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Abstract

Analysis of borehole flow logs is a valuable technique for identifying the

presence of fractures in the subsurface and estimating properties such as

fracture connectivity, transmissivity and storativity. However, such estima-

tion requires the development of analytical and/or numerical modeling tools

that are well adapted to the complexity of the problem. In this paper, we

present a new semi-analytical formulation for cross-borehole flow in frac-

tured media that links transient vertical-flow velocities measured in one or

a series of observation wells during hydraulic forcing to the transmissivity

and storativity of the fractures intersected by these wells. In comparison

with existing models, our approach presents major improvements in terms

of computational expense and potential adaptation to a variety of fracture

and experimental configurations. After derivation of the formulation, we

demonstrate its application in the context of sensitivity analysis for a rela-

tively simple two-fracture synthetic problem, as well as for field-data analysis

to investigate fracture connectivity and estimate fracture hydraulic proper-

ties. These applications provide important insights regarding (i) the strong
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sensitivity of fracture property estimates to the overall connectivity of the

system; and (ii) the non-uniqueness of the corresponding inverse problem

for realistic fracture configurations.

Keywords: Fractures and faults, Groundwater, Cross-borehole flow

experiment, Semi-analytical model

1. Introduction1

The study of fractured rocks is highly important in a wide variety of re-2

search fields and applications including hydrogeology, geothermal energy,3

hydrocarbon extraction, and the long-term storage of toxic waste (Carneiro,4

2009; Dershowitz and Miller , 1995; Gautam and Mohanty , 2004; Kolditz and5

Clauser , 1998; Rotter et al., 2008). As fractures represent either rapid ac-6

cess to some resource of interest or potential pathways for the migration of7

contaminants in the subsurface, identifying their presence and determining8

their properties are critical, albeit highly challenging, tasks. In order to9

tackle these challenges, numerous fracture characterization methods have10

been developed; borehole geophysical logging (e.g., (Hearst et al., 2000;11

Keys and MacCary , 1971)), dilution tests (e.g., (Paillet , 2012)), single and12

cross-borehole flow experiments (e.g., (Day-Lewis et al., 2011; Le Borgne13

et al., 2006; Paillet et al., 2012)), as well as temperature measurements14

(e.g., (Klepikova et al., 2014; Leaf et al., 2012; Pehme et al., 2013)) have15

all been used in an effort to gain both qualitative and quantitative informa-16

tion regarding the properties of individual fractures and fracture networks.17

Amongst these methods, cross-borehole flow analysis aims to evaluate frac-18

ture connections and hydraulic properties from vertical-flow-velocity mea-19

surements conducted in one or more observation boreholes under forced20

hydraulic conditions. Previous studies have demonstrated that analysis of21
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these data, especially when acquired in a transient manner, can provide22

important information on fracture connectivity, transmissivity, and stora-23

tivity, with significantly less effort and expense than conventional packer24

tests (Le Borgne et al., 2006; Paillet , 1998; Paillet et al., 2012; Williams25

and Paillet , 2002). As such, cross-borehole flow data can yield, at the very26

least, key preliminary information on highly conductive fractures and/or27

fracture zones that may be subsequently targeted for more detailed and28

costly investigations.29

Because of the strong non-linearity and non-uniqueness of the problem,30

relating vertical-flow velocities measured in a borehole to fracture hydraulic31

characteristics is by no means straightforward and generally requires the32

use of adapted mathematical models. To this end, analytically-based (Day-33

Lewis et al., 2011; Paillet , 1998) and numerical (Klepikova et al., 2013) for-34

ward modeling approaches have been utilized for the interpretation of single35

and cross-borehole flow data. The strong advantage of analytically-based36

formulations is their low computational cost, which means that they can be37

effectively used within stochastic inverse approaches, as well as for parameter38

