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Abstract: Gaussian random vectors exhibit the loss of dimension phenomena, which
relate to their joint survival tail behaviour. Besides, the fact that the components of
such vectors are light-tailed complicates the approximations of various multivariate risk
measures significantly. In this contribution we derive precise approximations of marginal
mean excess, marginal expected shortfall and multivariate conditional tail expectation of
Gaussian random vectors and highlight links with conditional limit theorems. Our study
indicates that similar results hold for elliptical and Gaussian like multivariate risks.
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1. INTRODUCTION

The recent article [1] investigates two important measures of risk contagion for a given bivariate random
vector (Z1,Z2), namely the marginal mean excess (MME) and the marginal expected shortfall (MES).
Specifically, under the assumption that E{|Z;|} < co the MME is defined for any p € (0,1) by

(1.1) E(p) = E{(Z1 = VaRz,(p))+|Z2 > VaRz,(p)},
whereas MES is given as
(1.2) S(p) = E{Z1|Z2 > VaRz,(p)},

with VaRz, (p) the Value-at-Risk at level p of Z;, which is simply the quantile function of Z; at p. In
general both F(p) and S(p) cannot be calculated explicitly. Besides, in the risk management practice the
main interest is the calculation of these quantities for p being close to 1.

In this paper we shall consider first the approximations of MME and MES for (7, Z3) being jointly
Gaussian with correlation p € (—1,1). Gaussian random vectors are asymptotically independent, i.e.,
large values occur independently which in our context means that

ligl P{Z1 > VaRz (p)|Z2 > VaRz(p)} = 0.
P

Moreover, Gaussian risks exhibit the dimension reduction phenomenon, i.e., the joint survival probability
can be proportional to the marginal survival probability for large values of the threshold, see e.g., [2—4]
and the discussion below. Indeed that phenomenon renders the approximations of both MME and MES
interesting and challenging.

Under hidden regular variation assumption on (Z7, Z2) the recent publications [1, 5] consider approxima-
tions of MME and MES under some additional asymptotic conditions. However the Gaussian setup is not
covered therein since the marginal distributions are in our setup light-tailed. As discussed recently in [6],
see also [7] the light-tailed case is very challenging (even in the one-dimensional setup) and surprisingly
very little investigated in the literature.

Given the central role of multivariate Gaussian distributions, and the interesting behaviour of light-tailed
risks, our principal goal in this contribution is to derive approximations of MME and MES in the Gaussian
setup. We state next the result for the bivariate case.

Throughout in the following ® denotes the distribution function (df) of an N(0,1) random variable with
inverse ®~! and ¢ the probability density function (pdf) of a standard Gaussian random vector (X7, X»)
with correlation p € (—1,1).

Date: October 7, 2018.



2 ENKELEJD HASHORVA

Theorem 1.1. Let Z = (Zy,Z2) be jointly Gaussian with Z; having N (u;,02),i = 1,2 df and correlation
p € (=1,1) and set up, = ®(p), B = (p2 — p1)/o1,m = B//1 = p?.

i) If oo > po1 and o1 > pog, then

2
o _9 Y
(1.3) E(p) hT;LQ 2mu, 202 p(oup/or + B,up) =0, pT1,
1
where
02 — po1 01 — po2
hy = >0, ho= >0
- S ai(l—p?)
it) If o9 = poy, then
(1.4) lim B(p) = o1/T—p2(2/(n) —nlL — ®(n)] ) € (0.0).
i11) If o9 < poy, then
(1.5) E(p) ~ (po1—o2)u, - o0, ptl.
w) If o1 < poa, then
2 o3—of o
_g92, -2
(1.6) E(p) ~ 016_%@)(77,0*)%6 Baiure” 27 ™ -0, ptl,
where p* = p if 09 = po1 and p* = 0o otherwise.
v) As p1 1 we have
(1.7) S(p) — 1 —o1pup, — 0.

The above findings show that E(p) and S(p) have a completely different behaviour as p approaches 1.
Both (1.3) and (1.6) prove that E(p) tends super-exponentially fast to 0 as p — 1. A completely different
behaviour is observed in (1.4) and (1.5). For the approximation of MES we have only one case as shown
in (1.7), since its definition is invariant to os.

The bivariate setup is however restrictive; it is possible to have in (1.7) a non-zero limit in higher dimen-
sions, see Remark 2.4. Indeed, the two-dimensional setup is easier to deal with and there are no additional
notation needed, but it does not show how to derive corresponding results in multivariate setup.

It is worth mentioning that extensions of our results to elliptical random vectors are also possible, but
those require more technical efforts and additional assumptions similar to [8][Assumption 4]. Moreover,
extensions to the larger class of Gaussian like random vectors treated in [9] can also be obtained, but again
further technical treatments are needed and will therefore not be addressed here. Besides, our findings are
of certain importance for considering approximations of other risk measures such as multivariate expectiles
considered in [10].

