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Abstract

In this paper, we study the dual risk process in ruin theory (see e.g. Cramér (1955), Takacs (1967) and Avanzi
et al. (2007)) in the presence of tax payments according to a loss-carry forward system. For arbitrary inter-
innovation time distributions and exponentially distributed innovation sizes, an expression for the ruin probability
with tax is obtained in terms of the ruin probability without taxation. Furthermore, expressions for the Laplace
transform of the time to ruin and arbitrary moments of discounted tax payments in terms of passage times
of the risk process are determined. Under the assumption that the inter-innovation times are (mixtures of)
exponentials, explicit expressions are obtained. Finally, we determine the critical surplus level at which it is
optimal for the tax authority to start collecting tax payments.

1 Introduction

The classical risk model describes the surplus process {U (t),¢ > 0} of an insurance company as
Ul)=u+ct—S(t), (1)

where w is the initial surplus in the portfolio, ¢ is the premium rate and {S () ,¢ > 0} represents the aggregate claim
amount process that is assumed to be a compound Poisson process (see e.g. Biithlmann (1970), Grandell (1981) or
Rolski et al. (1999)).

As pointed out by e.g. Avanzi et al. (2007), its dual process may also be relevant for companies whose inherent
business involves a constant flow of expenses while revenues arrive occassionally due to some contingent events (e.g.
discoveries, sales). For instance, pharmaceutical or petroleum companies are prime examples of companies for which
it is reasonable to model their surplus process {R (t),t > 0} by

Rt)=u—ct+S(t), 2)

where wu is the company’s initial surplus, ¢ is now the constant rate at which expenses are paid out and {S (t),¢ > 0}
is the aggregate revenue process.

In this paper, we assume that {S (¢),t > 0} is a pure jump process defined as S (t) = Ei]i(f) Y; where

e the innovation number process {N (¢),¢ > 0} is a renewal process with independent and identically distributed
(ii.d.) inter-innovation times Ty, 75, ... with density function (d.f.) k.
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e the random variable (r.v.) Yj corresponds to the revenue associated to the j-th innovation (j = 1,2,...).
The r.v.’s {YJ};”;1 form of a sequence of i.i.d. exponentially distributed r.v.’s with d.f. p(y) = Sexp{—By}

(y >0).

o0

We also assume that the innovation sizes {Y };11 and the inter-innovation times {7}};Z, are mutually independent.
For convenience, we define the sequence of innovation times {W; }jozl by Wo =0 and W; =T + ...+ Tj for j € N*.

In Albrecher and Hipp (2007), the effect of tax payments under a loss-carry forward system in the Cramér-Lundberg
model was studied and a remarkably simple relationship between the ruin probability of the surplus process with
and without tax has been established. In addition, the authors found a simple criterion to determine the optimal
surplus level at which taxation starts subject to the maximization of the expected discounted tax payments before
ruin. It is natural to question whether similar relations hold in the dual model (2) which is of comparable complexity
to the Cramér-Lundberg model and is in several ways closely related.

In this paper, we address the above questions by introducing a tax component of loss-carry-forward type in the dual
surplus process (2) with general inter-innovation times and exponential innovation sizes. Hence the company pays
tax at rate v (0 <7 < 1) on the excess of each new record high of the surplus over the previous one. Due to the
structure of the process, a new record high can only be achieved by an innovation which implies that tax payments
only occur at the innovation times W; (j = 1,2,...). In this paper, we show that whereas the relationship for the
ruin probability with and without tax is slightly more complicated in the dual model, the criterion for identifying
the optimal starting taxation level is identical to the one known from the Cramér-Lundberg risk model.

Let 0g = 0 and define

. k
on = inf {b>on1: S0, 0 (G- >0},
to be the number of innovations up to the time of the n-th record high. Let Jy = u and

On

I =Jp-1+(1—7) Z (Yj — cT}) (3)

Jj=0on_1+1
be the value of the n-th record high. The resulting surplus process in the dual model with tax is given by

N(t)

Ry(t)=Jzy = D, (eI =Y)) —c(t— W)
j=o=()+1
MO

=Jz@ —c(t=Woz)) + D Y (4)

Jj=oz()+1
where E (t) = sup {n € N: W, <t}. For practical considerations, we assume that the net profit condition
cBE[T] <1 (5)
is satisfied, i.e. the drift of the (before-tax) surplus process (2) is positive.

