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Abstract

In this paper we extend some results about the probability that the sum of n dependent subex-
ponential random variables exceeds a given threshold u. In particular, the case of non-identically
distributed and not necessarily positive random variables is investigated. Furthermore we estab-
lish criteria how far the tail of the marginal distribution of an individual summand may deviate
from the others so that it still influences the asymptotic behavior of the sum. Finally we explic-
itly construct a dependence structure for which, even for regularly varying marginal distributions,
no asymptotic limit of the tail sum exists. Some explicit calculations for diagonal copulas and
t-copulas are given.

1 Introduction

Consider n dependent subexponential random variables X1, ..., X,, with distribution functions Fi, ...,
F, and their sum S, = " | X;. A classical problem in this context is to investigate the asymptotic
behaviour of the exceedance probabilities P(S,, > u) for large u, and many results have been derived
under varying degree of generality in the literature; most of them for independent Xi,..., X, (see
for instance [10, 12, 26]). Over the last years, this field also has received renewed interest in risk
management in insurance and finance, where the random variables X; may stand for individual risks
in a portfolio and the quantity P(S,, > u) is the probability that the aggregate loss in this portfolio
with dependent risks exceeds u (see for instance [9], [13], [21] or [23]). Moreover, other measures of
risk are closely related to the tail of the sum (see e.g. [3] for connections to expected shortfall and
[22] for (generalized) stop-loss premiums).

A recent account on tail asymptotic results for the sum of two dependent risks can be found in
Albrecher et al. [1]. For the sum of n risks, in Alink et al. [2] asymptotic expressions for P(S,, > u)
are given when the marginal distributions are positive and in the maximum domain of attraction of
an extreme value distribution and the dependence is modelled by an Archimedian copula. In Alink
et al. [4] these results are generalized to a subclass of symmetric copulas (which are mainly the sym-
metric copulas in the maximum domain of attraction of an extreme value copula). Barbe et al. [6]
recently gave an asymptotic expression for the tail sum of positive multivariate regularly varying X;
in terms of a measure associated with the corresponding extreme value copula. In [5], Asmussen and
Rojas-Nandayapa investigated the asymptotic behaviour of the sum of lognormal random variables
with multivariate Gaussian copula.

In the present paper we extend some of the above results, in particular those of [6] and [2] to the case
of non-identically distributed random variables that are possibly negative. A special case is to have
different weights on the individual identically distributed summands, a situation which frequently
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occurs in risk management practice. We give conditions under which the asymptotic behaviour of
the sum only depends on the maximum domain of attraction of the marginal distributions and the
copula. Moreover, it is investigated by how much the heaviness of the tails of the X; can differ such
that each X; still contributes to the first order asymptotics of the tail of S,,. For that purpose,
utilizing multivariate regular variation and multivariate extreme value theory, we derive a different
representation of the asymptotic constant

lim
u—00 P(X; > w)

= dn (1)

than the one given in [6]. In addition, we address the question under which conditions the limit ¢,
exists at all. For regularly varying marginals with index «, we construct a copula such that this
limit does not exist for any o # 1. On the other hand, a copula is derived which is not in the
maximum domain of attraction of an extreme value copula but nevertheless the above limit ¢,, exists
for all positive regularly varying marginal distributions. This complements a result of Hult and Lind-
skog [17]. For diagonal copulas we completely characterize the conditions under which this limit exists.

In Section 2 we collect some definitions and classical results that are needed for our analysis. In
Section 3 we derive the asymptotic behaviour of P(X; + --- + X,, > w) for subexponential not
necessarily identically distributed (X7i,..., X, ) in the maximum domain of attraction of the Frechét
and Gumbel distribution, respectively, for copulas in the maximum domain of attraction of an extreme
value copula. Section 4 investigates the situation where one random variable is significantly lighter
than the others (in a sense defined later), and the case that the copula is not in the maximum domain
of attraction of an extreme value copula.

Some more explicit calculations for specific copulas are given in Section 5.

2 Preliminaries

In the following we collect some concepts and definitions that are used throughout the paper.

A copula is an n-dimensional distribution function with uniform [0, 1] marginal distributions. From

Sklar’s Theorem [25] we get that every n-dimensional distribution function F'(z1, ..., z,) with marginal
distributions Fy(x),..., F,(z) can be written in the form
F(z1,...,2,) = C(F1(x1),...,Fu(zn)), (2)

for some copula C' (which is unique in case the marginals are continuous). Vice versa, every set
of univariate distribution functions Fi, ..., F, and copula C defines an n-dimensional distribution
function through (2). The diagonal section of a copula C'is defined by §(z) = C(x,x) and gives rise
to a construction of another copula

Cs(x1,z2) = min (:171,3:2, % (6(x1) + 5(3:2))> (3)

with identical diagonal section, which is called the diagonal copula. Every diagonal section satisfies
i) §(1) =1.
i) 0 <d(xa) —0(x1) <2(mg —aq) forall 0 <z <29 < 1.
iii) d(z) <z forall 0 <z <1.

For additional reading about copulas see the monographs Joe [19] and Nelsen [25].
In the bivariate case, the (upper) tail dependence coefficient is defined through

A= iL}IIll P(FQ(X2) > U|F1(X1) > ’U,) (4)



This coefficient is frequently used and can be interpreted as a property of the underlying copula (see
for instance [1]).

For the marginal distributions, in this paper we will focus on subexponential distributions which are
in the maximum domain of attraction of an extreme value distribution:

Definition 2.1 A positive distribution F is called subexponential if

2 (u)

lim —

where F(x) = 1 — F(z) and F*(u) denotes the n-fold convolution of F. A distribution G on R
is called subexponential if there exists a positive subexponential distributon function F such that

lim,, oo G(u)/F(u) = 1.
Important examples of subexponential distributions are:

e The class of regularly varying distributions (F' € RV,) with index « characterized by F(z) =
L(z)/(1 + )™ where L(x) is slowly varying, i.e. lim, oo L(tu)/L(u) =1, for all ¢ > 0.

e The Weibull distribution with F(z) = e ", where v > 0 and 0 < 8 < 1.
e The lognormal distribution with density

_ 1 (log(x) — p)?
f(.’I]) = mexp <—T

Definition 2.2 A distribution F is in the mazimum domain of attraction of a distribution G (F € MDA (QG)),
if for independent and identically distributed X1, Xo, ... with distribution function F', M,, = maxi<i<m Xi
and constants Cp,, dp,

), x>0, (6 >0,ue€R).

lim P(c,!(My, —d) < 2) = lim Flepz +dy,)™ = G(z). (5)

m—00 m—0o0

The Fisher-Tippett Theorem (see e.g. [12]) states that G has to be an extreme value distribution,
i.e. of one of the following three types:

Fréchet Do(x)=e"" x>0,
Weibull Uo(z) =e 27, x <0,
Gumbel Alz) =exp (—e*x) , xz eR.