Brief outline of the rest of the paper: In the next section we focus on the multivariate setup deriving
the approximations of MME, MES and the multivariate conditional tail expectation (MCTE). Section 3
contains all the proofs followed by an Appendix.

2. MAIN RESULTS

In this section we shall be concerned with the multivariate setup deriving first an extension of Theorem
1.1 and then discussing further some related conditional limit results. Given its importance in application
we shall consider also the approximation of MCTE. In the last subsection the three dimensional case will
be briefly explored.

In our notation below bold lower case symbols are column vectors in R%. The Hadamard product ra& stands
for the vector (rzy,...,rzy) where r € R,z = (x1,... ,nvd)T € R?. All other operations with vectors are
defined as usual, component-wise. For instance ax is the vector (ajxy,..., adxd)T for any a,z € R? and
x > a means that z; > a;,1 < d.
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2.1. Approximation of MME and MES. Let in the following Z = (Z1,...,Z4) be a d-dimensional
Gaussian random vector with mean p. As in the bivariate case we define MME for give level p € (0,1) by

E(p) =E{(Z1 — Ap)+|Z2 > VaRz,(p), ..., Za > VaRz,(p)},

with A, = Z?:_ll a;VaRyz,  (p) where a;’s are given constants. Writing af for the variance of Z; we have
thus

E(p) = oaB{(X1—(4p —pm)/o1)+|X2 > VaRx,(p),...,Xa > VaRx,(p)}

d—1
= o B{(X1 — O ai(oirrup + piy1) — ) /o1) 11 Xa > tp, ., Xa > up},
i=1
with X = (X1,...,Xy) a centered Gaussian random vector with covariance matrix 3 equal to the corre-

lation matrix of Z and u, = ®~1(p). For notational simplicity, throughout this paper random vectors are
row vectors and therefore we do not use the transpose sign.
Consequently, without loss of generality we shall determine next the asymptotics of

E(c,u) =E{(X1 — ciu— p)+| X2 > cou, ..., Xq > cqu}

as u — oo for given ¢ = (c1,...,¢q)", i assuming that ¥ is a non-singular correlation matrix.

In the two-dimensional setup the aimed approximation can be obtained without discussing a closely related
and crucial quadratic optimisation problem. However, in the higher dimensional settings we need to solve
the following quadratic programming problem ITx;(c): determine the minimum of " X~ subject to x > ¢
for given ¢ € R?\ (—o0,0]? with solution & The reason for discussing IIx(c) is that our investigation is
closely related to the asymptotic tail behaviour as u — oo of P{X > cu}. In view of [2] (see below Lemma
4.2) the aforementioned asymptotic tail behaviour is solely determined by Ilx(c).

In view of Lemma 4.1 in Appendix we have that ¢ exists, is unique and there exists a unique index set
I c{1,...,d} with m > 1 elements such that

2.1 é[ =Cy, é]c = Z]c] Z[[ _1(3[ Z Cjc, &TE_lé = CT E]] _1C] > 0,
1

where 1€ = {1,...,d} \ I; note in passing that /¢ can be empty.
Throughout this paper X>;; is the matrix obtained by X keeping the rows and columns with indices in [
and J, respectively and similar notation applies for vectors.
Denote next by L C {1,...,d} the maximal index set that contains I such that ¢, = ¢;. We have by
Lemma 4.1 that

'S e=cp(So) ter =¢f (Z1) e
and moreover

hi:CIT(ZII)ilei>0, Vi eI,

where e; is the unit vector in R™ with all components equal to 0 apart from the ¢th component equal to
1. Denote by L¢ the complement of index set L with respect to {1,...,d}.

For illustration purposes, we discuss briefly the case d = 2. Consider therefore ¥ to be a correlation
matrix with off diagonal elements equal p € (—1,1) and let ¢ = (1,¢)". If ¢ € (p, 1), then & = ¢ and hence
I = L ={1,2} implying that ¢, L are empty. The assumption ¢ = p yields

I={1}, L=({1,2},

whereas supposing that ¢ < p implies ¢ = (1,p)" and [ = L = {1}.
Below we write z_1 instead of z; with I = {2,...,d} for any z € RY. We present next the approximation
of E(c,u).

