D) g (¥ () (s (T
Therefore, for kK = 1, Hp, < mingsg (C"f)n with ¢ =2 + %, and the minimum is attained at »* = —%5. For kK = 2,
Hp, < mingso % with ¢ = ﬁ, and the minimum is attained for a* = ﬁ This completes the proof. O

5.5. Proof of Proposition 3.4. It is sufficient to show the proof for HgBN. By definition for any 7" > 0 we have
lim HCB,wd[Oy S] > rHCBmd[Oa T]
S—o0
= / eXi=1 wiP(Hte[o,T] V2C B, (t) — Czaﬁn(t) —dt" > w) dw

> eXi=1 w'iIP’(EJte[O_,T] V2CB,(t) — C?c% (t) > w + maX(O,a)T")dw
]Rn
+ " -
= " Hep, o[0,T), dF =) max(0,d;).
i=1

Since He, 0[0, 7] = Hen, (T') is subadditive, Fekete’s Lemma implies

Slim ,HCBN,d[O,S] > sup (e_dJrTNHCBmO[O,T])
—ro0

T>0
. T
> sup Te=d"T" inf HLM
T>0 T>0 T
" T
= sup(Te_CﬁT) lim LCB"( )
T>0 T—o0 T
- (d+en)71/n Hes,
establishing the proof. O

5.6. Proof of Theorem 4.1. The complete proof consists of two steps. In Step 1 we show the claim for X with
stationary coordinates, and then in Step 2 we show the proof for X with locally stationary coordinates.

Step 1. Stationary coordinates, i.e., X € S(a, k).

First let S > 1 and denote for u > 0

Ay = [k‘Su_%, (k+ 1)SU_%],]€ € Np, N(u) = \;TuQ/KS_lJ + 1.

Here |-] denotes the ceiling function. By Bonferroni’s inequality and the stationarity of X for sufficiently large u we
have
N(u

)
P (Jrepo,r) X (1) > f(u) < P (Jrea, X(t) > f(u))
k=0

N(u)P (Bren, X (1) > f(u)).

Thus, by Corollary 2.2 we obtain

) P (3ieo,r) X (t) > f(u)) Heyan, (S)
(15) WS o I, v () © 5
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Again by Bonferroni’s inequality

N(u)—1
P (HtE[O,T] X(t) > f(“)) > Z P (Jiea, X(t) > f(u)) — X(u)
k=0
holds, where
S(w) = Y. PEwea, X() > f(u),3ea, X(1) > f(u).

0<k<I<N(u)
Similarly to the proof of (15) we obtain
b0 PGiea, X(t) > f(w) _ Heyap, ()

1 li inf k=0
(16) imin Tu2/5 T, Y (fi(u)) - S

Next we shall focus on the double sum term ¥(u). We choose some small positive € such that the assumptions in Lemma
5.4 are satisfied. We divide ¥(u) into three parts, say, ¥ (u) the sum over indexes k, [ such that (I — k — 1)Su?/* > ¢,
Y5 (u) the sum over indexes [ > k4 1 and (I — k — 1)Su*/* < ¢, and X3(u) the sum over indexes | = k + 1.

For the summand of ¥4 (u) similarly as in the proof of Lemma 5.4 we have

P (Grea, X (1) > f(u), Jea, X (8) > f(u) < [[P <Sup Xi(t) > fi(u), sup Xy(t) > fi(u)>

Pa— teEA teA;

< H]P’ sup  Xi(t) + Xi(s) > 2fi(u) | .
i=1 (t,s)EAR XA
Further since r;(t) < 1 for any t # 0, then
di= max r(s—t) <1,
(t,8)EAR XA

which yields
Var(X;(t) + Xi(s)) =21+ ri(s — 1)) <2(146;) < 4
Therefore from the Borell-TIS inequality for all sufficiently large u

n (u) —m;)?
P (e, X(0) > £ Fiea X () > fw) < [Lewp (-0

holds for some positive constants m;,1 < ¢ < n. Consequently,
1 (u)
17 lim su =
( ) u—)oop TU2/K Hi:l \I’(f7(u))

For the summand of ¥5(u), we get from Lemma 5.4 that for all sufficiently large u

=0.