For subexponential distributions, only the Fréchet and the Gumbel distribution are possible limit
distributions. F' € MDA (®,,) if and only if F € RV,. On the other hand, F' € MDA (A) if and only
if there exists an auxiliary function e(z) such that for all @ > 0

Flutae() _ _,

lim —————* =¢
Note that e(u) can be chosen as the mean excess function e(u) = E[X — u|X > u] (see for instance
[12]).
If we consider n-dimensional independent and identically distributed random vectors X;,Xas, ...
with common distribution function F'(z1,...,x,) = C(Fi(z1),..., Fn.(zy)), then the component-wise

maxima My, = max;—1 .., X; have a limit distribution. Concretely if all marginal distributions are
extreme value distributions and the limit

lim C”(xi/", Cxlmy = Cola, . a),

n—oo



exists and is itself a copula, then there exist vectors ¢y, dm such that

lim P(cm '(Mm — dm) < x) = G(x),
m— 00
where all operations are meant component-wise. C is then the copula of G and is called extreme value
copula; moreover C¢(x1,...,z,) = Co(zt,...,xL) holds for all ¢ > 0 (see e.g. [15]). The Pickands
Representation Theorem (see [15]) states that every extreme value copula can be written as

Co(z1,...,2n) = exp (— : gjagn(—pj log(z;)) dU(p)) : (6)

where S,, = {p =(p1,.-.,0Pn) € RE 4 - Yoripi = 1} is the m-dimensional unit simplex and U is a
positive finite measure on S, (called the spectral measure). For a set B C {1,...,n} the marginal
copulas are defined by

oty € B) = oxp { = [ max(ptos(ay) aUe) |

For additional reading about multivariate extremes see the monographs Beirlant et al. [10], Galambos
[15] and Resnick [26].

A key ingredient of the following analysis will be the notion of vague convergence. Let p, (n > 1)
be a sequence of measures on some locally compact second countable Hausdorff space £. Denote by
CH(F) the class of all continuous functions f : F — RT with compact support. Then p,, converges
vaguely to some measure u (we write p,, — p) if

i [ £(@) dwa(o) = [ @) dte),

n—oo

for all f € CF(FE). In this paper we are going to use two different spaces £. In the case of regularly
varying marginals, we use & = ((—00,0]™)¢ with a metric for which bounded sets are those that are
bounded away from 0. If F € MDA (A), we use £ = R with a metric for which bounded sets are
those sets where the maximum is bounded away from —oo (see also Kallenberg [20]).

It is known (see Beirlant et al. [10]) that if we denote by xr, the left endpoint of the extreme
value distribution G(x) of the random vector (Xi,...,X,) and if we define the random variables
X = max{c (X — bm), X}, then the measures i,,(-) = mP(X(™) ¢ .) converge vaguely to a
measure p that is defined by

p([xL, 00)\[x1, x)) = —log(G(x)). (7)

Note that for every Borel set B C [x1,,00)\[xL, X) for x € [xr,,00)\{xr} with ©(0F) = 0 (where OF
denotes the boundary of B) we have that lim,, o pm(B) = u(B).

With the notion of vague convergence, multivariate regularly varying vectors can be defined in the
following way:

Definition 2.3 A random vector X = (X1,...,X,,) is called multivariate reqularly varying with index
« if there exists a 0 € S"~1, where S*™1 is the unit sphere with respect to a norm |-, such that
POIXI > tu, X/ [[X] € -)
POIX > w)

L’ tia]P)Snfl(e S '),

v —
where — denotes vague convergence on S~ L.

Two equivalent characterizations of multivariate regular variation are given by (cf. Basrak [7]):



1. The random vector X is multivariate regularly varying if there exist a Radon measure v on
R™\{0} (where compact sets are sets bounded away from 0) and a set E with v(0F) = 0, such

that P(X
() 1= ﬁ ), (8)

as u — OQ.

2. The random vector X is multivariate regularly varying if there exist a Radon measure v on
R™\{0} (where compact sets are sets bounded away from 0) and a set F with v(OF) = 0 such

that for e > 0
PXecu-)

V() = m e v(:), 9)

as u — 0o, where — denotes weak convergence on R\{x : ||x|| < €}.

Note that from (9) we get

lim P(Zi:l X; > u) _ v (Zi:l X; > 1) = na-

U— 00 ]P)(Xl > ’U,) I/(Xl > 1)

Barbe et al. [6] showed that

qn,az/ (pi/o‘+---+pk/“)a dU(p),

where S,, denotes the n-dimensional unit simplex and U is the measure defined in (6).

3 Asymptotic behaviour for non-identical marginals

In this section we assume that X7,...,X, have marginal distributions F; (i = 1,...,n) and are
dependent with copula C' € MDA (Cy). Using multivariate extreme value theory, we are now going
to extend results of Barbe et al. [6] and Alink et al. [4] who considered the case of positive and
identically distributed X, ..., X,,. This will also provide an alternative way of proof. In particular,
we are looking for sufficient conditions such that the constant g, in (1) only depends on the MDA of
the multivariate random variables and some weight coefficients related to the marginal distributions.

3.1 The Fréchet case
Throughout this section we will assume the following:

Assumption 3.1 Let Xi,..., X, be dependent according to a copula C € MDA (Cy), with F1 € RV,
and for every i =2,...,n there exists a constant ¢; > 0 with

lim = =c;

U—00 Fl (’LL) g

Clearly, in this case F; € RV, for every i =1,...,n.