Theorem 2.1. Let ¢, be two given constants and let ¥ be the non-singular covariance matrixz of the
centered Gaussian random vector X. Let I, L be the index sets identified by Is(c), where ¢ € R has at
least one positive component.

i) If 1 € I, then we have

1 P{X1 >ciu+pu, X_1>c_qu}
¢ (Zi) e uP{X_1 > c_qu}

(2.2) E(c,u) ~ —0, u— oo
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i) If 1 € L\ I, then c1 = (X1e1(X11)"ter)1 and further

U—00
where Y has survival function G(z) = P{Xy > z|X; =0} if L =TU{1} and if N* = L\ (1 U{1}) is
non-empty

— _P{X1>1‘,XN*>0N*|X]:0[}

2.4 G(x , zT€eR
( ) ( ) ]P’{XN* >0N*’X[=0[}

1) If 1 € L¢, then as u — oo

(2.5) E(C, u) ~ u((z:[c[(z:[])*lc[)l — Cl) — 00.

Remark 2.2. i) The tail asymptotics of Gaussian random vectors is well-known, see below Lemma 4.2 for
a minor refinement. Hence the exact asymptotic behaviour of E(c,u) in (2.2) can be explicitly calculated
by approzimating both P{X1 > ciu+ pu, X -1 > c_qju} and P{X _1 > c_1u} as u — oo.

i) As we demonstrate in the Appendiz, E(c,u) in (2.2) equals o(e™**") for some small & > 0.

In order to discuss the approximation of MES in this d-dimensional setting we define

S(e,u) =E{X1|X -1 >cqu} = cu+E{X;—culX_1>c_qu}
= cu+A(cu), c=(c1,...,cq)"

where ¢ € R?\ (—o0,0]¢. Since we are interested in the approximation of E{X1|X _1 > c_ju} as u — oo,
the natural question here is if we can determine ¢; such that A(c,u) is bounded for all large w.
In view of [4][Thm 5.1], we know that for particular choices of ¢ the following convergence in distribution

(2.6) (X1 —au)[(X -1 > c_qu) KN Y, u— o

holds with Y being a Gaussian or some truncated Gaussian random variable. The aforementioned result
suggests that lim, o, A(c,u) = E{Y} could be valid, which then for the specific choice of ¢; implies

(2.7) S(c,u) —ciu — E{Y}, u— oo.
Our next result shows that indeed (2.7) holds.

Theorem 2.3. Let b = c_1 have at least one positive component and let T, L be the index sets correspond-

ing to Ilg(b) with unique solution B, where B is the covariance matriz of X _1. Suppose for simplicity
that T ={k,...,d—1}. Then (2.7) holds with

a =102 e, I={k+1,....d}.

Moreover, for the above choice of ¢1 (2.6) is satisfied with Y having survival function G(x) = P{X; >
x| X1 =0} if L=T. In case that N = L\ T is non-empty, then G is given from (2.4) with N* =N + 1.

Remark 2.4. In the two dimensional setup b has only one element and thus T = L. Hence the limiting
random variable Y has N (0,1 — p?) distribution and therefore E{Y} = 0 confirming (1.7). If T # L, then
in general E{Y'} does not equal 0.

2.2. Approximation of MCTE. Another interesting risk measure is the multivariate conditional tail
expectation (abbreviated here as MCTE), which for elliptically symmetric random vectors can be calcu-
lated explicitly, see [11, 12]. For a given random vector X = (Xj,..., X ) with integrable components
and given ¢ € R? it is defined by

M(e,u) = E{X1|X > cu}
for u > 0 and ¢ with at least one positive component.
Note in passing that for any ¢, u and taking for simplicity u = 0 we have (hereafter where I(-) denotes the
indicator function)

E{(Xl — clu)+I[(X_1 > c_1u)}

E(c,u) = P{X_| > c_u}
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E{(X1 — auw) (X1 > cu)[(X_1 > c_qu)}
P{X_l > c_1u}
P{X >cu} E{(X;—caul(X >cu)}
P{X_1>c_ju} P{X > cu}
P{X > cu}
P{X_l > c_1u}
= r(u)[M(e,u) — crul,

E{(X1 — c1u)| X > cu)}

where we assumed that P{X > cu} > 0. In view of Lemma 4.2, under the assumption i) in Theorem
2.1 it follows that lim,_,o 7(u) = 1. Consequently, Theorem 2.1 implies

(2.8) M(e,u) ~ 2171(211)_1c1u, U — 00.

Under the assumption ¢i) in Theorem 2.1 since by Lemma 4.2 we have lim, o r(u) = C € (0, 00), then
again Theorem 2.1 yields that for some C; > 0 that can be calculated explicitly

(2.9) lim [M(c,u) — ciu] = C1, u — oc.

uU—00
Finally, under the assumptions of Theorem 2.1, i) we have that

(2.10) lim u[M(c,u) — cru] = !

U—$00 C}F(EII)_Iel )

An intuition for the above approximations comes from the conditional limit theorem derived in [4][Thm
5.1]. For instance if 1 € I being the index set related to IIx(c) for some general ¢ with at least one positive
component, we have the convergence in distribution

u(X1 — cru)|(X > cu) 4e u— oo,

where £ is an exponential random variable with mean 1/¢] (X77) tey.
The following result is new and gives a minor refinement of (2.8).