n

P (Frea, X (1) > f(u), Jrea, X (8) > f(u)) < FS* exp (~G((1 = k = 1)8)") [T ¥ (fi(w))

i=1

holds with some positive constants F, G. Thus, for sufficiently large u

Lo(u) < (N(u) + 1)) FS* exp (=G(15)") [T ¥ (fi(w))
i=1

=1

is valid. Note that for any 6, G > 0 and S > (/G /2)~'/? we have

e o 0
Ze—G(kS) < 26-G8°

Consequently, for large enough S

Yo(u) 2n—1_—GS~
(18) lim sup = < 2FS7 e .
U— 00 TUQ/K Hi:l \I](fl (u))

For the summand of ¥3(u), by the stationarity of X (set X, (t) = X (tu=2/%)) we have

P (Grea, X(t) > f(u), Frea, X(t) > f(u))
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=P (EltE[O,S] Xu<t) > f(u)a EltE[S,2S] Xu(t) > .f(u))
=P (Jicps) Xult) > F), Bieissrvs Xul®) > £} U {8150 vmag Xuld) > F0)})
<P (reo.s) Xul®) > £(0), 3yesrvsastve Xuld) > FW) +P (e sive Xul) > FW).

Applying Lemma 5.4 with t, = S++/S and Pickands lemma (see Corollary 2.2) to the last two terms above, respectively,
we obtain that for sufficiently large u, S

P(Rhea, X(1) > £(u), Fea, X(1) > f(u))
< F$™exp (~GVEF) [T w(filw) + FHeyap, (VS) [T w(fiw)
i=1 i=1

(2 FS?™ exp (—G\/ﬁ) H )+ FH. sgp, (1 )‘@ﬁ (fi(u))
i=1

< F <S2” exp (—G\/ST‘””) + \/§) H U(fi(u)),
i=1
with some constant F; > 0. Therefore
So(u) < (N(u) + 1)F (82 exp (~GVSF) +VS) f[w(u))

i=1

for sufficiently large u, and thus

" o et gy S (57 e ((0VE) £570).

Consequently, it follows from (15-19) that for any sufficiently large 57, Ss

Hc a h(Sl) . I['D(HtG () (u))
ST 2 w0
i inf P (Jrepo,r) X (£) > f(u))
T umoo Tw?/RTTR U(fi(u))

. HC\/ES';N(SZ) R (S%”_lexp (—G\/S»g”) +S;%> _9F§2nlemGSE,

(20)

V

Hence, the claim of the theorem follows from (20) by letting S1, S2 — oc.
For Step 2, we point out that a close observation of (20) shows that

Heyan, (S1)

(21) =

—)Hc\/EBN, Sl—>OO

uniformly with respect to a € (v, u] := [} [vi, i), with v > 0, v # 0 and v; < p; < 00,1 < i < n.
Step 2. Locally stationary coordinates.
We consider only the case where k = k1 = -+ = K,; the same approach applies for the general case. It follows from

(7) that for any € > 0 there is some small §y > 0 such that for all 1 <i<n
(22) (1 —&)a;(t)|h]" <1 —ri(t,t +h) < (1+¢e)ai(t) |h|"

hold for all ¢,¢ + h € [0,T] satisfying |h| < §p. Now let A € (0,d0) be any small constant and denote A\, = kX, k € Ny.
Clearly

[T/ +1

Y PGepinia] X0 > Fw) > PGiwpr X(8) > f(u)

k=0
1 T/A)
D P (Frepnes X () > F(u) — Sa(u),

k=0

v
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with

24(u) = Z P (EltEP\kJ\kﬂ] X(t) > f(u)v Elté[kz,)\zH] X(t) > f(u)) .
0<k<I<[T/A]

Next, for any fixed k& € Ny, define centered stationary Gaussian processes {&;*(¢),t > 0} with unit variance and

correlation functions
rees (t) = exp(—(1 £ e)ai (M) [t]7),t >0, 1<i<nm,
and let €% (¢) = (675 (t), -+ , &7 (1)), > 0. In view of (22) and Lemma 5.1 we have
P (Srcininng) € 1) > F(w) <P (Brepnpna) X)) > F(u) <SP Grepre,) £ (1) > F(u).

