COMPARISON INEQUALITIES FOR ORDER STATISTICS OF GAUSSIAN ARRAYS
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Abstract: Normal comparison lemma and Slepian’s inequality are essential tools for the analysis of extremes
of Gaussian processes. In this paper we show that the Normal comparison lemma for Gaussian vectors can be
extended to order statistics of Gaussian arrays. Our applications include the derivation of mixed Gumbel limit
laws for the order statistics of stationary Gaussian processes and the investigation of lower tail behaviour of
order statistics of self-similar Gaussian processes.
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1. INTRODUCTION

In the recent contributions [11, 12, 13] order statistics of Gaussian and stationary processes are studied. Given
a random process {X(t),t > 0} with almost surely (a.s.) continuous trajectories, and Xi,...,X,,n € N
independent copies of X we define X,.,,(t) generated by X as the rth lower order statistics of X;(t),..., X, (t)
for any fixed t > 0, and thus X1.,(¢) < -+ < X,.0(t),t > 0. The calculation of the so-called r-th conjunction
probability

(1) pr:n(u> = P{ sup Xrn(t) > U}

te[0,T]

for fixed r, T and large u is of both theoretical and applied interest; see e.g., [3, 4, 25, 35].

Order statistics processes play a crucial role in various statistical applications, for instance in models concerned
with the analysis of the surface roughness during all machinery processes and functional magnetic resonance
imaging (FMRI) data. Given the fact that p,.,(u) cannot be in general calculated explicitly, asymptotic expan-
sions as u — oo and the so-called Gumbel limit results (with u = up — 0o as T — o) are derived in [11, 13].
Indeed, such limit theorems have been in the focus of many theoretical and applied contributions, see e.g.,
[5, 7, 8, 29, 30] and the recent contributions [14, 20]. The crucial tool for establishing Gumbel limit theorems
is the so-called Normal comparison lemma, which has been shown to be one of the most important tools in
the study of Gaussian processes and random fields, see e.g., [7, 8, 21, 22, 23, 29]. The lack of a comparison
lemma for order statistics processes has already been noted in [11]; therein some results are derived only for the
minimum process.

In the simpler framework of two d-dimensional Gaussian distributions ®s,1) and ®sy0) with N(0,1) marginal

distributions, the normal comparison inequality gives explicit bounds for the difference
A(u) = By (u) — Py (u), Yu = (ui,...,ug) € R?

in terms of the covariance matrices $(%) = (ai(f))dxmk = 0,1. The derivation of the bounds for A(u), by
Slepian [33], Berman [6, 8] and Piterbarg [29, 31] relies strongly on Plackett’s partial differential equation; see

[32]. The most elaborate version of the normal comparison inequality is due to Li and Shao [22]. Specifically,
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Theorem 2.1 therein shows that

1 i+
Alu) < — Z (arcsm( a )) arcsin(o (J)))+exp <_2(1+pj)> , YueRY
ij

(1)|) and zy = max(z,0). Clearly, if U'i(;)) > crl(;), 1<4,j <d, then
Py (u) < Py (u),

which is the well-known Slepian’s inequality derived in [33]. Based on the results of Li and Shao [22], Yan [36]
showed that for W an N (0, 1) random variable

@< 3 o)

Py (u) < Z e~ (uitu;)?/8 w(™ 2arcsin(a(]0))
= exXp n
Var E{(W + (ui +u;j)/2)+}

1<<<d

> . uc(0,00)4,
=2 arcsm(af ))

provided that 0 < J(O) < a( ) < 1. Recent extensions of the normal comparison inequalities are presented in
[9, 11, 17, 18, 19, 26].

Our principal goal of this paper is the derivation of comparison inequalities for order statistics of Gaussian
arrays, which are useful in several applications. In order to fix the notation, we denote by X = (Xi;)axn
and Y = (Yi;)axn two d x n random arrays with N(0,1) components and jointly Gaussian (hereafter referred
to as standard Gaussian arrays), and let x® = ( Z(j )lk)d”an and Z(O) = (Jz'(j,)lk)andn be the covariance
matrices of X and ), respectively, with afj)lk = E{X;;Xix} and 0” e = EA{Yi;Yi}. Furthermore, define
Xy = (X1 ,Xd(r)), 1 < r < n to be the rth order statistics vector generated by X as follows

Xiy = min X5 <--- < Xy <0 < max Xy = Xy, 1<0<d.

1<j<n T 1<j<n

Similarly, we write Y .y = (Y1(), ..., Ya()) which is generated by ). Clearly, in case of independent rows of
Gaussian arrays, the study of X ;) reduces to that of the component-wise order statistics X Z((T)s for Gaussian
random vector, see [9]. Our principal results, stated in Theorem 2.1 and Theorem 2.4, derive bounds for the

difference
(3) A(T)(u) =P {X(T) < u} —P {Y(T) < u} , uc R

Two applications of those bounds are discussed in Section 3, including the study of the mixed Gumbel limit
theorems for order statistics of stationary Gaussian processes and the lower tail probability of order statistics
of self-similar Gaussian processes.

We organize this paper as follows. In Section 2 we display our main results. Section 3 is devoted to the

applications. The proofs are relegated to Section 4 and Appendix.

2. MAIN RESULTS

This section is concerned with sharp bounds for A, (u) defined in (3), which go in line with Li and Shao’s [22]

normal comparison inequality. For notational simplicity we set below

)

0 G)|s Qf = (aresin(ol)),) — aresin(ol]),)) 1

Qijirx = arcsin(oiﬂk) — arcsin(aij,lk

Theorem 2.1. If X and Y are two standard d x n Gaussian arrays, then for any 1 < r <n we have

1 u; +u
4 Ar < 0= 17,2 7 ! 7v eRda
W anl <o | 5 Quaen (-5 )+ Y Quuen (5 ) | v

1<i<d 1<i<i<d
1<j<k<n 1<j,k<n
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where pij ik = max(|al] lk| |afjl)lk|) If further

(5) Ul(;,)ik = Uz(‘?,)ik’ 1 < i < d7 1 < ]7k < n,

then

(6) Ay (u) < S Z Q7 ;. exp (_uf + ) Vu € R?
1<j,k<n

Remark 2.2. Forr =1 and r = n the claims in (4) reduce to Lemma 11 in [10]. Note that for 1 <r <mn our
results are derived using a different technique. Furthermore, using in addition similar arguments as in Theorem

1.2 in [29], one can establish for any [a,b] C [—00,oc]? the following comparison inequality

P{X @) €lab]} —P{Y(,) € [a.b]}]

1 u +u?
S - Z Qz] ik €XP ( 1 + ) Z Ql] Ik €Xp < ( + l ))
T 1<i<a p” ik 1<i<i<d Pijtk
1<j<k<n 1<j,k<n

with w; = min(|a;|, |b;]),1 <14 < d.
A direct consequence of Theorem 2.1 is the following Slepian’s inequality for the order statistics of Gaussian

arrays, which for r = 1 is, however, weaker than Theorem 1.1 in [16].

Corollary 2.3. Suppose that (5) is satisfied and (7;(],)_‘)” > o” ” holds for 1 <i<1<d,1<j,k<n. Then

(7) P{ UL, { KXoy > ¢ 1}} > P{ UL, (Vi > g }} Vau € RY.