Theorem 2.5. Under the assumptions of Theorem 2.1 iii) we have ¢ = 1 1(Z11) ter > ¢

(2.11) (X1 —cu)| X > cudY, u— oo,
where Y has survival function G given in Theorem 2.1 with N* = L\ I. Moreover as u — 00

(2.12) M(e,u) — éu — E{Y}.

Remark 2.6. If L = I, then E{Y'} = 0 since Y with survival function G defined above is a centered
Gaussian random variable.

2.3. Trivariate Case. In order to apply our results we need to determine the index sets I and L related
to the quadratic programming problem IIs;(¢). The index set I has m < d elements and it is possible that
m = 1 for given ¢ with at least one positive component. If X; is independent of X _;, then it follows
easily that m > 2 and 1 € I, whereas for the case d = 2 and ¢; = ¢co we have m = 2 and I = L. In general,
m = d if and only if the so-called Savage condition (see [13, 14])

¥ le>0=(0,...,0)" e R?

holds, which can be easily checked for given ¢ and . If the Savage condition does not hold, then m < d
but the exact value of m cannot be known without the knowledge of ¥ and ¢. In the following we discuss in
details the trivariate case ¢ = (1,1,1) and ¥ is a non-singular correlation matrix with entries 0ij, 4,7 < 3.
First note that the Savage condition is equivalent with

(2.13) 14+20 —0192 — 013 — 0923 >07 U:min(012,013,0'23),
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which is equivalent with m = 3 as mentioned above. Consequently, assuming (2.13), by statement i) in
Theorem 2.1

v1— o3 1 L 2 l(etuen) TS e tper)/2-1/(14023)]
(1+023)3/2 \/2rdet(Z) (T2 tey )2 [[o_, cTELe; u?
as u — 0o, where e;’s are unit vectors in R? with 1 in the ith coordinate and all other coordinates equal

0.
Suppose next that (2.13) does not hold, i.e.,

E(c,u) ~

1+20—012—013—023<0

and m = 2 since m = 1 is impossible in the two dimensional setup when the coordinates of ¢ are equal and
positive. If (2.14) is satisfied with equality, then L = {1,2,3}. Assuming that o192 < min(o13,023) implies
I ={1,2} and thus 1 € I and the asymptotics of E(c,u) follows again from statement ) in Theorem 2.1.
The case 0 = 013 is similar and therefore we assume next that o = 93, which implies that I = {2,3} and
thus 1 ¢ I and 1 € L, provided that 1 4 093 = 012 + 013. For this case, by (2.3)
(2.14) lim E(c,u) = E{(X1 — p)+|X2 =0, X3 =0}.

uU— 00

Finally, if 012 + 013 — 023 — 1 > 0, then I = L and 1 € L¢. Hence by statement i) in Theorem 2.1
o12 + 013 — 023 — 1u

E(c,u) ~
( ) 14 093
and from (2.12)
M(e,u) — 12013,
14 093
as u — 00.
3. PROOFS

PROOF OF THEOREM 1.1 Let (X1, X2) be jointly Gaussian with mean vector zero, correlation p € (—1,1)
and set
2 — [ 02
u:=uy = VaRx,(p), ﬁ:u, c=—.
01 01

For any u > 0 we have
E(p) = E{(o1X1+p —oou— p2)4[Xo > u}

= o0E <X17Qufu> ‘X2>u
o1 01 +

= mE{(Xl—CU—ﬁ)H(Xl >CU+B,X2 >U}
— 91
PIX, > U}HU € (0,00).

Let below ¢ denote the pdf of (X1, X2).
i) First note that in this case ¢ € (p,1]. Let hj, h3 be defined by

* C_p * ]-_Cp
1 ht = hE =
(3 ) 1 >0, 2 1—ﬂ2

> 0.
1—p?

Using the transformation
s=cu+pf+zx/u, t=u+y/u
for any u > 0, we have further

0, = lu+ﬁ/u (s —cu— B)p(s,t)dsdt

= u_3/ / zp(cu+ B+ z/u,u+ y/u)dzdy
0 0

= Sp(eut pou) [ [T wexp (<hiz ~ hiy) vu(e,y)dody.
0 0
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After some calculations for any x,y positive we obtain
(3:2) Jim 4y (2, y) = 1

and further for all ¢ > 0 sufficiently small and all u large v, (z,y) < e5@*¥) . Consequently, since hi, h3
are positive, applying the dominated convergence theorem we obtain

o o0
0, ~ u3p(cu+B, u)/ / zexp (—hjz — h3y) dzdy
o Jo
1 3
= —5<u “p(cu+ B,u), u— o0,
(h1)?h3

hence the claim follows.

