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Abstract: In this paper we derive Piterbarg’s max-discretisation theorem for two different grids considering
centered stationary vector Gaussian processes. So far in the literature results in this direction have been derived
for the joint distribution of the maximum of Gaussian processes over [0, T] and over a grid R(01(T)) = {kd1(T) :
k=0,1,---}. In this paper we extend the recent findings by considering additionally the maximum over another
grid M(02(T)). We derive the joint limiting distribution of maximum of stationary Gaussian vector processes
for different choices of such grids by letting T' — oco. As a by-product we find that the joint limiting distribution
of the maximum over different grids, which we refer to as the Piterbarg distribution, is in the case of weakly
dependent Gaussian processes a max-stable distribution.
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1. INTRODUCTION

Let {X(t),t > 0} be a centered stationary Gaussian process with continuous sample paths, unit variance and

correlation function r(-) which satisfies for some « € (0, 2]
(1) r(t)=1—=ClJt|* +o(|t|]*) as ¢t =0 and r(t) <1 for t#0,

where C' is some positive constant. In various applications only realisations of X on a discrete time grid are
possible. For simplicity, in this paper we shall consider uniform grids of points R(0) = {ké : £ = 0,1, - } where
0 := §(T) > 0 depends on the parameter T > 0. In view of the findings of Berman (see [5, 7]) the maximum

of X taken over such a discrete grid has a limiting Gumbel distribution if

(2) lim (2InT)Y*5(T) = D,
T—o0
with D = oo and the Berman condition
(3) lim r(T)InT =r
T— o0

holds for » = 0. Specifically, for the maximum M (J, T) = max;.o<is<7 X (¢9) over R(5) N [0, T] we have

lim sup|P{ar(M(6,T) —bsr) < x} — e | =0,

T—00 xR
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provided that both (2) and (3) hold, where

In(agdy/2
(4) ar =V2InT, bg,T:aT—M, T>0.

ar
For the maximum over [0, T'] defined thus as M (T') = max,c[o,r) X (t) it is well-known (see e.g., [21, 1, 2, 7, 26])

that (1) and (3) imply

—x

(5) lim sup|P{ap(M(T)—br) <z}—e° | =0,
T—o0 z€ER

where

(6) br = ar +az' ln((27T)_1/2C’1/aHaa;1+2/0‘)

and H, € (0,00) denotes Pickands constant, see [24, 25, 6, 21, 2, 26, 11, 3, 14, 12, 9, 17] for more details and
generalisations of H,.
The seminal contribution [27] derives the joint convergence as T — oo of M(T') and M(§,T) showing their

asymptotic independence, i.e.,

lim sup |P{ar(M(T) —br) < z,ar(M(8,T) —bsz <y} —e* "

T—o00 z,y€R

=0.

Hereafter we set B}, 5(t) := V2B, /5(t) — [t|* ,t > 0 with B, a standard fractional Brownian motion with Hurst

index /2 € (0,1); recall that 6 = §(T") is given by (2). Define further for any D > 0

Hpo = lim \IE {enessencocon 2220001 ¢ (0, o0)

A—00

and set (the constant C' > 0 below relates to (1))
() br(D) = ar + ar' hl((QW)_l/QC’l/QHD)aa;1+2/a).

For %(Da;wa), D > 0 (in this case the grid is called Pickands grid and § = §(T") = Da;Q/O‘), then in view of

[27], Theorem 2 the stated asymptotic independence does not hold since

2 _y In Ho+a,ln Hp o1
lim sup |P{ar(M(T) —br) < z,ap(M(6,T) —bp(D)) <y} —e ¢ ¢ "*Hoa e 2o,

T— o0 z,yeR

where the function H7;Y, is defined for any z,y € R as

(8) HEY, = lim A HEY (A) € (0,00),

) A—o0

with

Hp%(A) = °P B ot B 5 (kD ds.
Dya(A) /SERG {tgﬁi] a/z()>8+$7keN$g>€c[o7A] %ol )>s+y} s

Since it follows that for any w € R

. Tw _ —w . w,y _ _—w
(9) xgrzloo Hpy', =e “Hp,, yl}x_noo Hpt =e "H, € (0, 00),
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then

InHo+z,InHp o4y

Qz,y) = e=¢ T 'HHp ., , x,y€R

is a bivariate distribution function which has Gumbel marginals Q(z,00) = Q(00, z) = e~¢ ",z € R. Moreover
Q@ is a bivariate max-stable distribution, which we shall refer to as Piterbarg distribution. This multivariate
distribution is of some independent interest for statistical modelling of dependent multivariate risks.

In the extreme case of a dense grid, which in the terminology of [27] means that (2) holds for D = 0, then by

Theorem 3 in [27]

lim sup |P{ar(M(T) — by) < z,ap(M(8,T) —br) <y} —e=¢ """ =0

T—00 z,y€R

thus the continuous time and the discrete time maxima are asymptotically completely dependent.

In case of two different uniform girds 93(d1) and JR(d2) a natural question that arises is:

What is the joint limiting behaviour of M (T), M (61,T), M (62, T) for different types of grids?

Motivated by this question, our findings this contribution include:

a) We show that M (61,T) and M (d2,T) are always asymptotically independent if one grid is sparse and the
other grid is Pickands or dense. Further, we obtain the joint limiting distribution if one of the grids is Pickands,
and the other grid is Pickands or dense.

b) The Berman condition is relaxed by assuming that (3) holds for some r € [0, 00). When r > 0 the Gaussian
process X is said to be strongly dependent, see [22, 26, 23, 32, 29, 8] for details on the extremes of such Gaussian
processes. The contribution [34] derives Piterbarg’s max-discretisation theorem for strongly dependent Gaussian
processes. In applications, often modelling of the maximum of functionals of a Gaussian vector process is of
interest, see e.g., [38, 4, 10]. Our results in this paper are derived for the more general framework of Gaussian
vector processes extending the recent findings of [31] by considering simultaneously two different grids. This
paper highlights the role of different grids in the approximation of the maximum over a continuous interval. Our
results are therefore of interest for simulation studies, which was the main motivation of [27, 19, 20, 36, 37, 30, 35].
¢) As a by-product we show that for weakly dependent stationary Gaussian processes the limiting distributions
are max-stable. In Extreme Value Theory max-stable distributions and processes are characterised in different
ways, see e.g., [15, 13]. In order for a multivariate max-stable distribution to be also useful for statistical
modelling, it is important to find how that distribution approximates the maxima of certain sequences (or
triangular arrays). Piterbarg max-stable distributions are therefore important since we show also their usefulness
in the approximations of maxima over different grids.

Organisation of the article is as follows. Our main results are presented in the next section. All the proofs are

relegated to Section 3 which is followed by an Appendix.