Note that the bounds in Theorem 2.1 do not depend on r, which indicates that in some cases they may not be
sharp enough. Below we present a sharper result which holds under the assumption that the columns of both

X and Y are mutually independent and identically distributed, i.e.,

(8) ol =0 i =k}Y, 1<il<d1<jk<nk=0]1,

with some aff)e (=1,1),1 <i,l <d,k =0,1, where I{-} stands for the indicator function. This result is useful

for establishing mixed Gumbel limit theorems; see Section 3.
In order to simplify the presentation, we shall define

n! ©)) 1,1 ‘
cn,rzm, 0<r<n, py=max(lo;’|,]|o;’]), 1<4,1<d

and

(1)
) _ [T (LR ‘
A= /U@;w 1 — )i Bsblsd Tsrsn

Theorem 2.4. Under the assumptions of Theorem 2.1, if further (8) is satisfied, then for any u € (0, 00)?

n(cn_1,-1)° —2(n—r) () (n—r+1)u?
(9) Ay (u) < ) m Z (4; )+exp B

1<i<i<d

and

n(cn1,r-1)> o (r) (n =7+ 1)u?
Ay (u)| < =22 gy =2(n=r) ‘A¢ exp | ————
Ao (2m)n=rtd 1gi§<;gd l L+ pa

hold with w = min;<;<q u;.

As in Theorem 2.4 we also have the following bounds, without introducing u = min;<;<q u;.
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Proposition 2.5. Under the assumptions of Theorem 2.1, if further (8) is satisfied, then for any u € (0, 00)?
n(cn—1 r—1)2 (r) 1 (n—r)(ui + ul)2 + 2(u2 + ul2)
(10) A(7") (u) < 77177’ 2 Z (Bil ) n_r exXp ( — t )
aymrrir | 2 B g 1+ pa)
with "
; (n—r)/2
[ (1+h]) :
B, —/080) —(1—h2)1/2 dh, 1<i<i<d, 1<r<n.
If additionally D;; = min(u; — piug, up — piug) > 0 for all 1 <4 <1 <d, then
—(n—r) 2 2
n(cn_1,-1)> ~(r) u; + (n—r+1)(uf +up)
(1) Agy(w) < -5 A ———Du exp | — : ;
" (2t 1§;§d( D\ 201+ pa)
where
ey
O I AR S () S e ) L ,
A _/USU) (1 = )=/ dh, 1<i<li<d, 1<r<n.
Motivated by, e.g., [22, 26, 36|, we obtain next an upper bound for O (u):=P{X ) < u} /P{Y () < u}.
Proposition 2.6. Under the assumptions of Theorem 2.1, if further (5) holds and 0 < ag{)lk < Uz(jl)zk <1 for

1<i<1<d,1<j,k<n, then for any u € [0,00)?

Oij lke—(ur‘rul)?/g

1
(12) 1<0u)(u) <exp| — ,
“ mlngw + (us +w)/2)1}
1<j,k<n
with W an N(0,1) random variable and
T —2 arcsin(ag’)lk)

Cij,lk:1n< ®) ), 1§l<l§d71§j,k§n
™ — 2arcsin(o; ;)

3. APPLICATIONS AND DISCUSSIONS

3.1. Limit theorems for stationary order statistics processes. When dealing with supremum of Gaussian
processes on large intervals, the so-called Gumbel limit theorems are of interest for statistical applications, see
e.g., [7, 8,29, 30] and the recent contributions [14, 20]. Let {X,,_,41.n(t),t > 0} be the rth upper order statistics
process generated by a centered stationary Gaussian process {X(t),t > 0} with a.s. continuous sample paths,

unit variance and correlation function p(-) satisfying
(13) p(t) =1 —|t|* + o(|t|"), t = 0 for some « € (0,2] and p(t) <1, Vt # 0.

From Theorem 1 in [11] or Theorem 2.2 in [12] for any T' > 0 we have

T'U2

(14)  PS sup Xpopy1m(t) > up = TAp oty (20) " 3ua"exp (> (I+o0(1)), u— oo,
t€[0,T] 2

where A, € (0,00) is given explicitly as a limit. As a continuation of [11] we establish below a limit theorem

for the rth upper order statistics process X, —y1.1-

Theorem 3.1. Let {X,,—r11.0(t), ¢ > 0} be the rth upper order statistics process generated by X, a cen-
tered stationary Gaussian process with a.s. continuous sample paths. Suppose that (13) holds and further
lim; 00 p(t) Int =7 € [0, x0].

a) If y =0, then

lim sup
T—00 zcR

:0’

P ar,T< sup Xn7r+1:n(t) - br,T) S T p — €eXp (—e_w)
t€[0,T]
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where, with D = ¢, p Ay o(r/2)7/27 1/ (2m)~7/2

1 1 T
15 apr =V2rinT, b.p= 2/r)InT + —— <<— ) lnlnT—l—lnD>7 T > e.
(15) T =V T (2/r) At (a2

b) If v = 00, and o € (0, 1], p(t) is convex for t > 0 with lim; o p(t) = 0 and further p(t)Int is monotone for
large t, then with ®(-) the df of an N(0,1) random variable

lim sup =0.

T—00 zcR

P{ pl(T) ( sup Xn—r-i-l:n(t) -V 1- p(T)br,T> < l‘} - (I’(Z‘)

te[0,T

¢) If v € (0,00), then, with W an N(0,1) random variable

lim sup
T—00 zcR

P {ar’T(teS[%?T] Xn—ri1n(t) — br,T) < :17} K {exp (7e*(z+7*\/277rw)) }‘ -0

The proof of Theorem 3.1 is presented in Appendix.

3.2. Lower tail probability for order statistics processes. The seminal contributions [23, 24] show that
the investigation of the lower tail probability of Gaussian processes is of special interest in many applied fields,
including the study of real zeros of random polynomials, the study of Gaussian pursuit problem, and the study
of the first-passage time for the Slepian process. In this section, we aim at generalizing some results in [23, 24],
by considering order statistics processes instead of Gaussian processes.