Remark 3.1 The above assumption contains the situation when one wants to evaluate P(Y | ¢; X; >
u) for identically distributed X; € RV,, ¢; > 0 and ¢1 = 1, since with definition Y; = ¢; X; one has

fm D> g Flje)
U—00 P(Yl > u) U—00 F(u)

—x



Lemma 3.1 Under Assumption 3.1 and one of the following conditions

. Fi(—u) _ )
(i) limy, oo Fita) = 0 for all1 <i<n,

(ii) P(X; > a,X; >b) > P(X; > a)P(X; > b) for all (a,b) € R? and 1 <i,j <n,
(iii) the measure U of Cy as defined in (6) satisfies U(p; =0)=0 fori=1,...,n,
we get that

]P)((Xl,...,Xn)E’UJ') v
P(X; > u) — 1), (10

where —— denotes vague convergence on ((—00,0]™)¢ and u is defined by

|A|

w(X; > a0 = 1,...,n):Z(—1)i+1 Z —log (Co (6_(cjwj)7a7]‘ 63)) 5 (11)

i=1 |B|=i,BCA
where A = {i:x; > 0}.

Remark 3.2 Note that Condition (iii) is equivalent to u(X1 > x1,...,X, > @) as a function of
x; being continuous in x; = 0 for all j =1,...,n. Loosely speaking this means that the sum of the
random variables is large if all components are large.

Remark 3.3 (10) resembles the definition of multivariate regular variation as given in (8); note
however that a different space is used. Hence under Condition (ii) or (i) the left tail of the random
variables can be chosen arbitrarily.

Proof. In our case vague convergence is equivalent to convergence of the measures of {X; >
ZT1y.e.., Xn > xp} (cf. (9)). Denote A := {i : x; > 0} and its subset D := {i : ; = 0}. Let us
consider the case |D| = 0 first.

P(X1 > uzy,..., X, >ux,) P(X; >ux;,i€ A)

P(X7 > u) N P(X1 > u)
[A°| ; )
; P(X; > uzi;i€ A, X; <wuzxj;j € B)
_1 3 I 9 J VR
T Z( ) Z P(X1 > u) ’
=1 |B|=i,BCA°

where the second summand is interpreted as 0 if |A°| = 0. For the first summand we have

1Al

P(X; > w) p BleiBca P(X; > u)
ith 1-P(X; <uz; je{l 1
. - i Sux; ) e 1 _ —a _ o
1 J J — _1 (O ( (Cllﬂl) . (ann) )) 12
Jm P(X, > ) oglLo¢€ 3o € (12)

(see [24]), we have to show that the limit of the second summand is zero.
For the second summand and Condition (i) choose a jo € B to get

. P(X; >uxiie A, X; <wuxj;j € B) . P(Xj, < zju)

1 3 9y <X VB! 1 Jo J

o P(X; > u) woe P(X7 > u)
Fi(=ajou) Fj(wjou)

= lim — — =0
u=oo  Fy(u)  Fi(—mju)

IN




If Condition (ii) is fulfilled choose igp € A and jo € B to get

]P)(Xz > uxi;t € A,Xj < U,Tj;j S B) P(Xm > LL‘iO’u,X]‘U < :vjou)

I <3
P P(X; > u) =np P(X; > u)
< lim ]P)(Xio > Iiou)P(on < Ijou) —0.
u—00 P(X1 > u)
If Condition (iii) holds, choose iy € A and jo € B to get for € > 0
) P(X; >ux;i€ A, X; <wuxy;j€B) . P(Xi, > miyu, Xj, < xj,u)
1 [ (2] 9 — ] <1 0 10 Y Jo — “Jjo
e P(X; > u) =P P(X; > u)
zlimsup P(Xm > :viou) — ]P)(Xio > T, U, on > xjou)
U— 00 P(Xl > U)
< lim P(X;, > ziou) — P(X;y > xipu, Xj, > eu)
T u—oo P(Xy > u)

:/ (max (pio (Cioxio)iaapjo (Cjoe)ia) — Pjo (Cjoe)ia) dU(p)

Let € — 0 to get
lim (max (pio (Cioxio)_aupjo (Cjoe)_a) — Pjo (cjoe)_a) dU(p) = ~/S I{p]‘O:O}pio (Cioxio)_a dU(p) =0.

e—0 S

n

For |D| > 0 and € > 0 we have:

P(X; > zu;i € D%, X; > —eus; j € D) _ P(X; > xu;i € D, X; >0;5 € D)

>
P(Xl >u) - ]P)(Xl >u)
< P(X; > zu;i € D¢, X; > eu;j € D)
- ]P)(Xl >’U,) ’
and if p(Xy1 > 21,...,X, > x,) is continuous in a point z1, ..., z, then
P (X oL X, n
lim (X > uay, . >ux):u(X1>x1,...,Xn>xn).

u—00 P(X; > w)
0
Theorem 3.2 Under Assumption 3.1 and any of the Conditions (i), (ii) or (i) from Lemma 3.1,
we get that

. P(Zﬂ, X; > u) i
lim —=2———— = Xi>1) =qna;
P R o A O

where p is defined by (11).

Proof. Define
P((Xy,...,X,) €u-A)

P(Xl > u)

pu(A) =

Obviously, > ; X; > u implies max;<;<,(X;) > u/n. From Lemma 3.1 we get

P Xi>u) < -
lim —&=L 2 gy (X s 1) = (X > 1),
wobe P(X, > u) uos P < > ) H < > )

i=1 =1



since p (>3-, X; = 1) = 0. To see this (cf. [17]), note that for E with x(9E) = 0 we have u(aFE)
a”“u(E). Choose E, = {37, X; = a}, then {1 < 3301, X; < 2} = ¥,y 9 Fa- Since p({1
S, Xi < 2}) < oo there exists an a such that pu(E,) = 0 and hence p(Er) = p(a 'E,)
a®u(E,) = 0.

Al

For an example of a copula that does not fulfill the conditions of Theorem 3.2, see Section 5.1.
3.2 The Gumbel case
Throughout this section we will assume the following:

Assumption 3.2 Let X1, ..., X, be dependent random variables according to a copula C € MDA (Cy),
with Fy € MDA(A) and for every i = 2,...,n there exist constants cz(-l) >0 and 01(2) > 0 such that

lim FZ(Z) = cgl)
= T (o )u)
Clearly,
p— ae(c(-z)u
F,; (u + c(;) )
lim — :

J— ae c(»z)u —_ ae C(-2)u

F; (u + %) F (c§2> (u + %)) 7, (052)u)

U—00 __ ae c(z)u inl (2) FZ N ’
7 (0'52) (u—l— (c(;) ))) Fy (ci u) (u)

and hence F; € MDA(A) with auxiliary function é;(u) =e (ng)u) /052).

