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Abstract: Let {X,(t),t € [0,00)},n € N be a sequence of centered dependent stationary Gaussian processes. The limit
distribution of sup;c(o 7(n)) [Xn(?)| is established as r,(t), the correlation function of {X,(t),t € [0,00)},n € N, satisfies
the local and long range strong dependence conditions, which extends the results obtained by Seleznjev (1991).
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1 Introduction

Let {X(t),t € [0,00)} be a standard (mean zero and unit variance) stationary Gaussian process with continuous sample

paths, and let {r(¢),t > 0} denote its correlation function. Assume that the correlation function r(¢) of the process satisfies
r(t)=1—[¢*“+o(|t|*) as ¢t =0, and r(t) <1 for t>0 (1.1)

for some « € (0, 2], and further assume
r(t)logt — 0, as t— oc. (1.2)

For the study of the asymptotic properties of the supremum of Gaussian processes the local condition (1.1) is a standard
one, whereas the condition (1.2) is the weak dependence condition, or the so-called Berman’s condition, see e.g., Piterbarg

(1996). Under these two conditions on the correlation function r(¢), it is well-known (see e.g., Leadbetter et al. (1983) or

Berman (1992)) that
P {aT ( sup X (t) — bT> < x} —exp(—e™ %)
t€[0,T]

log(Ha (2m)~V2(21log T)~1/2+1/@)
=+/2logT, br =+/2logT . 1.4
ar og 1, T og + \/W ( )

Here H,, denotes the Pickands constant defined by H, = limy 00 A" H(\), where

1o ) = {exp (s V2B al0) - 1*) |

t€[0,A]

lim sup =0, (1.3)

T—00 zcR

where

and B, is a fractional Brownian motion (a mean zero Gaussian process with stationary increments such that E {Bi (t)} =
[t|?*,t € R). It is also well-known that 0 < H, < oo, see e.g., Berman (1992), and Piterbarg (1996).
In this paper, the following Pickands exact asymptotics plays a curial role in deriving the limit relation of (1.3). Specifically,

for some fixed constant h > 0

]P’{ sup X(t) > u} = hup(u)(1+o0(1)), as u— oo, (1.5)
tc[0,h]

*College of Mathematics Physics and Information Engineering, Jiaxing University, Jiaxing 314001, PR China
TDepartment of Actuarial Science, Faculty of Business and Economics, University of Lausanne, UNIL-Dorigny 1015 Lausanne, Switzerland
¥School of Mathematics and Statistics, Southwest University, 400715 Chongqing, China



provided that the correlation function r(t) satisfies (1.1) and
p(u) = Hou? U (u), (1.6)

where ¥(-) is the survival function of a standard Gaussian random variable. For more details see Leadbetter et al. (1983)
and Piterbarg (1996). A correct proof of Pickand’s theorem (see Pickands (1969)) was given in Piterbarg (1972); for the
main properties of Pickands and related constants, see Adler (1990), Berman (1992), Shao (1996), Dieker (2005), Debicki
and Kisowski (2009) and Albin and Choi (2010).

A uniform version of (1.5) for stationary Gaussian processes has been established by Seleznjev (1991), where the author
investigated the limit distribution of the error of approximation of Gaussian stationary periodic processes by random

trigonometric polynomials in the uniform metric. Next, we formulate the aforementioned result.

Theorem A. Let {X,(t),t € [0,00)},n € N be standard stationary Gaussian processes with a.s. continuous sample paths
and correlation function r,(t). Let T(n) > 0,un,n > 1 be constants such that lim,_,. min(7T'(n),u,) = oo. Suppose
further that

(A1), r(t) =1 — cplt|* + en(®)|t]*, 0 < a < 2, where ¢, — 1 as n — oo and €,(t) — 0 as t — 0, uniformly in n;
(A2). for any € > 0, there exists v > 0 such that sup{|r,(t)|,T > |t| > e,n € N} <~ < 1;
(A3). r,(t)log(t) — 0 as t — oo, uniformly in n.