and predictive uncertainty quantification and detailed sensitivity analysis.39

Indeed, numerical solutions such as those involving finite elements, albeit40

highly flexible, are not generally suitable in the context of the hundreds to41

thousands of forward solutions necessary to address the latter goals.42

Existing analytically-based solutions for flow experiments in fractured43

media are either limited to single-borehole tests (Day-Lewis et al., 2011) or44

based on a semi-quantitative approach involving a relative description of the45

hydraulic properties that assumes the same storativity for all the fractures46

(Le Borgne et al., 2006; Paillet et al., 2012; Williams and Paillet , 2002).47

Although the latter approach, which is designed for cross-borehole studies,48
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allows for individual fractures to intersect either the observation borehole,49

the pumped borehole, or both, its flexibility is limited in terms of the num-50

ber of boreholes considered and the interactions between the fractures. In51

particular, the formulation as presented is limited to a single observation52

borehole, and its extension to more complex experimental configurations, if53

feasible, does not seem straightforward.54

With the aim of addressing the above limitations, we present in this55

paper a new semi-analytical model for cross-borehole flow experiments in56

fractured media. Treating each fracture as a locally-leaky confined aquifer,57

borehole vertical-flow velocities are calculated by coupling the continuity58

equations for flow in the aquifers with a set of equations governing flow in the59

boreholes. Our model is presented in a general manner, with all assumptions60

fully noted, and it offers the flexibility of modeling a variety of fracture and61

experimental conditions, for example the presence of multiple observation62

boreholes and multiple connection configurations. We begin below with a63

full derivation and description of the developed semi-analytical modeling64

approach. Next, the approach is demonstrated in the context of sensitivity65

analysis for a simple two-fracture synthetic problem involving two boreholes66

and two different connection configurations. Finally, we present the results67

of estimating fracture connectivity, transmissivity, and storativity from field68

data collected and previously analyzed by Paillet et al. (2012) using their69

developed semi-quantitative approach.70
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2. Model development71

2.1. Overall approach72

We consider in this paper a general cross-borehole flow experiment whereby73

hydraulic forcing (i.e., pumping or injection) is conducted in one borehole74

and transient vertical-flow-velocity measurements are acquired at different75

depths in one or more observation boreholes, the latter of which are usually76

different from the pumped borehole. Measurements of the flow velocity are77

considered to be available between each fracture intersecting the observation78

borehole(s), as well as between the most shallow fracture(s) and the surface.79

Depending on the connectivity of the system, the fractures in the observa-80

tion borehole(s) may or may not intersect the pumped/injection borehole.81

As an example, Figure 1a shows a schematic representation of a fractured82

environment where the fracture located at position z = 26 m in the observa-83

tion borehole intersects only this borehole. The fracture located at position84

z = 52 m, on the other hand, intersects both the observation and pumped85

boreholes.86

To model the general configuration described above, we represent the87

fractures as a series of equivalent confined aquifers that are hydraulically88

connected through the boreholes (e.g., Paillet , 1998; Paillet et al., 2012;89

Williams and Paillet , 2002). Figure 1b shows the equivalent representation90

of the system in Figure 1a involving five confined aquifers and two bore-91

holes. The vertical-flow velocities occurring in each borehole under forced92

hydraulic conditions are denoted by qiI , where i is the borehole number and93

I is the aquifer number above which the vertical flow occurs. The hydraulic94

properties of aquifer I are its transmissivity TI and storativity SI . Note95

that lower- and upper-case indices are used below to indicate borehole and96
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aquifer numbering, respectively.97

Development of our model for cross-borehole flow involves coupling of the98

continuity equations for flow in the confined aquifers with equations govern-99

ing the vertical flows between the aquifers through the boreholes. The latter100

flows are taken into account as localized source/sink terms and their average101

velocities are related to hydraulic head differences in the boreholes through102

the Hagen-Poiseuille law. It should be noted that similar coupling methods103

have been used for the evaluation of fluid leakage through abandoned wells104

in multilayered-aquifer systems (Avci , 1994; Cihan et al., 2011; Nordbotten105

et al., 2004). In these studies, the final solution is expressed in terms of106

the hydraulic head and formulated in either the time or Laplace domains,107

and both the pumping and observation boreholes are assumed to intersect108

the series of parallel aquifers. In comparison, our formulation is especially109

developed for cross-borehole experiments in fractured media in that: (i) it110

allows for situations where a fracture intersects only some of the boreholes;111

(ii) the final solution is expressed directly in terms of the relative borehole112