Remark 3.4 The above assumption contains the situation when one wants to evaluate P(Y 1 | ¢; X; >
u) for identically distributed X; € MDA(A) with ¢; > 0 and ¢1 = 1, since with definition Y; = ¢;X;
one has .
P(Y; > . F i
im 7( 7u1) = lim _(u/c ) =
u—oo P(Yy > ¢; "u)  u—oe Flu/c;)

The following results are an extension of those from [2] and [4] where only symmetric copulas and
positive identical marginal distributions were considered. Although the proof techniques are very
close to those in [2] and [4], we use the notion of vague convergence here to make the connection to
the regularly varying case more transparent.

Theorem 3.3 Under Assumption 3.2 we have that

PO X > ku) (&
1 i=1 - X’L O =:dn,
ui»H;o P(Xl > u) H <; > ) ¢

where k =7 L and

i=1 @

n

p(Xi >z, ., Xp > o) = Z(—l)“rl Z —log (CO (exp (—cg-l)e_c?)wf) ,J € B)) . (13)

i=1 |B|=i

Remark 3.5 If C € MDA (II), where I denotes the independence copula, then g, = 0.



Proof. Define
P((X1,...,X5) € e(u)-A+cPu)

Hul4) = P(X; > u)

for any A C R",

(2
cy [

where ¢(?) = (%, cey %) Then by (7) we get that p, — p where

i ([—00,00)\[—00,%)) = —log (Co (exp (—051)6_052)“) ,1<i < n))

- PO, X > ku)
u Xz >0 = =1 )
s
furthermore the measure ji can be retrieved from p by removing the mass of the set {min;—y . , X; =
—o00}. Note that for every set with u(9E) = 0 and every b € R, u(E + c®b) = e~*u(E). Hence we

can proceed as in the proof of Theorem 3.2 to get that p (>, X; = 0) = 0. So it remains to prove
that as a tends to oo, p ({1, X; > 0,min;—1, , X; < —a}) tends to 0. This follows by

ali_{{)loli ({Z Xi > O,i:I{linnXi < —a}) < ali_{&u ({i_nilaani > %}) =0.

=1

and

4 Some further cases

4.1 One significantly lighter tail

In Section 3 we have derived asymptotic expressions for P(>_;" | X; > u) when F;(c;u)/F1(u) — 1 for
alli =1,...,n. A natural question in this context is what happens if for some ig, F;,(cu)/Fi(u) — 0
for all ¢ > 0. In the following we will give a partial answer to this question. For ease of notation the
analysis will be restricted to the bivariate case. Since for positive regularly varying Xi, X2 one can
easily show that lim,_,.o P(X1 + X2 > u)/P(X; > u) = 1 (compare Remark 4.2 with e(u) = u and
0 < a < 1), we concentrate on the maximum domain of attraction of the Gumbel distribution.

Assumption 4.1 Assume that X1 and X» are dependent random variables with copula C € MDA (Cy)
and marginal distributions Fy € MDA(A) NS and Fy, respectively, where limy, .o Fa(cu)/F1(u) =0
for all ¢ > 0. Furthermore, assume that there exists a function g(x) such that

Fa(g(u) + ae(u)) {O a >0,

(14)

lim — =
UuU—00 Fl(u) oo a< O,

where e(u) is the auxiliary function of F}.

Remark 4.1 If F, € MDA(A) with auziliary function ea(x), we can choose g(u) = F;l(Fl (w)). If
g(x) is differentiable and lim,_,o ¢'(u) = 0 then

i L2000 +aet) P (g (u) +ae—§%>>e2(9(“)))
U—00 Fl(u) U— 00 Fz(g(u))
and B B B
pooew L JFe) de Fag(w) o Fi(w)
u—00 62(9(U)) u—00 90(2) Fo(z) de Fi(u) u—co Fy(g(u))g'(u) )

where we used [16, Cor.1.29]. Hence (14) holds. Note that lim, . g(u)/u = 0.



Remark 4.2 If X; and X» are positive and lim, o F2(ae(u))/F1(u) =0 for all a > 0 then P(X; +
Xo > u)/P(X1 > u) =1, since

P(X; >u—ae(u)+P(Xe > ae(u)) >P(X1 + X2 > u) >P(X7 > u).

At first we consider U(ps = 0) = 0 (where U is the spectral measure defined in (6)).

Lemma 4.1 Under Assumption 4.1 and U(pz = 0) =0 we get

lim P(X1 > v+ ae(u), Xo > g(u) + be(u)) |0, b>0,
u— 00 ]P)(Xl > U) B e * b<O.

Proof. For b > 0 we have
lim P(X: > u+ ae(u), Xo > g(u) + be(u))
u—00 P(Xy > u)
i PG> 0 aew) + (X > g(u) + belu)) = (1 = C (Fi(u + ae(u)), Fag(u) + be(u)))
u—00 P(Xy > u)

e (O (R ac(u), Fo(g(a) + be(w))
u—00 P(X; > w)

1
1

1 F1(“) _1 Fl(u) Fy(u)
=e %4 lim log | C (F1 (u+ ae(u)) F1<u)) , (F2 (g(u) + be(u))—pl(u>)

uU— 00
=e *—e =0,

where the equality to the last line follows from

lim Fl(u—i-ae(u))fllw) =e ", lim Fg(g(u)—kbe(u))ﬂl(") =1, tlim C’(xi/t,x;/t)t = Cy(z1, z2),

U— 00 uU—0o0

and the fact that copulas are Lipschitz continuous (see [25]).

If b < 0 then
lim P(X1 > u+ ae(u), X2 > g(u) + be(u)) < lim P(X1 > u+ ae(u)) _a
U—00 ]P)(Xl > u) uU—00 ]P)(Xl > U)

Since Fa(g(u) + be(u))/F1(u) — oo we get that for every e > 0 there exists a ug such that for every
u > ug we have Fa(g(u) + be(u)) > F1(u — ee(u)). If we denote by C the survival copula of C' then

P(Xy > u+ ae(u), X2 > g(u) + be(u)) C(F1(u+ ae(u)), Fa(g(u) + be(u)))

lim sup =lim sup

U—00 ]P)(Xl > 'UJ) U— 00 Fl (U
i COF - ac(u), Fifa — ce(u)
U—00 Fl(u)
4 [ pac — max(pre ™, pac) dU(p),
Sa
where the last term tends to 0 when € — oo since U({p2 = 0}) = 0. O

Theorem 4.2 Under Assumption 4.1 and U(ps = 0) =0 we get

. P(Xy + X > u+g(u))
1 =1
u—60 P(X;1 > u) ’

where g(u) is defined in (14).

