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Abstract

Let X; (i =1,2,...) be a sequence of subexponential positive independent and identi-
cally distributed random variables. In this paper we offer two alternative approaches to
obtain higher-order expansions of the tail of 2?21 X; and subsequently for ruin prob-
abilities in renewal risk models with claim sizes X;. In particular, these emphasize
the importance of the term P(>°; | X; > s, max(X1,...,X,) < s/2) for the accuracy
of the resulting asymptotic expansion of ]P’(Z?:1 X; > s). Furthermore, we present a
more rigorous approach to the often suggested technique of using approximations with
shifted arguments. The cases of a Pareto-type, Weibull and Lognormal distribution
for X; are discussed in more detail and numerical investigations of the increase in
accuracy by including higher-order terms in the approximation of ruin probabilities
for finite realistic ranges of s are given.

1 Introduction

We consider compound sums Sy = X;+- -+ Xy with independent identically distributed
(i.i.d.) random variables X; with subexponential distribution, i.e.

lim P(X; + X3 > 5)/P(X; > s) =2,
S§—00

with tail probabilities P(X; > s) = 1 — F(s) = F(s). The claim number N is independent
of the claim sizes X;,i =1,2,... and is assumed to satisfy E [(1 + €)V] < oo for an e > 0,
i.e. N is light-tailed.

It is well known that the numerical computation of the total claims distribution G(s) =
P(Sy < s) is usually time-consuming because of the fat tail of the claim size distribution.
This applies to both commonly suggested methods of computation: the integral equation
for densities (see e.g. |26, Th.4.4.4 and (4.4.18)]) as well as Panjer’s method ([26, Th.4.4.2])
with discretized claim size distribution. For the tail probabilities G(s) = 1 — G(s), an-
other way of approximation are asymptotic expansions that are theoretically valid for large
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values of s: for a first-order asymptotic formula see e.g. Teugels and Veraverbeke [27],
Greenwood [19], von Bahr [30] and Embrechts and Veraverbeke [15]. Later on second-
order asymptotic formulas were considered (see e.g. Omey and Willekens [24] and Griibel
[20]). Further work on approximations of compound distributions in the heavy-tailed case
can be found in Mikosch & Nagaev [22], Willekens [31] and Baltrunas [4]. Higher-order
asymptotic expansions were finally given in Geluk et al. [1&], Borovkov and Borovkov [14],
Barbe and McCormick [7] and Barbe et al. [L1].

In this paper we want to review the available higher-order asymptotic expansions of G(s)
and complement some of these results. Further we give a numerical study that highlights
the advantages and disadvantages of higher-order asymptotic expansions as an approxima-
tion for G(s). These approximations for compound distributions also lead to corresponding
approximations for ruin probabilities in the collective renewal risk model with i.i.d. claim
sizes X; and i.i.d. interclaim times, as the Pollaczek-Khintchine formula expresses the ruin
probability as a geometric compound (see Section ).

The paper is organized as follows: in Section ] we give an overview of available results
on higher-order approximations with a particular emphasis on the used methodology,
including a discussion of the main steps of the proof of Barbe & McCormick [7] and
Barbe et al. [11]. In Section Bl we present two alternative approaches to derive asymptotic
expansions and extend the expansion given in 1] by adding an additional term. In Section
A we show how asymptotic approximations in terms of derivatives can be transformed
to asymptotic expansions in terms of the original function with shifted arguments. In
Section Bl an example is given of how asymptotic expansions for the light-tailed case and
higher-order asymptotic expansions can be combined. In Section B we then exploit the
connections to ruin probabilities. Finally, in Section [d extensive numerical illustrations on
the performance of these approximations for a finite realistic range of s are given. Some
of the more technical proofs are postponed to the Appendix.

2 Asymptotic approximations of compound sums

Unless stated otherwise, in the sequel we will always consider an i.i.d. sequence (X;)i>1
with subexponential distribution function F' (and X as a generic random variable with
the same distribution function) and an independent integer-valued random variable with
E [(1+ €)"] < oo for some € > 0.

The classical first-order asymptotic approximation for P(X; +--- + Xy > s) = G(s) =

ai(s) + o(F(s)), is given by

ay(s) := E[N] F(s)
(see e.g. [26, Th.2.5.4]). A second-order asymptotic
G(s) = as(s) + o(f(s)) (1)

was provided in Omey & Willekens [24] and [31] under the assumption that E [X] < oo
and F' has a continuous density f that is long-tailed, dominantly varying and with an



upper Matuszewska index a(f) < —1, i.e. for all x > 0, limsup,_, f(z + s)/f(s) =1,
limsup,_, . f(zs)/f(s) < oo and
log (hm SUD 400 M)
a(f) := lim 7o)
A, Tog()

< —1.

In this case

as(s) = a1(s) + 2E K];])] E[X] £(s).

If F(s) is regularly varying with index —a for 0 < o <1 (F(s) € R_q, ie. for all
z >0, lims oo F'(z5)/F(s) = 27%) with a regularly varying density f(s), a second-order
approximation for G(s) is given in Omey & Willekens [23] by

al(s)—%ﬂﬂ[( )] s) g F(y) dy, 0<a<1,
ai(s)+2E {(g)] s) Jo F(y) dy, a=1.

See [16], [17] and [9] for more details about asa(s).
If f(s) is not continuous, but f is of bounded total variation, it follows from Griibel [20]
that if there exists a monotonically decreasing function 7(s) with

A~

as(s) =

su 7(5) 0o, T(s)=0(s"* st — o(1(s
up Tk < oo 7(s) = O, VTS = ofr()

where VST1 denotes the total variation of f in the interval (s,s + 1], then G(s) =
az(s) + o(7(s)). The particular choice 7(s) = sup,>, f(y) then also gives ().

In Willekens [31] and Willekens & Teugels [32] it is shown that if F(s) € R_4, a > 2 and
1'(s) is also regularly varying, or alternatively f”(s) exists, is asymptotically decreasing
and there exists a function x(s) € R, 0 <y < 1 such that for all z € R

s ax(s) .
N

then a third-order asymptotic G(s) = as(s) + o(f'(s)) with

E[N(X; + 2 + Xn-1)?] (s)

holds. Baltrunas & Omey [6] consider distribution functions F' € S* (e.g. [21]), i.e.

) SF(s—x)— B
slggo/o WF(%‘) dz =2E[X;] < o0

and show the quite general result that as(s) is a second-order asymptotic if additionally
for all z > 0

as(s) = as(s) —

imin M im su 7]“(3&9)7(3) 00 im fs—i-—x)(s)
R (se) = P o ()~ o (5 (s + )
O Fls2?
T )



Note that heavy-tailed Weibull and lognormal distributions are examples of distributions
fulfilling these requirements.