2. MAIN RESULTS

We shall investigate in the following the asymptotics of maxima over different grids of a centered stationary
multivariate p-dimensional Gaussian process {X(t),t > 0}. Each component Xy, k < p of X is assumed

to have a constant variance function equal to 1, continuous sample paths and correlation function ry(t) =
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Cov(Xy(s), Xi(s +t)) which satisfies for any index k < p
(10) ree(t) =1 —Clt|* + o([t]*) as t =0 and rgi(t) <1 for t#0

for some positive constants C. Hereafter we suppose that X has jointly stationary components with cross-
correlation function rg;(t) = Cov(Xy(s), X;(s+t)) which does not depend on s for any s, t positive. The strong

dependence condition for the vector Gaussian process X reads
(11) Tlim r(T)InT =rp € [0,00), 1<k/I<p.
—00
In order to exclude the possibility that | Xy ()| = | X;(t + to)| for some k # I, tg > 0

12 max sup |rr(t)] <1
(12) pax sup (o)

will be further assumed. For simplicity we consider only two uniform grids 9i(d;) and 93(d2). Recall that

d;,2 = 1,2 depend on T > 0; in the case of Pickands grid we set
R(6;) = R(Dsaz”’")

for some constant D; > 0,7 = 1,2. The vector of maxima on continuous time will be denoted by M (T') and
that with respect to the discrete uniform grid 9(6;),7 = 1,2 by M (d;,T). This means that the kth components

of these two random vectors are My (T) and My (9;,T'), respectively which are defined by

My (T) = Xi(t), Myu(6;,T) = Xp(), k<p.
k(T) ax, k(t), M6, T) Lo k(1) p

For notational simplicity we shall set below

M(T) = (ar(My(T) = br), ... az(My(T) = br))
and
M(6;,T) = (aT(Ml(éi,T) b5, ), ar(My(6;,T) — bw)),

where bs, 1 is defined in (4) if the grid 93(0;) is sparse, bs, 7 = br(D;) is given by (7) if we consider a Pickands
grid R(4;) = %(Dia;wa) and for a dense grid we set b5, 7 = by with by defined in (6).
In the following x,y,,y, € RP are fixed vectors and Z is a p-dimensional centered Gaussian random vector

with covariances

Tkl

13 Cov(Zy, Z;) = , 1<I<Ek<p.
When 7iir;; = 0 we assume that Z; and Z; are independent, i.e., we shall set

CO’U(Zk, Zl) =0.
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The operations with vectors are meant componentwise, for instance « < y means x; < y; for any index k£ < p,

with xj and y; the kth component of & and vy, respectively. Hereafter we define

Prays = P{M(T) <@, M(5;,T) < y,,i =1,2}.
In the first theorem below we discuss the case when one of the grids is sparse. Our results shall establish that

(14) lim  sup
T=oo 2y, y,cRre

'4
Prawys — E {QXP(— Z F(@r, yrr, yra)e Y 27,""2'“) }‘ =0,
k=1

where the function f is given below explicitly for each particular case.

Theorem 2.1. Let {X(t),t > 0} be a centered stationary Gaussian vector process as defined above and let 9(0,)
be a sparse grid. Assume that (10), (11) and (12) hold and the Gaussian random vector Z has a positive-definite
covariance matrix with elements defined in (13).

i) If R(3,) is another sparse grid such that R(6,) NR(5,) = 0 or limp_ 61(T)/I2(T) = oo, then (14) holds

with
f(mk?a Yk1, yk:?) = e + e Yk + e Y2

i1) Let R(J,) be a sparse grid such that R(d,) NR(0,) = R(d5). If R(J5) is a non-empty grid such that

. 53(T), _ . d3(T), _
Tlgréoln(él(T)) =0, € [0,00), Tlgréoln((;Q(T)) =05 € [0,00),
then (14) holds with (write § = 03 — 61)
F@rye,yn) = €™ eV e — e TN (g > o +0) — eV T2 T (g < ypo + 6),
where I1(-) is the indicator function.
i) If |(0,) = %(Dga;wa) is a Pickands grid, then (14) holds with
F(@r, ypt, yp2) = € "k fe YR e ¥r2 HBQ%H’“IDHDQ’“W“.

w) If R(5,) is a dense grid, then again (14) holds with
f(wka Yk, yk2) =e Yl L e~ miﬂ(%ﬂ/kz).

We consider next the cases that one grid is a Pickands grid and the second one is either a Pickands or a dense
grid. For positive constants Dy, Da, A and @, 21, 22 € R define (recall B}, ,(t) := V2B, 2 (t) — [t|”)

Hp, BN = /sEJR “F {keN:%}é[o,M BappkDi) > s+ zii =1, 2} @

and

T,21,% _ s * * . s
HDl’lD;)a()\) = /SERe P {t33§] Ba/z(t) > s+ $7k€N:gR)é[0,>\] Ba/Q(kDZ) > s+ 2,1 = 172} ds.



6 ENKELEJD HASHORVA AND ZHONGQUAN TAN

Theorem 2.2. Under the assumptions of Theorem 2.1 suppose further that R(d,) = %(Dla;z/a), Dy >0isa
Pickands grid.
i) If R(9,) = %(Dga;g/a),Dg € (0,00) \ {D1} is also a Pickands grid, then for any z,z1,22 € R

H21 322 )\ H$721 322 A
20000 ¢ (0,00) ana 157352, = tiam 2uD20)

Z1,22 _ 1
Hp) Dy = im0

€ (0,00)

and further (14) holds with f given by

— — — In Hoy+xk,In Hpy o +Yk1 In Ho+xk,In Hpy o +Yr2
T « ) s ) f
F@hyi,yhe) = e e 4ot — g ' —Hp, q :

_Hln Hpy,atyr1,ln Hpy o tyk2 Hln Huo+ap,In Hpy o+yr1,In Hpy o +yr2
D1,Dz,c D1,Dsz,« ’

it) If R(9,) is a dense grid, then (14) holds with

R _ In Ho+min(xk,yk2),In Hp, ,a+Yr1
min(zy, ,
f(xkta Yk1, yk:?) = € (@x.yk2) +e YRt — HD1,a ! :

i) If both R(0,) and R(0,) are dense grids, then again (14) holds with

— min(Tk,Yr1,Yr2)

f(r, Yk, yr2) = € -

Remarks: a) From the above results it follows that the joint convergence stated therein is determined by the
choice of the grids. The dependence parameters 7,1, k < p determine the covariance of the Gaussian random
vector Z and appears explicitly in the definition of the limiting distribution.

Clearly, if each ry, equals 0, i.e., the Berman condition holds for each component of the vector process, then Z
does not appear in any of the limiting results above. For such cases the maxima over a sparse grid is independent
of that taken over a Pickands or a dense grid.

b) Condition (9) can be stated in a slightly more general form putting therein C}, instead of C. Our results can
be restated then with some obvious modifications on the constants involved.