i7) If ¢ = p the above transformation cannot be used since then hj = 0 and the limiting integral is not
finite. We use another transformation, namely

s=put+pf+z, t=u+y/u

for any u > 0. Consequently, we have

O, =u! / / zo(pu+ f + x,u + y/u)dzdy

= u p(pu,u / / ze 2 = ¢u($ y)dzdy.
By the definition of ¢

(3.3) uto(pu,u) ~ L

2my/1 — p?

where the second approximation is a direct consequence of the well-known Mill’s ratio asymptotics. Clearly
(3.2) holds and the domination of the integrand follows easily. Hence by the dominated convergence

theorem as © — oo
(a+8)2 —y
O ~ u” puu/ / ze 20-07) “dxdy

Be 2<1 P2 deP{ X7 > u}

ule w2, P{X1 > u} ~ u_le_“2/2/\/27r, u — 00,

\/ﬁ/
= E{(V1-p*X1 - B)4 IP{X1 > u}.
Since for any a > 0,b € R
(3.4) E{(aX; —b)+} = a®'(b/a) — b[1 — ®(b/a)]

the claim follows.
i1i) If ¢ < p, then

o0 1
P{X; >cu+pB,Xe>u} = u_l/ P{v/1—p?X; > (c— p)u — px/u+ 5}76_(““5/“)2/2 dx
0 V2T
~ P{X1>u}, u— o0

Next, using the same transformation as for the case ¢ = p gives letting u — oo

b, = /M / (4 (p— )u— pu— B)o(a, y)dudy

= (p—cuP{X1 > cu+ B, X2 >u} + /Oo(x — pu — B)p(z,y)dxdy
cu+

~ (p—c)uP{X1 >u}+ u_l/ / zo(pu+ + x,u+ y/u)dzdy
c—p)u JO

_ (@+8)?

= (o uP(Xi > uh+utplu) [ [T B g ) dndy,
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As above, by (3.2) and limy_o0(c — p)u = —0

@tp)? @+p)?
lim / / ze 20-0% "4 (x,y)dzdy = // xe 20-07) “dxdy = 0.
U—00 (c—p)u RJO

Utilising further (3.3) we obtain

O, ~ (p— )uP{X1 > u}, u— o0

establishing the claim.
iv) Since ¢ > 1/p, then h3 defined in (3.1) is non-positive. Hence we need to use another transform,
namely

s=cu+pf+zx/u, t=cpu+ty
for any u > 0. Consequently, for any v > 0

= _2/ / o(cu+ B+ z/u, cpu + y)dxdy
1—cp)u

9 o0 0 _y?—2p8y+8?
=: (cu) @(cu,cpu)e_&“/ / re e 2007 oy (x,y)dxdy,
l1—cp

where ¢, (z,y) — 1 as u — oo. The domination of the integrad follows easily, hence applying the dominated
convergence theorem and (3.3), for c=1/p

_92 _ (y—pB)*
O, ~ (cu) “p(cu,cpu)e BC“/ / xe e 20-,) dxdy

— (cu) 2pleu, cpu)e T I\ /3 (1 = )1 — B(—pB/\/1— 7))

2
~ (eu) e TR (pp/\/T— pR)[1 — B(cu
as u — oo. If ¢ > 1/p, then

(y=pB)?

2 —
O~ (C’U’)_QSO(Cuach)e_ﬁ?_ﬁcu/e 2(1—p2)dy
R

2
~ (cu)fle_%_ﬁc“[l - ®(cu)], u— oo,
hence the claim follows.
v) First note that for any p € (0,1) and u := u, = VaRz,(p)
S(p) = 1 —I-E{(Zl - ,u,l)|ZQ > VCLRZQ(p)} = w1 +o1pu+ UlE{Xl - pu‘Xz > u}

As above we have
1

P{Xl > u} z€ER,y>u
p(pu,u)
UP{Xl > u} z€R,y>0

E{X1 — pul Xp > u} (z — pu)p(a, y)dady

zp(pu+ z,u+ y/u)/e(pu, u)dzdy

~ o(pu + z,u+y/u)/p(pu, u)drdy

\/ 1 - zeR y>0
2

R R
~ — re 20-52) dxdy

\/271'(1 — p?) Jazery>0
0

as u — 00, establishing thus the claim. (I
PRrOOF OF THEOREM 2.1 The proof is driven by the tail asymptotics of Gaussian random vectors derived
in [2]. As therein the index set I is also crucial for the derivation of the asymptotics of E(c,u), since the
tail asymptotics of P{X > cu} is up to a pre-factor the same as that of P{X; > cju} as u — oo. The
components with indices in the set L \ I influence the asymptotics only by the pre-factor, whereas the
components with indices in the set K := L¢ are not important. For these reasons we have three different
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cases which shall be dealt with separately.