For cases where a density of X does not necessarily exist, the following results (for a
fixed number of summands) have been established: Geluk et al. [1&] derive a higher-
order asymptotic expansion for the sum of two regularly varying random variables X7 and
Xy with distribution function Fj(s) and Fy(s), respectively, for which the second-order
behavior is given and of the form

Bl

i(s) —x™@ _arP—1

sll{glo bl 8) - P ’ ‘= 1’2’
where b; is a function with b;(s) — 0 (s — 00). If 0 < a < 1 it is then shown that

2 2

P(X1+X2 > s) ZF 1 “o0) —————_F1(s)Fa(s)+o(1) (Z bi(s)Fi(s) + Fﬂs)?ﬁs)) :
— i—1

If > 1 and E [X{] < oo then

2 o) T(a+j))E |X] T, 2 . Fi(s
F(a)j[! ] Sg. 5) +o(1) Z (bi(S)Fi(S) + glf(JtJ)) .

]P’(Xl + X9 > S) =
i—1 j—=0

If « € N and E [X?] = oo then

2 [T (a+))E {X§_i} Fi(s) T(2a)1 [*
P(X; 4+ X3 > s) = ; z:: T a)jl " +I‘(a)2so‘/0 Fai(y) dy

2 S
DY (R + [ Fast) )
i=1 0
On the other hand, if & > 1 is not an integer and E [X{] = oo, then for a constant h,

2 a1 (a+j)E Xj—z‘ F(s -
P(X:+ X9 > s) = Z Z I‘J(a)j[l 3 } F;g ) + hoF1(s)Fa(s)
i=1 j=0 ’

+0(1) D (bi(s)Fi(s) + F1(s)Fa(s)) .

i=1
Next, consider real-valued i.i.d. random variables X1, Xo,... with F(s) = s™%¢(s), where
((s) is a slowly varying function, and E [X;] = 0, E [X?] = 1 and E [|X1]?] < oo for some
2 < a < a. Under the assumption that for a k& < a there exist functions ¢y(s),. .., lx(s)
and O (z, s) such that
U(s(1+)) Z$jf )+ y" ()1 + 6 (x,5)) |



and lim, ) (0,00) Ok (7, 5) = 0, Borovkov & Borovkov [14] showed that for a ¢ > 0 uni-
formly in n < es?/log(s),

— _ k (_1)j ,
G(s)=nF(s) |1+ Z — U,(s) E [Sj
=2

"~ n,l} —i—o(nk/zs’k) ,

where

016 = 32 (G ) trnto)

Following another approach, Barbe & McCormick [4, [10] (see also [§, 9]) recently used the
concept of smoothly varying functions to derive higher-order expansions:

Definition 2.1. A function h(s) is smoothly varying with index —« and order m € N
(h € SR_om) if h(s) is eventually m-times continuously differentiable and h(™(s) is
reqularly varying with index —a — m.

For a non-integer w > 0 with w = m +r, m € N and r € [0,1), h(s) is smoothly varying
with index —o and order w (h € SR_, ), if h € SR_q p, and

R (g(1 — — p(m)
lim limsup sup (s(1 —)) (5) =
0—0 s—oo 0<|z|<8 |x|7’h(m)(t)

If F(s) € SR_q, then it is shown in [7] that for & < min(a + 1,u + 1), G(s) = ax(s) +
0 (F(kil)(s)> with

k—2 ; ;
(—1)E [N(X1 + -+ + Xy !
ak(s) := a1(8)+z [ (1j+1)! Nl ]

=0

FIs). (

<
[\)
~—

Further, if the hazard rate h(s) = f(s)/F(s) € SR_aqm, 0 < a < 1, lims_,o sh(s) = 0o

and liminf, . sh(s)/log(s) > 0, then it is shown in [11] that for k¥ < m + 1, G(s) =
—(k—1

ax(s) +o (F( )(8)).

Remark 2.1. The above conditions on the hazard rate are for instance fulfilled with m =
oo for the Weibull and lognormal distribution.

Remark 2.2. For a distribution function with h(s) € SR_q.00 we have for every k > 0
that G(s) = ay(s) + O(|F®)(s)|). Note however, that in many cases

(—)FE [N(X1 + -+ Xn_1)’] F(j)(s) . (~1)*E[N]E [X{] F(j)(s)
j! B _]LIZIO j!

lim

= 007
j—o0

so that limy_, o |ag(s)| = oo for a fixed s (indeed, this is for instance the case for lognormal
or Weibull F).



Before we outline the ideas of the proofs given in [, [11] one should mention that all proofs
for higher order expansion (except the proof in [2(0] which uses Banach algebra techniques)
use some decomposition of P(S,, > s) and then asymptotically evaluate involved convolu-
tion integrals.

For a distribution function F(s) and an 0 < n < 1, define the operators

ns
M.F(s) = F(s/c) and Tryg(s) = /0 g(s —x)dF(x)

for a constant ¢ and a function g(s), respectively. The main idea in the proofs of [, [L1] is
to use the decomposition

P(S,, > 8) =P(Sp—1 < (1 —=1n)s,Sp, > s) + P(X,, <ns,Sp > 5) + P(Sp—1 > (1 —n)s, X, > ns)
= TF*"*l,l—nF(s) + TF,nF*”_l(S) + (Ml/nf Ml/(l—n)F*n_1> (8),

and further by recursion

n

P(Sy > 8) = > T T gy F ZT] ! (Ml Sy P00 M, /nf) (s).  (3)
j=1

Now one makes use of finite Taylor expansions to get for m >0,0<i <k, 7€ {n,1 —n}
and an Ry, ;(s) = o (F(k)(s)>

N

: _1)jf(i+j) (8)

Trwm Tf(i) s) = ( , ) dF*™(z) + Rii(s —z) dF*™(z). (4
’ J! 0 0 ’

<.
Il
o

One can show that for j < k
9 (s) / W dF (@) = o (FV(s)) (5)

which for regularly varying F is a consequence of the monotone density and Karamata’s
Theorem (e.g. [14]). Further one can show that for R(s) = o (F(k)(s))

/O R(s —z) dF*™(z) = 0 (F““)(s)) , (6)

which is easily seen to be true for regularly varying F(s). The proofs for F(s) € R are
more involved (for details see [L0]). In [2] Laplace characters are defined by
m

m ,
Z MFJ 7, ile. Lpmg(s Z

j=0 : j=0

J! MFJQ ( )

where ppj = fooo xde(x) This concept is useful as for two distribution functions F; and
F5 one has
LFl:mLF2,mg(S) - LFl*FQQ(S)v



where in the multiplication, terms of D7 with j > m are omitted. Applying @), (@) and
@) we get

i — i — —(k — —(k
T Tpin gy F(8) = L Lpaen F(s) + 0 (F( )(3)) = Lpw 1y F(s) + 0 (F( )(3)) .

Finally, one has to show that the conditioning on N = n is feasible which can be quite
intricate.

3 Higher-order results for regularly varying distributions

Let [o] denote the smallest integer k with o < k. For F(s) € SR_, 4], in Barbe &

McCormick [[i] an asymptotic expansion of G(s) up to order m for m < a was provided.
In this section we present two alternative approaches for obtaining expansions and use
them to derive the next asymptotic term (note that for 0 < o < 1 the latter is done in
Omey & Willekens [23], and that Geluk et al. [L&] provide an O result). Since the step
from fixed n to a random N is straight-forward in this case (cf. Barbe et al. [11]), we will
only focus on the proof for fixed n.