(). If (A1) and (A2) hold, then for any fixed & > 0 and u(-) defined in (1.6)

P {suprcio iy [Xn (D] > wn |

li = 1.
ngr;o Qhu(un)

(ii). If additionally lim, oo T'(n)u(u,) = 0 € (0, 00] and (A3) hold, then

lim ]P’{ sup |Xn(t)|<un} = e %,

nee (telo, ()
where we set e72¢ = 0 if 6 = oo.
(iii). If instead of Assumptions (A1)-(A3), the correlation functions r,(t) are such that
1—rp(t) <|t|*, te[0,T(n)],

with @ € (0,2] and T'(n) > Tp > 0 for all large n, then

lim IP{ sup |Xn(t)|Sun} = 1,
te|

n—oo O,T(n)]
provided that lim, oo T'(n)pu(u,) = 0.

(iv). Let ap(n), br(n) be defined as in (1.4). If (A1), (A2) and (A3) hold, then

Pqarm) sup [ Xy (t)] —bpm) | <@ p —exp(—2e77)
te[0,T(n)]

The above result has been extended by Seleznjev (1996) to a certain class of non-stationary Gaussian processes. For further
extensions and related studies, we refer to Hiisler (1999), Hiisler et al. (2003) and Seleznjev (2006).

lim sup =0.

n—0o0 z€R

With impetus from Seleznjev (1991), in this paper we present the corresponding version of Theorem A for a sequence of
strongly dependent stationary Gaussian processes (see definition below).
The paper is organized as follows. Section 2 displays the main result, followed then by Section 3 where we present the

proofs.



2 Main Results

In this section, we extend Theorem A to a sequence of strongly dependent stationary Gaussian processes. A sequence of
standard stationary Gaussian process {X,(t),t € [0,00)},n € N is called strongly dependent if the correlation function

7, (t) satisfies one of the following assumptions:
(B1). rp(t)logt — r € (0,00) as t — oo, uniformly in n;
(B2). rp(t)logt — 0o as t — oo, uniformly in n.

Indeed, Assumptions (B1) and (B2) are natural extensions of Assumption (A3). For related studies on extremes for
strongly dependent Gaussian process, we refer to Mital and Ylvisaker (1975), Piterbarg (1996), Ho and McCormick (1999)
and Stamatovic and Stamatovic (2010).

Let in the following ¢ and ® denote the probability density function and the distribution function of a standard Gaussian

random variable W, respectively, and set

, z€eR, (2.7

An(r) = E {[A(g; + T)]emw+e—\/ﬁw}

with A(z) = exp(—exp(—z)),z € R the unit Gumbel distribution function.

Next, we state our main results.

Theorem 2.1. Let {X,,(t),t € [0,00)},n € N be a standard stationary Gaussian processes with a.s. continuous sample
paths and correlation function r,(t) satisfying (A1),(A2) and (B1).
(i). If lim, oo T(n)p(uy,) = 6 € (0,00], then

lim P sup | Xn(®)| <wunp = Ar(—logh), (2.8)
n—0o0 te[0,7(n)]

where A,.(—logh) =: 0 if § = co.
(ii). Let ap(ny,bpen) be defined as in (1.4), for x € R we have

P4 ar@m) sup [ X (t)] —brm) | <z p — Ap()
t€[0,T(n)]

Remarks 2.1. (a) From the proof of Theorem 2.1, it follows that both (2.8) and (2.10) can be shown to hold also for
r = 0, retrieving thus the result of Theorem A.
(b) Assertion (iii) of Theorem A still holds under the conditions of Theorem 2.1.

lim sup =0. (2.9)

n—o0 z€ER

Theorem 2.2. Let {X,,(t),t € [0,00)},n € N be a standard stationary Gaussian processes with a.s. continuous sample
paths and correlation function r,(t) satisfying (A1) with 0 < a <1, (A2) and (B2). Assume that r(t) is convex fort >0
and rp(t) = o(1) uniformly in n. If further r,(t)logt is monotone for large t, then with by, as in (1.4), we have

lim  sup ‘]P’ r A Tm) [ sup | X (0)] = (1= rp(T(n)2bry | <= —2<I>(x)—|—1‘:0. (2.10)
N0 2€(0,00) t€[0,T(n)]

Remarks 2.2. Theorem 2.2 is a uniform version of Theorem 3.1 of Mittal and Ylvisaker (1975).