Our first result is concerned with extension of the celebrated Slepian inequality for order statistics processes.
Let {Y(t),t > 0} and {Z(t),t > 0} be two centered Gaussian processes with a.s. continuous sample paths,
and {Y,.n(t),t > 0}, {Z,.n(t),t > 0} be the corresponding rth lower order statistics processes. Applying
the standard discrete-continuous approximation technique (cf. [1]) to Corollary 2.3 one can easily verify the

following proposition.
Proposition 3.2. If for all s,t >0
E {Y(t)z} =E {Z(t)z} and E{Y(s)Y(t)} <E{Z(s)Z(t)},

then for any T > 0 and u € R we have
P< sup Yen(t) >up > P< osup Zp,(t) >u,p.
t€[0,T] t€[0,T]

Remark 3.3. A straightforward application of Proposition 3.2 yields that, for any © € R (cf. [23])

1 1
(16) )= i 2B { swp Vi) < b =sup 1P { sup ¥i0) <o)
T—oo T 0<t<T >0 1 0<t<T

exists and p.(x),x € R is left-continuous, provided that {Y (t),t > 0} is a centered stationary Gaussian processes
with E{Y (0)Y (¢)} > 0 for all t > 0.
Next, let {X(t),t > 0} be a centered self-similar Gaussian process with a.s. continuous sample paths and index

a/2 for some a > 0, i.e.,
X(0)=0, E{X(1)?} =1, {X(At),t>0}<{\2X(t),t>0}, VA>0,

where < denotes equality of the (finite-dimensional) distribution functions. It is well-known that, by Lamperti’s

transformation a dual stationary Gaussian process {X*(¢),¢ > 0} can be defined as

X*(t) = e 22X (et), t>0.
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Proposition 3.4. Let {X(¢t),t > 0} be the self-similar Gaussian process with self-similarity index o/2 € (0, 00)
defined above. Suppose that E{X (s)X(t)} > 0 for all s,t > 0, and p(t) = E{X*(0)X*(¢)} is decreasing. If
further for any h € (0,00) and 0 € (0,1)

2 . P(gt) — p(t)
(17) o =t S 0
then
(18) lim ¥ {Supogtg Xrn(t) < x} = gw
10 Inz e
where

1
Tra = — lim TlnIP’{ sup X/, (t)SO} >0

T—o0

is the Li-Shao type constant.
The proof of Proposition 3.4 is presented in Appendix.

Remark 3.5. a) As discussed in [24], two examples of {X (t),t > 0} that satisfy all conditions of Proposition
3.4 are the standard fBm B, and the centered Gaussian process {X3(t),t > 0}, 8 > 0 with

20 (st)(1+F)/2
E{Xs5(s)X5(t)} = —————
(X)X 1)) =
b) The positivity of the constants in the right-hand side of (18) is still an open problem. For the case r =n
and X is a standard fBm By, a € (0,2), in view of Theorem 3.1 in [23] we have

s,t > 0.

«
= 1—7)>0.
n, ”( 2

4. PROOFS
Hereafter, we write 2 for equality of the distribution functions. A vector z = (z1,. .., z4n) Will also be denoted
by
z=1(21,...,24), with z; = (zi1,...,2in), 1<1i<d,

where z;; = 2(;_1)n4j,1 <4 < d, 1 < j <n. Note that forany p = (i —1)n+j,q=(I-1)n+k,1 <i,1 <d,1 <
Jk<n
{p<qg={i<l,ori=1landj<k}.
Denote
z/zi = (21, , Zi1, Zit1y -5 2d), 1<i<d.

Furthermore, for any * € R™ we denote

x/r; = (901,---,xi—17$i+17~-~,$n),
dx .
= dridze---dr;qdripq - -dr,, 1<i<mn,
dlL’i
and for 1 <i<j<n

dx
——— =dridxy - -dv;_1dxi 1 - dri_qdrigg - dxg,.
stid.’ﬂj 1 2 1—1 1+1 j—1 Jj+1 n

Proof of Theorem 2.1: We shall first establish (4) by considering r = 1, r = 2 and 2 < r < n separately.
Case r = 1. Note that X £ —X for the standard Gaussian array X. It follows from Theorem 2.1 in [26] that

Ay (u)] = ‘IP’{ ULy i (=Y < —wi} = P{ UL, iy (X < u}}’

1 u? + uf
= o > Qij,uk €Xp (—Zl>
27 (i—1)n+j<(i—1)n+k 2(1 + pzj,lk)
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establishing (4) for r = 1.
Next, by a standard approximation procedure we may assume that both ©(1) and (9 are positive definite. Let

further Z = (Zij)dxn be a standard Gaussian array with covariance matrix
rh = px® 4 (1- h)E(O) — (5Z7lk)dn><dn,

where by our notation 65’% =E{Z;;Z;;}. Clearly, I'" is also positive definite for any h € [0,1]. Denote below
by grn(z) the probability density function (pdf) of Z. It is known that the Plackett’s partial differential equation
holds as (see e.g., [21], p. 82, or [26])

gn(z)  9gn(z)

19 = , 1<l <d,1<j5,k<n,(i,j I,k).

( ) 655‘]‘7% azijazlk J ( ])7&( )
Case r = 2. Hereafter, we write A = —u and set

(20) QZ;T") =P{Z(-1) > A} = gn(z) dz.

N UT oy iz >Nz >}
Since X (3) 4 —X (n—1) we have
L aQ(z:T")
oh

Note that the quantities Q(Z;T*) and g;,(z) depend on h only through the entries 5z'hj,lk of T. Hence we have
by (19)

(21) Ay(u) = Q(Z;T) — Q(2:T°) = / dh.

BQ (Z Ph) _ Z 8@(2 P ) 862] Ik

oh (i—)n+j<(—1)n+k a‘sij,lk Oh

1 0 .
(22) = Z (Uz‘(j,)zk - U§j7)l]g)Eil(.]7 k),
(i—1)n+j<(i-1)n+k
with
32
(23) Eq(j, k) 32/ L(Z)dz, t—Dn+j<(—-1n+Ek.
N9, U7 o Az > Az > A0} 0215021

Next, in order to establish (4) we shall show that
(24) |Ba (k)| < 0, Ms 0r), - (i = Dnt 5 < (L= 1n+k,
where (-, ;) is the pdf of (Z;;, Zi), given by

1 % — 262@ Ty + P
90(55797 67;hj,lk) = F7——€eXp | — (1 ]( ) ) ’ T,y € R.

2 1— (6zhj,lk)2 5,5_; Ik 2

We consider below two sub-cases: a) i =1 and b) i < .
a) Proof of (24) for i = 1. Let

(25) 4: = mg:l;s;ﬂ Uf,f’:l:f#f’ {25t > Asy zstr > As}

= {z/z; € R . for any 1 < s(#£ i) < n there exist 1 < t,t' <n:zg > A, 2t > s},
(26) Ai = Ulp_1aze{zie > Nisziv > \i}

= {z; € R": thereexist 1 <t,t' <n:zp > N\, zigr > Ai}e

We can rewrite F;;(j,k) as

O gn(z
27 , , 1<i<d, 1<j<k<n.
( ) n .7 // / 6leazzk dz ST Ss ] n
Next, we decompose the integral region A; according to

(J,l) {Z,,‘j > )\,‘,,Z,j},; > /\,} = {z,; cR™: Zij > )\,‘,./Z,j},; > /\7‘}:
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(12) {Zij > )\iazik < )\1} = {Zi cR"™: Zij > )\iazik < )\1};
az) {zi; < Niyzie > N} ={z; € R" 1 25 < N\, zie > Nl
as) {zij < Niyzie <N} ={z; € R" 1 z;; < N\, zie < N}
For case a;) we have
?gn(2) dz;

(28) / 78 8 dzi = / gh(zij = )\Z', Zik = )\2) = s

Ain{zi; >N,z >N} O%ijO0%ik Rn—2 dz;jdz,
where g5, (2;; = A, ik = \i) denotes a function of dn—2 variables formed from gy, (z) by putting z;; = A\, zix, = As.