10



Proof. From Lemma 4.1 we get that

i) — P((Xl’X2)p€<§(lu)> J(u’g(u)))) ()

where [ is defined by
0, b>0,

(X1 > a,X9 >0) =
Xy > a, X ) {e“, b < 0.

Let Sy :={X; + X2 > 0,X; > —a, ¢t = 1,2}. Note that for all @ > 0, u(S,) = 1. So we have to show
that
lm fi, (X7 + X2 > 0, min(X7, X3) < —a)

tends to 0 when a — oco. But the latter follows from

lim sup fi, (X1 + X2 > 0, min(X7, X2) < —a) < limsup ji, (X7 + X2 > 0, max(X1, X2) > a)
< lim P(X; > u+ae(u)) + P(Xz > g(u) + ae(u)) .

T u—oo P(Xy > u)

—a

O

Example 4.1 Let Fi(z) = e~ and Fa(r) = e~ where 0 < By < B3 < 1. Furthermore let C(a,b)
fulfill the conditions of Theorem 4.2. This is for instance the case for the Gumbel copula

5 1/0
C(z1,22) = exp |— <Z(—log(xi))9> ,
i=1

with dependence parameter 8 > 1 and for the Galambos copula

3

Cfw1,22) = mizzexp | (= log(a1)) ™ + (= log(a2)) ™) "

with dependence parameter 6 > 0. Then we can choose g(x) = zP/P2 and Theorem 4.2 implies

P (X1 + X2 > u+ uf/P2)

li =1.
w00 P(X1 > u)
Obviously,
B1
oo Z>1- 617
i P& Xa>w) ) g
u—oo  P(X7 > u) gf ’
1 B2 <1- 61.

A systematic study of the case U(p2 = 0) > 0 seems out of reach, but we explicitly work out a specific
example for this case:

Example 4.2 Under Assumption 4.1 consider the bivariate t-copula

v+42

cla) pt () INEE= 2 _ 2\~
O(a,b):/ / () <1+I 2pay +y > dy d.
R N N R V1= )

With the proof of Lemma 4.1, we only have to evaluate

lim P(X1 > u+ ae(u), X2 > g(u) — be(u)) et fim

11



where b > 0. Let us denote by a(u) = t; ' (F1(u+ ae(w))) and with b(u) = ;' (Fa(g(u) + be(w))).
P(X1 > u+ ae(u), Xa < g(u) — be(u))

X1>u)
b(u) i) $2—2pzcy+y2 —vi2
T >/<u/ w%(”m——pa) e
s g r(*5?) i) (@® — 2pry +37)\ " F v
/ L. F(%) e ) e
e () L a2y +y?\ T
") / L(5) ViR - ) (ot —2t)  we
v+1 - v+2

~(rr ) [ gt () we

L %)F(;T;)u—p%( o) we

where ¢ = lim, o0 b(u)/a(u). Note that for ¢ = co the integral is 1.
o Ifliminf, oo F2(g(u) — be(u)) > 0, then ¢ = 0.

~ _ — ~ Fy(g(u)—be(u)) _ _
o Iflimy oo Fo(g(u) —be(u)) =0 and limy 00 Trluracy) — 0O then ¢ = 0.

o Iflimy, oo Fo(g(u) —be(uw)) =0 and lim, o0 % =0, then ¢ = —0.
Define

v+2

oo 0 i —
d::/ / I‘(2 x2 2pxy+y) 2 &y do
L TE

I (4£2) 1 v+3 1 v+3
‘2 ) (pfzZ2T2)_ B - zZre
T (4 1)ﬁ( (2’ 2 ) en(o) M’ﬁ(z’ 2 ))

where B, ( fo to= (1 —t)*=1 dt is the incomplete beta function and B(a,b) = By (a,b) is the beta
function. Ifg( ) = e(u) cmd Fg( ) =0, then
0, b>0
fla,b) =9 (1—-de* -1<b<0
e 4, b< -1

and consequently (X1 + X2 > 0)=(1—d) +de L.

In Figure 1 the constant
lim ]P(Xl + Xo > u)

U—00 ]P)(Xl > u) =

under Assumption 3.2 with cgl) = 052) = cél) = 1 is depicted as a function of the constant c§2) for
the Galambos, the Gumbel and the ¢-copula (with v = 2) and marginal distributions that are in the
MDA(A). The dependence parameters for each of the copulas are chosen such that tail dependence
coefficient is A = 0.4. The necessary calculations for the determination of fi were done numerically.
As expected by Lemma 4.1 we see that for the Gumbel and the Galambos copula the constant go
tends to one, when 1/ c§2) — 0, which is not the case for the t-copula (for which the conditions of
Lemma 4.1 are not satisfied).



1
0.9 . ——  Gumbel
I Galambos

02 04 06 08 1 ¢
Figure 1: The constant g2 for the Gumbel, Galambos and ¢-copula with v =2 and A = 0.4.

4.2 The case C' ¢ MDA (C)y)

We have seen in Section 3.1 that under Assumption 3.1 (in particular a copula in the MDA of an
extreme value copula) and positive regularly varying marginals the limit
PO Xi>u)

uh—{EO P(X; >cu) i (15)
exists with 0 < ¢, < oo for (at least) some ¢ > 0. On the other hand if for a copula C the limit
(15) exists for all marginal distributions that are regularly varying, then C' € MDA(Cj). This follows
from the fact that a positive vector (Xi,...,X,) has the same copula as (¢1X1,...,c, X,) for all
(c1,...,¢y) € (0,00)™ and Theorem 1.1 of Basrak et al. [8].
In this section we are going to show that there exist copulas C' ¢ MDA(Cy) such that even for identi-
cally distributed regularly varying marginal distributions the limit (15) does not exist. On the other
hand, we also give an example of a copula C' ¢ MDA(Cj) for which the above limit exists at least
for all positive identically distributed regularly varying marginals (showing that the membership in
MDA (C)) is not the decisive criterion for the existence of (15)). Inside the class of diagonal copulas,
we give a sufficient condition for the existence of (15).