vertical-flow velocities and solved in the time domain.113

In the following, we first develop an analytical expression for the hy-114

draulic head in a single confined aquifer subject to one or more localized115

leakages (Section 2.2). This leads us to develop an expression for the bore-116

hole vertical-flow velocities for a system of confined aquifers where the local-117

ized leakages correspond to the borehole connections (Section 2.3). Lastly,118

details are provided on the semi-analytical implementation of the latter ex-119

pression in order to determine vertical-flow velocities from a given set of120

aquifer properties and connections. This is done through the solution of a121

linear system (Appendix).122
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1Figure 1: (a) Schematic illustration of the fractured geological formation considered in

Paillet et al. (2012); (b) Equivalent representation as a series of confined aquifers connected

through the boreholes. Vertical-flow velocities measured above aquifer I in borehole i are

denoted by qiI , whereas aquifer transmissivities and storativities are denoted by TI and

SI , respectively.

2.2. Hydraulic head in a single, locally-leaky, confined aquifer123

2.2.1. Mathematical formulation124

Consider a homogeneous, isotropic, confined aquifer where flow can be rep-125

resented as two-dimensional in the x − y plane. The hydraulic head distri-126

bution averaged over the aquifer thickness, h(x, y, t) [m] at position (x, y)127

and time t, is governed by the following continuity equation for flow in a128
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confined aquifer (e.g., Bear , 1979):129

S
∂h

∂t
− T

(
∂2h

∂x2
+
∂2h

∂y2

)
= q, (1)130

131

where T [m2/s] and S [-] are the aquifer transmissivity and storativity, re-132

spectively, and q(x, y, t) [m/s] represents the spatial and temporal distribu-133

tion of sources (q > 0) and sinks (q < 0), which are defined as flows per134

unit area per unit time. Let us also consider that the time dependence of135

the hydraulic head is caused by a pumping or injection experiment that be-136

gins at time t = 0 in a domain where the initial hydraulic head distribution137

h0(x, y) is governed by the steady-state equation138

−T
(
∂2h0
∂x2

+
∂2h0
∂y2

)
= q0, (2)139

140

where q0(x, y) is the spatial distribution of sources and sinks existing before141

the beginning of the experiment (i.e., for t < 0). Note that this implies a142

boundary condition of h(x, y, t) = h0(x, y) at infinite positions, where no143

effect of the pumping/injection experiment is to be expected.144

Considering equations (1) and (2), the relative hydraulic head or draw-145

down in the aquifer H(x, y, t) = h(x, y, t) − h0(x, y) is governed by the146

equation147

∂H

∂t
− α

(
∂2H

∂x2
+
∂2H

∂y2

)
=
Q

S
, (3)148

149

and subject to the initial condition H = 0 and boundary condition H = 0 at150

infinite positions. Here, Q(x, y, t) = q(x, y, t)− q0(x, y) represents a relative151

source/sink term and α = T/S is the hydraulic diffusivity. Note that the152

definition of Q in this manner is critical as interpretations of cross-borehole153

flow experiments are based on relative flow-velocity measurements.154

The elementary solution (or Green’s function) H∗ corresponding to equa-155

tion (3) can be obtained by replacing the right-hand side of the expression156
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with the Dirac delta function δ(x−x′, y−y′, t−t′) and considering the initial157

and boundary conditions. This yields158

H∗(x− x′, y − y′, t− t′) =
e
− (x−x′)2+(y−y′)2

4α(t−t′)