¢) In [33] a particular case of Piterbarg’s max-discretisation theorem was investigated, which in our notation
corresponds to 1 = 0o. Considering for simplicity p = 1, so we assume that 717 = oo, then if (1) holds with
a € (0,1] and 7(t) = o(1),t — oo a convex function, and (r(¢)Int)~! is monotone for large ¢ and o(1), then for

any two different sparse, Pickands or dense grids 93(0,) and R(J,) we have
(15) Jim B {a5(M (1)~ b3) < 2,05 (31, 7) ~ b, 1) < v, a3-(M(0.T) ~ b, 1) < =} = D(min(z,y. 2)
for any z,y,2z € R as T — oo, where

ar =1/v/r(T), b5, r =1 —=7r(T))/r(T)bs; 7

and ® denotes the distribution function of an N(0,1) random variable. The proof of the above claim follows by
Theorem 2.1 in [33] and Lemma 4.5.
Consequently, for this case different grids do not play a role in the limiting distribution. Note however that the

noramlisation constant b5, ;- depends on the type of the grid.
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iv) Set for x,y,,y, € R?

p
Gy, 9) =E {GXP(— > f@nyn, yk2)€_r’“’“+mz’“) } ,
k=1

where f and Z are as in Theorem 2.1 and Theorem 2.2. It follows that

3 T,Y1,Y2 Y1,y2 : Z,Y1,Y2 _ —
wEIPOO Hp Doa = 0D, Dy y1—>—<>10u,[?2—>—oo Hp Dya =€ "Ha,
: Z,Y1,Y2 : Y1,Y2 _ Y2 Y2
IH,O})IE}H,OOHDMDZ»@ ylgnjooHDl,Dz»Ot HDzaOC e " Hp,,a-

Hence, using further (9) we conclude that G is a non-degenerate multivariate distribution in R3P, which we refer
to as the Piterbarg distribution. One important property of G is that when 7, = 0 for all indices k < p, then
o

it has unit Gumbel marginals A(z) = e=¢ ",z € R. Moreover, G is a max-stable distribution since

(G(w + lnnvyl + 1nn7y2 + lnn))n = G(x7y17y2)7 T, Y1,Y2 € Rpan € N.

In Extreme Value Theory max-stable distributions are important for modelling of extremes and rare events, see

e.g., [28, 15] for details.

3. PROOFS

In this section we present several lemmas needed for the proof of the main results. In order to establish
Piterbarg’s max-discretisation theorem for multivariate stationary Gaussian processes we need to closely follow
[27], and of course to strongly rely on the deep ideas and the techniques presented in [26]. First, for 1 < k, 1 <p
define

pri(T) =1/ InT.
Following the former reference, we divide the interval [0, T] onto intervals of length S alternating with shorter
intervals of length R. Let 0 < b < a < 1 be two positive constants, where b will be chosen below (see (29)). We

shall denote in the sequel

S=T* R=T" T>O0.

Denote the long intervals by S;, I = 1,--- ,np, and the short intervals by R;, I =1,--- ,np where
(16) ny = [T/(5+ R)].

It will be seen from the proofs, that a possible remaining interval with length different than S or R plays no role in
our asymptotic considerations; we call also this interval a short interval. Define further S = U} S, R = U} R;
and thus [0,7] = SUR.

Our proofs also rely on the ideas of [22]; we shall construct new Gaussian processes to approximate the original

ones. For each index k < p we define a Gaussian process 7, as

(17) m(t) =Y (), teR;US; =[(j —1)(S+R),j(S+R)),
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where {Yk(j)(t),t >0}, j=1,--- ,nr are independent copies of {Xy(¢),t > 0}. We construct the processes so
that g,k = 1,--- ,p are independent by taking Yk(j ) to be independent for any j and k two possible indices.

The independence of 7 and 7; implies

i(s:t) = E{ne(s)m()} =0, k #1,

whereas for any fixed k

Yek(s,t) = E{nke(s)ne(t)}
E {Yk(i) (t), Yk(i)(s)} = rik(s, t), ift,s € R; US;, for some i < np;
E {Yk(i)(t),Yk(j)(s)} =0, ifte RiUS;, s € R; US;, for some i # j < nr.

For k=1,---,p define
T 1/2 1/2
&)= (1= per(D) " “ne(t) + pyyy (T)Z, 0<t<T,
where Z = (Z1,...,Z,) is a p-dimensional centered Gaussian random vector introduced in Section 2, which is
independent of {ng(t),t > 0}, k = 1,--- ,p. Denote by {ori(s,t),1 < k,I < p} the covariance functions of
{f#),0<t<T,k=1,---,p}. We have

ori(s,t) =E{& () (1)} = pra(T), k#1

and
Tkk(s,t) + (1 — Tkk(s,t))pkk(T), teR,US;, s € R; USj,i =17

pkk(T)7 tERiUSi,SGRj USj,i%j.

Qkk(s> t) =

For any € > 0 set

3

For notational simplicity we write

M&(Qsa S) = (aT(Mgl(an S) - bT)a ey aT(MEP(Q€7 S) - bT))

and
M(5:,8) = (ar(Mei(6:,8) = by, 1), .., ar (Mey (61, S) = bs, 1)),

where

M (g, S) = e & (t)

and bs, 7 is defined in (4) if the grid 2R(4;) is sparse, bs, r = br(D;) is given by (7) if we consider a Pickands
grid R(5;) = %(Dia;Q/a) and for a dense grid bs, v = by with by defined in (6).
We present first four lemmas. Since their proofs are similar to those of Lemmas 3.1-3.4 in [31] we shall not give

them here.
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Lemma 3.1. If R(01) and R(d2) are sparse or Pickands grids, then for any B > 0 there exists some K > 0
such that for all zy,yr; € [-B,Bl,i=1,2,k <p

’}P’ {M(T) <@, M6, T) <y, i= 172} - P{JTZI(S) <@, M(6;,S) <y, i= 1,2} ’ < K(InT)Y/a—1/2pb-a

holds for some 0 <b < a <1 and all T large.
In the following R(q.) = R(e/(InT)*/*) denotes a Pickands grid where ¢ > 0 and ¢. is defined in (18).

Lemma 3.2. If R(61) and R(J2) are sparse or Pickands grids, then for any B > 0 and for all xy,yx; €
[_BaBLZ: 1727k Sp

ase 0.

Lemma 3.3. If R(51) and R(J2) are sparse or Pickands grids, then for any B > 0 and for all x,yx €
[-B,Bl,i=1,2,k<p

lim ‘IP’ {M(qe, S) <z, M(5,,S) < y,,i = 1,2} P {Mg(qs,S) <@, Mc(6;,8) <y,.i= 172} ‘ -0

T—o0

uniformly for € > 0.

Let in the following ®, denote the distribution function of the p-dimensional Gaussian random vector Z and

set for ny, defined in (17)

M, (0:,S;) = <temn(1£§‘nsj m(t), - el s np(t)) , My (S)) = (gggsm(t),-~- gggc%(ﬂ) .