At first we show that for an asymptotic expansion up to order F(s)? the term P(S, >
s, M,, < s/2) can be neglected (although it will turn out in the numerical illustrations in
Section [dthat for smaller values of s this term is crucial for the accuracy of the asymptotic
approximation).

Lemma 3.1. Assume that F(s) € R_, with a > 0, then for n > 2
P (S, > s, M, < 5/2) = o(F(s)?).
Proof.

P (S, > s, M, <s/2) Sp > s, M, <s/2,M, =X,)

nP(
nP(Sn—1>s/2,Mp_1 <s/2,X,, >s/n)
nP(Sp—1>s/2,Mp_1 <s/2)P(X,, > s/n)

n (IP’ (Sn—1>5/2)) —P(M,_1 > 5/2)) P (X, > s/n) = o(F(s)?).

<
<

O

Under some additional conditions on F'(s), an exact asymptotic for P(S,, > s, M,, < s/2)
can be given:

Lemma 3.2. Assume that F(s) € SR_, 2 with a > 2, then
n
P(S, > s, M, <s/2) ~ <2)E [5721_2] f(s/2)?
For a proof we refer to the Appendix.

If F(s) is not regularly varying, one can show that P (S,, > s, M,, < 5/2) = O(F(s/2)*7¢)
for an € > 0 under quite general conditions:



Lemma 3.3. Assume that the following assumptions hold.
(A1) F(s) has some finite power mean ju(y) = E[X7] < 00,0 <y < 1;
(A2) for the hazard function R(s) = —log(F(s)) we can find an eventually concave func-

tion ho(s) with ho(s) ~ —log(F(s));
(A3) for all § >0 and ¢ > 0 we have lim,_, R(s)F(cs/R(s))® =

0.
Then for all0 < e <1 and K > 1 we can find a constant M = M (e, K) > 0 such that for
alls > M andn > 2

P (S, > Ks, M, <s)<(1+e)"F(s)K1-2), (7)
where M, = max(Xy, ..., X,).
Proof. Cf. Appendix. O

3.1 A simple approach based on another decomposition

Denote with M,, := maxi<i<n X; and S(,_1) := S, — M,. Instead of the decomposition
@), consider the decomposition

P(Sn > s) = P(S(n—1) > 8/2, Mp > s/2)
+P(Sn > 5, My, <5/2) +P(Sy, > 5,501y < 5/2). (8)
We now look at the third summand in ():
Lemma 3.4. Assume that F(s) € SR_q (o). Denote with k := [a] = 1. If a # k+1 then

P(Sn > 8, S(_1) < 5/2) — ap1(s) ~ — <2>F(s)2 ((1 ~2a) Bl —a,1—a)+ 220),

where B(a,b) = T'(a)T'(b)/T'(a + b) is the Beta function (for a > —1 and b > —1 it
can be written as B(a,b) = fol to=1(1 — t)b=L dt, for other values it is defined by analytic
continuation of this integral, cf. [2]) and ax11 is defined as in [@). If « =k + 1 then

—(k+1 s
n(_l)k-HF( )(5) / /2 karl dF*(nfl)(x)
(k+1)! . '

Proof. Cf. Appendix. O

P(Sn > 8,51y < 8/2) — apy1(s) ~

Theorem 3.5. Let Xq,..., X, be i.i.d. random variables with common distribution func-
tion F(s) € SR_o a1 If k <a <k+1 then

n

P(S, > s) = ag41(s) — <2

If a =k+1 then

)7(3)2 (1—2a) B(1 —a,1—a)+o(F(s)?).

ekt 5/2
P(Sp > s) = agq1(s) + o f / 2 dF ) (1)
0

(k+1)!
— (k1) s/2
+o|F (s)/ AP () )
0



Proof. Denote with X(;) <--- < X, the order statistics of X7,..., X, then

P(S(n—1) > 8/2, My, > 5/2) = P(X () > 5/2, X(n_1) > 5/2)
+P(X(n) > 8/2, X(n—1) < 5/2,5(m—1) > 5/2)

=P(X(n) > 5/2, X(n—1) > 5/2)
+nP(X,, > s/2)P(My,—1 <5/2,5,-1 > s/2).

It follows that as s — oo
P(Sn-1) > 5/2, My > 5/2) ~ 2> (Z)F(S)Q.

Lemma Bl now completes the proof. O

Remark 3.1. Note that if « = k +1/2, then B(l1 —a,1 — a) = 0 in which case we do
not get the next term in the asymptotic expansion. For a stable distribution F', the next
asymptotic term in this particular situation was given in Omey € Willekens |23].

Remark 3.2. If for an integer k > 0, F(s) € SR_(k41),k+1 and E[X1] < oo, then

—(k+1 s —(k+1
n(_l)k—HF( )(8) / /2 P gpe) (g n(—1)k+1F( )(S)E (S 1)k+1} _
(k+1)! 0 (k+1)! "

IfE[X;] = oo then

—(k+1 s Tkl s
n(_l)k—i—lF( )(5) / /2 ki dF*("fl)(x) N n(n — 1)(—1)k+1F( )(8) / /2 k1 dF(x)
(k+1)! 0 (k+1)! 0

Theorem was based on the fact that F(s) has k + 1 continuous derivatives. On the
other hand, Geluk et al. [1&] gave higher-order asymptotic expansions for the sum of
two random variables if F(s) fulfills a second-order regular variation condition. A similar
result is provided in the following:

Corollary 3.6. Let X1,..., X, be i.i.d. random variables with common dist@ution func-
tion F(s). Assume that there exists a function H(s) € SR_, o] such that |F(s) — H(s)|
is reqularly varying with index —(a+ p), p > 0. If k < a <k +1 then

_ n(— 1 HD () 1 o\
P(S, > s) = nF(s) + > n(=1)'HO() g [Sgl_l} - <2>F(s)2 (1-20a) B1l-a,1-a)
=1

+007@y<H@ﬂ+F@ﬁ)

If a =k+1 then

k . .
= n(_l)zH(l) (5) i n(_l)k—i—lH(k—i—l) (8) s/2 i
P(S, > s) = nF(s)—i—; ﬁlﬁj |:Sn_1i|_|_ sy /0 S+ gD ()
_ n(—1)HL D) (o) /2
+o(nF(s) — H(s)) +o ( e dF*("l)(az)> .



Proof. Similarly to [L8] we approximate

s/2__ s/2
/ F(s—z) dF*"D(2) ~ / H(s —z) dF*"=D(2).
0 0

The asymptotic expansion of
s/2
/ H(s —z) dF*("=(2)
0

can be evaluated as in the proof of Theorem Since |F(s) — H(s)| is regularly varying

and H(s) is eventually continuous, F(s) — H(s) is eventually positive or negative. Hence
we get by the Uniform Convergence Theorem

s/2
/ F(s—a)— H(s —z) dF*" D (x)
0

s/2
~ (F(s) — H(s)) /0 (1= a/s)~ (@) qpen=1)(y)

0 S

N (F(S/Q) B H(S/Q)) <1 B 2a+pF*(n—1)(8/2) N QTM s/2 (1 B E)—(a—l—p-i-l) F*(nfl)(x) dx)
= (F(s/2) — H(s/2)) <

—=*(n— 1/2 —=*(n—
1 20t (5 19) 4 (o + p) / (1 — )~ (etet) T gy dx)
0

= (F(s/2) — H(s/2)) (1 + o(1)).