Then applying the results in Step 1 for vector-valued stationary Gaussian process we conclude that for A\ sufficiently

small
T/A|+1 LT/A]+1
lim sup IE:{) : P (ate[)\kvAkﬁ»l] X(t) > f(u)) < Z H A\
u-ro0 w T, W(fi(u)) T VUreelwBe
T
(23) < 1+ e)/o H, jaroams, 4
where the last inequality follows from the fact that H, (Toa@B is continuous with respect to ¢ € [0, 7] which is
due to (21) and some elementary derivations. Similarly, we have for A sufficiently small
Al T
S P Grepne) X (1) > f(w)
24 1 f == S > (1— / dt.
(24) R u? TIZ, U(fi(u) == ), Heyimams.
Furthermore, similar arguments as in the proof of Theorem 7.1 in [29] show that
by
lim sup —— 4(v) =0
u=oo ur [Ty W(fi(u))
Consequently, the claim follows by letting ¢ — 0 in (23) and (24). This completes the proof. O
5.7. Proof of Theorem 4.3. We only give the proof for the case that tq € (0,T),a =a; = -+ = a,, and b > 0,b > 0.

The proofs of the other cases follow by similar arguments and are therefore omitted.
Let 6(u) = (Inu/u)?/?, and denote D, = [—d(u),d(u)] for u large. In the following, all formulas are meant for large

enough u. With these notation we have

Pi(u):=P sup min X;(¢) > u < P sup min X;(¢t) >u
1( ) (te(t0+Du) 1<i<n ( ) > (tG[O,T] 1<i<n ( ) )

< Pl(U)"‘]P) sup min Xi(t)>u
t€[0,T]/ (to+Dy) 157

= Pi(u) + Py(u).
Next, we shall derive the exact asymptotics of P;(u) as u — oo, and show that
(25) Py(u) = o(Pi(w)), u— o0

implying thus

P sup min X;(¢) >u | =P (u)(1+0(1)), u— .
tefo, 7] 1<isn

Now we focus on the the asymptotics of Pj(u) as u — oo. For any small enough £ > 0 define

UXi(tO) .
20 = gEpn ® 1R dsisn

where

(26) d;7 (1) = (b F o)t 1<y + (b F )l Lm0y, tER,



EXTREMES OF VECTOR-VALUED GAUSSIAN PROCESSES: EXACT ASYMPTOTICS 15
and {nfi (t),t € R} are centered stationary Gaussian processes with unit variance and correlation functions
£4 « £+
T (t) = exp (fai |t] ) ,t>0, aF =a; e
In view of Assuptions II-11T and Lemma 5.1, we have that for any small enough £ > 0

< < +
(27) P <tsetg) 1r<r111£1nZ (t) > u> < P(u) <P (tselg) 1r<nll£1nZ (t) > u)

holds for all u sufficiently large. In the following, we shall show that the above upper and lower bounds for P;(u) are
asymptotically equivalent as © — oo and € — 0.
Next we introduce some notation. Let T} be any positive constant. For the case that o < 3, we can split the interval

2/e Specifically, let

D,, into several sub-intervals of side lengths Tiu™
Ap = |FTwu=, (k+ 1) Tu” 2} , k€Z, N(u)= { (lnu)%u%—%J +1

and note that

N(u)—1 N(u)
U 2arcpuc |J A
k=—N(u)+1 k=—N(u)

We deal with the three cases i) a < 3, ii) @ = f and iii) @ > f one-by-one, using different techniques.

Case i) a < 3: Upper bound. Using Bonferroni inequality we have

N(u)
Pl(u)<IF’(sup min Z; ()>u)< Z ]P’(sup min Z; ()>u>

teD, 1<i<n he— N (u) teAy, 1<i<n
and
N (u) u
+ € e_
];) P (tselg) 1I<nzl£1n Z;*(t) > U) < Z P (Jiea,m™ () > 7 (k,u))
- Z P( €[0,Tru” ]77(E+ > fs_(k’u)) ’
where 0+ (t) = (n;= (), -+ ,nn* (8)),t > 0, f7= (k,u) = (f;* (k,w), -, fa* (K, u)) with
1 .
ffi (k:,u) = o (to) 1+( + 6)(|/€|T1u u) 1{;€<0} + (b + 8)(kT1’U, 0‘) 1{k>0}) u, 1<i<n.
Recall that we set ¢ = (¢q,- -+ ,¢,) with ¢; = m’ 1 < i < n. Applying Corollary 2.2 we obtain
N(u) N(u) n
E_ E_
kz P (3, pgu-21 0 > £ (k1)) = Hygmrp, (T1) kZ [T %05 ()1 +o(0)
=0 =0 i=

as u — oo. Since further, with 6.4 = >_i-, c?(b; + &),

N(u) n N(u) n e_
€ " _ ex _(fz (kau>)2 0
> [Tw ) ;U<Ff e (<) o)
n N (u) n T w282
= (2m)° % HUXi(t0)> u™" Z exp (—Z (1 +2(b: 5 63(/2;311) ) > (1+0(1))
i=1 k=0 i=1 Ix;\to

n 2 N(U) 2 2
= (0% <H ox, (m)) wesp (< atto) ) S exp (< (103 ~5)%) (14 o)
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we conclude that