Let 61(u), d2(u) be two arbitrary strictly increasing diagonal sections such that 1 (u) > d2(u) > 2u—1
for all w € (0,1). Denote by h(z) the smallest positive solution in ¢ of da(x) + 2¢ = d1(x + ). Let
z1 =1/2 and for i > 1

To; = 5271(51(5521'71))3
Toit1 = T2; + h(x2;).

Then define the function § : [0,1] — [0, 1] as

1, r=1
<
5(z) = 01(x), z<1/2 (16)
01 (@2i-1), Toi—1 < T < Ty

0a(@ai) +2(x — w2;), x2i <& < Tojp.

The idea of this construction is to take 1 (z) for x < 1/2, then to move horizontally to d2(z), then go
back to 01(z) along a line with slope 2 and so on. Figure 2 depicts an example with é;(x) = x and
82(x) = 22 (i.e the comonotone and the independent diagonal section).

13



1 — 51(0)=X y
******** 92 (X)=X 7
08 —— 5(X) /f//
s
06 r 4///
______////
0.4
0.2
T ‘ ‘ ‘ — X

02 04 06 08 1

Figure 2: A diagonal section 6(x) whose copula does not have a tail dependence coefficient

Lemma 4.3 6(z) as defined in (16) is a diagonal section.

Proof. Note that 0 < z < 1. At first we show that h(z) <1 —x. For g(t) = da(x) + 2t — d1(z + t)
we have that ¢g(0) = da2(x) — d1(x) < 0 and

g(l—x)=0d2(z)+2(1—2)—01(1) >2x —1+2(1—2z)—1=0.

Since g(t) is continuous there exists a tg € (0,1 —x) with g(¢) = 0. Hence = < 1 implies z < z+h(z) <
1. On the other hand if 0 < 2 < 1 then 0 < d; *(61(z)) < 1 and hence for all i, 0 < z; < 1. We have
to show that the sequence (z;);>1 is increasing. Clearly,

01 (z2i—1) > 02(z2:-1)
52_1(5(3321'71)) > Toi—1
T2; > T2i—1

and Zg; 41 > a; because of the definition of xg;41. Finally, lim; , 2; = 1 and §(1) = 1.

It remains to show that 0 < §(x) — §(y) < 2(z —y) for x > y. For z; < = <y < x;41 we obviously
have 0 S 5(17) — 5(y) S 2(:6 — y) Since 51 (IQZ',l) = 52($21‘) and 52(I2i) + 2(I2i+1 — fEQi) = 51 (I2i+1)
we get for y < 1 that

iy—1

0<d(y) —6(x) =d(y) — d(xs,) + | D> 8(wir1) — d(ws) | +0(wi,) — 6(x)
iy—1

<2|ly—ax, + Zle—xi +a, —x | =2(y—x),

where 7, is the smallest ¢ with * > x; and i, is the largest ¢ with ; < y. For y = 1 we get that
1—46(x) < 2(1 — ) because §(z) > d2(x) and finally §(x) < 61(z) < . O

Obviously, the tail dependence coefficient A as defined in (4) does not exist for the diagonal copula (3
P(X1>u, X3 >u) —
P(X1>u) -

2? and §(z) with uniform and Gumbel marginals (with distribution function F(x) = exp(—e™%)),
respectively.

with diagonal section (16). Figures 3 and 4 show as a function of u for 61 (z) = x, d2(x)

14



0.8}

0.6

041

0.2}

P(Xl >u,Xo >U)

Figure 3: PS>0

as a function of u for &;(z) = x, d2(x) = 2% and §(x) with uniform marginals.

0.8}
0.6

\
0.4}
0.2}

P(X1>u,Xo>u)

Figure 4: P S w)

as a function of u for §;(z) = z, da(x) = z? and §(x) with Gumbel marginals.
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Lemma 4.4 Let X1, Xo be dependent positive random variables with common continuous regularly
varying marginal distribution function F with an arbitrarily fized index o # 1 and diagonal copula
(3), where §(x) is defined by (16) with &1 (z) = = and da(x) = x%. Then the limit

P(X1+ X2 > u)

li 17
wobe (X1 > u) (17)
does not exist.
Proof. For o < 1 we have
. P(X; + X2 > u) . P(max (X7, X2) > u) . 1 — Cs(xan, zan)
1 — "~ >] > 1 =2.
TP TR s w) © e P TR > ) = oo P(X1 > F—(x20))
and
lim inf P(Xl —+ X2 > u) < lim inf ]P)(InaX(Xl, XQ) > u/2) lim 1-— O§(I2n+1,$2n+1) — 9o

u—00 P(Xl > ’U,) u— 00 P(Xl > u) T n—oo P(Xl > 2F_1(£L'2n+1))
Assume a > 1. From [1] we get that for 0 < e < 1/2
.. ]P)(Xl + X2 > ’U,)
1 f—or e
oo P(X; > u)
2P(X: > (1 —e)u) + P(X1 > eu, X2 > eu) —2P(X; > (1 —e)u, Xa > (1 — €)u)

< lim inf

=t P(X; > )
_ oo P(Xq > eu, Xo > eu)

<2(1l—¢) @ 1 f

< 2( € “+e im in P(X: > cu)

If we choose u; such that xo; = F(eu;) then

. JP(X X > ) _
liminf ——L =222 < 9(] — )@
i sy =29

and with e — 0
lim inf —]P)(Xl +Xo > u)
On the other hand

P(X1 + X2 > u) P(X1 > u/2, X3 > u/2)

li - =7 > 2¢

P TP(Xy S w) T aad P(X; > u/2)
> iy 90 P> F o (@ani1), Xo > FH(z2041)) _ ya
T n—oo P(Xl > F_1(=T2n+l)) '

O
If for any given dependence structure and identically distributed marginals F' € RV,, the tail depen-
dence coefficient A does not exist, then one can always find an a > 0 such that the limit (17) does
not exist. This assertion is a special case of the following multivariate result:

Lemma 4.5 Let X4,...,X,, be positive random variables, which have common distribution function
F € RV, and assume that their copula C(x1,...,xy) is such that there exist two sequences (u,,),,>1
and (Up,),, 1 With My, o0 Uy, = limy, o0 U, = 1 and B

lim 1—C(um,...,um):m>m: lim 1—C(gm,...,gm)'

m— 00 1-— Um, m— 00 1- u,

T

Then for some o > 0
P(X1++Xn>u)

u—00 P(X; > u)

does not exist.