3.2 A recursive scheme

Assume that n = 1/2. In [1] the main idea was to use the decomposition (3), and then
focus on

TF*(nfl)’1/2F(5).
Instead, by focusing on

TF,1/2F*(TL71) (s),
we can follow a slightly different approach:

Lemma 3.7. For all s > 0 and n > 2 there exist functions Ry and Ry with

Rals) SP(X, > 5/2)%

1(s) <P
Ro(s) < P(S, > s, M, <s/2) and

n s/2 _
P{S, > s} = m/0 P(Sus > s — ) dF(x) + n(Ra(s) + Rals)).

10



Proof.

1
EP(SH >s5) =P(S, >s,X, =M,)
Sp > 8, X, = M,, X1 <5/2) + Ri(s)

P(
/ P(Sp_1>s—2,Xp 1 =M, 1>z)dF(x)+ Ri(s)

[e=]

/ P ne1>8—x,Xp_1= Mnfl) dF(SC) +R1(8) + RQ(S)
0

s/2 _
= — /0 P(S,_1>s—x) dF(z) + Ri(s) + Ra(s).

Before we go on we investigate the asymptotic behaviour of P(S,, > s, M,, < s/2):

By Lemma 3.1 and 3.3 we get that for every € > 0

n

—=*n s/2 —=*(n— -
F(s) = /O (s — 1) dF(z) + O(F(s/2)%79).

n—1

Hence we can get an approximation of F*n(s) from an approximation of F*(n_l)(s) where
the error we add in every step is asymptotically small.

Lemma 3.8. Let F(s) be a distribution with density f(s). Assume that there exists
functions g;(s), i =0, ...,k for which the following assumptions hold: Assume there exist
e >0, a function K(s) and an M > 0 such that for s > M

(1+e)"K(s) >P(S, > s, M, <s/2) and K(s)> F(s/2)*
with .
/0 K(s—x)f(x) de < (1 +€)K(s).

If for s > M and constants a; ; the inequalities

s/2 . k
| PG 0re) do =T - Y a6 <K ) )
§=0
s/2
| ats = 0)f@) - as S )| <K, im0k (0
0 Jj=i+1
hold, then for s > 2"2M and n = 2,3, ...
k
F"(s) —nF(s ZA gi(s)| < V(A + " InFBK(s). (11)
1=0

11



where
k i+1

RN DY

1=0 j=1 —1=jo<---<j;=1

7j—1
H Qg

=0

and fori >0
i+1

n 1 =
AZ( ) = Z ﬁ(n)j+1 Z H Ay jigrs

j=1 —1=jo<--<j;=11=0

where (n); =n(n—1)---(n—(j —1)).

Proof. We prove the assertion ([Il) of the theorem by induction on n. For n = 2 we use

. s/2_ _
FP(s) = 2/ F(s —2)f(z)dz + F(s/2)?
0

and take from (@) with [R(s)| < K(s)

s/2 o k
2/ F(s—z)f(x)de = 2F(s)+2 E a—1,9i(s)
0 i=0

k
= 2F(s)+ > A" gi(s)
=0

Finally, the error 2R(s) + F(s/2)? is bounded by 3K (s) < Vn
Assume now that (T) holds for some n > 2. Then with |R;(s )|

|[Rol < F(s/2)* + (1 +¢)"K(s)

we obtain

s/
F*(nJrl)(S) :n—i—l/ QF*n(S_:C)f( )dx+(n+1 0(5
0

n
s/2
:n—l—l/ nF(s —x) —|—ZA( gzs—x]f
" 0 =0
+ (n+1)Ro(s) + V(n+ )n* (1 + )" Ru(s)

k
:(n+1)7(s)+n+1z (na 1Z+An)+ZA

n -
=0 7=0

+2(n+ 1)(1+&)"R3(s) + (n 4+ D)VnFr2(1 + )" Ry (s) +

Since

<(n+ 1)nk+1(V -1)

n+1g-
2

=0

12

+ 2R

+2R.

(8)-

K(s), (i >1) and

) 9i(s)

n+1
n

<n

k
+3A7¢

=0

)> Ro(s).



we get that the error term is less then (n > 2, k > 0)
VA+e"(n+ )02+ M L 2)K(s) < V(14 e)(n+ 1DFBK(s).
At last note that

i—1
n+1 M N~ 4
- na_1; + A" + Z Ajn aj;
7=0
i—1 j+1 l
n+1 . 1
= Agn) +na_11+ Z Z ﬂ(n)lﬂ Z H (T —

j=01=1 "~ —1=lp<--<l=j<lj41=i m=0

i+1

i—1
n+1 " 1 g
_— AT+ (G —1)! QAN DI | (e

j=1 —1=jo<--<j;=1 1=0

A n+1 1 = 1 =
J=1 —1=jo<--<jj=i ’ 1=0 ’ =0
i+1

n+1n(n); =
:Z Z T Ha’jlvlerl
=0

j=1 —1=jo<-<jj=i I
i+1 1 J—1 ( )
n+1
= Z Z —'(n +1)j4+1 H Ajrgier = A :
=1 —l=jo<--<jj=i J: 1=0

O

For the choice g;(s) = F(i)(s) it becomes clear that one has to evaluate T, /gf(i)(s) and
Tk, /2K (s), so that we end up in the same situation as in [7, [11].

4 Asymptotics with a shifted argument

We have seen that for higher-order asymptotic expansions, in principle one needs the
derivatives of F'(s) or of a related function. In this section we want to give an asymptotic
expansion which only consists of F'(s) evaluated at different arguments, i.e

P(Sy >s)~a1E[N] F(s — ki) 4+ + 2 E[N] F(s — k) =: aj,(s).

for constants x1,...,%,, and ki,..., k. This has the advantage that we do not need to
evaluate the derivatives of F'(s). Further, under appropriate conditions the approximation

a3 (s) can be of the same asymptotic order as ag,(s) as defined in [@). To that end, assume
that . "
_ < (=1)iGF" — (m—
P(Sy >s) =E[N]F(s)+ 3 ()CZ—,(S) +o (F( 1)(5)»)) ,
i=1 )

where according to ®), ¢, =E [N(Xl + -+ XN_l)i]. For any k, a Taylor expansion of
F(s—k) at sg = s yields

m—1 T i—(i)s P
P(Sy > s) = E[N] F(s— k) + S (D@ Ei[fv]k)F ()+0(F(m )(S)).