Lemma 3.4. IfR(d1) and R(d2) are sparse or Pickands grids, then for any B > 0 for all x,yx; € [—B, B),i =
L,2,k<p

‘P{Mg(%s) <@, M(5,8) < i = 1,2}

—/ HIF’{]\/ZIU(SJ-) < u(w,z),ﬁn(éi,Sj) <u(y,;,z),i= 1,2} d®,(z)| =0
zE]RP]

)

as € } 0, where u(x, z),u(y,, z),7 = 1,2 have components

br + xi/ar — p;lf(T)Zk T + Tk — V2 Kk 2k 1
(19) w(zy, zk) (0= ()17 ar +br +o(ag),

bs, T + Yri/aT — P%Z(T)Zk _ Yki +TrE — V2rgg 2y

(20) W(Yki, 2k) = (1= prr(T)) /2 ar

+ b5, 7 +o(ar'),

for all z,yp; € [-B,Bl,i =1,2,k < p.
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Proof of Theorem 2.1: Since all the limits of the probabilities in Lemmas 3.1-3.4 are positive for all xg, yr; €

[-B,B],i =1,2,k < p, by letting ¢ | 0, we have

i {M(T) <@, M6, T) <y, i= 1,2}

o~

nr
~ / [1P{M,(S) < u(@,2), My(6:,8)) < uly,,2),i = 1,2} dd, (2)
zERP j=1

as T'— oo. Thus, if we can prove

nr
Jim | T2 {M,(8)) < ulw.2). M,(6:.S)) < uly;.2).i = 1.2
p
(21) - eXp(_ Z f(m]w Yk1, ka)e_rkk-i_ Qrkak) ’ = 07
k=1

where f(Zk, Y1, Yk2) is defined in Theorem 2.1, then applying the dominated convergence theorem we complete
the proof of Theorem 2.1 for the case i) — 4i7). Define next the events

Ay, {tggg]nk()>U(wk,Zk)}, Apik {temﬁ§§[o7s]nk()>U(yk1,zk)}

and

Aopik = { g (t) > u(ykz,zk)}, k=1,---,p.

max
teNR(52)N[0,5]

i) By the definition of {ny(t),k =1,---,p} (we write A{ for the complimentary event of Ay)

17 {32,(5)) < u(w, 2), M, (6:,5) < uly,,2)i= 1,2} = (PO}, Af)"™
j=1

= exp (nTln(P{ﬁipzl i}))

exp (— nT}P’{Uip:lAk} + War),
where ny is defined in (16). Since limp_, o, P{N3” | A5} = 1 we get that the remainder W, satisfies
Wy = o(nrP{U | AY), T — .

Next, by Bonferroni inequality

3p 3p
SPAY > PIUZ AG Y P{AL - Y P{A ALY
k=1

k=1 1<k<I<3p

= D PAY - D PlAGAY - YD PlAn Al = D P{Anin Az}
k=1

1<k<i<p 1<k<i<p 1<k<i<p

- Z P{Ak, Apyi} — Z P{ Ay, Agpi1} — Z P{Ap 1k, A2p i1}

1<k<I<p 1<k<I<p 1<k<I<p
p p p
=) Pl Apri} = D P{AR Aspri} — ) P{Ap ik, Agpir)
k=1 k=1 k=1

(22) = Al_A2_A3_A4_A5_A6_A7_Ag—Ag—Alo.
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Further, Lemma 2 in [27] and (19), (20) imply (recall S =T%)
P
Z ST—l(e—mk 4oeTYRL 4 e—ykz)e—rkk"r\/QTkkzk’ T = co.
For As, by the independence of n(t) and n;(t), k # I, Lemma 2 of [27] and (19), (20), we have

Ay = Z P{trerfg{é] () > w(xg, 2;), max n(t) > u(xl,zl)}

tefo,s
1<k<I<p €[0,5]

> 1}»{ max 7 (t) > u(xk,zk)}IP’{ max_7;(t) > u(ml,zl)}

t€[0,5 t€[o,S
1<hel<p €[0,5] €[0,5]

Z ST Lle=@k—TiktV2rkkze QT —1o—y1—rutv2ruz _ o(Ay).

1<k<I<p

Since R(J;),7 = 1,2 is a sparse grid, similar arguments as for Ay lead to
Ap =o0(A;), k=3,4,5,6,7.

Further, Lemma 2 of [27] implies A; = 0(A41),i = 8,9. By the first assertion of Lemma 4.1 we have
Arg = o(T* 1) = o(Ay).

Consequently, as T' — oo

p
nT]P{UipzlAk} ~ Z(e—xk 4eTYR 4 e—ykZ)e—"'kk"l‘\/QTkkzk)
k=1

which completes the proof of (21).

1) We proceed as for the proof of case ¢) using the lower bound (22); we have thus

3p
PUZA = Y P{Ad - Y PlAcAR+ Y P{Y
k=1

1<k,1<3p 1<k, 1<3p

= ZP{Ak}— Do PlALAY - Y Pl Apal = Y P{Agpr, Agpidd

1<k<I<p 1<k<I<p 1<k<I<p
= > PlAnAput— > Pl Ayt — Y P{Apik Agp)
1<k<I<p 1<k<I<p 1<k<I<p
P P P
= P{Ak Ak} — > P{Ak Agpii} — > P{Api Agpi b+ D> P{}
k=1 k=1 k=1 1<k<,-,1<3p
(23) =: A1—AQ—A3—A4—A5—AG—A7—A8—A9_A10+A11.
The estimates for A;, i =1,---,9 are the same as for case i), therefore we only need to deal with the terms A1

and Ajp. It follows that each term of Aj; can be bounded by As, Ag or A7 implying

Ayp =o0(41), T — .
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Next, the definition of w(yg;, 2x),7 = 1,2 implies

1 InlnT ln5._1(T) 1n(2717t71/2) Yki + Tkl — V 2Tkk 2k o(1)
24) w(Yri, zx) = V2InT — — + ¢ + + 4
24) ulyes, 2) 2V2InT | V2InT V2InT J2InT V2InT

for sparse grids. From the assumptions we know that limp_, ., In ( 5 gg) =0 = 05 — 0;. Consequently, we have

w(yr1, 2k) — w(yge, 28) = ln(ijggg) + Yk — Yr2| (2 1nT)71/2 + 0(1)(21nT)*1/2

~ [0+ yr1 — yre] 2InT) "2 4 0(1)(2In T) /2

as T — oo. Letting first yg1 > yro + 0, we thus have u(yg1, zk) > u(yr2, 2x) for sufficiently large T'. Further,

p
A = P t) > , , 1) > ’
10 Z:; {teng?laxo s i (t) > u(yr1, 21) tengls;)t?w([o,s] e (t) > u(yro zk)}