The time to ruin 7, of the surplus process (4) is defined as 7, = inf {t > 0, R, (t) = 0} (with the convention 7, = oo
if R, (t) > 0 for all ¢ > 0) and its Laplace transform is denoted by

Py () = E [e™ 1z, oo} [Ry (0) = ], (6)

where 0 > 0 can also be interpreted as a discount rate and 14 denotes the indicator of the event A. An important
special case of (6) is the ruin probability ¢ (u) = p,0 (u).

We point out that the surplus process Ro(t) (i.e. 7 = 0) is the dual equivalent of the Sparre Andersen risk model
in ruin theory and can also be viewed as a GI/M/1 queueing system (see e.g. Cohen (1982) and Prabhu (1998)).
Thus, the time to ruin in the surplus process (4) with v = 0 can be interpreted as the length of the first busy period



in the GI/M/1 queue. Here, the positive security loading condition (5) translates into a traffic intensity p > 1 in
the queueing system GI/M/1 (congested queue). However, it seems that most of the explicit results in queueing
theory that are relevant for the present purpose are based on the assumption p < 1, so that we will derive some
results for the congested queue in the Appendix.

For the limit v = 1, it is immediate that the surplus process {R; (t),t > 0} corresponds to a dual model with a
horizontal barrier strategy, where the initial surplus level is at the barrier (see Avanzi et al. (2007) for a detailed
study of that case). This gives rise to an alternative interpretation of tax payments, as they can also be viewed as
dividend payments to shareholders who ask for a proportion v of each new profit.

The paper is organized as follows: in Section 2, we derive a relation between the ruin probability with and without
tax payments in this dual model and give some more explicit expressions for (mixtures of) exponential inter-
innovation times. In Section 3, the Laplace transform of the time to ruin for the surplus process R (t) in (4) is
studied and an explicit expression is obtained under exponential inter-innovation times. Section 4 is then devoted
to the analysis of the moments of the discounted tax payments before ruin. Finally, in Section 5, we determine the
critical surplus level at which it is optimal for a tax authority to start collecting taxes.

2 Ruin probability

First, we consider the impact of the defined tax system on the ruin probability of the surplus process of the
dual model (4). The analysis will be carried out by a study of its complement, namely the non-ruin probability
¢y (u) =1 — 1), (u). Indeed, starting with an initial surplus u, the surplus process {R, (t),t > 0} shall (up-) cross
level u at least once in order to avoid ruin. Let

& =inf{t >0: R, (t) > u}, (7)

be the time of the first up-crossing of R, (t) above a level exceeding its initial value u. Clearly, &, is the first time
at which the surplus process (4) reaches a new record high. It is well known that (5) is sufficient to guarantee the
existence of such a passage time. Let L = inf {R, (¢) : 0 < t < &,} be the minimum surplus level up to this passage
time and define the Laplace transform of &, conditioned on avoiding ruin up to time &, by

g5 (W) = E [e 711120y Ry (0) = u]. (8)

Note that none of the quantities &,, L and gs(u) depends on ~, as the first taxation only starts at &,. Clearly, go(u)
is equivalent to the probability that the classical risk process (1) starting at v = 0 (with negative safety loading)
drops below level 0 prior to reach level u. We also point out that gg (u) is a crucial quantity in the fluid flow
literature (where often the terminology “W¥ (0) is used, see Ahn et al. (2007)).

Lemma 2.1 Under the net profit condition (5), we have lim, .o 1 (u) =0 for v < 1.

Proof: Under (5) and with v < 1, the probability that R,(t) reaches a new record high (ignoring a possible
ruin event in the interim) is 1. Consequently R, (t) reaches a new record high infinitely often which implies that
sup,en (Wo,., — W, ) is finite a.s. From (4), an upper bound for the ruin probability ., (u) is given by

V. (u) < Pr <7ilr€11fN {Jn—cWo, s —Wo,)} < 0) :

Also, from (3), it is clear that inf,,en {Jn} = w from which
Py (u) < Pr <Supc (Wopir = Wo,) > u) .
neN

Finally,
lim 4, (u) < lim Pr <supc (Weopiy = Wo,) > u) =0.