3 Further Results and Proofs

We begin with some auxiliary lemmas needed for the proofs of Theorem 2.1 and 2.2.
For given ¢ > 0, we divide interval [0,7'(n)] onto intervals of length 1, and split each of them onto subintervals I%, I; of
length e, 1 — ¢, j = 1,2,--- ,[T(n)], respectively, where [z] denotes the integral part of z. It can be easily seen that a

possible remaining interval with length smaller than 1 plays no role in our consideration. We denote this interval with J.



Let {Xr(f)(t),t >0}, 4=1,2,--- be independent copies of {X,,(¢),t > 0} and {n,(¢),t > 0} be such that n,(t) = X,Sj)(t)
for t € I;. Let p(T'(n)) :=r/logT(n) and define

Eat) = (1= p(T ()20 (t) + p 2T ()W, ¢ € UM,

where W is a standard Gaussian random variable independent of {n,(t),t > 0}. Note that {£,(¢),t € U[T n)]I i} is a

standard non-stationary Gaussian process with correlation function g, (-,-) which is given by

_ [t )+ (A= ra(t,s))p(T(n), teljs€li=]
Qn(t 5)_{ ( ( ))’ tEIj,SGIi,Z'#j-

In the sequel, assume that a,u,,, v, are positive constants, and set

Hala)
Ho

q = q(un) = au;2/o¢, pun) = ’Haui/a\:[l(un), é(a) :==1—

Further, Cy — Cj shall denote positive constants whose values may vary from place to place.
Lemma 3.1. If the Assumptions (A1) and (A2) hold, then for each interval I of fixed length h > 0

0 < P Lo X, ()] < un | = P {sup X, ()] < o } < 208(aatu) + o) (.1)
and
0 < P {m X, () < | P {sup X, (6) < o b < B0(a)(n) + fplun) (3.12)
where 6(a) — 0 asa | 0.
Proof. Both claims above are established in the proof of Theorem 1 of Seleznjev (1991). O

Lemma 3.2. Suppose that (A1) and (A2) hold. If T(n)u(un,) = O(1) and T(n)u(v,) = O(1), then

P sup | Xn(s)| <up p—Pq sup [Xp(s)| <upp — O (3.13)
5€[0,T(n)] seul;
and
P< —v, < inf X,(s), sup Xn,(s) <up —]P’{—vn < inf X,(s),sup X,(s )<un} - 0 (3.14)
s€[0,1] s€[0,1] s€I sel

asn — oo and ¢ | 0.

Proof. By the stationarity of {X,(t),t € [0,T(n)]} and Theorem A (i) we obtain

s€[0,T'(n

IP’{ Sup [ Xn(s)] < un} IP’{ sup | X, (s)| < un}

(T(n)]
<
Z P{maX|X (s)] > un} +IP’{I£1€&L}<|XH($)| > un}

< ATl + Vi) {1+ o(1)

= O0(M)e(1 +o(1))
—0

as u — oo and ¢ | 0, which completes the proof of (3.13). Note in passing that

P —Un S mf Xn(S) sup Xn(S) S Unp —P {_Un S Hlf Xn(s)v sup Xn(s) S u’ﬂ}
SG[U 1] 56[0,1] sel sel,



<

P sup Xo(s) < un g — P {sup Xu(s) < u}
s€[0,1] sel;

i X = o p Lot X000 > o ]

s€[0,1]

The proof of (3.14) is similar to that of (3.13), and therefore omitted. O

Lemma 3.3. Under the assumptions of Lemma 3.2 we have

]P’{ sup | X,(s)] < un} ]P’{ max |X,(kq)| < un} - 0 (3.15)
s€Ul; kqeUl;
and
P{—vn < inf X, (s), sup X, (s) < un} —P{—vn < min X, (kq), pax Xn(kq) < un} - 0 (3.16)
sely sely kg€l €l

asn — oo and a | 0.