13



So when we choose m different values of k; (i = 1,...,m), multiply the corresponding

equation by z; and add them all, one obtains a,(s) as an approximation of P (Sy > s)

with an asymptotic decay of order o (F(mfl)(s)), if x; (i =1,...,m) are chosen as the
solution of the equations

;=1 and > (- E[N]K)z; =0 (i=1,...,m),
j=1 J=1

or equivalently

1 1 .- 1 ) 1
ky ko T km, 45 _ CI/E [N]
Erbopmt o gl ) \a, cm—1/E[N]

Since the above matrix is of Vandermonde type, it is regular as long as k; # k; for ¢ # j.
Now we still have the freedom to choose the values of k;. If

2m—1 i ) s = B
P(Sy>s) =E[N|F(s)+ V'l (s) +o(F*" (),

7!

i=1
we can try to choose k; (j = 1,...,m) such that
m
Zcmﬂ kjmﬂ)xj:() for i=1,...,m.

Jj=1

Example 4.1. For m = 1 this results in ky = ¢1/E[N] = E[X] E [N? — N| /E[N] and
subsequently

2
P(Sy >s)=E[N] F <s —E[X] (LZC[[]]VV]] — 1)> +o(f(s)).
If furthermore N is Poisson()\)-distributed, then this results in the simple formula
P(Sy >s) =AF(s—AE[X]) +o(f(s)),

which seems to have been used in actuarial practice; so the above reasoning provides a
formal justification for its use.

Remark 4.1. If F(s) is not sufficiently differentiable, then there might at least exist a
function H(s) with

2m—1 i i
F(s) = Hs)q+o (HEM () and B(sy>s) = Y a0

1=

o (HE™D(s))

i
in which case the above pmcedure still establishes an asymptotic expansion a3, (s) of P (Sy > s)

only involving the tails F(s — k;). If the ¢; do not depend on H (but only on F), then we
only need the existence of H (cf. Corollary [Z4).

14



5 Approximations of geometric sums

In the numerical illustrations in Section [ we will see that even higher-order expansions
can lead to poor estimates for G(s) when s is not sufficiently large. In Thorin & Wikstad
[29, 28] and Asmussen & Binswanger [], approximations of G(s) were given that work
reasonably for small s but do not have the right asymptotic behavior, so that it is difficult
to judge when to switch from this approximation to the above asymptotic expansion for
increasing s. In this section we give an example how one can use the decomposition () to
combine approximations for small s and asymptotic expansions. We will concentrate on
geometric compounds, i.e.

Gls)=(1—=p) ) p"F"
n=0

for a p > 0. For an approximation for small s we will use an asymptotic for G(s) for p — 1
and fixed s which was recently developed in Blanchet and Glynn [13]. In a ruin-theoretic
setting (where G(s) represents the ruin probability, cf. Section []) this would correspond
to low safety loading. The crucial idea in [13] is to approximate G(s) by

N
P (Z Xilix,<s/1-p)} > 8) : (12)

n=0

and to use a uniform renewal theorem (developed in [13]) to get

N
L—p —s0i7" _. BG
P ( XZI{XzSS/(lfp)} > S) ~ - pd(;ﬁs ?(6) e’ =-a (8) as p — 15
% e

where for k > 0 e
oh®)i= [ eaF(@) + Fls/h)
0
and 0% is the solution of ¢*() = p~'.
Remark 5.1. For fized s and p the approzimation

N
1—p _oplr
P (Z XZI{XZSS/I‘J} > S) ~ ~M— Pd(b; P(@ e’
e

is exactly the Cramér-Lundberg approzimation (see e.g. [24]) for a compound geomet-
ric distribution with claim sizes Y; = Xilix,<s/ky- This approzimation is known to be
reasonable in the light tailed case.

A natural question is the quality of the approximation when s is large.

Lemma 5.1. Assume that F(s) € SR_o1, a > 0 and —log(F(s)) is eventually concave
then for any k > 0

1-— p e_Sé§ N o F S/k)k )
plk92(0) (p~t = 1)k(—log(F(s/k)))*!

P

15



Proof. Cf. Appendix. O

Hence for large s the above approximation developed in [13] may not be satisfactory.
Motivated by Lemma BEJl and () we want to approximate, now for a k > 1,

1— .
P(Sy > s, My < s/k) ~ d¢>k(9)p e 5%

é§ de ‘9:&’;

Note that
{ZXZ'I{XZSS//%} > s} \{Sn > s, My, < s/k} C {Sn_1)>s, My > s/k}.
i=0
If we choose k = 1 then clearly
P(Sy >s) =P(Mn > s)+P(Sy > s, My <s).
and by the above we arrive at the asymptotic

l=p  r_ _PF()  1-p s

pf1 22 ~1—pF(s) j1 4o (0)

af(s) :=P(My > s) + %)
df ‘9:9}

Further we get under the conditions of Lemma Bl that
G(s) = af'(s) + O(F(s)/ log? F (s)).
If we choose k = 2 we have, similarly to (&),
P(S,, > s) =P(S,, > s, M,, > s/2) +P(S,, > s, M, < s/2).
As can be seen from Lemma Bl and B33 for every € > 0
IP(S, > s) —P(S, > s, M, >s/2)| =0 (F(s)>™).

It follows that a higher order asymptotic up to order O (F(s)*~¢) for P(S, > s) is a
higher order asymptotic of P(S,, > s, M,, > s/2), too. We have chosen to use af(s) to
approximate P(S,, > s, M,, > s/2), hence we get

5 (s) = af (5) + 0o

as an approximation to P(Sy > s). Note that this approximation is asymptotically of the
same order as aj (s) itself.

Remark 5.2. One should note that for the evaluation of ag(s) one has to find 9’; and
evaluate the derivative of the moment generating function of F, so the evaluation of akc(s)
s not as straight-forward as the evaluation of the asymptotic expansions.

16



6 Expansions for ruin probabilities

The above approximations for geometric compound distributions immediately yield cor-
responding approximations for ruin probabilities 1(s) in the collective renewal risk model
with i.i.d. claim sizes X;, i.i.d. interclaim times T;, initial capital s and constant premium
intensity ¢ > E [X] /E [T, as the Pollaczek-Khintchine formula gives for every s > 0

W(s)=(1—p)> p"Hy(s),
n=1

where Hy(s) = H"(s)/H"(c0) and HY is the defective distribution of the ladder height
of the random walk Y I (X; — ¢T;) with p = HT(c0) < 1 (see e.g. Rolski et al. [26,
Th.6.5.1]). If the interclaim times 7; are exponential with parameter A (i.e. the compound
Poisson risk model), then the ladder height distribution H* can be expressed through the
integrated tail distribution function

Fi(s) = ﬁ /Os F(x)dx

o) = (1-2E50) 32 (2ERT) g,

n=1

resulting in

Hence the results of the previous sections can be applied whenever F; admits expansions
for convolutions. This approach was exploited by Baltrunas [4, ] to obtain second-order
asymptotic approximations for the renewal risk model.

Using the above results it is now straight-forward to write down higher-order expansions.
For instance, consider a compound Poisson model, where the claim size distribution F'(s)
has a density f(s) such that its negative derivative — f’(s) is regularly varying with index
—a —2,a > 3, (so that the first three moments py :=E [Xk} (k=1,2,3) exist), then the
expansion for the infinite horizon ruin probability ¢ (s) of third-order reads

2 2 3

. . 2
o) = T T (L s+ s ) (6O

7 Numerical computation of compound distributions

7.1 Upper and lower bounds

For the Panjer method we first discretize the distribution F'(s) as follows: we start with a
step size A > 0 and define the point probabilities f;(kA) for F; by

(k+1)A
fi(kA) = / flz)dz,k=0,1,2, ..
kA

kA

falkA) = /(kl)A F@)dak =1,2, ..