Similarly, for cases as) and a3)

0 0
/ 2 90z
Ain{zij >Xizin <A } 070z Ain{zij <Ai,zip>Ai} 0202y,
dZi
(29) = */ gn(zi5 = Ny Zik = Ai) ———,
U oz Lzie> A} ! dzijdzik

where
Uty kt2ie > Ni} o= {20/ (2i52ik) € R™2 : it exists 1 < t(# j,k) < n such that z; > \;}.

Finally, for case a4)

62 o dzi
/ L()dzi — / gn(zij = iy zikk = Ni) 75—
A U

iz <Xizie <A} 02ij0zi, VRSP T STt dzijdziy

where

n o e .
Ut,t’:l:fft’ij.k;f;éf’{/“bf > Niy Zitr > Ai}

={zi/(zijzik) € R™2 . there exist 1 < ¢,t'(# j,k) < n such that z;; > X\;, zir > A\ .

This together with (27)-(29) yields

. dz
Eii(.ja k) = / / (zlj =Xy Zik = A )
rJRr-2Up ot RETOW } dZ”dZZk
dz
/ / gh(Zij =\, Zik, = >\i) ﬁ
i /Uiy, 7, klzie>Ai}— Ut t/ =158 £j . k; t#t/{zlt>)‘17zlt'>>‘i} Zij(Zik

= o0 A ) (P{(Os sl Zon ) > MWD N2 € {wlh = 00l |{Zis = Nis Zan = Mi}

(30) “P{ (N i (Zonony > A} V{21 € (s < nywly = 00}}|{Zs5 = i Zun = Ai}} )
with Z7 the (n — 2)-dimensional components of Z; obtained by deleting Z;; and Z;j,, and w(;, wls given by
(31) wih =inf{t: 1 <t(# 4, k) <n,zie > N}, wio =inf{t:w)) < t(#75,k) <n,zi > N}
Hereafter we use the convention that inf{()} = co. For instance,

{w} = 0o} = {zi/(zijzir) € R" 2 : z; < \; for all 1 < ¢(# 5, k) < n},

{wl) < n,wly =00} = {2z;/(zij2) € R"? : it exists 1 < I(# j, k) < n such that

zit > N, and z; < \; for all 1 < ¢(#£ 4, k,1) < n}.

Consequently, it follows thus from (30) that (24) holds for ¢ = I.
b) Proof of (24) for ¢ < l. Denote A}, = 02:1;5751',[ Uyt 125t > Asy Zstr > As} C R(@=2)" parallel to (25)
and recall A; in (26). We have

O gn(z
32 Z 9y / / dz
( ) ! j // A, 6213821k
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Next, we decompose the integral region A; according to {z; € R : z;; > A;} and {z; € R” : 2z;; < A\;}. We have
9*gn(z) 9*gn(2)
TINZ) g+ TINZE) 1,
An{zi€Rr iz, > A} 0260z, An{zi€Rn iz, <} 020z,

sy zeszsay o Qo dz

= —/ gn(zi5 = Ni) dzi
{wélf’n,wb:o@} aZlk dzw

where w};, w}, are defined by (similar notation below for wj,, wj, with respect to k instead of j)

/Uryl;tsﬁj{zit>xv}_uzbt’ 15t,¢7

(33) wiy =inf{t : 1 <t(F#7) <n,za > N}, Wiy =inf{t:wly <t(#£J) <n,zie >N}

Using similar arguments for the integral with region A;, we have by (32)

. dz
Eu(j,k) = / / / 9n(zi5 = Aiy 2tk = A1) o
0ty <nety =oo} Juf, <n.fy=o0) zigdzn

‘PO‘h)‘l;6?3’,11@)P{mgzl;syﬁi,l{ZS(nfl) > Ao} N{Z] € {wj; < n,wjy = oo}}

(34) N{Z;] € {wy;, < n,wjy =00}y Zij = Ni, Zu, = Al}},

where Z; and Z] are the (n — 1)-dimensional components of Z; and Z; obtained by deleting Z;; and Z,
respectively. Consequently, by (30) and (34) the validity of (24) follows.
Next, by combining (21)—(24), the claim in (4) for r = 2 follows by the fact that (see [22])

arcsin(ofjl)lk) — arcsin(o z(gO)lk) o (_ A2 4 A7 )
2( ’

L+ pijak)

1
(35) / ©(Nis Ai; 00 1) dh <
0 ! 2m(01;)s — Ol )

Case 2 < r < n. Letting @(Z;I‘h) =P {Z(n—r+1) > )\} we have

1
(36) Ay (w) = / dh S (0B - ®0EuG k) |

(i—1)n+j<(l—1)n+k

where ,
~ . 8 gn\z
Ell(]7k) ::/ 6 6( )dZ
ng_,uy 1tl#tj{Zst1>>‘sv~"’zst7->/\s} ZijOZlk

s=1"t1,..., tyr=1;

With the aid of (35), it suffices to show that
(37) [Bai. )| < o0 Midls), =Dt < (= nt b

Similarly as above, two sub-cases : a) i = and b) ¢ < I need to be considered separately.
a) Proof of (37) for ¢ = [. Similarly to Ey; (4, k), we rewrite El-i(j, k) as

82%
- Bai= [, [, Z0)

with

Ag = mg:l;s;ﬁi U?l,...,t,:l;t,;étj {z/zi € R(@=1n sty > Agyeony Zsty, > Ast
Ai = Uz,...,n:l;tl;étj {Zi eR": Zit, > >\i; ceey 2t > )\2}
Next, we decompose the integral region A; according to the four cases aj)—a4) as introduced for A; (see the

lines right above (28)).

For case a)

2 .
(39) / M dzi = / gh(zz_] = )\i7zi]€ = )\l) dzz
A {w;'

-~ b
iN{zi5 >N, zi6 >N } 0z;j0z;; <n} dzijdzig

rT—2—
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where wy] is given by (31) and (notation: wy, = wy})
wiy = inf{s 1wy, 4 <s(#jk) <nozie >N}, 2<t<r 1<i<d

Next, for cases ag) and as)

/ P gn(2) _/ 9 gn(2)
oo 5. Az = oo o 0%
giﬂ{zij>)\i7zik§>\i} aZijaZik ‘Zim{zijSAiyzik>A7‘,} 82”6)%

dz,;
(40) = —/{ }gh(zij =N\, Zik = /\z)

dZij dzik '
Finally, for case ay4)

0%gn(z) / dz;
dz; = gn(Zij = Xy Zik = A .
/Zm{ztjsmzikgxi} 02507k {w] <n} i )dzz‘jdzik

This together with (38)—(40) yields that

~ dz
Eii(j,k) / / gh(zij =\, Zik = Ai)
! Vo <n,w)

=oo} dZ,'j dzik

171

dz
- /7 /w//  <naw! =0} gn(zij = Xis 2k = M) dzijdzig,
= o A oh )
x (P{ 0L i vy > A} 0120 € {ull, g <mywlly_y = 00l |{Zis = Nis Zn = Mi} }
(41) = P{ i {Znmriny > AIN{ZY € {wll,oy < o, = 0ol} {235 = A, Zax = Mi}} )

establishing (37) for ¢ = 1.
b) Proof of (37) for i <. By g;/l = le;#u Ubte=titiit, 12/ (ZiZ1) 2 2sty > Aoy ooy Zst, > As} and A; as in
(38) we have

329h
42
(42) /”/ /Al 8zl]321k

By decomposing the integral regions A,» and Al according to z;; >, < A; and 2y, >, < A; in R™, respectively, we

obtain by similar arguments as for E;(j, k) that
Eu(j, k) = (i, Ais 5?]‘,119)]?{ mg:l;s;éu {Zstn—rs1) > A} N {Z} € {w], | <n,w), =oc}}

(43) N(Z; € {wf ,_y < nouf, = 00} |{Zis = Nis Zoe = N} |,

where w}; is introduced in (33) and (similar notation for wy,)
wy, = inf{s:wi, | <s(#j)<n,zie >N}, 2<t<r, 1<i<d

It follows then from (43) that (37) holds. Consequently, the desired result (4) follows for 2 < r < n.