Proof. By Lemma 3.2

{sup | X0 (s |<un}—]P’{ sup |Xn(kq)§unH
s€U, kqeUl;

< T(n) max (P{gg | X (kq)| <un}—P{§g}? | X0 (s)] Sun})
(n)]

< 2(1 = &)[T(n)]u(un)d(a) + T(n)o(u(un))
=2(1-¢)O(1)d(a) + o(1)
—0

asn — oo and a | 0. Hence the first claim follows. Note that

'P{—vn < inf X, (s), sup X,(s) < un} —P{—vn < min X, (kq), max Xn(kq) < un}
sel sely kqel,

< |p X, (kq) <up, b —P X, (s) < u, P{ min X, (kq) > —v, b — P4 inf X,(s) > —vn b .
R e e e R e e R
We omit the proof of (3.16) since it is similar to that of (3.15). O

Lemma 3.4. Suppose that (A1),(A2) and (B1) hold. If T(n)u(u,) = O(1), then

lim ’]P’{ max \X (kq)| <un} IP{ max |§n(kzq)| <un}‘ = 0. (3.17)

n—o00 kqeu kqeu

Proof. Applying the generalized Berman inequality (cf. Theorem 1.2 of Piterbarg (1996)), we have (set next T := T'(n))

’]P’{ max | Xn(kq)| < un} —IP’{ max [€,(kq)| <unH

kqeUI; kqeuUl;
2

4 U
< > —lralka,lg) ¢

! 1
- Qn(kQ7 ZQ)‘/ exp (-) dh
kaeloiger, 2T o /1 —rM(kq,lq) 14 r(M)(kq,lq)
< > AmkLo+ Y Alnklg), (3.18)

kgel;, lgel;, kqg€l;, lgelj,i#]j
i€{1,2,---,[T(n)]} i,5€{1,2,- ,[T(n)]}

where p(z,y, r(h)) is a Gaussian two-dimensional density with the covariance "), the variance equal to one and zero mean
and

r"M (kq,lq) = hry(kq,lq) + (1 — h)on(kq,lg), h € [0,1].



In the following part of the proof, let @, (kq, lq) = max{|r,(kq,lq)|, [on(kq,lq)|} and ¥(t) = sup;c|kq_iq<r{@n(kq,lq)}. By
Assumption (A2) and the definition of 0, (t, s), we have ¥(¢) = sup. < |xq_iq <7 {@n(kg; lg);n € N} < 1 for sufficiently large
T. Further, let 3 be such that 0 < 8 < ;28 for all sufficiently large 7.

Next, we estimate the upper bound of (3.18) in the case that kg and lg belong to the same interval I. Note that in this

case, o, (kq,lq) = rn(kq,lq) + (1 —rp(kq,19))p(T) ~ r,(kq,lq) for sufficiently large T. Split the first term of (3.18) into two

parts as

> A(n, k1, q) + > A(n, k.1, q) =t Jn1 + Jno. (3.19)
kqEl;, la€L; i€ {1,2, - ,[T(n)]} kqEl;, la€1;,i€{1,2, - ,[T(n)]}
0<|kq—lq|<e e<|kq—lg|<l—c

The Assumption (A1) implies for all [t| < e < 271/

From the assumption that Tu(uy,) = T'(n)u(u,) = O(1), we have
U ~ (2logT)Y?, e 3 ~ (20)Y2H 2ul=2/2T710(1). (3.20)