17



These are upper and lower bounds for F'(s) in the sense that for all s >0
F1(s) < F(s) < Fy(s).

The corresponding approximations for G(s) are upper and lower bounds:
G1(s) < G(s) < Ga(s),

where for i = 1,2

Gi(s) =Y P{N =n}F;"(s),s > 0.
n=0

For the computation of the point probabilities g;(kA) of G;(s) we use Panjer’s recursion:

91(0) = Y P{N =n}fi(0)"
n=0

S <a+b J ) SR)a (k1 =B) 45

gi((k+1)A) = Z T (1— afi(0))
and

92(0) = P{N =0}

k+1 .
pk+1a) = Y (a + b%ﬂ) FolkA)ga((k +1— H)A),k =0,1,2, ..
j=1

We need two different recursions because of fi(0) > 0. It turns out that the method of
upper and lower bounds is — apart from its programming effort — quite efficient.

Remark 7.1. For fized stepsize A we get by the subexponentiality of F' that

lim Iil( = lim 5;2(8) =1
5—00 F(S) 5—00 F(S)
and hence .
lim gl(s) =1
S—00 GQ(S)

7.2 Higher-Order Approximations

In this section we want to give numerical illustrations of the performance of the discussed
estimators. We will reproduce the result of Abate et al. [1] that the first-order asymptotic
formula is of little use in the range of finite s that is of interest in real world applica-
tions. It turns out that higher-order results can improve the approximation considerably
(see Example [ZT]), but it is also demonstrated that in other cases the improvement may
be marginal (see Example [[3) or that higher-order asymptotic expansions even do not
improve the estimate at all (cf. Example [[2). To assess the performance of the approxi-
mations we compare it to the upper bounds a,(s) and lower bounds a;(s) based on Panjer
recursion described in Section [LIl The curves in the following plots show the relative

18
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Figure 1: Relative probabilities for geometric compound distributions with p = 0.7 and
lognormal claimsize with 4y =0and o =1

probabilities a;(s)/a(s), where a(s) := (ay,(s) + a;(s))/2 is the average of the upper and
the lower bound, and the x-axis is in logarithmic units (—log;y(a(s))). Hence the x-values
in the range of 1 and 6 correspond to tail (ruin, respectively) probabilities between 10%
and 0.0001%, which should include all values of s that are of practical interest.

Example 7.1. Consider first for F(s) a lognormal distribution with p = 0 and o = 1
and N has a geometric distribution with p = 0.7. Figure [ gives the asymptotic approz-
imations a;(s) discussed in the previous sections for P(X; + --- + Xy > s), plotted as
a;(s)/a(s). Values on the z-axis between 2 to 4 correspond to tail probabilities between
1% and 0.01%. One observes that the first-order approxzimation a;(s) dramatically under-
estimates the actual tail probability. The third-order approxzimation az(s) and the shifted
first-order approximation aj(s) improve the approximation considerably but are still too
crude for practical purposes. The relative error for the sizth-order approzimation ag(s)
may already be useful in this case. The best approximation is given by the geometric esti-
mator a? which has a relative error below 5% for tail probabilities larger than 0.01%, but
gets worse for smaller tail probabilities. The estimator ag(s) provides approximation with
less than 20% relative error. As expected by its construction, the estimator of [13] is not
helpful at all for large s.

Example 7.2. Let now F(s) be a Weibull distribution function with parameter 3 = 1/4,
(i.e. F(s)= 6*51/4) and N a Poisson distribution with A = 2. In Figure[d we see that the
first-order asymptotic approzimation ai(s) is quite reasonable for all considered values.
The second-order asymptotic ay(s) and the first-order shifted approzimation aji(s) provide
excellent approzimations for the real tail probabilities in the range below 0.1% and are still
reasonable in the range below 1%. On the other hand the sizth-order approzimation ag(s)
is only useful for tail probabilities below 0.01%, so that in this case the use of orders higher
than 2 in the expansion is actually counterproductive (one reason is that for every fized s,
limy, o0 an(s) = 00).
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Figure 2: Relative probabilities for Poisson compound distributions with A\ = 2 with
Weibull claim size § = 0.25

The final two examples consider ruin probabilities in the compound Poisson model as
described in Section B

Example 7.3. In Figure [ the claims are Pareto with parameter o = 3.2, the Poisson
parameter is A = 2, and the premium rate is ¢ = 3.5. Here the behaviour of the asymptotic
is similar to the one in Figure . One should note that for ruin probabilities greater than
1% none of the asymptotic approximations gives satisfactory estimates.

Example 7.4. In Figure [4] the claims are Pareto with parameter @ = 6.5, the Poisson
parameter is A = 1, and the premium rate is ¢ = 1.5 (which corresponds to p = 0.79 in
the Pollaczek-Khintchine formula). The main aim of this example is to show how valuable
the asymptotic results can be. The lines corresponding to the asymptotic approximations
are (except for ruin probabilities larger than 1%) nearly identical with the x-axis and
hence of no practical value. On the other hand one can see that the approximation af(s)
can not be distinguished from the lines of the upper and lower bound and is extremely
accurate. The approximation ag(s) is similarly accurate except for small ruin probabilities
(where it is quite inaccurate). Figure [A depicts the logarithm of the approzimations with
respect to s. One can see that the behaviour of log,,(¢(s)) changes at s ~ 60 and the
asymptotic expansions only work after that point. The picture also includes a Monte
Carlo estimate of P(Sy > s, M, > s/2), which illustrates that for moderate values of s
the asymptotic approximations are roughly able to capture the part P(Sy > s, My > s/2)

of the decomposition, but not the whole quantity 1(s).
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Proof of Lemma

We now consider the asymptotic behavior of P(S,, > s, M, < s/2) and start with an
auxiliary result. Note that for the proof of Lemma we will condition on the case that
the two largest elements of Xy,..., X, are X,_1 and X,,.

Lemma A.1. Let X1,...,X, be i.i.d. random variables with common distribution func-
tion F(s). Assume that F'(s) € SR_q 2 with a > 2 then

< <
f PS> 8, Sua S 1M, < 5/2)

_loree
i, Yo, Fs72 = 5% -2l

Proof. At first note that for x > 0 and & € (s/2 — x, s/2) by Taylor expansion

o P/2= X >s/2—a) L af(s/2) - 5 E)

e 7(s/2) N 5

Define the measure

Vs

(Y1 <21,Ys < 29,Y3 < 73)
. ]P’(S/Q > X, > S/2—1‘1,S/2 > Xpo1 > 3/2—902,5”_2 < .%'3)
f(s/2)?

vs converges vaguely to the measure

v(Y1 <x1,Ys <a9,Y3 < ux3) = $1$2F*(n_2)($3)-
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We have that

. P(S, > 58,82 <t,M, <s/2)
lim 5
500 f(s/2)

= lim v, (Y1 +Y2 —Y3<0,Y3 <1)
S§—00
:V(Y1+Y2—1/:‘3<0,Y3§t).