16



Proof. Analoguous to the proof of Lemma 4.4 we get

li —e=l T 2 > > 1 =m
TR s w) © P P(X; > u) = oo P(Xy > F-1(am))
and
L PO X > ) .. P(max(Xy,...,X,) > u/n) . 1 =Cuyys---su,,)
liminf —=2=1——" "~ < liminf o <n* 1 —m D ImE
umoe  P(Xy>u)  © umoo P(X; > u) =R PG > Flw,)
Thus the lemma follows for any
loo (777
o < log(m/m)
logn
O
If we want to ensure that PIX. 4 X
lim M (18)

u—oo  P(X7 > u)

exists at least for all regularly varying marginal distributions, a necessary condition is that \ exists,
which is equivalent to the existence of the limit

lim P(max(X1,X2) > u)/P(X1 > u).

U—00

For the specific case of diagonal copulas, for arbitrary marginal distributions the existence of A is also
a sufficient criterion:

Lemma 4.6 For diagonal copulas, either Cs € MDA (Cy) (and hence the limit (18) exists) or A does
not exist. Furthermore, if Cs € MDA (Cy) then Cy fulfills the Condition (iii) of Lemma 3.1.

Proof. Assume first that \ exists. For any diagonal copula we have

cy (al/”,bl/n) = min {a,b, 2% (5 (al/") +4 (bl/"))n} .

Observe that

n [ 1/n 1/n
lim %(6 (al/")+5(b1/”)) = lim exp [n log <6(a )—;6(1) )>]
. 1/n 1/n
= lim exp —n(l—é(a )—2|—5(b )>1
. _ 1/n
= lim exp —% <n (1 — al/") %
_ 1 -4 (b
+n (1 — bl/") #)1

2—X

— exp {-? (—loga—logb)] — (ab)*P

and we get the extreme value copula

A

Co(a,b) = min{a, b, (a b)%}, (19)
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which obviously fulfills Condition (iii) of Lemma 3.1.
On the other hand, whenever C' € MDA (Cj), then A exists (this holds for arbitrary copulas C), and
can be explicitly calculated by

_ _ t ot t ot
A= lim M:2— lim M — 24 lim log (C(a’, a"))
u—1 1—wu t—oo 1—at t— 00 1—at
t o\t
—oy qim 080T, log(Co(a,a))
t—o0 t (1 — at) 1og(a)
for arbitrary 0 < a < 1. 0

Lemma 4.6 does not hold for arbitrary C(x1,z3). For instance, in [18] examples of random variables
are given where lim, .o, P(X7 + X2 > u)/P(X; > u) exists, but (X7, X2) is not in the maximum
domain of attraction of an extreme value copula (note that for these examples it is not a priori clear
whether the limit lim, o P(XP + X5 > u)/P(X? > u) then exists for all 3 > 0). However, along
the ideas of [18] it is possible to obtain another criterion for which the limit exists for all 8 > 0:

Lemma 4.7 There exists a copula C ¢ MDA (Cy) such that for all positive random vectors (X1, X2)
with reqularly varying marginals with arbitrary index o and copula C,
. P(Xl + X9 > ’U,)
lim ——————~
u—oo  P(Xy > u)

exists.

Proof. Choose a positive function f(yp) with

/2 /2 /2
/O f(g) dp=1 and /0 cos() () dp = /0 sin(g) () do

and such that there exists a set B C [0, 7/2] with
| t@raez [ rwp-e)an

As in [18], construct two random vectors (Xfl),XQ(D) = (Rcos(®y), Rsin(®y)) and (X§2),X2(2)) =
(Rcos(P2), Rsin(Py)) where @, is a random variable with density f(y), @2 is a random variable with
density f(7/2 — ¢) and R is a random variable with density =2 (x > 1). We can use the same
method as described in [18] to get a random vector (X7, X3) which has regularly varying marginal
distributions Fi(x) and Fy(z) with lim, . Fi(z)/Fa(x) = 1, but it is not multivariate regularly
varying and hence the copula C defined by (X7, X3) is not in the maximum domain of attraction of
an extreme value copula (see [26]). From the construction of (X3, X3) it follows that for every set B
with rcosp € B< rsinp € B

P((X1,X2) € B) =P((X{"”, x{V) € B) =P((x{”, x{") € B).

If we consider random variables Y7,Ys with copula C and positive regularly varying distribution
function F', then

(2, Y2) £ (F7H(F (K1), P (Fa(X2)),
where F~1(z) = inf{y : F(y) > x}. Hence we get

g PN Y2 >w) PO (F(FH(F(X0)) + FH(Fa(X5))) > u)

and this limit exists because for large u the set {F; ' (F(F~ (Fy(X1))+ F~*(F2(X2)))) > u} is nearly
symmetric with respect to X1, Xo. O
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5 Two specific examples

5.1 The multivariate t-copula

Since the t-copula given by

t7 (1) = (@) F(u+n) ¢ Pt —vgn
C(z1,...,2n :/ / 2 <1+ > at,
. s e T (5) V(rv) det (P) v

where ;1 denotes the quantile function of a standard univariate ¢, distribution, P is an invertible
correlation matrix and t = (¢1, ..., t,), does not fulfill the conditions of Theorem 3.2, but is frequently
used in risk management (see e.g. [11]), we look at it in more detail. First, we calculate the t-extreme-
value copula (for the bivariate case a different representation can be found in [11]).

Lemma 5.1 We have
0o oo T v+n IP—l )
lim m / (2) <1—|—X X> dx
m—o0 trl (/™) L(al/™) (%) (mv)™ det (P) v
v4n

n) t/P—lt — Tz
/ / 7 ( ) i,
b(e1) @) T (%) /(7)™ det (P) v

. 1/v
b(z) = lim t;'(2V/™)ym~ " = <71_‘ ((T VV22> (—log(ac))*l/”.

m—0o0

where

Proof. At first note that

1/v
(vl .
lim ¢ (2Y/™)ym'" = <1_‘((72)VT2> (—IOg(x))il/y'

m— 00

Denote by a(x) = t;*(z'/™). Then

U+n I p—1 -z
lim m/ / ) (1 + L t) dt
M=o Ja(ay) (@) I ( ) det (P) v

C lm m/ / Hawl = (45" (Ha(X)y'P‘la(X)w>_T dy (20)

m—00

| 1 N T
- n}ﬂnoo/ / v ) T (%) (ﬂ'VQ)” det (P)

[ i () T

/11) /mn) r( R )det (P) (t’Py‘1t>T ds, (22)

where we substituted a(x;)y = t to get (20), used dominated convergence to get (21) and substituted
t = b(x;)y to obtain (22). O

A Ml‘
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Lemma 5.2 The t-copula lies in the mazimum domain of attraction of an extreme value copula Cy
with

- i+1 >~ ( ) tPBlt 2
Co(z1,...,xn) =exp{ — —1)"* dt »
o )=o) =32 Bz_ifbm),@r(g) e )( : > ;

where Pg is the submatriz of P given by the elements p;j, 1,7 € B and b(z) is defined as in Lemma
5.1.