4πα(t− t′)
u(t− t′), (4)159

160

where u(·) is the Heaviside step function. H∗(x − x′, y − y′, t − t′) can161

be interpreted as the hydraulic head at position (x, y) and time t due to162

an instantaneous injection at position (x′, y′) and time t′. As is standard163

practice (e.g., Carslaw and Jaeger (1986)), this result can be multiplied164

with equation (3) and integrated over space and time to express the general165

solution to equation (3) as166

H(x, y, t) =
1

S

∫ t

0

∫ +∞

−∞

∫ +∞

−∞
Q(x′, y′, t′)H∗dx′dy′dt′, (5)167

168

which can be rewritten as169

H(x, y, t) =
1

S

∫ +∞

−∞

∫ +∞

−∞
Q ∗t H∗dx′dy′, (6)170

171

where the convolution product in time is defined as172

f ∗t g =

∫ t

0
f(t′)g(t− t′)dt′. (7)173

174

Considering the relative source/sink term in equation (6) as being the re-175

sult of localized leakages through boreholes intersecting the aquifer, Q(x, y, t)176

can be approximated as177

Q(x, y, t) =

 Qi(t), if (x, y) ∈ Ci, i = 1, ..., n

0, if (x, y) /∈ Ci, i = 1, ..., n,
(8)178

179

where Qi(t) is the relative average flow velocity over the cross-sectional area180

Ci of borehole i, and n is the number of boreholes intersecting the aquifer.181
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Combining expressions (6) and (8) leads to the following expression for the182

transient hydraulic head distribution h(x, y, t):183

h(x, y, t) = h0 +

n∑
i=1

Qi ∗t Hi, (9)184

185

where Hi = Hi(x, y, t− t′) is defined as186

Hi(x, y, t− t′) =
1

S

∫
Ci

H∗
(
x− x′, y − y′, t− t′

)
dx′dy′. (10)187

188

2.2.2. Relationship to existing analytical solutions189

Consider a single borehole experiment (n = 1) where a constant flow rate of190

Q [m3/s] is injected into (Q > 0) or extracted from (Q < 0) a single confined191

aquifer. The borehole has cross-sectional area C1, radius r1, and is located192

at position (x1, y1) = (0, 0). The relative hydraulic head or drawdown in193

the aquifer can be expressed using equation (9) as194

H(x, y, t) =

∫ t

0
Q1(t′)H1(x, y, t− t′)dt′, (11)195

196

where H1(x, y, t− t′), defined in equation (10), can be approximated here as197

H1(x, y, t− t′) =
πr21
S
H∗
(
x− x1, y − y1, t− t′

)
. (12)198

199

Assuming an absence of vertical flow in the borehole before the beginning200

of the experiment, the relative average flow velocity Q1 is related to the201

constant flow rate Q through Q1 = Q/(πr21), which leads to the expression202

H(x, y, t) =
Q
S

∫ t

0

e
− x2+y2

4α(t−t′)

4πα(t− t′)
u(t− t′)dt′. (13)203

204

The above equation can be rewritten as the well-known Theis solution205

H(x, y, t) =
Q

4πT

∫ t

0

e−
r2S
4Tτ

τ
u(τ)dτ, (14)206

207

with r =
√
x2 + y2.208
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2.3. Accounting for borehole connections between aquifers209

2.3.1. Hydraulic head in a connected aquifer210

Consider now a scenario involving multiple aquifers where aquifer number I211

is intersected by nI boreholes. Each of these boreholes i (i = 1, ..., nI) passes212

through a sequence of aquifers, which we denote by the ordered set Ai. As213

an example, for the equivalent representation illustrated in Figure 1b, A1 =214

{2, 3, 5} and A2 = {1, 2, 3, 4, 5} for the pumped and observation boreholes,215

respectively, as the pumped borehole intersects Aquifers 2, 3, and 5 and the216

observation borehole intersects all of the aquifers in the system. Let us define217

Ai−(I) and Ai+(I) as the aquifers that are located above and below aquifer218

I in borehole i, respectively, and thus which correspond to the previous and219

next aquifers with respect to I in the set Ai. The definition of Ai−(I) and220

Ai+(I) clearly depends on the considered borehole as not all fractures will221

intersect every well (e.g., in Figure 1b, A1
−(3) = 2 and A1

+(3) = 5 whereas222

A2
−(3) = 2 and A2

+(3) = 4). Aquifers I, Ai−(I), and Ai+(I) are located at223

depths ziI , z
i
Ai−(I)