Proposition 2.2 For the surplus process (4) and v < 1, the infinite-time ruin probability v~ (u) (u > 0) is given
by

~

by (w) = 1= (1= ()™ (go (u) "7 . 9)

Proof: Given that the (after-tax) excess of the surplus level over u at time &, is exponentially distributed with
mean (1 —+) /f, the survival probability ¢., (u) can be written as

by (1) = go (u)/ oy (u+ ) 1 f e T g

/ b ( elv“@d (10)
Differentiating (10) with respect to (w.r.t.) u yields
= ¢ (u / by (2) 2 5@ gy o %% (w) (1 — go (w))
=(dhwﬂ>+157a—%<»)%w» 1)

The solution of the differential equation (11) can be expressed as
Py (20) — 1L 2 B(1—go(u))du
u) = u)e =7 Ju J0
oy ) = Z1 a0 )

where (ZS’Y (C:)) = linlu—>oo ¢W (’U,) and go (CD) — liIIlu—>oo 0 (U) SiIlg emma 21, (ZS,Y (OO) =1 and 90 (OO) — 1 whicl
leads to g 1 | |
Oy (u) = 9o (u) e 17 I B(l*go(u))du. (12)

Since (12) also holds for v = 0 (the model without tax), we arrive at

6, () = (g0 ()~ (o () ™7 .

Finally, note that ¢, (u) = 0 for all v > 0 also solves the differential equation (11), but can be ruled out due to
Lemma 2.1. ]

In what follows, we consider two particular cases of the dual Sparre Andersen risk model with taxation (4). For
that purpose, we first discuss a link between g5 (u) and the expected discounted dividends Vj (u; ) paid before ruin
in the surplus process (2), if a dividend barrier strategy at level b is applied (see Avanzi et al. (2007)). Using a
simple sample path argument, it is immediate that for exponentially distributed innovation sizes with mean 1/,

Vi) = s (0) (5 + Vi)

or equivalently
Vs (us )

U) = ——
95 (v) L+ Vs (u,u)

for u > 0.

Example 2.1 (Exponential inter-innovation times) Let T; ~ Exzp(X) (j = 1,2,...). From Eq. (3.5) in Avanzi et
al. (2007), (13) becomes

efRu — ePU
gs (u) = 7 3 , u>0, (14)
FrRC g
where p > 0 and —R < 0 are the two solutions to the characteristic equation s*— (ﬁ — A—i“s) s—gé = 0. Consequently,
1-— 67(%75)“
9o (u) = (15)

1— %6_(%_’8)7‘ ‘



Since in the dual model with exponential inter-innovation times we have

(see e.g. Cramér (1955) or Gerber (1979)), this together with (9) leads to

=1 (12 () (1 Ler)

Remark 2.1 By reflection, it is clear that gs (u) in the dual risk model (2) with exponential inter-innovation times
with mean 1/X\ and general innovation sizes with d.f. q is equivalent to the Laplace transform of the time to ruin
in the Cramér-Lundberg risk model (with initial surplus 0, Poisson parameter A, general claim sizes with d.f. q and
negative safety loading) avoiding level u in the interim. From Gerber (1979), it follows that

0
go(U)—lj:zEu;, u>0, (17)
where { fo (u) ,u > 0} is the solution of the integro-differential equation
A A
(P-2) o+ 2 [ htw-nawan=o, (19)

which is unique up to a constant. Here D denotes the differential operator. For instance, for q(y) = Be™PY, one
readily obtains (15) as the solution of the integro-differential equation (18) with (17).

Example 2.2 (Mizture of exponentials inter-innovation times) Let k (t) = > ;| pi\; exp (=\;t). In the Appendiz,
we prove that

o (u) = dje™ (19)
3=0
and .
Vs (uib) =D Ci(b)e™, (0<u<b),
3=0
where Sg, S1, ..., S, denote the solutions to the fundamental equation (63) and C;(b),d; (j =0,...,m) are constants

(which complements results of Avanzi et al. (2007)). Thus,

-1
m

gs(u)=1- 1+BZC]- (u)e®™ (20)
3=0

and finally

~
1 _ v
T— 1 1—v

Yy (u) =1- 1—Zdjesj“ 1- 1+BZCj(u)esj“
7=0 j=0

Remark 2.2 FEzxploiting the connection between fluid flows and risk processes (see e.g. Ramaswami (2006) and
Badescu et al. (2007)), a probabilistic approach can alternatively be used to identify the components go (u) and
Yo (w) in (9). Indeed, for phase-type distributed PH(a, A) inter-innovation times, a reflection of the dual risk
model (2) readily leads to

go (w) = a " (0) 1,

and
to (u) = a[T = "W (0) " (0)] " f12(0,u,0) 1,



where “W (8) is the Laplace transform of the busy period in a finite buffer (at level u) fluid flow, ®" (§) is the
Laplace transform of a busy period in an infinite buffer reflected fluid flow and f12 (0,u,d) is the Laplace transform
of the first passage from level 0 to level u (avoiding level 0 en route) of a fluid flow with generator