=

P

= E P t) > . P "
- { {teR(51 X 0.5 i (t) u(ykl,Zk)} + {teR(I}le‘c}%([o,S] e (t) > u(ykz,zk)}
1= t) < t) <
{tGR(Jl)?\{[O 5] () < ulyer, Zk)’teRglb&;?w{[o,S] (E) < ulpin Zk)}> }
P

Z { {tER(61 n[o0,S] me() > u(ykl’Zk)} - {teR(rngr)T{[O,S] M (t) > U(ka,zk)}

=1

>

x>

1 - () < u(yr1, Zk)7t€R(I{1526)t%<[0 . () < u(yre, Zk)}) }

{tE’R(él)ﬂ[O S]\R(62) [0,5]

P
Z { {ten(él)m[o S] () > u(ykl’Zk)} {teR(&)ﬁ[Or,%?\XR(dg)ﬁ[Oﬁ] m(t) > u(ykl’zk)}

=1

>

+
=

t) > V2k), t) > ) .
{teR(él)ﬂ[OIg?\XR(ég)ﬁ[O,S] Me(t) > w(yr, k) e Me(t) > u(yr2 zk)”

By Lemma 4.2 and (24) we have for i = 1,2 as T — oo

S, 1 1
. ~ —Yki—TkkTV2TkE 2K
nk(t) > u(yk‘hzk)} 57/T(6Z 53)6

~ ST™ 1(1 —e” )e*yki*T’kkJr\/QTlcka7 T = 0.

P { max
teR(8;)N[0,S]\R(55)N[0,S]

Further, applying Lemma 2 in [27] (recall (24)) we obtain as T' — oo

]P’{ max  ng(t) > u(ygi, zk)} ~ ST e Vi Tak tVIEZE i — ] 2,
teR(d;)N[0,5]

By the second assertion of Lemma 4.1, the third term is o(T%71).

Next, for yr1 < ygo + 0, we have u(yg1, 2x) < u(yka, 2r) for sufficient large T'. Similarly, we have

p
A = P t) > , t) > )
0= P 0 > o) ) > w2
p
— { {tGR(r?S?W([O,S] () > u(ka’Zk)} {tGR(éz)ﬁ[OIg']a\XR(Jg)ﬁ[O,S] () > u(ym’zk)}

+
la=]

{ max  nk(t) > w(yr1, 2x), max e (t) > u(yke, zk)} ]

teR(61)N[0,S] teR(52)N[0,S1\R(d3)N[0,S]
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Again, in view of the second assertion of Lemma 4.1 the third term is also o(7%~1). Consequently,

p
Arg = Y T e TN  (yhr > yra +0) + €722 I (ypr < ypo + 0)]e TV o(TTY) T — 00
k=1

implying that as T"— oo

P
nT]P’{UipzlAk} ~ Z(e—J% Lo YRl Lo VR2 _e—yk1—91l(yk1 > Yo +9) _e—ykz—f)zl(ykl < Yo +9))6—Tkk+v2Tkk2k,
k=1

which completes the proof of (21).
ii1) We proceed as for the proof of cases i) and i) using the bound (23). By Lemmas 2 and 3 in [27] and (19),
(20) we obtain

P
A o~ T“—lz(e—xk+e—yk1 +e—yk2)e—7"kk+\/27“kkzk7 T = 00.
k=1

With similar argument as for A, in the proof of case i), we conclude that
A =o0(A1), k=2,3,4,5,6,7.
Further, Lemma 2 in [27] implies Ag = 0(A;) and Lemma 4.3 yields
A =o(T* ) =0(A)), T — oo.
Similar arguments as for Aj; in the proof of case i) imply
A =0(A1), T — oc.

Borrowing the arguments of [26], p. 176 and using Lemma 3 in [27] it follows that

p
Ay = P t) > 2 2k)s t) > 2,
9 ; {t?{%] () > u(wk, 2x) e X o () > w(yre Zk)}

P
~ Ta71 § HIDn;qaa“’mkwlnHDQ‘a+yk2e—Tkk+\/2rkkzk’ T = 00.
k=1

Consequently, as T' — oo

p
3 _ _ _ In Ho+xp,.n Hpy o +Yr2y — 5
nTP{UkpzlAk} ~ E (6 Th | eTYRL 4 oTUR2 7HD2,; 2,0 )6 Trk+V Tkkzk7
k=1

which completes the proof of the claim in (21).

iv). By Lemma 5 in [27], we have
'IP {M(T) <2, M(51,7) <y, M(5,T) < yp } ~ P{M(T) < 2, M(5,,T) <y, M(T) < g } ‘

< ‘P{J\”Zr(éz,T) < yz} —IP{M(T) < yQ} ’ —0, T — oo
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Now, by Theorem 2.1 of [31], we have

P{M(T) <& M(5,T) <y, M(T) <y,} = P{M(T) < min(w,y,). M(5,T) <y, }

p
- K {GXP(— Z F(@r, yras yro)e T 2T’°’°Z’“> } .
k=1

as T — oo with

f(xkv Yk1, ka) = ¢~ Win(@k,Yr2) 4 e Ykt

establishing the proof. O
Proof of Theorem 2.2: i) The limiting properties of the two constants can be found in Lemma 4.4. We give
the proof of the relation of (14). As for the proof of Theorem 2.1, in view of Lemmas 3.1-3.4 and the dominated

convergence theorem in order to establish the proof we need to show that (21) holds with
HlnHaJrIk,lnHDl,aerk,l In Ho+zk,In Hp,y, o +yr2

. e .
f@h Ykt yke) = e ™ +e ¥ emV — Hp o —Hp, o

_Hln Hpy,atyk1,In Hpy,a+yk2 Hln Ho+zk,In Hpy ,a+yk1,In Hpy, oty
D1,D2,c D1,Dz,c :

We proceed as in the proof of case ii) of Theorem 2.1 using the bound (23); we have thus

PlUrad = SR Y PAGA Y Y BlAAA}+ Y P()
k=1

1<k,l<3p 1<k,1,j<3p 1<k, ,I<3p
(25) = 21 - 22 + 23 + 24.

By Lemmas 2 and 3 in [27] and (19), (20) we obtain that

P
Y o~ T(l—1§ (e—rk + e Yk +e_yk2)8_rkk+\/27‘kk2k7 T = o0.

k=1
Further, write
(26) Yo=As+ A3+ Ay + As + Ag + A7 + Ag + Ag + Ay,
where A;,i =2,---,10 are defined in the proof of i) of Theorem 2.1. Hence, with similar arguments as above

Ai:O(A1)7’L':1,"',7aDd

P
a—1 Z In Ho+ap,In Hp o +Yk1  —rp 42755 25
Ag ~ T HDl,oc (& ,
k=1

p

a—1 In Hot+xw,In Hpy,a+Yk2  —rpp+2T0k 2k

Ag ~T E HDg,a € ,
k=1

p
AlO -~ Ta_1 HIDH HDDl,aerk,l,ln HDQ,a+yk:2e—7'kk+1/2rkkzk
Z 1,D2

k=1
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as T — oo, where for the estimates of Ag and Ag we applied Lemma 3 in [27] and for the estimate of Ay we

have used Lemma 4.4. Further

Y3 = E P{Ak,AbAj}-l— E ]P{.Ak,.Al,Aj}-l- E P{AmAl,.Aj}
1<k<I<j<3p 1<k<1<j<3p 1<k<1<j<3p
l#k+p,j#l+p,jF#k+2p I=k+p,j#l+p,j#k+2p l#k+p,j=l+p,j#k+2p
+ E P{Ak,Al,Aj}Jr E ]P’{.Ak,Al,Aj}
1<k<1<j<3p 1<k<1<j<3p
l#k+p,j#l+p,j=k+2p I=k+p,j=l+p

= B1+BQ+B3+B4+B5.