Finally, in view of (5) we see that the indices over the sum in (22) and (36) are simplified to 1 <i <1 <d,1 <
Jj,k < m. Then the claim in (6) follows immediately from (34), (35) and (43). This completes the proof of
Theorem 2.1. O
Proof of Theorem 2.4: It is sufficient to prove (9) since it implies the second result of Theorem 2.4. It follows
from the argument of Lemma 12 in [10] that (9) holds for r = 1. We shall present next the proofs for a) r = 2
and b) 2 <r <n.

a) Proof of (9) for r = 2. Tt follows from (8), (21) and (22) that

(44) Agw)=n > (@ -l / Ey dh,

1<i<i<d
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where Ey := E;(1,1); Ey(1,1) is defined in (23). Further, by (8) and (34) we have, with 6% := 5?1,“ (recall
Ai = —uy, 1 < <d)

Ei
p(—ui, —w; 6;)

(45) 0< < IP’{ZQ € {wl; <nywly =00}, Z) € {w); < n,wjy = oo}}

Note that hereafter w};,w,, and wj,,w;, are defined as in (33) with respect to j = k = 1.
Next, let (Z, Z) be a bivariate standard normal random vector with correlation |5Z| and u = minj<;<qu; > 0.

It follows by Slepian’s inequality in [33] and Lemma 2.3 in [28] that

P{Zij < —ui,Zlk < —ul} < P{ZZ < _Uz‘,Zl < —ul}
(14 |6h])?

(46) < P{—Z > u,—Z > u} < 2

o(u,u; [0h]), 4 k<n,
implying thus

B{ 2} € {(wh,wh) = (2,50}, Z{ € {(why, wh) = (2,50)}}
(L + 193]

u?

= P{Ziz > —u;, Ly > —’“z} HP{Zij < —u;, Z1; < —Uz} < (

Jj=3

n—2
(04
and

P{Z} € {(w}y, why) = (3,50}, Z] € {(why, why) = (2,00)}}

= P{Zz‘z < U, Ly > —Up, Liz > —Uy, 213 < _ul} HP{Zij < —ug, 2y < _Ul}

Jj=4

1+ |6k])2 n—2
< (7( O s 3 ))

o u
Similarly, we may consider all (n —1)? cases in (45) for w}, = wj; and w}, # wj},. Therefore, using further (4.6)

in [22] we have

1+ |68 n—2
B < (- 12 (R o 1)) " oo, s o)

O VA T ) Al A U T
= o (1 [of2) D72 L+ 1]

Consequently, by (44) we have

1
St £ 0 3 ol [ s

1<i<i<d

12 V.2 1 h[\2(n—2)
n(n =1 _sn-2) 3 (6D — 6O, exp (_(n Du >/ ((1+I5u|) dh
0

(2m)nt 1<i<i<d L+ pa 1= gy [2)tn =072
( —1)° u—2(n—2) Z (2) (n — Du?
_ n (AD), exp (D7
—1 il .
(@m)nt 1<i<i<d L+ pi

1 _ 0)

The last step follows since for 6% = h(c\) — ') + o' we have pi; = max(|o\"|,|0\’]) > & and

e

11 h\2(n—2) 1 v 2(n—2)
(47) / (1+ |Szl|) dh — / (L+1h]) dh.
o (1—[ah])2)(n-D/2 e (0) s (1- h2)(n=1)/2

b) Proof of (9) for 2 < r < n. By (8) and (36)

Ap@) =n > (o) o /Eudh

1<i<i<d
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where Eil = Eil(l, 1). Clearly, from (43) we have Eil > 0. Further, similar arguments as for F;; (consider the
number of wj, = wj,s,t < r) yield that

N
o(—ui, —ug; %)

A

P{Z; € {wg,rfl < ’I'L,U};T = OO}V Z; € {U};’r71 < an;r = OO}}

14 |67)2
( ‘211|) ©

S (Cn—l,r—l)2 ( I

(wus 83)) "

Consequently, the claim in (9) for 2 < r < n follows, establishing the proof. O

We give next a result which extends Lemma 2.3 in [28] needed for the proof of Proposition 2.5.

Lemma 4.1. Let (X,Y) be a bivariate standard normal random vector with correlation p € (—1,1). For any

x,y >0, if p < max(z/y,y/x), then

2(1+p)*(1 - p) .
(48) PLX >0 >y} < o G pry — o) P ¥ P

Proof of Lemma 4.1: The proof follows with similar arguments as in [28]. By a change of variable 2/ =

x+u/z,y =y+v/y, we have

P{X>uzY >y}= / / o' y's p) da'dy’
e Jy

_ W /000 /000 o <_ u(l — py/z) + (1 — px/y)> exp <_ (u/x)? = 2p(u/x)(v/y) + (y/v)2> dudo

1—p? 2(1—p?)
oz, y;p) [ [ (W) —py) + /)y —pr)\ W=y
= Ty /0 /o eXp( 1-p? ) p( 2(1-p?) )dd
_. M(}(z’yﬂ).
y

Next, let s = ((u/z)(z — py) + (v/y)(y — px)) /(1 = p*),t = (u/z — v/y)/\/1 - p*. Clearly,

9s(u,v)  9s(u,v)
(49) Bt(azﬁv) 6t(6u74j,7j) = z oy 5
ou v zy(l+p)y/1—0p

Further, since p < max(z/y,y/x), we have

1— 2
SU=p) U VS ISR —co<t< oo

min(z —py,y —px) ~ T Yy

Consequently, with mg , = min(z — py,y — pz)//1 — p?