A —A1
Q:{ﬁa —ﬁ]

We refer the reader to Badescu et al. (2007) for the calculation of “® (§), ®" (8) and fi2 (d,u,0) in more general
Markovian arrival risk processes.

3 Laplace transform of the time to ruin 7,

Let us now consider the Laplace transform p. s (u) of the time to ruin 7.,. Starting with an initial surplus u, the
surplus process {R., (t),t > 0} can either reach a new record high at time ¢, avoiding ruin en route or reach level 0
before any visit to levels greater than u. For the latter, the Laplace transform hs (u) of the corresponding passage

time v, is defined as
hs (u) =F [6_6%1{23“} |R’Y (O) = u] , (21)

where Z =sup{R, (t) : 0 <t < v, < 0o} corresponds to the maximum surplus level before ruin.

Thus, by conditioning on these two scenarios, we obtain

o0 B (z—u
B, (2)da + hs (u), 22)

o (0) =5 ) [

u 1_7

for u > 0. Differentiating (22) w.r.t. u yields

s ) =y ) [ 12T s @ o 1 (1 g5 ) s () 4 B () = b (). (23
With (22) this can be rewritten as
P ) = (1005 (0)) 0 = s () + 12 (1= () s () + 65 0) = 2 ().
and further
phs )= (g (0 T2 (0 35 0)) s ()
=100 = (g5 () + 12 (1 0)) s () = s 0 s ). (29)

The non-homogeneous differential equation (24) can be solved by applying the multiplicative factor
exp {f% Jo (1 =gs(2)) dz} /95 (u) on both sides, leading to

4 (6—1_% S (1=g5(2))dz P1.6 (u)) _d <e—1_‘*7 (=g ())dz s (“)> =B s ) et S mas(eaz
du 95 (u) du gs (u) 1—~y
(25)

Integrating from y to co together with lim, oo py,5 (v) = limy, o0 hs (u) = 0 and lim,_. gs (u) > 0 (due to (5)),
one concludes

o _ B fu(i_gs
s (6) = hs )+ 1205 ) [ s (w) T OOy, (26)
)



Exponential inter-innovation times

For the case T ~ Exp()),j = 1,2, .., an expression for gs (u) has been obtained in (14), which can be rewritten as

1d 1 1
1—gs(u)==—1In ( e v ep“)

B du B+ R B—p
1 d
= B <p+ @ln(l—’q[s (u))) (27)
with 75 (u) = (8 — p) e~ BE+P)* /(3 + R) and further
g3 0) = 52 (1= e ) (1 s ) (28)
Substituting the latter expressions in (26) yields
prs ) = ks ) + T2 (@ =) = )7 [T hswe = () e 2

We now need to identify an explicit expression for hs (u). We again reflect the surplus process (4) to relate it with
the surplus process (1) and find from Gerber (1979, p.147) that

p+R —Ru

T (1—ms (u)~". (30)

hs (u) =

Using (30), (29) turns into

oo 1+ﬁ
prs ) = hs () + =LA (0 =) s ) [T () e

From Newton’s generalized binomial theorem (see Graham et al. (1994)), (31) becomes

_ B—pp+R _ Ry _ =N oo (Rt ) oo —-(1+1%) B—p i (Rtp)u
pw,s(y)—hs(y)+177/8+R( — e ®) (1 -5 (v)) /y e ( );ch <B+R> J(R+p)u gy,

(32)

where C7 = 71,]_[,7@;%) (r — k) for k € N. Simple modifications of (32) give

/8 +R 01 — R X - 1i +J B_p 7 67((j+1)R+(j+li’y)p)y
pys (y) = hs (y) + —— e —e W) (1-ms(y)— ) C; ( )
0 ’ 1*75+R( A ;o BHE) G R+ (j+5)p
_ B—pp+R Ry o~ (Rt 5 0)y N ot (@)
—h Py _ Y T— 1— T— C! — 33
ST ar R e TG It »

Using the Gauss Hypergeometric function defined as

F(a,b;&x) =

(see e.g. Abramowitz and Stegun (1972)), (33) can be written as

p+R, _
prs () = g e By (1 —ms (y) ™
R+ 1 R+ R+
piﬂ Py _ o= Ry o~ (Rt1250)y (1 _ = El f v T T
i hrR @ me)e (1 =5 (1) T TR o R W
for y > 0.