For By, by the independence of 7y (t) and n;(t), k # [, Lemma 3 of [27] and (19), (20), we have for some constant
K>0
B, = > P{A:} P{A} P{ A;} ~ KT3@1 = o(4,).
1<k<l<j<3p

l#k+p,j#Al+p,j#k+2p
Similarly, we can show that
Bi ~ KTZ(afl) = 0(141)7 7 = 2’3’4'

For Bj, using Lemma 4.4, we have

p
By ~ Ta_1 Han HS+Ik,1n Hp,,a+yk1,ln HDQ,a+yk26—7'kk+1/27'kkzk
z: 1,D2,a :

k=1

Finally, it is easy to see that ¥4 = 0o(A;) as T — co. Thus, we have as T — oo

p
P {UipzlAk} ~ Z f(ﬂ?k, Yk1, ka)e_rkkJr Qrkaka
k=1

with

oz . — In Hot+xk,In Hpy ,a+yk1 In Hotzk,In Hp,y o +yk2
x e B )
F@hyi,yhe) = e e 4w — Hp ' —Hp, o ’

Hln Hpy,a+yk1,In Hpy,at+yk2 Hln Ho+zp,In Hpy o +yk1,In Hpy o +Yk2
D1,D2,c D1,Ds,c )

which completes the proof of (21).
1) Applying Lemma 5 in [27] we obtain

P {NE(T) < &, M. T) < 93, NG T) < )~ P{M(T) < 0 W1(61.7) < 0, M(T) < )|

< ‘P{M(CS%T) <o} —P{M(T) <y,} ' 0, T— .
Further, Theorem 2.2 in [31] yields
P{M(T) <@ M(6.7) <y, M(I) < y,} = P{M(T)<min(z,y,), M(5,,T) <y, |

p
- B {eXp(_ D F(@k, yrr, yra)e R 2”“’“2"') }
k=1
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with

Hln Ho+min(zk,yYk2),In Hp, o +yk1

F(@h, Yr1, Ypo) = e~ Min@RYR2) 4 ey o ,

which completes the proof.

i7i) By Theorem 2.3 in [31] for the dense grid $(d;),i = 1,2 and any y, € RP

T—o0

lim P {M(&, T) < yl} =E {exp( i e*ykﬁrkkJr\/mzk) }
k=1

and further

T—o0

lim ]P’{M(T) < a:} =FE {exp( iezkrkk+mzk)} . Vz cRP,
k=1

hence the claim follows immediately from Lemma 4.5. g

4. APPENDIX

For the proof of the main results, we need the following technical lemmas. Let in the sequel C be a positive
constant whose value will change from place to place and ®, ¢ be the survival function and the density function

of an N (0, 1) random variable, respectively.

Lemma 4.1. Suppose that R(d1) and R(d2) are sparse grids and a € (0,1).
i) If imr 00 01(T)/02(T) = 00 or R(6,) NR(6,) =0, then we have for k <p as T — oo

P {tenmaX Me(t) > u(yr1, 2r), Me(t) > U(ykz,zk)} =o(T* ).

max
(61)N[0,5] teR(82)N[0,S]

ii) Let R(6,) NR(5,) = R(S;) and an%om(gggQ =6, € [0,00), limy_o0 1n(§§g;) =6, € [0,00) hold. If

Ykl > Yko + 02 — 01, then we have for k <p asT — oo

t) > 2k, t) > ) =o(T% 1),
{teR(él)m[Or’rg?&R(égmoys} M (t) > u(yr, 2r) R o Mie(t) > u(yr2 Zk)} o(T*™)

whereas if yr1 < yro + 02 — 61

]P’{ max () > u(yk1, 2k) (t) > u(yka, zk)} =o(T* 1)

, max Nk
teR(51)N[0,5] teR(52)N[0,S]\ R (65)N[0,S]

holds.

Proof of Lemma 4.1: The following fact will be extensively used in the proof. From assumption (10), we can

choose an € > 0 such that for all [s —t| < e < 271/
1
(27) §|s—t\a <1 —rpg(s,t) <2|s—t“.

i) We first deal with the case limp_, o 01(T)/d2(T) = oo. It is easy to check that

ZP{ max  ng(t) > u(yg1, 2x)

R max n
Pt teR(61)N[0,5] teR(62)N[0,5]

k(1) > U(ykz,zk)}



PITERBARG’S MAX-DISCRETISATION THEOREM 17
p
< E P max k(1) > ulyge, 2k
T { teR(61)n[0,S]n ®) (2, 2%)

P ¢ t) > , .
{teRg}lﬁ%[o,S] i (t) > u(ykl’Zk)’teR(az)m[oIg?\XR(él)m[o,S] (1) > ulyez Z’“)H

By Lemma 2 of [27] and the definition of u(yx2, zx), we have as T — oo

71 _
P {teR(r?j%([O,S] e (t) > uyra, Zk)} S67HT) B (u(yra, 21))

= CSOTHT)T'69(T)

= cr*! =o(T"!
61(T) ( )
Now, for m,n € N and the € chosen in (27), we have
t) > ), t) > ,
{ten(r?l??[o,a mel8) > ulyin, 2), e me(t) > wlgee, 2) }
=P t t) > , 7o
{tengﬁﬁm] e (t) > u(yklaZk)ateR(éz)m[Or’%?\XR(él)m[o’S] Mk (t) > u(yr2 Zk)} +o(T)

[S/8:1]+1

< 3 P {n161) > ulina, ), m(0) > ulinas 1) | + o7

max
teR(52)N[0,S1\R(51)N[0,S]

[S/81]41
< Z P{Wk(n51) > u(yr1, zk), max  np(t) > U(ykz,zk)}
n=0 [t—nsq|<e
[S/61]+1
+ Z {Uk (nd1) > u(yr1, 2x), o JREX i (mdz) > U(ka;Zk)} +o(T*1)
[ndy —médg|>e

=: 871+ Sr2+ o(T*1),

where [z] denotes the integer part of x. By stationarity we have setting n*, (t) = nr(nd1) + nx (¢)

[S/01]+1
Sra < Z P{ max Mo (1) > w(Yk1, 25) + u(Y2, Zk)}

nd—e<t<ndi+e
n=0

S
CallP’ {o@?f nox(t) > u(yr1, 21) + u(yre, Zk)} -

For the correlation function of 7, (t) = 1% (0) + nx(t), t € [0, €] we have

L EmR)@)  _ 1-m(-s)
VE(5 (s)))E((15x(0)?) -~ 2¢/1+ 1w () v/ 1+ 7an(s)
21t — |«

S 5 o <1—exp(—|t —s|¥).