Set next for any u > 0
E*(u) =P{X_1 > c_1u}E(c,u)
and write ¢ for the pdf of X.
i) When 1 € I, then ¢ = ¢;. Hence for any u positive
Bw = [ (- au-pip(s)is
s>cu+pel

1 - — *
= m+1/ r1p(¢u + x/u + pej)d,
u z>u(cu—cu)

where w has all components with indices in I equal to u and otherwise equal to 1 and e} has all components
equal to 0 apart from the first component equal to 1. Recall that m stands for the number of the elements
of the index set I which cannot be empty. Using further (4.4) (set next J = I¢ = {1,...,d}\ I and assume
for simplicity that J is not empty) we have

(eu+ x/u + pe}) S (eu + /T + pel)
(3.5) = (eu+pe)) 27 (eu + pe}) + 2ue' S e /a + 2u(el) 2 /a4 (x/u) 'Y e /T
By the properties of € (see equation (4.4) in Lemma 4.1) for any u # 0,z € R?
we' S e /a = ¢f (S) ey
Hence since 1 € I implies (e}) X7 x/@ = O(1/u) as u — oo, then by (3.5)
p(eu+ /it pe}) = p(Eu + pei i (w)e ™ ) wr s (w2,

where limy o0 ¥y (2) = 1 for any & € R?. Using the fact that £ 7! is positive definite and c;—(ZH)_l > 0y
for any x € R? with &7 > 0; we obtain that

(3.6) 2¢] (Br) tar 4 2u(ed) 2w /u+ (x/u) 'S e /u < C(A] xr + ) ay)

holds for all large u and some positive constant C. Using thus the dominated convergence theorem (recall
¢ > ¢; for any i € K = L) we obtain

E*(u)
= 1190(EU+ue*{)/ mlwu(@efm(Zu)*lzﬁw}(zfl)JJwJ/gdx
um+ xr,>0p,7;>u(c;—¢),ie K
1 C —cr () - (B yrx /2
~ SO(CU+N€>{)/ Tie CI( 17 I J JJZTJ dw
um xr>0r,2,ERIEK

1 1

~ *
L i
hiuu™ [Licr Mi Jai>0,iem\1,2:€R ick
.

where h; = ¢; (211)_1@ > 0 with e; the 7th unit vector in R™ with m the number of elements of the index
set I. Since 1 € I, applying (4.6) in Lemma 4.2 yields

o Tiv—1
e s BT w204

E*(u) ~ (uhy) 'P{X > cu + pel}, u— oo,

hence the claim follows by the definition of E*(u).

i7) In view of Lemma 4.2, the asymptotics of P{X; > cju+ x, X 1 > c_ju} and that of P{X _1 > c_qu}
as u — oo are up to the pre-factor the same. It follows easily that Y, := (X1 —ciu)|X 1 > ¢_1u converges
in distribution as u — oo to a random variable Y which has survival function P{X; > z|X; = 07} if
L\ I={1} and when N* = L\ (I U{1}) is non-empty, then Y has survival function

IP){X1 >z, Xy > ON*|X[ = 0[}

, x€R.
IP){XN* > ON*|X[ = 0[}




10 ENKELEJD HASHORVA

In case that (Y, — pt)4,u > 0 is uniformly integrable, then
i, E(u.e) = E{(Y — )}

We show next the above convergence directly, which in turn implies the uniform integrability mentioned
above. Since 1 € L\ I we still have that ¢; = ¢; and as above

E'(u) = / (51— cru — ) +p(s)ds
s>cu+tpe]

1 ~ *
= m/ r1p(eu + x/u + pej)de.
u x>u(cu—cu)
Next, since 1 ¢ I i.e., 1 € J :=I¢ by (3.5)
(cu +x/T + pel) SN eu + /T + pe)
= (eu+pel) 27 (eu + pe) + 2¢] (X)) tar + 2u(X )1 g + z (S Yz + 0™

as u — oo. Consequently, in view of (3.6), we can apply the dominated convergence theorem to obtain
(set N = L\ I, write k for the number of elements of the index set K = L¢ = {1,...,d} \ L and recall
that ¢; > Ci,i S K)

B ~ ooeleut pe) [ oo e (57 e 2 s g
U xr>0r,2;>u(c;—6) €K

1 - 1 P E_l) x /27 (E_l) x
= go(cu—i—ue“f)/ zie % JITI SR LI®T dq 5
u™m Hie[ hi N >0n,z K ERF

as u — 0o. With similar calculations

(éu + Mei); 6_97;(E_I)JJEJ/2_N(E_1)1,J‘BJde

P{X > cu+ pejl ~
{ H 1} Hiel hi xN>0N,z K ERF

un”
as u — 0o0. Since 1 € J, by Lemma 4.2

lim P{X > cu+ pet}

=C
U—00 P{X_l > c_1u} !