Proof. The marginal copulas of a t-copula with respect to the set B are t-copulas with matrix Pg
(see [17]).

—log (Co(z1,...,2,)) = lim —mlog(C (xi/m,..., }/m))

m—00

:mliinoo—mlog (1 — (1 —O(z}/m,...,xi/m)))

lim m(l—C(mi/m,...,x}/m))

m—00

l/m)fl

ty (x ty (/™)1 I (vt Ip—lgy — 5
— lim m 1—/ 1 / () (1+tp t) dt
m— 00 —oo —oo I (%) \/(7v)™ det (P) v

I (&) t'Pgt\
=1 1)+t / - <1+ - > dt,
mgnooZ Z 1/M) 1J€BF( )\/(ﬂ'l/idet(PB) v

| Bl=i

[SIN

and the result follows with Lemma 5.1. O

For positive regularly varying marginals this leads to

- r (u+|A|) o Pt _vAl
/L(Xi>$i,i€A):/ 2 ( A ) dt,

be= i7" jea T () /(mv)lAl det (Pa) v

whereas for Gumbel marginals

e . )7/00 I (1m) <t/p1t)—v§" »
1 = B fn = Bn) = b(exp<_°§1)€%§‘2)2j>>’1SignF(%) (mv)™ det (P) v |

(23)
We now turn to the case of lognormal marginals with common distribution function F(z|u, o) (see [5]
for an asymptotic sum of lognormal random variables with Gaussian copula). It is easy to see that

F(z|p2,0) = F(e" ™" x|uy, 0).

If we define cgl) =1, cl@) =eMH and k=) 1 | —& we get (cf. Theorem 3.2)

. PO 1 Xi>ku)
1 1= = X;>0
Jdim — S Z >
where [ is given in (23).

For the more general case of lognormal marginal distributions with different u;,0; (¢ =1,...,n), one
can adapt an idea of [5] to obtain the following result:
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Proposition 5.3 Let Xi,..., X, be variables with lognormal marginal distributions F(x|u;,0;) (i =
1,...,n) and arbitrary dependence structure. For Sq := Z?:l X; assume that P(Sq > u) ~ caF1(u/kq)
for some constants cq, kq > 0 and further o441 < o1, then for all d > 1

. P(Sd+1 > ’U,)
lim ————= =1.
wto P(Sy > u)
Proof. The proof is analogous to the proof of Theorem 2.1 of [5]: Choose o441/01 < 8 < 1 then
limy, oo Far1(u®)/Fi(u/kg) = 0. It follows that

P(Sgt+1 > u) , (P(Sd >u—u’)  P(Xagyr > uﬁ))

1< lim —————=< 1
e \ T PSSy > w) P(Sq > u)

i B
=< — 1 fim T
U—00 ]P)(Sd > u) U—00

U—00 CdFl (u/kd)

5.2 The t-copula with negative regularly varying marginals

In Section 3 we have seen that under the conditions of Theorem 3.2 the limit constant g, , depends
only on the index of regular variation and the extreme value copula. An example of a copula that
does not fulfill the conditions of Theorem 3.2 is the ¢t-copula, from which we can see that the behavior
of P(Xy,...,X,) does not only depend on the maximum domain of attraction of the multivariate
distribution, but also on the negative tail of the distribution. In the following illustration we focus on
the two dimensional case for ease of notation and use random variables X7, X5 with common marginal
distribution function F' € RV, such that lim,_ .. 1«2( ”;) = oo (hence the condition of Lemma 3.1 is

not fulfilled). For a > 0 we get

. P(X1 > au, X2 > bu)
lim
u—00 P(X7 > u)

& o0 (w2 _ 3
= lim _1 / / - ( 2 ) (1-1— ‘ 2p:cy2—|—y ) dy dz
e F(u) <F<au>> HFou) T (5) V()2 (1 - p?) v(1 - p?)
t,

_ it (%)
—UILH;O / /;l, (F(bu)) 1" % ( ) ( _p2)

ty T (F(au))
1 2_9 2\ "z
( — + a pa?y;-y > dy dx
G F@)? v )

W _v+2
foo foo o o ul LA (w2—2pwy+y2) > dudr b>0
L) ( D/ma—p) \ va=p7) Y ’

- ) —v/2 z2—2 wl+(2 _VTH
fl fo u+1 \/7_‘,2(1 %) ( V(1P_;12)U ) dy dz b <0.

Since a similar statement holds for a < 0 we get that the limit measure is the measure of the case of
positive marginals when the mass at the axes is removed.

5.3 The diagonal copula

The extreme value distribution of a diagonal copula (if it exists) is given in (19). Hence we get under
Assumption 3.1 that

w(X1 > 1, Xo > x9) =(c121) " + (cox) ™
2— A

— max <(c1x1)°‘, (cox2)™¢, T((clxl)*o‘ + (02x2)°‘)>
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Note that p is concentrated on the lines

-

e (22)" e,
1= h o 2

Consequently we get the explicit result

[N}
> |
>
N———
L
~
Q
Q
N

_ /a
(52" = 1
=pu| X1 > — 1/alc , Xo > 1o
1+ (352) 7 & 1+ (352) " 2
) e |
+p | X > _1/21 , Xo > “1/a
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Finally, let us turn to the Gumbel case. Under Assumption 3.2 we get

. @ @
(X1 > 21, Xo > 29) = cgl)e ‘1T 4 cgl)e Cz %2

1) _.@ 1) @ 2=\ 1) .2 1) .2
— max (cg Je—ei zl,cé)e €2 12,—2 cg Jemer zl—i—cé)e 2 T2

and a similar calculation as above yields

(2) (2)

c c
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