Consequently, with ¢ := auﬁz/a ~ a(log T)~/* we obtain

1 u?
Ju < G |Tn(kQ7 ZQ) - Qn(kQ7 lq)‘— €xXp (_n>
kael;, lqeri,;{l,z,~-~ (T (]} 1= on(kg, lq) 1+ on(kq,lq)
0<|kq—Ilq|<e
< c > 1= b, 1)) e e tn )
—_ 1 - n b T Ty /1 1N
B e R A V1—rn(kq,lq) 1+ r,(kq,lq)
0<|kq—lq|<e
Cap(T) > V1= 7 (kg, 1g) t
< Cip(T 1 —rn(kq,lq) exp <—”>
kq€l;, la€l; i€ {12, [T(n)]} 1+ (kg lq)
0<|kq—lq|<e
T u2 (1 —rp(kq))u?
< Op(T)= VI =k _In SRS AL P
< Cip( )q > Tn( Q)exp( 5 )eXp( S0+ rulkq)

0<kqg<e
r -1 1/2—-1/a a/2 1 @
< Cip(T)=T"(logT) > (kq)*/*exp ( — kg
q 8
0<kq<e
< Ci(logT)~1/2, (3.21)

which implies lim,,_, o J1 = 0. By (3.20) for large T we have

u

2
Jna < Oy > |7 (kq,1g) — on(kq,lg)| exp (—" )
kq€l;, lqel; i€{1,2,-- [T(n)]} 1+ w"(kq’ lq)
e<|kq—lq|<l—e

2
u
< G 3 exo (155
kq€l;, lgel;,ie{1,2,---,[T(n)]} 1+ 19(6)
e<|kq—lq|<1—e
T u?
< ap ¥ o)
e<kq<l—e 1+ 19(6)
2
T u? T+9(e)
)
_1=-9(e) 29 (e)+a
< Oy~ 9@ (log T) a7 (3.22)

Hence since 9(¢) < 1, then lim,,_,o, Jp2 = 0.
We continue with an estimate for the upper bound of (3.18) where kq € I; and g € I,, i # j. Note that in this case, the

distance between any two intervals I; and I; is large than e. Split the second term of (3.18) as

> A(n, k,1,q) + > An, k,1,q) = Iy + Ino. (3.23)

kq€1;, 1g€L;,i#j€{1,2,-,[T(n)]} ka€l;, la€l; i#j€{1,2, - ,[T(n)]}
e<|kq—1lq|<TB TP <|kq—1q|<T



Similarly to the derivation of (3.22), we have

u

2
Iy < Gy 5 . 1) = onlias 1) exp )

ka€l;, lg€l;,i#5€{1,2, - ,[T(n)]} 1+ @n(kg, lg)
e<|kq—lq|<Th

2
u
e T exp (_)
kqel;, lqEIj,i#jE(l,Q,“- [T ()]} 1 + 19(5)
s<|kq—lq|§T[3
T u?
<al ¥ oew(-545)
q e<kq<TFh 1+ 79(5)
2
T1+8 w2\ \ THE
< C -
< o (o0 (-3))
< OyTP T (log T) 705905, (3.24)

Thus, lim,_o I,1 = 0, since 8 < };ggg Further, Assumption (B1) implies that there exists a positive constant K such

that ,,(kq) < K/logT? for kq > T#. Using (3.20) again, for ¢ = aun ' ~ a(log T)~'/* we have

2 u2 2 u2
4 L R R R U
qzlogTeXp< 1+19(T6)> - q2logTeXp< 1+K/10gTﬁ>

2K logT KloglogT
< C = (1-2 —_—
- 4eXp<K+B10gT ( /a)KJrﬂlogT
= O(1).
Hence, following the argument of the proof of Lemma 6.4.1 of Leadbetter et al. (1983) we may further write
u2
I, < C n(kq,1q) — on(kq,! -
> < G Z [7n (kg 1q) — on(kq Q)|eXP< 1—|—wn(kq,lq)>
q€l;, lg€lj,i#j€{1,2,,[T(n)]}
TB<|kq—1q|<T
uy,
< GCs Z Irn(kq,lq) — p(T)| exp (1—1-19(115))
kq€l;, lg€lj,i#j€{1,2,---,[T(n)]}
TA<|kq—1q|<T
qlogT T2 u?
= n(kq) — p(T)|—5———= -0
GRS Il — o) e
Th<kq<T
< GIEL S k)~ o)
= 5 T n\Rq P
T8 <kq<T
q q logT
< Cy—— n(kq) log kq — Cer= 1- . 3.25
< Osgp Y. lralk)loghq—r|+Core > | log g (3.25)
T8 <kq<T T8 <kq<T