N (u)
Z P <sup min Z; " (t) >u> < H\/Tr—B(Tl)ga*(u)(l—ko(l)),

ten, 1<i<n * Tlel/ﬂ

where

o) = (2m)F (ﬁaxi(to)>F<;+1> wtH e (Lot

Similarly, we can find an upper bound for 22:71\,(“) (supsen, mini<i<p Z; " (t) > u), which leads to

N () H, g (T1)
(28) 2, Plsw min Z(H)>u) < —SEERe—0 ")l +o(1),
=N ¢

where O, = (8._) "7+ (0.) 7", with 0, = X", 2(b; + ).

Lower bound. Applying again the Bonferroni inequality we have

N (u)
Pl(u)Z]P’<sup min Z; - ()>u>2 Z P(sup min Z; - ()>u>21(u),
)

teD, 1<i<n fe N (u)+1 teAy 1<i<n

where

Yi(u) = ZZ P(Sup min Z; (t) > u, sup min Z; ()>u>.

1<i<n v 1<i<n
“N(u)<k<I<N(u) \lELE tel

With similar arguments as for the derivation of (28) we obtain that

N HC\/(],E_B <T1) *
(29) >, P swp min Zi(1) >u | 2 —SEEEe— 00" (u)(1+0(1),
k=—N(u)+1 k

— \—1/8 -1
where .4 = (6.4 ) / + (0.4) /8,
Next we consider the double sum term 3 (u) =: Xo(u) + X3(u) where Xa(u) is the sum over indexes I = k + 1, and
Y3(u) is the sum over indexes [ > k + 1. It follows that

N (u) N(u)
So(u) = Z P(sup min Z; - ()>u>+ Z P(sup min Z; - ()>u>
)

1<i<n 1<i<n
k=—N(u) \I€5k k=—N(u) \(EDkH

N (u)
- Z ]P’( sup min Z; - ()>u>
)

“ N tEARUA R4y 1SS

Thus, we have from (28) and (29) that

2 Hevars, (T H —p (2T
(30) pmsup 20 < o, Mevame, @) o Hevamp, (@21,
U—00 @*(u) T 2T

Moreover

N(u) N(u)
D) = Y D p(sup min 7 (1) > u, sup min 7" <>>u>

te A, 1<i<n tel 1<i<n

-1 N(u)
+ Z ZP(sup min Z; (t) > u, sup min Z; ()>u>

1<i< 1<i<
fe— N () =12 teAy 1sisn ten 1sisn

= Y31(u)+ Xs2(u)
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An application of Lemma 5.4 gives that

N(u) N(u)
Saa(u) < Y D PGrea () > £ (k) Jean™ () > fH(Lw)
k=0 I=k+2
N(u) N(u) N . .
< YN FrFes (=G - k-1 [T ¥ (fz- () 1 <z,u)>
k=0 l=k+2 i=1

holds with some positive constants F, G for any u sufficiently large. Using the same reasoning as in (28) and noting
that 6.4 > 0,6, > 0 for sufficiently small €, we conclude that
3,1(u)

) b))
lim sup —
u—roo (1)

< RT ! Zexp (-GUT))*),
I=1

with some F} > 0. Similar arguments apply also for X3 5(u) and thus we have

D
(31) lim sup lim sup 3(u) =0.

Ti—00 uU—00 (P* (U)

Consequently, by letting e — 0 and 77 — oo we obtain from (28-31) that

Pi(u) = Heap, (Q—% +0é>1"<;+1>ua 3 pr (ciu) (14 o(1)).

Case ii) o = B: Upper bound. Bonferroni inequality implies

Pi(u) < ]P’<sup min Z; ()>u> <P sup  min Z;"(t) > u | + S4(u) + Ss(u),
teD, 1<i<n teA_1UNg 1<i<n

where

N (u) -2
ZP(sup min ZZ+()>u>7 Y5(u) = Z ]P’(sup min ZZ+()>U>.