4 Discounted tax payments

Let D, 5 (u) denote the discounted tax payments before ruin in the surplus process (4) defined as

On

Dys(u) =7y e Won > =) | Lr s,y

n=1 Jj=0on—-1+1
In this section, we will analyze the nth moment of D., 5 (u), namely
My (u) = E[(Dy5 (w)"],
for n = 1,2, ... By conditioning on the first upper exit time &, of the surplus process (4), one finds

B
L=n

M, (v) = gns (u)/ ef%mE |:<D%5 (u+x)+ T i 73:) } dx
0 _

* B (o .
= Gns (u)/u l—fye == @WE | Dy (x) + 1—7(1._”) dz. (35)
Differentiating (35) w.r.t. to u gives
/ d B
M;, (u) = Ju In gns (u) + m (1= gns (u) | My, (u)
- Gns (0) /OO Le_%(”’:_“)E (D s (z)+ i (x — u))n1 dx (36)
1—~7" w =7 " 1—vy
From (35) with n replaced by n — 1, (36) can be simplified to
ny 9ns (u)

Mum=(im%um+ﬁ:u—%uwﬁMum My (u). (37)

1= g1y (w)

Multiplying both sides of (37) by the multiplicative factor exp {—% Jo (1= gns (2)) dz} /gns (u), it follows that
i (Mn (U) 67% fou(lgms(z))dz) _ ny My (U,) 67% fou(lfgng(z))dz. (38)
du \ gns (u) 1= gm-1)s (v)

Integrating (38) from y to oo then yields

M, — L2 [>°(1- o M, — = [¥(1— z))dz
My, () = gns (1) (W)e e gn5<z>>dz+/ ™) M1 (w) 8 gz du>7 (39)
9Iné (OO) 1 Y 9(n-1)s (’U,)

where M, (00) 1= lim¢_ oo My, () and gps (00) := lim¢_ 00 gns (). Under (5) and 6 > 0, we have lim¢_, o0 gns (s) > 0,
limc_, oo My, (<) is finite a.s. and

<
lim exp {—6/ (1= gns (2)) dz} < lim exp {—B (1=gns(s)) (s — y)} =0,
¢—00 1—7J, §—00 1—7v
which implies that (39) becomes
ny % Mpo1(u) 8 ua_g.s(2)de
My (y) = 7——9ns (¥ / ———— e Ty I du. 40
@) 1—n ®) v In-1)s (1) (40)

Of special interest is the case n = 1 which leads to an expression for the expected discounted tax payments until
ruin
B

o0 U
M, (y) = 7mw/ o1 JiAmas(erdaz gy (41)
- 0

L—vy
using My (u) = go (u) (cf. (35)).




Exponential inter-innovation times

Assuming exponential inter-innovation times with mean 1/, the substitution of (27) and (28) in (41) leads to

M) = B (Lo et s ) [ e e ) T (42
Y

From Newton’s generalized binomial theorem, (42) becomes

_ ~ oo . _ 1 — k
M, (y) _ Y B P (1 _ e—(R+p)y> eﬁy (1 — s (y))ﬁ / e—ﬁu ch T— (_5 R) e—k(p+R)udu

1_’7 /8 Yy k=0 /8+p
Y B o) et (1 — N 1(ﬂ_R)k ~((b+2)p+oR)u
_177 3 (1 e py)e Y(1=mns5(y)) /y I;)Ck T, p du.
__7 B—p —(R+p)y = T th—1 (ns (y))k
- 2 1— ANl
S (e ) (s ) >_cl =y
_IB=pP (@t (1 _ = ( 1 p p )
S (L) e ) F (T TR A G A T W)

for y > 0.

5 Delayed start of tax payments

In this section we consider a variant of the tax system where tax payments start only after the surplus is greater than
a threshold level b (b > u). Let v, (u) denote the resulting expected discounted tax payments. By a probabilistic
argument, one easily shows

B
L=~

vp (u) = Bs (u,b) [g + / e’%le (b+ x) dx} ) (43)
0

where Bs (u,b) is the Laplace transform of the first passage from level u to any level above b avoiding ruin en route.