Finally note that
t x3 xr3—I2
v(Y1+ Y2 —Y3<0,Y3<t)= / / / day day dF*"2) (z5)
0 Jo Jo

t .2
- / L apn=2)(y).
0o 2
O

Proof of Lemma We have to show that

. . P(Sn > SuMn < 3/27Xn > Mn—laXn—l > Mn—2asn—2 > t)
lim lim

A 7(s/27 -

At first notice that for an arbitrary m > 0
P(X,, > s/m, Xn_1 > 8/m, Sp_o > s/m) ~ (n — 2)m>*F(s)* = o(f(s/2)%).

Hence we will assume that S,_o < s/m and X; > ((m — 2)/2m)s for i = n — 1,n. As
in the proof of Lemma [AJ] we can show that there exists a constant ¢; such that for all
kE<s/(m+1)

P(s/2 > X1 > s/2 —k) < cikf(s).

We have that

P(S,, > s, M, <5s/2,S,-2 < s/m)

12
<D P(s/2> X1 >5/2— (k+1)*P(k+1> S0 > k)
k=)

12
<Af(s) Y (k+1)*P(k+1> S, 9> k)

=
< clf(s)? / (z +2)%dF("=2).

1t)

Since a > 2 the integral in the last equation tends to 0 as t — oc. O
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B Proof of Lemma

If F is long-tailed with sup,> % < K then for n > s we get

1 SF(E+D)-F@2) & F(2) (F(+12)
/(O —— dF(z) <Y ——= = %+%)< : 1)

s F(x) — F((i+1)2) — F (i

)

From assumption (A3) of Lemma B3 it follows that

—log(F(s))

lim =0, (14)
S—00 S
since from .
—log(F
lim sup M >0
S—00

the existence of a sequence s,, with —log(F(s))/s > € and lim,, .o s, = oo would follow,
and hence
lim R(sp)F(csn/R(s,))° > R(s,)F(c/€)’ = .

Proof of Lemma The proof is a variation of the proof of Theorem 1 in |22, p.71].
For t > 0let M(t) = [°__ exp(tx)dF(z). We set

t=—s"11—¢)log(F(s)).

Then, according to ([4l), ¢ — 0 when s — oo, and hence for sufficiently large s the function
ho(x) from assumption (A3) is concave on (1/t,00), and for x > 1/t

hola)(1 = £/2) < ~log(Fl)) < 2
The function
go(z) :=tx — (1 —e/2)hy(x)

is convex on the interval [1/t, s| and hence assumes its maximum in either 1/t or s. With
g(x) =tz + log(F(z)) we have

M(t) = / ) %("’“) dF (z), (15)
go(z)

(z)
glz) <
Furthermore,

g(/t) = 1—(1—¢/2)ho(1/t) <1+ (1-¢/2)*log(F(1/1)),
go(s) —(1 =) log(F(s)) — (1 —&/2)ho(s)
—(1—€)log(F(s)) + (1 — £/2)*log(F(s)) = £*/4log(F (s)).

IN
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We now split the integral M (t) as follows:

1/t s
M(t) = / exp(tx)dF(ac)—i—/ exp(tz)dF(z)

0o 1/t

= M(t) + Ma(2).

One obtains

. e’ —1
Mi(t) < 1+t max —o—nu(7),
My(t) < / eXIig&dp(x)gernam(go(1/1‘/)790(s))/ _1 dF(z).
1/t F(.T) 1/t F(CC)

Assumption (A3) implies that Ms(t) — 0. Hence for sufficiently large s we have
M(t) <1+e.
Finally, the Markov inequality implies the assertion:

P(S, > Ks,M, <s) < (1+4¢)"exp(—Kts)
(1+&)"F(s)K(=2),

This inequality holds for sufficiently large s, say s > M (e, K), simultaneously for all n > 2.
O

Since the Markov inequality is rather crude, one cannot expect a sharp upper bound. The
bound, however, holds for a large class of subexponential distributions, as shown in the
following;:

Lemma B.1. In each of the following cases, conditions (A1)-(A3) hold:

1. F(s) is a heavy-tailed Weibull distribution with density

f(s) =bs"texp(—s®), s>0,0<b<1.

2. F(s) is lognormal with density

f(s) = s (2m0?) V2 exp(—(log(s) — p)?/(262)), s> 0,u€R, 02> 0.

3. F(s) with tail F(s) = L(s)G(s), where G(s) is the tail of a distribution function
G(s) that satisfies (A1)-(A3) and

. log(L(s) _
P loa@) "
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Proof. It is clear that (Al) is true in all four cases.

1. The Weibull distribution has hazard function R(s) = s” which is concave for b < 1.
Furthermore, h(s) = —s/log(F(s)) = s'7°, and F(ch(s))? = exp(—d(ch(s))?). On
the other hand, R(s) = s® which is killed by the factor exp(—d(ch(s))?).

2. Write ¢(s) for the standard normal density and ®(s) for its distribution function.
Then for s >0

F(s) = 1—‘1)<10g(i)_u>”1og(;—u¢(log(sff)_u>'

Furthermore,

R(s) =~ log(F(s)) ~ 55 log(s)? = ho(s).

with eventually concave function hg(s). Thus h(s) = —s/log(F(s)) grows faster
than a positive power of s. Therefore, for any ¢,0 > 0 the term R(s) is killed by the
factor F(ch(s))? since for € > 0 the term exp(—log(s°)?) decreases faster than any
negative power of s.

3. (A1)-(A2) are clear. Note that from () it follows that for every e > 0 there exists
a K. such that
L(s) < K.G(s)™¢

To prove (A3) notice that for an € > 0 and large s

R(s)F(cs/R(s))’) < —(1+ €) K5 1og(G(s)) G (e(1 — €)/(~log(G(s)))*/*
which, by assumption (A3) for G(s), converges to 0.

C Proof of Lemma 3.4

Proof. As in [1] we start with a Taylor expansion of F(s).

P(Sp > s,S(m_1) < §/2) = / F(s —z) dF*™=Y(2)

) /2
]F e
=n E (s )/0 27 dF* ()

s/2 (_1)k+1 k1D £s o

for a &8 € (s — x,s). Note that for (¢ € (0,z):
$/2 (__1\k+1 k+1_(k+1) s
0 (k+1)!

/8\EH et . 1 B k+1xk+1f(l€+1)(8(1—C§/2)) (1) (g
- (3)7 e [ T )
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At first we have to evaluate

lim ’““F“““( ( cx/2>>

If (° := lim,_,o C exists, then by Karamata’s theorem we get that

o e (1 - g2)  ahH( - g/
= (e )IFE () (k+1)!