1<i<n 1<i<n
teA k=— N (u) teN

It follows from Corollary 2.2 that

IP’( sup  min Z;"(t) > u) =Heva 7B, c2d - [—Tl,Tl]H\I/(ciu) (I14+0(1))

teEA_1UAg 1<i<n i1

as u — 0o, where d°* (t) = (di*(t),--- ,dn* (t)) with d;*(¢) given as in (26). Moreover, the same arguments as in the
derivation of (28) yield

Sa(w) < Hoygerp, (M) Y [[Y( N(1+o(1))
k=1 i=1
< Hevarrp, (M) [ ¥ (ciu Zexp _(ET1)P) (1 + o(1))
=1

and similarly

Ss(u) < H, ygerp, (Th) H (ciu Zexp —0._(KT1)") (1 + o(1)).

=1

Lower bound. Let Ty be any positive constant. We have by Corollary 2.2 that

Py (u)

\%

P sup min Z; (t) > u
1<i<n
te [ Tou ™ a NEY a]

n

= Heva=B.c2a+ (=12, T3] H W (ciu) (1+0(1))
i=1
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as u — 0o. From the upper and lower bounds obtained above we conclude that

Pi(u)
Hevamp s [FT2 ] < limint o0
P,
< limsup 1)

oo [[iny ¥ (cin)

< Hevarrpaca- 10T+ Heygmrp, (T1) ) exp (<0 (1))
k=1

+H \/T+B Tl Zexp (kT1> )
k=1

In the light of (6), using that @ > 0,0 > 0, and letting ¢ — 0,7, — 0o on the left-hand side of the last equation we
obtain that Hc Qc g <*be b >0 Therefore,

we conclude that

L <00, Similarly, letting ¢ — 0,77 — oo on the right-hand side implies ’H

Py(u) = E}Zbl—[‘l’% (1+o0(1)), u— oc.

Case iii) o > f:

Upper bound. Since o > 3, we have that

teD, 1<i<n teA_1UAg 1<i<n

Pi(u) < P(sup min Zz+()>u> <]P’< sup  min Zf*(t)>u>

IN

P < sup  min W, (t) > u) ,

tEA_1UA 1Si<n

where

ey ox,(to)
)= 20 ) R,
Wit = (T v, e

with V;(t) being a centered stationary Gaussian process with covariance v, (t) = exp(—|t|?),¢ > 0. Thus, by the proof
of Case i)

n

Pl(u) S HcBg,CQdE* [_TlaTl] H v (clu) (1 + 0(1)), U — 00.

i=1

Lower bound. It follows easily that

Pi(u)y>P <1I<nzl£1nX (to) > u) H U (c;u

Letting 77 — 0 we have from the above upper and lower bounds that
Py (u) = H U (cu) (1+0(1)), u— oo.

Asymptotics of Py(u): In order to complete the proof we show that (25) is valid. To this end, we shall derive an

adequate upper bound for Py(u) by utilizing the generalized Borell-TIS and Piterbarg inequalities given in Lemma 5.2
and Lemma 5.3, respectively.
By Assumption I and Assumption III we can choose some small € > 0 such that
inf t) > g(to).
0 TNty I > 9(00)
Clearly

Py(u) <P ( sup min X;(t) > u) +P ( sup min X, (t) > u> .
tef

1€l TN\lto—e to-+e] 1SI<R to—eto-+2]\(to- D) 1SI<n
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Further, by the generalized Borell-TIS inequality in Lemma 5.2 for all sufficiently large u we have

. (u—p)? ,
32 P sup min X;(t) >u | <exp <— in g(t
(32) te[0,T\[to—¢,to+e] LS1<n ®) 2 t€[0,T]\[to—¢,to+e] 0
for some p > 0. Moreover, in view of the generalized Piterbarg inequality in Lemma 5.3 we obtain for all sufficiently
large u
P in X;(t) < QuuFtra ( v inf (t)>
sup min X;(t) > u | < Qrumnta " exp | —— in g
te€[to—e,to+e]\(to+Dy) 1<I<n ! 2 tefto—e,to+e]\(to+Du)
for some Q; > 0. In addition (recall that § > 0, § > 0), we have that
g(to +1) > g(to) + Q2(8(u))”
holds for all ¢ € [—¢,¢] \ D,,. Therefore, for all u large
. —2 1 u? Q2 2
(33) P sup min X;(t) > u | < Qru=»= " "exp | ——g(to) | exp | ——=(Inu)“ ] .
te[to—e to+e]\ D, 1S1<n 2 2

Consequently, the claim in (25) follows immediately from (32), (33) and the asymptotics of P;(u) obtained above.
Thus the proof is complete. U
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