Furthermore, an expression for Bj (u,b) can be obtained in terms of g5 (z) for uw < z < b. Indeed, by conditioning

on the ascending ladder height, one obtains

b—u 6 5 5 g
By u) =95 () | [ T2 By (kb do e 07
0 -
b ﬁ B_(, B_(p
=g (W) | | 7o T B (@ b) dw T 0T (44)
u -

Differentiating (44) w.r.t. u, we obtain

Bg(u,b)z(gé(“)+ o ﬁfygg(u))Bg(u,b),

from which o
Bs (u7 b) =3s (u) e 1T fu(lfgs(l’))dx. (45)

Combining (35) at n =1, (43) and (45), one deduces

oy (u) = MMI (b) = gs (“)e—/ﬁ [ (1=gs(@))dz g (b). (46)

g5 () g5 (b)




Theorem 5.1 If there is an optimal level b* > 0 to start taxzation at rate 0 < v < 1 in the dual risk model, it has

to fulfill the condition
da (Ml (b)>
db \ g5 (b)

g5(b*) > B(1— g5 (b7))%, (48)

and the optimal expected discounted tax payment is then given by

M *
vpe (1) = { Ai—wm@y “ <0

v (u), u > b*.

(47)

b=b*
together with

A sufficient condition for the existence of such an optimal positive level b* > 0 is lim,_.q 1;[51((17)) > %

On the other hand, if such a b* > 0 does not exist, then the optimal level to start tazation is b* = 0 (i.e. start
immediately), so that in this case vp- (u) = v (u).

Proof: To identify the optimal surplus level b~ for the authority to start tax collection, we shall look for the solution

of
0
T (u) = 0. (49)
Using (46), (49) becomes 8 ) .
! (% — * vy (u) = 0.
(307~ (B 480 -50) ) o (0 =0 (50)

Since vy, (u) > 0 for u,b > 0, we get

M) (50)

B850 07) 0. 61

On the other hand, we know from (37) at n =1 that

Mi(u) _ (g5(w) , B o) 7 9s(w)
‘<%@o+1—v“ %(”) T M (W) (52

for any u > 0. Hence (51) can be written as

M (b*) B 1
) BU-g ) (53)

Replacing (53) in (51) eventually leads to (47).

In order to ensure that b* is indeed a maximum, we have to prove that

82
o )

vg@nhm((ﬁﬁ§2)<j§2) +ﬂ%(®>vMU)

Differentiating (52) w.r.t. b we also get

() - (50 - 5o (5

From (46) we have

10



and combining the last two equations, one arrives at
b)Y\’
7Y — Y I (b 95< b*
o () 17(@;( +(285) ) we

" e gs () \° .
= _ﬁ (595 (b") — <M1 (b*)) )Ub (%), (54)

o (67) = =7 (B9 (07) = 67 (1= 9 () s ().

Hence g§ (%) — B (1 — g5 (b*))* > 0 guarantees vy (b*) < 0, identifying b* as a (local) maximum. Note that (48) also

translates into
d (1 1)
db \ B 1—gs(b)

which means that the derivative of the right-hand side exceeds the one of the left-hand side of (53) in the intersection
point b*. From (41),

or, by virtue of (53),

> 1, (55)
b=b*

lim Ml (’LL) = L - 6_% foz(l—gé(oo))dydz = # (56)

U— 00 g5(u) 1—’)/ 0 B(l_g(S(oo))

Note that (56) can also be obtained directly by probabilistic reasoning (in the absence of ruin):

Mi(s0) = g5(o0) (3 + Mi(00)) -

Altogether it is then clear that

. My (u) . 1
lim < lim ————, 57
BN T ) o0
where g5 (00) := limy_,o gs (u). Hence, for lim, .o Aél(%) > %, the continuity of the functions M; (u) /gs (u) and

1/6 (1 — gs (u)) guarantees the existence of an optimal b* > 0 (in case there should be several positive solutions of
(47) with (48), one would have to pick the one leading to the largest value of vy(u)).