J(x,y,p) < (1 + ) p/ e‘tz/Q/ e dsdt
—00 [tlma,y

T+Yy
2zy(1 1—p2 [ t2
z+y 0 2 ’
_ 2zy(1+ p)\/1—p* [1 — ®(mgy)]
rT+y o(mey)

where p(z) and ®(x) are the pdf and df of the standard normal random variable, respectively. Hence the

well-known inequality
(50) 1= 0(x) < pa)/z, @0

establishes the proof. O
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Proof of Proposition 2.5: We adopt the same notation as in Theorem 2.4. We have by Slepian’s inequality

P{Zij < —u, L < —ul} < ]P’{ZZ < —ui7z < —ul}

Z +Zl u; + Uy
<
\/2 (1+16%)) \/2 1+6%))
20418 wtu

(51) @
Ui 2(1 + |0%])

Furthermore, it follows from Lemma 4.1 that

]P){Z»L‘j < —ug, Zig < ful} < I[D{,Z, > Uz‘,*z > Ul}
2(1+ [oh])2(1 — |8%)) .
S e |8t
= (w4 w) min(u; — [0 Jug, wg — |68|u Z)@(u“uﬂ il)

(wi 4 wp) min(u; — paug, w — pPatis

)

2(1 +[o5D)*(1 — 07:])
)
)

Hence (10) and (11) are established by replacing (46) with (51) and (52), respectively, and utilising similar
arguments as in the proof of Theorem 2.4. O
Proof of Proposition 2.6: The lower bound follows directly from Corollary 2.3. Next we focus on the upper
bound. We present below the proof for r = 2. Hereafter, we adopt the same notation as in the proof of Theorem
2.1. Further, define

1
f(h) =exp —————=Clu |, hel01],
1§§gdH((ui+“l)/2) 3.lk

1<g,k<n

where

(5 (0)
7T — 2arcsin(o; .
Cli = ln( ( ”’”“))’ H(z) = V2re” PE{(W + )1},

™ — 2aresin(d}} ;)
with W an N(0, 1) random variable. It suffices to show that Q(Z;T")/f(h) is non-increasing in h, i.e.,

9Q(Z:T")/0h _ 0f(h)/0h

(53) 0ET S ) h e [0,1].
We have
o1 (h)/oh 2050~ i) 1
(54) n) I 5
f 1<i<i<d (7‘&' - 2arcsin(5fj lk)) 1- (5{3 lk)2 ((ul + ul)/ )
1<j,k<n ’ ’
and by (22)
oQ Z;l—‘h .
(55) WAELD _ S (0B~ o) Bl ).
1<i<i<d
1<j,k<n

Therefore, by the assumption that 0 < O'(Jm[k < a,Jl),A <lfor1<i<l<d1<yjk<n,itis sufficient to show
that
2Q(Z;Th) 1

56)  Eulj. k) < ’
(56) 14, k) (v — 2arcsin(a% ) 1_(5Z’lk)2H((ui+uz)/2)

1<i<l<d1<jk<n.
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From (34) we have (recall u = —X)

E;(j,k
LGB o Bt il e > A O ZL € (< n}} 0124 € fufy < n})[(Zy = M Zic = M)}
o(ui, ur; 5ij,lk)
(57) = P{n il Zuey<us N2 € (v < n}} 0 {20 € ol <nh|{Zy = i, Zie = i}

where v};,v]; are defined by
vip =inf{t : 1 <t(#7) <n,zy <ui}, v =inf{t:1<t(#k) <n,zu <u}.

Define next
(Zij — ui) = 0% 1y (Zue — ) . Gk — ) — 0f 1, (Zij — ui)
) k= .
1- (5%,lk)2 1- (ézhj,lk)Q

Tij =

Since (Z;j, Zyx;) is a bivariate Gaussian random vector with N (0, 1) marginals and correlation 5111]-'1 > We have
E{T;;Zi;} =E{TiZiu} =1, EA{Ti;Ziu} =E{T;;Zi} = 0.
Then it follows that the random vectors

Z = (Zyy — 0"

vw,tj

TZ] - 51}}w7lkT‘lk7 1 S w S n)a 1 S U(# Zal) S da

Z7 = (Ziy — 00y Ty — 00 T, 1 < H( 5) <)

it ij
and
Z = (Zn - 5ﬁ,ijTij - 51}2,11@le7 1<t(#k)<n)
are independent of (Z;;,Zy;) and further independent of (Tj;,Tj,). Thus, by (57) and the fact that 0 <
thj’lk<1,1 <i<l<d,1<jk<n,hel0,1], we have as in Lemma 2.1 in [36]
P{T;; <0,T;, < 0}
(i, ur; 0% 1)

< P{nLyiilZie) < wd {27 € {viy a3} 0 {20 € (v < n}} 0 {Ty < 0} N {Tik < 0}

Eil(j, k)

< P{Ol i {Zoe) <us} 0{Z) € vy <n}}0{Z] € {vh <n}}0{Zy < ui} O {Zn < w}}
(53) = Q(z:T").

Moreover, by Lemma 2.2 in [36]

PAT,; <0.Tie <0} 7= 2aresim(@) [ )H<u+u>
go(uhul;éfj,lk) 2 itk 2

which together with (58) implies (56), hence the proof for r = 2 is complete.

For 2 < r < n, we need to show that (56) holds for Ej(j, k). This follows by similar arguments as for r = 2,

using the inequality (43) instead of (34). O

5. APPENDIX

In the appendix we give detailed proofs of Theorem 3.1 and Proposition 3.4. Before proceeding to the proofs
we present two lemmas which will be used in the proof of Theorem 3.1. For notational simplicity, we set

q=q(u) =u"?/% u> 0 and write [z] for the integer part of z€ R.

Lemma 5.1. Under the assumptions of Theorem 3.1 with v =0, for any a,T > 0 we have
[e/P{Xn_rj1:n(0)>u}]
(59) lim sup Z P {Xn,rﬂm(aqj) > u| Xp—ri10(0) > u} —0, £10.
U—r 00
J=[T/(aq)]



COMPARISON INEQUALITIES FOR ORDER STATISTICS 15
Proof of Lemma 5.1: By Lemma 2 in [11] (see the proof of (3.5) therein), for sufficiently large u
ay(t) =P {X,L_T.H;n(t) > u‘Xn_T.H,L(O) > u} <op {Xlz,.(t) > u‘Xlz,.(O) > u} .

Since further X (¢t) — p(¢)X(0),¢ > 0 is independent of X (0), we have for some constant K > 0 (below the value

of K might change from line to line)
au(t) < 27+ (IP{ ) > u‘X(O) > u})

< (B{X0 - 01X 0) > ul1 - p0)]X0) > 0}’

- (o)
1+ p(t)

(60) < Ku ( — lp(2)| )‘T/er< ru 1—p(t)|)

T+ ()] 2 1+ ()]

where the last inequality follows by (50).
Next, let g(u) be a function such that lim, . g(u) = oo, |p(g(u))| = u=2. It follows from u=2Ing(u) = o(1)
that g(u) < exp(¢'u?) for some (recall that |p(T)| < 1; see [21], p. 86)

0<e <r/2(1=[p(T))/(1+[p(T)])

and sufficiently large u. Next, we split the sum in (59) at agj = g(u). The first term is

[g(u)/(aq)]
Z ]P’{Xn r+1:n(aqj) >u‘Xn r+1:1(0) >u}
J7=[T/(aq)]

gw) _ (1=|p(M)|\"? ( rut1—[p(D)|
=R <1+|p<T>> eXp( 2 1+|p(T>|)

1—|p(T
SKuQ/O‘_rexp< u2_ru|M)> —0, u— oco.
2 1+ [p(T)|

For the remaining term, it follows by Lemma 1 in [11] and (60)

[E/P{le—r+1:n(0)>u}]
Z P {Xn—r—',—l:n(a/qj) > U‘Xn_r—',—l:n(O) > u}
J=lg(u)/(aq)]

<K € oy 1—u? 77’/26 ru? 1l —u2
o [Tl
= P X 1m(0) > ul 1+u-2 Plm g 11—

ru? (1 —u2
< Keexp (‘2 <1+u—2‘1>)

< Ke, u— o0.