By the definition of (; in the remainder term of a Taylor expansion we get that for every
S’

xk+1f(k+1)( (1-¢2/2) _ F(s(1—x/2))
k+ DT () (CDR sk T )
i an
jz k‘+1 j(S/Q)k+1 j lF(kJrl) (8))
and hence
i PP Fs-2/2)
$—00 (k + 1) (kJrl) (3) 5—00 (—1)k+1(8/2)k+1f(k+1) (S)
_ slggoz k;+1 ](8/2)k+1 j ,F(k-i-l)( )
_ 2k+1(] —x/2)*aF(a) B x32k+1fjr(a+j)
Fla+k+1) pard JT(a+k+1)

_ 2Ma) K yayd T(a+7)
“tarhsn 2 &) Tore

j=k+1
Note that the convergence is uniform for x € (0, 1) and that (° can be evaluated through
k

Fa—i—] i T(a+k+1)(1—¢/2)"27F1 rp\k+l
U=/ =) =y ( )+ k+ D'T(a) (3)

7=0
Hence we have to evaluate the integral
—(k+1) 1 0o . .
F s)I'(a sx\ K+l x\i—k+1)  T(a+j wln—
I(s) = (s)I'(a) / (_1)k+1 <7> Z <_> ( ) A 1)(395/2).
0

T(o+k+1) N2 (@) +1)

Assume that « # k+ 1. By partial integration and the Uniform Convergence Theorem we
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s P )() I'(a) [* ST\F —x(n—1) 2 sxNi—k+D)  T(a+j)
1) =Tk D /0 0 () T ser2) _Zk;lj (3) Mol +1) &

(3 (DT @ F " (s/2) > (_) 6 e+ j)
I

2 MNa+k+1) Pl a)l'(j+1)

dx

~(3) (~)FHFR Y F(“ (s/2) / Z yo JT(a+J)

2 T(a+k+1 et 28T (a)l'(j + 1)

—(n—1)F(s)F(s 3 ! ’ M
(n—1)F(s)F( /2)]-;1 (2> T()(j +1)

~(n—1)F(s)F(s 3 J Hotj)
(n —1)F(s)F( /2)]-;1”7 —a2iT(a)T(j + 1)

[e.e]

—(n — F F S M
(n— 1)F(s)F(s/2) Zk;l ST()T( + 1)

=(n—1F(s)F(s 3 - e
= (n = DF(s)F(s/ 2)]-;1 j—a 2Tl +1)

For 7 < k we have

/S:xj dF*(”_l)(:c):/oojxj_lf*(n 1)( ) dx +< )J *n Y ( /2)

5/2
and )
. fs/zjxj 1F*(n )( ) da _ j |
= (s/2)iF " (sp2) @
Hence
) [t areig )3 CVFL /2T e2)
= 4! /9 ; J! J—a

=0
i /T () (s/2F"" (s/2)
7=0

(1 FV(s)(s/2)7 _a

F(s)j! e

Mw =

~ (n — )F(s/2)F(s)

<
= |l
o

o I(a+7)
2 T PN + 1)

~ (n—1)F(s)F(s/2)

M
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Collecting all terms we get

(S, > 5,501y < 5/2) = ax(s) ~(n — DF(s/2F(0) 3 g S
7=0

—(n—1)F(s/2)F(s) (2—0‘77 C%t((;(z)r(m) + 20‘1>

—(n—=1)F(s/2)F(s) (27* (1 - 2a) Bl —a,1 —a) +2*71).

For o = k+1 with j # k+1 we can proceed as above to get that these terms are O(F(s)?).
By Karamata’s Theorem this is dominated by

F"* Yo ! stk T(atd) e
et R D /0(—1)’“+1 (%) i T 2

( 1)k+1f(k+1) (3)

— s/2
— k+1 x(n—1)
= =T /0 2L ARl (),

O

D Proof of Lemma B.1]

At first we need an auxiliary result.

Lemma D.1. Assume that F(s) € SR_o1, @ > 0 and —log(F(s)) is eventually concave,
then the solution 0(s) of

s/k .
/ PO f(x)da + F(s/k) — p~t =0 (18)
0
fulfills

—klog(F'(s/k))

log(F(s/k)) ) 1
“log(F(s/k)) +°<—1og< <s/k>>>

0(s) = (1+¢€(s))

log (

Proof. Choose d3 > 61 > 0 then

for s — oo with

€(s) =

s/k R =
/ ee(s)xf(x)de/ klog(F(s/k)) = F(s/k)™* 1+es)k/3f(x)dx
0 0
%
o [T Ry )
—klog(F(s/k))

*w

4 sy O ()

&l
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We have that

d1s

018 —klog(F(s/k)) = xz(1+€(s))k/s
E (—klog(?(s/k))) S/0 Fls/b e

< h1(1te(s) o ( 018 )
—klog(F(s/k))

Using Potter bounds we get for constants K > 0 and d > 0

s 1
" PO ae = [T Tl O Ry () da
s ) R k™ \k
—klog(F(s/k)) —log(F(s/k))
— a+1+62
(1+e(s)) S — log((F(S/k)) i 80
KF(s/) ™5y (1) (FBlER)

By letting ; — 0 we get that we have to show

lim kF(S/]C) e(teDk/s f(2)de = p~! — 1.

§—00 [ s
2k

Let b(s) = (—(1 + €(s))log(F(s/k))) then we get by the Uniform Convergence Theorem

2 b(s)
k= e(s))k/s _ S x ST
/5 F(s/k)~=0+e6DR/s (2 dy — 0 As) e f<kb(5)) dz
b(s)
-~ %f (%) (b(s))* /b(s) @) gy

= 27 (1) (3™ (D=, ~b(s)/2) = T (=, ~b(s)))
sf (%) eb(s) B Zf(s) (S/k)—(1+e(s)) e—€(s) log(F(s/k)
TUT0s) “log(F(s/k)(1+ €()) a—log( F(s/k)
]

Proof of Lemma Bl Define €(s) as in Lemma [0l From Lemma [D] it follows that
we have to show for any k > 0

ARO[ oy ) o L o (a1,
For 6; > 0 and 62 < 1 we have
s/k %S
6’;/ F(S/k)—w(lJFE(S))’“/Sf(x)dx :éf/klog(F(S/k)) {L‘F(s/k)_m(1+€(s))k/8f($)dx
0 0 5y
n éf k y xf(s/k)_$(1+6(S))k/sf($)d$
—klog(F(s/k))

S

+0k/;2 .%'F(S/k‘) z(14-¢(s)) k;/Sf( )

k
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We have
d1s

08 [ R ) O ) < (14 () O,
0

Using Potter bounds we get

N U e
—klog(F(s/k))
N — 018
_ € 02 (1+¢(s) ! B
< 0a(—1log(F(s/k))(1 + €(s))) F(s/k) F ( klog(F (s/k)>) "

One further obtains
_ P
d2(1 4+ €(s))(— log(F'(s/k)) /523 F(S/k:)_x(1+6(8))k/8f($)d$
*

< 0% [ aP(s /) 1 (a)do
T

< (1+¢€(s)) (= log(F (S/k))/ F(s/k)="FCIMS £ (1) da

k

As in the proof of Lemma [Dl we can now show that

5

lim | F(s/k)0reGb/s f()dp = p=1 — 1.

s—o00 [dgs

The assertion follows with §; — 0 and d; — 1.
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