Further
Var(nge(t)) = 2 + 2rg(t) = 4 — 2[t[*(1 + o(1))

as t — 0. Hence by Slepian’s inequality (see e.g. Theorem 7.4.2 of [21]) we have

P {Orgtaé( Mok (t) > w(yr1, 2x) + u(yra, Zlc)}
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— 770k \/—
=F {o<t<E \/T (o, ( > u(Yr1, 2x) + u(ykg,zk)}

<p {Olg%wa) E((mn(0)2) > uyin, 22) + ulvse, zw} 7

where W is a Gaussian zero mean stationary process with covariance function exp(—|t|%), thus the condition of

Theorem D.3 in [26] for the case = § hold. By that theorem

Sr1 < C(;?q)(u(ym,%);u(ykz,%)).
1

The definition of w(yk;, zk), ¢ = 1,2 implies thus for sparse grids
(28) [w(yri, 26)]? = 2T — InIn T + 2In 6; H(T) + O(1).

Consequently, from the fact that limy_, o 01(T)/d2(T) = oo

62(T)
61(T)

1/2
Sp1<C—— 5 “InTs\/*(T)s )1/2(T):CT“‘1< ) =o(T* ), T = oo.

61(T) vIn T
Now, let Uxx(t) = sup;<s<g7kk(s). Assumption (10) implies that ¥4 (e) < 1 for all 7' and any e € (0,27 1/),

Consequently, we may choose some positive constant S such that

1 — Ik (6)

<1
1+ Jgi(e)

Brk <
for all sufficiently large T'. In the following we choose

(29) 0<a<b< i Brk-

For the second term, by stationarity and Berman’s inequality (see eg. Theorem 4.2.1 of [21], Theorem C.2 of

[26]), we have
[5/51 +1
Sra < Z ST P{n(ndy) > ulyer, 2, () > u(ykz, 21)}
ndy s e
[3/61 Jrl 2 9
5 5 u?(Yr1, 2x) + U (kaazk)>:|
< D (u(yr1, z1))P(u(yr2, z1)) + Cexp | —
Z 0<§;<S { (u(yr1, 21)) P (u(yr2, 21)) p( 200 + reg (1101 — mba])
|nd1 —mog|>e
S S = (e, 2k) + v (Yras 21)
< , P , +C _ ) )
< o Bt Btz 20) + Coxp (- B )
=: Sto1+ 5722

Utilising again (28)

S S o(u(yr, zr)) e(u(yr2, 2k))
6102 ulyr,zr)  u(yke, 2r)
S5 1 1, 1,
651 5, T &P (—2u (ykhzk)) exp (—2u (ykZaZk)>
SS 1
< =
- 51 52 th

IN

St.21

—— T (InT)Y25, 7" (InT)/25,
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— 721

as T — co. Since u(ypi, zx) ~ (2InT)Y/2 i =1,2

S S W (yYe1, 2k) + U (Yro Zk-))
S < Cii _ ) )
B ( 2(1 + Vir(e))
Te T 2
< Ll pmmae
< C 55, kk

10, ()
< CT* T TR (5,0,) "
Both (29) and limy_, o (InT)/*8;(T) = oo imply St20 = o(T* 1) as T — 0.
Let us consider now the case that $R(d,) NR(4,) = . Without loss of generality, we suppose that u(yg1, 2x) <

w(Yr2, z) holds for sufficient large T'. By stationarity, for m,n € N and € > 0 we have

P i 0> 050, () > a0
[S/61]+1
<3 v {8 > a0 e nutomde) > utyen, )}
[S/61]+1
< Z {% (n01) > u(ypr, k), | max - ny(mdz) >U(yk1,zk)}
Imdy —mba| <e
[S/61]+1
+ Z {le (n01) > (Y, 2¢),  max - nu(mdz) >U(yk2,2k)}
Inay —mss|>e
= CE]P’ {nk(O) > u(yg1, 2k), max  np(mda) > u(yr1, zk)}
01 0<mds<e
[S/61]+1
+ Z P {nk(nél) > u(Yk1, 2k ), o JRBX N (mdz) > U(yk2yzk)}
n=0 [y —mdg|>e
=: Ry 1+ Rrp.

Using the well-known results for bivariate Gaussian tail probability (see e.g., [16]) setting r = 71 (md2) we have

C(sE Z P {n&(0) > u(yr1, 2x), me(mdz) > u(yr1, 2x)}

1 0<md2<e

= C% 0<;52S6 {‘b(u(ym,%))q’ (U(ym,Zk)\/\/g)} :

R

IN

Since by (27)

1—7r _ 1—rkk(m52) .
1+7r 1+ rgpe(mos) —

(m52)“

| =

and using (28) we obtain

Rry < 0 5 [Butnn )@ (i) ulm )

§
1 0<md2<e

— c7e! Z @(;(mdz)"/%(ykhzk)>

0<modz<e
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= ¢cr°! Z ! )eXp (—;(m%)auz(ym,%))

ocimryze (M02)*/2ulyra, 2

—1 1 1 1/aa
= cr Z (Mo (In T) /o2 exp <—4[m62(lnT)/ ] >

0<mda<e

1 1
< vy __ 1/aje
< CT [0o(In T)1/]o/2 Z exp( 4[m62(lnT) ])
0<m<[e/b2]+1
1
< qa-1____ -~
s ¢ [62(InT)1/a)e/2
= 7o),

where we used additionally the fact that limp_,o (InT)Y*5;(T) = oo, i = 1,2. By repeating the calculations
for St 2 we obtain further Ry o = o(T* 1) as T — oo, which completes the proof.
1) If yg1 < yro + 02 — 01, then we have u(yp1, 2x) < u(yxe, 2) for sufficient large T. By stationarity we have for

m,n € Nand € > 0

P t t )
{teR(rglf;%{[O s () > u(ykl’zk)’teR(@)m[oIg?\)ga(ag)m[o,S] () > u(yk2’zk)}

[S/61]+1

< Z {nk né1) > u(Yr1, 2k), Me(t) > u(ym»Zk)}

max
teR(52)N[0,S]\R(63)N[0,S]

[S/61]+1
< Z {nk (n01) > u(yr, 2¢), | max — nu(mdz) >U(yk2,zk)}
|nd; —mdg|<e
[S/61]+1
+ Zo P {nk(n51) > u(Yk1, 2k ) [ Jmax N (mdz) > u(yk272k)}
n= |nd1—még|>e

S
<eZ (0 > w20, max mlmda) > ulr, )|

o
[S/81]+1
+ Z {nk (nd1) > w(yr1, 2k), o JNBX N (mdz) > U(Z/kz&k)}
Inéy —még|>e
=: MT71 + MT’Q.