By Assumption (B1), the first term of the right hand-side of (3.25) tends to 0. Furthermore, the second term therein also
tends to 0, which follows by an integral estimate as in the proof of Lemma 6.4.1 of Leadbetter et al. (1983). Consequently,
the proof is established by (3.18)-(3.19) and (3.21)-(3.25). O

Lemma 3.5. Suppose that (A1) and (A2) hold. If T(n)p(u,) = O(1) and T'(n)u(v,) = O(1), then

P sup X, (s) > upn, inf X, (s) < —v, p = o(p(un) + p(vy)), n— oo. (3.26)
s€[0,1] s€[0,1]
Proof. The proof is similar to that of Lemma 11.1.4 in Leadbetter et al. (1983). O

Proof of Theorem 2.1. We only prove case (i), since case (ii) is a special case of (i).
(1). Case 0 € (0,00). The definition of {&,(t),t € Ug.i(ln)]lj} implies

P{ max |&,(kq)| < “} - P{ max [(1— p(T(n)))"/*nn(kq) + p'/*(T(n))W| < “}

kqeuUl; kqeUl;



—tp < (1= p(T(n)))*nn(kq) + p"*(T ()W < tn, kq € Ulj}

P
oo —uy — pM2(T(n))z un — p2(T(n))z
= L P T e S k0 < G ke £ UL f (e 020

Since as n — oo

S Up — pY2(T(n))z _ r—2rz 3
e )
and
R up + pt2(T(n))z r4+v2rz _
’U( ) (1 — (T(n)))1/2 = Up + T + O(Unl).

So, the assumption lim, o, T'(n)u(u,) = 0 € (0,00) implies that

lim T(n)p(ul?) = 0e V22 lim T(n)u(v®) = e 77V2"2, (3.28)

n—oo n—oo

Next, by the definition of {n,(t),t > 0}, (3.14), (3.16) and (3.28) we have

]P’{—vﬁf)Snn(kq)guﬁf),kqeulj} = H { 0 < XU (kq) < ul? k;qel}

[
=

[T'(n)]
o) < Xu(kg) < ud kg e )b

()
<u£f),t611} (1+ o(1))

[T(n)]
{<z)<X ) <ufte01])  (1+o(1))

= [(1- ]P’{ inf X, (s) < —vﬁf)} —P{ sup X,(t) > ul?
s€[0,1] s€[0,1]

(T(n)]
—HP’{ inf X, (s) < —v{?), sup X, (t) > u%”}) (I4+0(1)) (3.29)

s€[0,1] s€[0,1]

as n — oo. In the light of Theorem A(i) and Lemma 3.5

[T(n)]
P{—o) <nalke) ui kg e UL} = (1= ) = pol) + o(u(uf) + p(@i?)) " (1+0(1)
[T(n)]
96—(7“— 2rz)_|_06—(7"+ 2rz) 1
= 1— 1 1
( T(n) vo(g)) o)

= exp (—96_(T_\/§Z) - 96_(“‘@2)) (14 0(1))

as n — 0o. Combining the last result with (3.17),(3.27) and applying the dominated convergence theorem we have

+oo
lim IP{ max |X,(kq)| < un} = / exp (—06_(7'_‘/272) - 96_(7”'_@2)) p(z)dz.

n— o0 kqeUI; —

Consequently, the proof follows by utilising further (3.13), (3.15) and (3.17).
(2). Case 8 = co. From the definition of u(-), we know that for arbitrarily large 6’ < oo, there exist a real sequence v,, such

that lim,,_,~ nu(v,) = 6. Clearly, for n sufficient large, u,, < v,, hence

P{ sup IXn(t)ISun}gP{ sup |Xn<t>|§vn}ﬂr<—1ogo'>, n — oo,
[ [

te[0,T(n)] te[0,T(n)]