Therefore, the claim follows by letting € | 0. g
Next, with the notation as in (14) we set
2

(27r)%u’"_% exp (r;) , u>0.

1

Cn,rAr,a

(61) T=T(u)=

Lemma 5.2. Let T = T(u) be defined as in (61) and a > 0,0 < A < 1 be given constants. Under the
assumptions of Lemma 5.1 for any 0 < 81 < -+ < s, <1 < --- <ty in{aqj:j € Z,0 < agj < T} with
tl — Sp 2 T

P X)X in(ty) < u}}

(62) —IP’{ P { X i1 (s1) < u}}IP’ {mg’zl{xn,mzn(tj) < u}} ‘ 50, u— oo
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Proof of Lemma 5.2: Denote
Xij=X;(si)l{i <p}+ Xj(tip)f{p<i<p+p}, 1<i<p+p,1<j<n

and {Vj;,1<i<p1<j<n}L{X;,1<i<p1<j<n}, independent of {Yij,p+1<i<p+p,1<j<
n} 4 {Xij;p+1<i<p+p,1<j<n}. Applying Theorem 2.4 with

Xi(n77‘+1) = Xn—r-‘rl:n(si)ﬂ{i S p} + Xn—r-i—l:n(ti—p)]l{p <1 S p + p/}
and

Y;J(n7r+1) = Yn—r-‘rl:n(si)ﬂ{i S p} + Yn—r-i—l:n(ti—p)]l{p <1 S p +p/};

it follows that, the left-hand side of (62) is bounded from above by

2 [p(tj—si)l 2(r—1
Ku72(r71) <T> Z exp < ru > /p (1 + |h‘) ( ) dh
q LT =) (1= h2yre

AT<t;—s;<
T 2
(63) <k (D) S ptailens () for utange
1) \plodiar + |p(agyj)|

where K is some constant. The rest of the proof consists of the similar arguments as that of Lemma 12.3.1 in
[21]. Indeed, letting v(t) = sup{|p(s)|Ins: s > t},t > 1, we have that |p(t)| < v(¢t)/Int and v(t) < M for some
positive constant M and all sufficiently large ¢. Recalling (61), we have

2 ) 1-2/(ra) Ao 2/r
= T+ (= 1)+ (L (enrAra) " (14+0(1)), u— o0,
r o 2 2m

oo (e (- 5

Kexp (—ru?) < KT 2(InT) 2/

which implies that

IN

. ( ru? )
xXp | —————
L+ |p(aqj)|

for all T large. Consequently, the right-hand side of (63) is bounded from above by

IN

—2(r—1 T ? 1 - - 1 -2 r—2/a
Ku™ )(> T/a > Ip(agj)|n(agj) nory L () /

4 AT<agqj<T

1 , .
< Kg7e > Iplags)|In(agy),
4 \r<agi<r

which tends to 0 as T'— oo since p(t) Int = o(1). Hence the proof is complete. O
Below W denotes an N(0,1) random variable which is independent of any other random element involved.
Proof of Theorem 3.1: a) Note that (14) and Lemmas 5.1 and 5.2 hold for the rth upper order statistics
process {X,,—r41:0(t),t > 0}. In view of Theorem 10 in [2] we have for T' = T'(u) defined as in (61)

lim P sup  Xp—ry1a(t) <u+ B G exp (—eﬂ”) , x€R.
U—00 t€[0,T (u)] ru

Expressing v in terms of T' using (61) we obtain the required claim for any = € R, with a,r, b, 7 given as in

(15); the uniform convergence in x follows since all functions (with respect to x) are continuous, bounded and

increasing.

b) The proof follows from the main arguments of Theorem 3.1 in [27] by showing that, for any € > 0 and z € R
Bz —2) < lLminfP {MX (T) < erbrr + \/p(T)x}

T—o0

limsupP{MX(T) <crb.r+ \/p(T)x} < O(x +¢),

T—o00

(64)

IN
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where

Mx(T) = sup Xn_ri1m(t), cr:=+/1—=p(T).

te[0,T]
We start with the proof of the first inequality. Let p*(t),t > 0 be a correlation function of a stationary Gaussian
process such that p*(t) =1 — 2|t|“ + o(|t|*) as t — 0. There exists some to > 0 such that for T large

(65) p*(t)cq + p(T) < p(t), 0<t <t

Denote by {Yi(t),t > 0}, k € N independent centered stationary Gaussian processes with a.s. continuous sample

paths and common covariance function p*(-), and define {Y(¢),t > 0} by
(66) Y(t) =Y Yi®)[{t € [(k— 1)to,kto)}, t>0.
k=1

It follows from (65) that for T sufficiently large

E{X(s)X(t)} > E{(CTY(S) +Vp(DW) (erY (1) + «/p(T)W)} s> 0.

Therefore, by Proposition 3.2

P {MX(T) < erbyr + \/;ﬁx}

Y

P {CTMy(T) + V(MW < erbrr + \/p(T)x}
[T/to]+1
2 (I)(x - 5) <P{ sup Yn—r-‘rl:n(t) < br,T + ey P(T)}> :

t€[0,to]

Noting that a = infocs<t, (1 — p*(¢)) [t|* > 0, we have by Theorem 1.1 in [11] (see also (14))

P {suprco o Yumrern(t) > b +ev/pM}

lim =27/%A, .

To00 ey b2 (1= B(brr + ey/p(T)))

Consequently, since 7 = oo we have

Tli_r)r;o([T/to] +1) lnIP’{ sup Yo—rip1:n(t) < bpr + E\/p(T)}

te[0,t0]

T
=—lim —P¢ sup Yo_ri1:(t) > brr+ev/p(T)
T—o0 19 t€[0,t0]

= — lim Tep, 2" A, o022 (1 — ®(b, ™))"
Jim Ty, A, T’T( (br.r +v/p(T)))
-0
establishing the first inequality in (64).
Next, we consider the last inequality in (64). Note that, by the convexity of p(-), there exists a separable
stationary Gaussian process {Y(t),t € [0,T]} with correlation function given by (using the well-known Polya

criteria, see e.g., [15])

_ pt) = p(T)

(67) =y te Tl

We have the equality in distribution
Mx(T)Ler My (T) + /p(T)W

implying

—00

P{Mx(T) < crbr +/oTie} = [ {Mym < bt YO (i u)} o) du

—
o
S

N2
N

O(x+¢) +P{My(T) < by eYPD) } .



18 KRZYSZTOF DEBICKI, ENKELEJD HASHORVA, LANPENG JI, AND CHENGXIU LING

Consquently, we only need to prove that

: < _ _
TJEI;OP{MY(T)—Z’TI € p(T)} 0.