, and zi
Ai+(I)

, respectively (Figure 2).224

Let hI(x, y, t) denote the transient hydraulic head distribution in aquifer225

I, which is governed by equation (1). As illustrated in Figure 2, the borehole226

connections between this aquifer and aquifers Ai−(I) and Ai+(I) imply sink227

and source terms at the borehole locations given by the vertical-flow veloc-228

ities qiI and qi
Ai+(I)

, respectively. Equation (9) thus leads to the following229

expression:230

hI(x, y, t) = h0,I +

nI∑
i=1

[
QiAi+(I) −Q

i
I

]
∗t HiI , (15)231

232

where h0,I is the initial hydraulic head distribution in the aquifer, and QiI233

and Qi
Ai+(I)

are the relative flow velocities corresponding to qiI and qi
Ai+(I)

, re-234
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spectively. Note that HiI in the above expression is defined by equations (10)235

and (4) with all hydraulic properties set equal to their values in aquifer I.
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Figure 2: Schematic illustration of an aquifer I connected through borehole i to the

aquifers above and below, Ai−(I) and Ai+(I), respectively. The average vertical-flow ve-

locities above aquifers I and Ai+(I) are denoted by qiI and qi
Ai

+(I)
, respectively.

236

2.3.2. Borehole vertical-flow velocities237

Equation (15) provides an expression for the hydraulic head throughout a238

connected aquifer in terms of the borehole vertical-flow velocities measured239

above and below that aquifer. We now wish to use this result to develop240

a general expression involving the flow velocities for a given set of fracture241

hydraulic properties and their connection configuration. Assuming a lin-242

ear relationship between the vertical flow occurring during a cross-borehole243

pumping or injection experiment and the difference in hydraulic head in244

the borehole, the average flow velocity qiI(t) in borehole i above aquifer I245
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(Figure 2) can be expressed as246

qiI(t) = βiI
(
hiI − hiI′

)
, (16)247

248

where we have introduced for the sake of notational clarity variable I ′ =249

Ai−(I) denoting the overlying aquifer, and where hiI and hiI′ are the point250

hydraulic head values in aquifers I and I ′ at the location of borehole i,251

respectively. Expression (16) has been utilized in previous studies where252

the term βiI is given by βiI = κi/liI , with κi [m/s−1] being the hydraulic253

conductivity of borehole i and liI [m] the vertical distance between aquifers254

I and I ′ (Chen and Jiao, 1999; Cihan et al., 2011; Nordbotten et al., 2004).255

In the present work, we assume that βiI can be deduced from the Hagen-256

Poiseuille law applied to the hydraulic head, meaning that βiI =
ρgr2i
8µliI

, where257

ri [m] is the borehole radius, g is [m s−2] the gravitational acceleration, and258

ρ [g m−3] and µ [g m−1 s−1] are the density and dynamic viscosity of water,259

respectively. Note, however, that expression (16) could be replaced by a260

different relationship if the assumption of borehole laminar flow is deemed261

unjustified (Chen and Jiao, 1999).262

Equation (15) can be used to express the quantities hiI and hiI′ as263

hiI(t) = hi0,I +

nI∑
j=1

[
Qj
Aj+(I)

−QjI

]
∗t Hi,jI (17)264

265

and266

hiI′(t) = hi0,I′ +

nI′∑
j=1

[
Qj
Aj+(I′)

−QjI′
]
∗t Hi,jI′ (18)267

268

where index j is now used to sum over all of the boreholes intersecting269

the considered aquifer. Variable Hi,jK in the above expressions is defined by270

equation (10) with Hi,jK = HjK(xi, yi, t− t′), where (xi, yi) is the position of271
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borehole i. Combining expressions (16), (17) and (18) leads to the following272

expression for the relative flow velocity QiI :273

QiI(t) =βiI

nI∑
j=1

[
Qj
Aj+(I)