Using the same estimates for Ry and Rr o, we get that both Mr; and Mr o are o(T%"!). The proof when
Yk1 > Yk + (02 — 01) is similar. This completes the proof of the lemma. O
The next lemma extends Lemma 2 of [27] to the non-uniform sparse grid. Let R(6*) = {t1(T) < t2(T) < ...}

be a non-uniform grid on [0, 7] such that

Smax 1= ti(T) — tu_1(T)) < 6 d Spin(InT)V* .= i ti(T) = ti_1(T))(InT)™
tk<¥)12fB,T]( (1) = ti—1(T)) < o an (InT) tk(;glg[lm( $(T) =t (T))(InT) /™ — o0

as T' — oo.

Lemma 4.2. For S=T%a € (0,1) we have for any k <p

P{ s, (0 > ur | = 5RO 0 0. ) Fur)(1 + o(1)

as T — oo, where up = (2InT)Y2(1 + o(1)) and 4(A) denotes the number of the elements of the set A.
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Proof of Lemma 4.2: By Bonferroni inequality for all T" large (set ©7 := §(R(6*) N [0,5]) and u := ur)

[SZY
S Pl >uh 2 P e n)>u)
=1

teR(6%)N[0,S]

Or
> Y P{mt(T) >ul— Y P{(tn(D) > wn(ti(T)) > u}
=1 1<m<I<Or
= PT,l — PT’Q.
By the stationarity of n;
PT,l = GTE(u),

whereas for the second term we have for all € > 0 sufficiently small

Pry = oo Pimtn(D) > wnet(T) >ul+ > P{(tm(T)) > u,mk(ti(T)) > u}
1<m<i<Orp 1<m<I<Op
t (T)—tm (T)<e t (T)—tm (T)>e
=: Proi + Proo.

Similarly as in the calculations of Ry setting r = r(¢;(T) — t,,(T")) we have

Pro1 = Z P {nx(0) > u,ni (t1(T) — £, (T)) > u}
1<m<i<Op
t1(T)—tm (T)<e

2w ()

£ (T)—tym (T)<e

IN

Since by (27)
1—7r . 1-— T‘kk(tl(T) — tm(T)) } B .
15~ 15 r0(@) —tm(@)) = 200~ (D)) 2

and the fact that u = up = (2InT)Y/2(1 + 0(1)) and Gpin(InT)/* — 0o we get

Pro < @TE(U)&;]* ( 5%?1)
< COB(u) s o~ uB)
5m1n u(sri/z
< COrP(u)—— !
udp?
= O7®(u)o(1).

Recalling the bound derived for St 2, by stationarity and Berman’s inequality

Pray < > {@Q(UHCQXP(‘1+ﬁkk(tl(1éf2>—tm(T))”

1<m<I<Or
t(T)—tm (T)>e

< ce} [¢2<u> +Cop (‘wm)]

where Y (+) is defined in the proof of Lemma 4.1. Noting that O < S/6min = T/dmin and by repeating the

calculations for St o we obtain further Pp oo = Or®(u)o(1) as T — oo, which completes the proof. O
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Lemma 4.3. If R(61) and R(J2) are sparse and Pickands girds, respectively, then for k <p as T — oo

P {tenmax e (t) > u(ygl, 2k), k() > u(yge, zk)} =o(T* ).

max
(61)N[0,5] teR(62)N[0,5]

Proof of Lemma 4.3: Since 9(d1) and 2R(d2) are sparse and Pickands girds, respectively, we have
T— o0

Consequently, the proof is similar to that of the case that limp_, o 01(T)/d2(T) = oo of Lemma 4.1, and therefore
we omit further details. O
Let X be a centered stationary Gaussian process which satisfies condition (1) (as in the Introduction). For the
proof of Theorem 2.2 we shall determine the asymptotic behaviours, as u — oo, of the following probabilities

Ps(u,x) :IP’{ max  X(t)>wu, max X(t)>u+ x}
teMR(61)N[0,S] teMR(62)N[0,S5] U

and

Ps(u,x,y):IP’{ max  X(t) > u, max X(t)>u—|—§, max X(t)>u+y},
te9:(61)N[0,5] teNR(52)N[0,5] u te€0,S5] U

where R(5,) = R(cu™?/*) and R(J,) = R(du=?/*) with ¢ > d > 0.
For X € (¢,00) along the lines of the proof of Lemma D.1 in [26] (see also the proof of Lemma 12.2.3 of [21])

Py (u,2) ~ 2% (NB(w) and Py, e (u,2,y) ~ B3 (NS (u)

c,d,x c,d,x

as u — 00, where

H%? (\) = P B* . (kc) > s, B* ,(kd) > d
cda(M) /seRe {keNI:%?é([O,A] a/2(ke) SkeN%?é([O,)\] a/2(kd) s—i—x} 5

and

HYY () :/ SP B* ., (kc) > s,
C’d’o‘< ) SERe keN%?g[o,A] "/2( c)>s

By (kd Bl ot ds.
vertniZo  Dara(hd) > s, max, Q/Q()>S+y} ’

The next result can be shown along the same lines of the proof of Theorem D.2 in [26].

Lemma 4.4. For any x,y € R we have

Hoaw A HOJJI A
7‘:’[1’0‘( ) <oo and 0< HY®Y = lim 76"1’&( )

O, _ 7.
O0< H = lim \ e

¢, d,a < 0.

A—00
Furthermore, for any S > 0
Ps(u, ) ~ SHg’iauz/O‘E(u) and Pg(u,z,y) ~ SHS”;’;’uQ/QE(u)

as u — 00.
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Lemma 4.5. Let {Zr;;,1 < i < p,1 < j < m}T > 0 be a random matriz. Suppose that the following

convergence in distribution
d
ZT_’]' = (ZT,1j7'~~7ZT,pj)_> (Wl,...,Wp) =: W, T — o0

is valid for any index j < m. If further Zr;; < Zi1 holds almost surely for any index i < p,2 < j < m, then we

have the joint convergence in distribution

(Zra,..  Zrg) S (W,... . W), T— oo

Proof of Lemma 4.5: Assume for simplicity that m = p = 2. By the assumptions, Lemma 2.3 in [18] implies

the convergence in distributions
(Zra1, Zr12) 4 (W1, W1), (Zr21, Z122) 4 (Wa,Wa), T — oo.
Hence we have the convergence in probability
Zras —Zra 50, Zros — Zror 50, T — oo,
which then entails that
(Zra1,Z721, Z1 12, Z7,22) 4 (Wi, Wo, W1, Wa), T — o

establishing thus the proof. a
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