Since this holds for arbitrarily large 6’ < oo, by letting #” — oo we see that

lim P sup [ Xn(t)| S up p =0,
n—o0 te[0,T(n)]



which completes the proof. O
For the proof of Theorem 2.2 we need a result which is formulated in the next lemma. By Polya’s criterion (see e.g., (3.10)
in Durrett 2004) if we assume the convexity of the correlation functions r,(¢) (hence 0 < o < 1, cf. Theorem 3.1 of Mittal
and Ylvisaker (1975)), then there exists a separable standard stationary Gaussian process Y, (¢),n € N with correlation

function
rn(t) — ra(T(n))
1 =7, (T(n))

Pn,T(n) (t) = ,  for t<T(n).

Let

MT(n)(Y) - Oﬁrtréaiz((n) Y (t)7 MT(n)(_Y) - Ofrtrg}lzi(n) Y (t)

Lemma 3.6. Let Y,,(t) be defined as above. Under the conditions of Theorem 2.2 for any € > 0

Tim P { My (V) = brow| > erd2(T(m)} = 0 (3.30)
and

Tim P { My (=Y) = brg| > ert/2(T(n)} = 0 (3.31)
are valid.

Proof. Since the proofs are similar, we only give the proof of (3.30). By the assumptions

T (t) = (T(n))
1—7r,(T(n))

Pr,1(n) (1) = =1 —ca(T()[H" + en(®)[t]*

Cn enl(t
ast — O7 where Cn(T(n)) = m W(T)(n))
for any e > 0, there exists v > 0 such that sup{|pn 7@ (t),T > [t| > e,n € N} < < 1. Utilising the stationarity of
{Ya(t),0 <t <T(n)}, Theorem A (i) and the definition of bp(,), we have

— 1, as n — 0o, and €, (t) = — 0 as t — 0, uniformly in n. Furthermore,

P{ My (V) = bry > e/ 2(T(m)} < (T)] +1)P {Orgggl Ya(t) > er/2(T(n) + bT(n>}
< Go([T(m)] + D(ery/*(T(n)) + by & e 30T tbre)*
< Co([T(n)] + 1)(log T(n)) 5 e~ 3 (21os T(n)+ 352 loglog T(n)+2(ra (T (n)) log T'(n)) /%)
< Oy (T logT(n)"/?

Assumption (B1) and the fact that lim,,_, . 7, (T (n)) log T (n) = oo imply

lim P { Mz (V) = brny > ert/2(T(n)) } =0,

n
n—roo

Next, repeating the proof of equation (3.9) in Mital and Ylvisaker (1975), we have

lim IP{MT(n)(Y) — by < —ErTlL/Z(T(n))} —0,

n—oo

hence (3.30) holds, and thus the claim follows. O

Proof of Theorem 2.2. Represent X,,(t) as
Xn(t) = (1= ru(T(n) V2o (t) + /(T ()W,

where W is a standard Gaussian random variable independent of the process {Y,,(¢),t > 0}. Using Lemma 3.6 and setting
1—r (T(n))

) We obtain

a(n) :==

P {rn”Q(T(n)) (te[Sup X (1) — (1 — rn(T(n)))l/%T(n)) < x}

0,7(n)]



= IP{ sup | X ()] < 7/ 2(T(n))[a(n)brn) + x}}
€l0,T(n)]

=P{-z < a(n)(Yp(t) + brm)) + W,a(n)(Ya(t) — br)) + W < a,t € [0,T(n)]}
=P {a(n)(=Yn(t) = brm) =W < z,a(n)(Yo(t) — b)) + W < z,t € [0,T(n)]}
=P {a(n)(Mr(n)(=Y) = brm)) = W < @,a(n)(Mp(n) (Y) = b)) + W < @}

P{-W<z, W<z}, n— oo,

and hence the claim follows. O
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