for some C7 > 0 which can be calculated explicitly, hence the claim follows.
ii1) When 1 € L€, then ¢ > ¢; implying

E*(u) = / (s1 —Gu+ (61 — c1)u — p)p(s)ds
s>cu+tpe

= (61 —c)uP{X > cu+ uej} + / (s1 — ¢1u — p)p(s)ds.
s>cu+tpel

It follows easily that

E*(u) ~ (é1—c)uP{X > cu+ puei}, u— oo
and further by Lemma 4.2

P{X >cu+pel} ~P{X_; >c_ju}, u— oo,

hence the proof is complete. (Il
PROOF OF THEOREM 2.3 We show first the conditional convergence in (2.6). Let b be the solution
of the quadratic programming problem IIz(b) with corresponding index set Z = {k,...,d — 1} and let
L be the set of indices such that b; = b;. Recall that b = ¢_; is a (d — 1)-dimensional vector. Let
I={k+1,...,d} and set ¢; = X1 ;(X17)"ter. By the definition of Z and I we have that (3;7) te; > 0
and ¢y = E]*](E}[)_IC[ where J* = {2,...,k} being empty if k = 1. Note that we agree that when index
sets are empty, the defined relationships should be ignored. Let ¢ be such that ¢; = ¢; = Xy 1(X H)*lc]
and ¢_1 = b. Setting J = {1} U J* we have that ¢; = X ;;(X77) " 'e;. Consequently, since (X77) ter > 0
and JUJ = {1,...,k} by the converse statement in Lemma 4.1 we have that € is the unique solution of
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IIs(¢). From the aforementioned proposition I is the index set that determines the unique solution €.
In order to show (2.6) we need to determine the asymptotics as u — oo of

P{X > cu+zel}/P{X_1 > c_ju}

for any x € R. If £ =7, then L = {1} U (since é; = ¢;) and thus by Lemma 4.2 we have that (2.6)
holds with Y having the same distribution as X1|X; = 0;. The case that N' = L\ Z is not empty follows
from [4][Corr 5.2]. Indeed, the tail asymptotics of the denominator and the nominator are the same up to
some positive constant since the I index sets of the corresponding quadratic programming problems are
the same. The ratio of those constants is (set N* = N + 1)

]P){Xl > :L‘,XN* > ON* X[ = 0[}
]P{XN* >0y« | X7 = 0[}
and thus (2.6) holds. The proof of (2.7) follows by calculating the asymptotics of
E{(Xl — clu)H(X,1 > Cflu)},

which is established similarly to the proof of statement ¢i) in Theorem 2.1 and therefore we omit the
details. O
PrROOF OoF THEOREM 2.5 Let I, L denote the unique index sets defined from the solution of the quadratic
programming problem Iy (e). Suppose first that N = L \ I is not empty. By the assumptions 1 ¢ N U [.
Let @ be the unique solution of IIs(a),a = (é1,¢a,...,¢q)". The corresponding index set I (write this
as I,) includes I since 1 € I. But we cannot have 1 € I, i.e., (¥;,7,) tas, > 0, since this contradicts
the definition of a; = ¢; > ¢;. Consequently, 1 belongs to the index set L, of all indices ¢ < d such that
a; = a;. Next, for any = € R using Lemma 4.2 and Lemma 4.1 we have

P{X; >cu+2, X 1>cqu} P{X;>z,Xy>0nX;=0} =:G(z), T€R

li =
hat P{X > cu} P{Xy > Oy|X; =0/}
where for the asymptotics of the denominator we used the fact that 1 € L€, i.e., ¢; > ¢1. If I = L, then
G(z) = P{X; > z|X 1 = 07}. Consequently, Y has the claimed survival function G. The second claim
follows easily and therefore we omit the proof. O

4. APPENDIX

Lemma 4.1. Let ¥ be a dxd positive definite matriz and let b € R\ (—o0,0]¢. The quadratic programming
problem My (b): minimise ' 2~ 'x under > b has a unique solution b and there exists a unique non-
empty index set I C {1,...,d} with m < d elements such that

(4.1) B[ = by, (E[[)flb[ > 05
and if I¢:={1,...,d}\ I # 0, then
(4.2) bre = Srer(S) 'br > bye,
(4.3) mina 'z = b'x16 = b (Z77) "ty >0
x>
(4.4) 'Y =x ) (Spp) tbr, Va e RY
for any index set F of {1,...,d} containing I and if b = (b,...,b)",b € (0,00), then 2 < |I| < d.
Conversely, if for some non-empty index set I C {1,...,d} we have

(2r1) by > 07, Srer(Srr) " tor > bye,
then b with bje = Yrer(Srr) 1oy, b; = by is the solution of Iy (b).