To this end, using again the convexity of p(:), we construct a separable stationary Gaussian process {Z(t),t €
[0,7]} with the correlation function (recall p(-) in (67))

(69) o(t) = max (ﬁ(t), F(Texp (- vVin T))), te0,7].

Again by Proposition 3.2, we have

(70) ]P’{MY(T) ng,T—gm} gIP{MZ(T) gbr,T—g\/@}.

Next, we construct a grid of intervals as follows. Let I, ..., ;7] be [T] consecutive unit intervals with an interval

of length § removed from the right-hand side of each one with § € (0, 1) given, and
Gr = {k@WT)"¥* keN} n (U 1).

It follows from Theorem 10 in [2] and Theorem 1.1 in [11] that, sup,c(o 7] Zn—r+1:n(t) and sup,eg, Zn—ri1:n(t)

have the same asymptotic distribution and thus we only need to show that

lim P { SUp Zy—ry1:m(t) < bpr — ey P(T)} =0.

T—oc tegr

Let {Z),_,1.,(t),t > 0} be generated by {Z’(t),t € [0,T]} which is again a separable stationary process with

the correlation function (recall o(-) in (69))

ey 0(t) = o(T)
o*(t) = o (1) te[0,7T]
Analogously to the derivation of (68) we obtain
P { sup Z’n—?‘-‘rl:n(t) < br,T — &y P(T)}
tegr
= ]P’{ 1-0(T) max Zh i1 () + o (T)W < by p — E\/p(T)}
T

1 (p(m)\"? : brzo(T) ev/p(T)
=@ (‘25(0@)) ) +F {?é%fzn—f“:"(t) S e N 1 o) 21— o) } ’

which tends to 0 as T — oo. The proof of it is the same as that of Theorem 3.1 in [27], by using instead
Theorem 1.1 in [11] and our Theorem 2.4. Consequently, the last inequality in (64) follows by (68) and (70).
We complete the proof for v = oco.

c) Given 6 € (0,1), take Iy,..., Ijry as in b). For {Y,(t),t > 0}, k € N independent copies of X define

Y(t):= iYk(t)]I{t elk-1k)}, t>0
k=1

and

Xo(t) = V1= pu(D)Y () + Vo (D)W, teU 1,

where p.(T) = 7v/InT. The rest of the proof is similar to that as of Theorem 2.1 in [34] by using our Theorem
2.4 instead of Berman’s inequality. We omit the details.

Combining all the arguments for the three cases above, we complete the proof of Theorem 3.1. O
Proof of Proposition 3.4: First note that by (16) we have 7, (z),x € R defined by (with Y;(¢) := X/ (¢) for
simplicity)

1
Tra(x) =— lim —=P< sup Y.,(t) <zp, z€R
’ T—o0 0<t<T
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exists and is left-continuous. Next, we show that 7, o () is right-continuous, which will be crucial for our proof.

As in Theorem 3.1 in [24] we first show that, for all z € R,y > 0,m > 1,0 € (0,1) and h € (0, 00)

-yt (m— 1))IP’{ sup  Yun(t) < x}

Qh,0 0<t<Omh

)

(71) IE”{ sup Yo, (t) <z+ y} < @‘m(
0<t<mh

Let therefore Wi, 1 < k < m be independent N (0, 1) random variables which are further independent of X,

1 <7 < n, and write, for simplicity, a = ap 9. We have

Yo (t,aWy)
Pro(z,Y) = P<{ max sup A =7
( ) {1§k5m (k—1)h<t<kh V1+a?

]P’{ max sup Yr:n(t)gx—i-y}]lb{lg}cag{ aWkg—y+x(,/1_~_a2_1)}
SKS™Mm

1<kSm (k_1)h<t<kh

v

a

= ]P’{ max sup ﬁ:n(t)§x+y}<pm<y+x(\/1+7a21)),

1<k<m (k—1)h<t<kh

where {Y,.,(¢t,aWy),t € [(k — 1)h, kh]} is the rth order statistics process generated by {Y;(t) + aWy,t € [(k —
1)h,kh)}, 1 < i < n. Furthermore, it follows by (17) and the monotonicity of p(-) that (set I, = [(k — 1)h, kh))

E{(Y1(t) + aWii/nj41) (Yi(s) + aWigyn41) b

—E{V1(61)Y;

1+ a? {Y1(0t)Y1(0s)}
1—p(|t—s Olt—s|)—p(|t—s

_ %(QQ*%), t,s € I,
2l=sh — (0|t~ s), telnselk+l

<0,

which by Proposition 3.2 implies that

DPho(z,Y) <P{ max sup Y, (00)< z
mol ) {1<k<m (k—1)h<t<kh (67)

establishing (71). Now, let f(s,z) := InP {supgc,;, Y (t) <a},s > 0,2 € R. We have from (71) that, for

any y > 0
f(mh, x) - flmh,x +y) _ f(@mh, x) In® (uf;,,iua + Ah,(M‘)
mh mh - Omh h '
with Ap g = % Letting first m — co and then y | 0 in the above we have
A h,6
In® (Apgx
(72) Tra(z) > lylﬁ} Tra(® +y) > 01 o(x) + %

Furthermore, since

a2, — inf p(0t) — pt) _ p(0t) — p(t)

o<t<h  1—p(t) To<t<i 11— p(t)
holds for any h > 1, we conclude that limgyy Ap g = 0. Thus, letting 6 T 1 and h — oo in (72) we obtain the
right-continuity of m, , (z).

To complete the proof, it suffices to show that

InP X (t) <
zﬂ'ra < liminf - {Supogtg () = w}
’ 210 In(1/z)
InP {su X,n(t) <z 2
(73) < limsup {spocic ® } < Tr.a

z10 ln(l/x) = a
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By the self-similarity of process {X,.,(t),t > 0}, we have for any x € (0, 1)

P{ s V() <0 P sup  X(t) <O
0<t<2/aln(1l/z) x2/a<t<1

P sup  X,n(t) <z
x2/a<t<1

HD{SUP0<t<1 Xpn(t) < x}
P{SUP0<t<z2/a rn( ) < }

P{sup0<t<1Xrn }
P {sup0<t<1 Xrn(t) < 1}

where the second inequality follows from Proposition 3.2 and the fact that E{X (s)X(¢)} > 0 for all s,t > 0.

IN

Consequently, the lower bound in (73) follows. Next, we establish the upper bound in (73). It follows that, for
y > 0 sufficiently small

@R, Vel < )

ozii/Q ln]P’{ sup  (E72 X, (1) < y}

e~ h<t<1

Y

1
InP sup X,n(t) < ye*“h/2
Oéh/z {e—h,gtgl ( )

v

1
——InP< sup X,.,(t) < e_o‘h/2}
ah/2 {ogtzl )<y

ah/2 —Iny 1 —ah
= InP X, (t) < ye /2
ahf2 W(/(ge-ar2) " {oi‘ii’l nlt) <ve }

Letting h — oo in the above we obtain that

ln]P’{sup(KKl Xrn(t) < x} 2 2
li > < —— T, — ——Tra, 07
H;lfouP In(1/x) =Ta™ ) am v

where the last step follows by the right-continuity of 7, o(z) at 0. Consequently, (73) holds and thus the proof

is complete. O
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