Finally, in the absence of a positive local maximum, the fact that v (u) = 0 then establishes b* = 0 as the optimal

taxation level. 0

Remark 5.1 Using (13), criterion (47) can easily be translated into
My(b") =V (b";b%). (58)

In other words, the optimal taxation starting level can only be the initial value for which the expected discounted tax
payments My equals the expected discounted dividend payments under a horizontal barrier strategy with barrier at
the initial surplus level. Note that criterion (58) is identical to the one obtained for the optimal taxation level in
the Cramér-Lundberg model (cf. Albrecher and Hipp (2007)).
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Appendix

Assume that the inter-innovation times are a mixture of exponentials with density function k (¢) as given in Example
2.2 and the innovation sizes are exponentially distributed with mean 1/3. By conditioning on the time and size of
the first innovation, the expected discounted dividends for the surplus process (2) are given by

m u )\z ; t+b—u 1
Vitwb) =Y om [ e ( [ Vatury— b se ¢ (5 + Vs (b b)) eﬁ“*“)) dt,  (59)
i=1 70 0

for 0 < u < b. Applying the operator (D — 3) on both sides of (59) leads to

i S a4 b
(D—B) Vs (usb) = ;pfge— o < /0 Vs (:b) e~ PVdy + (; Vs (b b)) e—ﬂ”>

= YN xS w—
Ym0V b (60)
=1
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for 0 < w < b. An application of the operator A (D) = [[/*, (D + 2:t2) on both sides of (60) yields the linear
homogeneous differential equation of order m + 1

m

A(D) (D-B)Vi (1:0) + 3 pi A (D) BV (usb) =0, (61)

=1

for 0 < u < b where A_; (D) corresponds to the operator A (D) with the i-th term removed from the product.
Hence Vs (u;b) (0 < u < b) can be expressed as

D=3 ;e ©)

7=0
where {sj} o are the m + 1 solutions of the characteristic equation
—B) + ipiﬁAﬂ» ()8 =0. (63)
-1 €

A substitution of (62) in (25) allows the identification of the constants {C; (b)};"‘:0 in (62). Indeed, one finds

- e5it z _ it i 1—6_(’8_31) m _Ai:—(su

>_Ci(b) (s~ B)e” sz : 5ZCJ(b)ﬁ—73j_sz BZC ﬁ

Jj=0 j=0

- i Ai+s 1 = )
+ Zpi?ef%“ 3 + Z Cj (b) e’ | e=PP, (64)
i=1 3=0

for 0 < u < b. For (64) to be valid for all u in (0,0), the coefficients of exp (sju) on both sides of (64) must be
equal which is guaranteed from (63). Analogously, the coefficients of exp (— (A + §) u/c) on both sides of (64) have
to coincide, i.e. the constants {C;} ", must satisfy

m 1 _ e_(ﬁ_s7)b 1 1 m b _ﬁb
0=33"0; ) e S vl B B+ch(b)ej ehb, (65)
j=0 J c
for j =0,1,...,m. Combining (65) with the initial value condition

:ch(b):

J=0

we obtain a system of m + 1 linear equations that allows the identification of the constants {C; (b)}"_, in (62).

Finally, we derive an expression for the Laplace transform of the time to ruin pg s () under these assumptions in
dual risk model. By conditioning on the time and size of the first innovation, it follows that

Lo, 5 sz/ —€
Applying the operator (D — ) on both sides of (66) leads to
1+5 o] s u m e
(D=B) po,s ( sz “fe” e (/ po.s (y) ey — / e e po 5 )dt) + Zpie e . (67)
0 0 i=1

By an application of the operator A (D) on both sides of (67), one readily finds that {po s (v),u > 0} satisfies the
homogeneous differential equation (61) for u > 0 which implies that its general solution is given by

po.s (y —t) Be PU=dydt + Zpie* s (66)
i=1

po.s ( Z djess (63)
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for u > 0. A substitution of (68) in (67) allows the identification of the constants {d, };’L:O in (68). Indeed, one finds

m >\i+6u A+

S - Ai - e "¢ edit —eT T ¥ i _Xitd
Sy =SS (S0 St
i=1 j=0 c TS i=1

s
j=0 J

for u > 0. By equaling the coefficients of exp (— (A; + ) u/c) on both sides of (69), the constants {d; };n:O have to
satisfy
oy

i
0= d; 1, 70
P g T (70)

for i = 1,...,m. Combining (70) with the initial value condition
po,s (0) = Zdj =1,
Jj=0

the constants {dj};nzo can be obtained by a system of m + 1 linear equations akin to (62).
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