PROOF OF LEMMA 4.1 The claims in (4.1)-(4.3) are formulated in [15]. Since by (4.2) we have (X7'b)y; =
0, for any M C I¢ (assuming I° is not empty) exactly as in proof of [16][Lem 4.1] we have for any & € R?
and F={1,...,d}\ M

(4.5) (@+0) S @ +b) =a' S w+2h(Srr)  br + bp(Srr) 'br,

which implies that "2~ 1b = w;(ZFF)*ll;F and thus (4.4) holds.
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If for some non-empty index set I we have (X77)~'b; > Oy, then by = argminmlzblm?(En)_lznl. Since
for any two non-overlapping index set A, B,AU B = {1,...,d} (using Schur compliments)

'Y =x) (Saa) za+ (x5 — XZpa(Zas) txa) (Y p(xs — Xpa(Xaa) txa), xeRY

and (X71)pp is positive definite, it follows easily that b with b; = b; and bje = Yrer(Srr) 71y is the
unique solution of Iy (b), hence the claim is complete. O
The next result follows from [4][Thm 3.3] since Gaussian random vectors are particular instances of ellipti-
cally symmetric ones where the radius has distribution function in the Gumbel max-domain of attraction
with scaling function w(u) = u. We present however a short proof.

Lemma 4.2. Let ¢ € R? have at least one positive component and let X be a centered d-dimensional
Gaussian random vector with non-singular covariance matrixz 3. Denote by I, L the index sets related to
s (c) and let further ©(u),u > 0 be a d-dimensional vector such that lim, . u™'z(u) = 0.

As u — 0o we have

(4.6) P{X> (cu+x(u))r}~ 1

[Ticref (B te
where m is the number of elements of I and px, is the pdf of X 1. Moreover, with N =L\ I
P{X > cu+=z(u)} P{X; > (cu+=z(u))r}

u Mox, ((cu+x(uw)r), u— oo,

S BIX, S feut )] ek PIX, > (cut o))
(4.7) = P{Xn>azy [X; =2},

provided that limy, oo (x(u))run = xrun (set P{X n > xn | X1 =21} to 1 if N is empty).
Remark 4.3. In the particular case x(u) = x/u,x € R? from (4.6) we obtain
P{X;>(cu+x/u)r} ~P{X| > clu}e_sz(EU)‘lCI, u — 0.

PROOF OF LEMMA 4.2 Assume for simplicity that I = {1,...,d}. In view of Lemma 4.1 ¥~ !¢ > 0 and
this is the crucial condition for the proof. Note further that IIx(c) has unique solution ¢. Hence for any
u € R we have (set a(u) = cu + x(u))

(a(u) + z/u) 'S Ha(u) + z/u) = (a(w) TS a(u) + 222 ta(u) /u+ =" e /u?.
The term « "X~ 'a/u? is important for showing an integrable upper bound for the integrand below, and
the finiteness of the integral follows from ¥ ~'c > 0. More precisely, with ¢ the pdf of X we have

P{X >a(u)} = /> ( )go(az)d:z:

1 - ) . )
B dcp(a(u))/ ey ¥ al)/ iy I gy ds@(a(u))/ e S gy
u y>0 U o0

since we assume that x(u)/u — 0 as u — oc.
Next suppose that I has m < d elements and let J = I1¢={1,...,d} \ I. We have

P(X >a)} = -  p(euta() +y/udy,
yr>07,y;>(cu—cu) s
where w; = uly and wy = 1, hence the proof follows easily using further (4.5). It follows easy that the
components of X with indices not in L do not contribute, so we assume without loss of generality that L
has d elements. In that case (cu—¢u); = 07 and the proof follows after some straightforward calculations.
O

To this end we prove that F(c,u) in (2.2) equals o(e=*%") for some small € > 0. We have that

E(c,u) = o(R(u)), R(u)=P{X1>ciu+pu, X_1>c_u}/P{X_1>c_ju}
as u — oo and 1 € I where the index set I determines the solution of IIs;(¢). The claim now follows if
we show that lim,_, R(u) = 0. Indeed this is the case, since in view of Lemma 4.2 the other possibility

is that lim, oo R(u) = C > 0. This means that the attained minimum of the quadratic programming
problem IIx(c) is ¢] (X77) "Ler being equal to the attained minimum of I15(b) where B is obtained from
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> by deleting the first row and column and b = ¢_;. Since 1 € I there are two different index sets that
determine the minimum of the quadratic programming problem Ilx(¢) which is a contradiction.
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