−QjI

]
∗t Hi,jI (19)274

− βiI
nI′∑
j=1

[
Qj
Aj+(I′)

−QjI′
]
∗t Hi,jI′ .275

276

At the top of an observation well (e.g., flow velocity q21 in Figure 1b),277

expression (16) cannot be used as it relies upon having an expression for the278

hydraulic head at the intersection of the well and an overlying fracture. In279

this case, the vertical flow occurring in the borehole is only due to wellbore280

storage and the flow velocity can be expressed as (Lapcevic et al., 1993)281

qiI(t) =
∂hiI
∂t

. (20)282
283

Assuming steady-state equilibrium as the initial condition at the start of the284

cross-borehole experiment, the initial flow velocity at the top of the boreholes285

is zero and thus the relative flow velocity QiI is equal to qiI . Expression (20)286

can then be combined with the hydraulic head expression (17), which leads287

to:288

QiI(t) =

nI∑
j=1

[
∂tQ

j

Aj+(I)
− ∂tQjI

]
∗t Hi,jI , (21)289

290

where ∂t denotes the time derivative. At the top of the pumped borehole,291

the relative flow velocity is simply equal to Q/(πr21) where Q is the pumped292

flow rate and r1 is the borehole radius.293

Equations (19) and (21) provide expressions for the transient relative294

vertical-flow velocities above the fractures in each borehole as a linear func-295

tion of the other flow velocities. As such, the relative flow velocities can296
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be determined by solving the linear system Ax = b, where vector x con-297

tains the flow velocities discretized in time and matrix A depends upon the298

fracture hydraulic properties, connectivity, and experimental geometry. Full299

details on the formulation of this linear system and its semi-analytical im-300

plementation are provided in the Appendix. It is important to emphasize301

that, despite the fact that equations (19) and (21) are linear with respect302

to the relative flow velocities, the inverse problem involving the estimation303

of aquifer hydraulic properties from cross-borehole vertical-flow measure-304

ments is highly non-linear because the hydraulic parameters of interest are305

contained in matrix A and not in vector x.306

3. Results and applications307

3.1. Synthetic study308

3.1.1. Experimental configurations309

As a first example of the application of the modeling methodology for cross-310

borehole flow presented in Section 2, we consider two simple synthetic con-311

figurations involving two fractures and a single observation borehole. In the312

first configuration (Figure 3a), the pumped and observation boreholes inter-313

sect both fractures. In the second configuration (Figure 3b), the observation314

borehole intersects both fractures but the pumped borehole is connected to315

only the first (upper) fracture. The upper and lower fractures are repre-316

sented in the model as confined aquifers having transmissivities T1 and T2317

and storativities S1 and S2, respectively. They are horizontal and located318

at depths of 10 and 20 m for both configurations. The radius of the pumped319

and observation wells is 3.75 cm and the distance between them is 20 m.320

Hydraulic forcing of the system is conducted by extracting water at a rate of321
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8 L/min for 20 minutes at the top of the open pumped borehole. An absence322

of vertical flow is assumed before the beginning of the pumping experiment323

(i.e., no ambient flow for t < 0), and flow measurements are assumed to be324

available over the course of pumping as well as for an additional 20 minutes325

after pumping is stopped.

!
!
!
!
!
!

 Pumped borehole 
i1 

 Observation borehole 
i2 

T1,S1

T2,S2

Aquifer 1

Aquifer 2

q1
i1

q2
i1

q1
i2

q2
i2

10 m 

20 m 

 0 m  20 m 

!
!
!
!
!
!

 Pumped borehole 
i1 

 Observation borehole 
i2 

T1,S1

T2,S2

Aquifer 1

Aquifer 2

q1
i1 q1

i2

q2
i2

 0 m  20 m 

(a) Configuration with connection (b) Configuration without connection

1
Figure 3: Two experimental configurations considered in our synthetic study, where the

fractures have been represented as confined aquifers.

326

Figure 4 shows the transient vertical flows in the observation borehole327

calculated using our model for the two configurations presented in Figure 3328

and for fracture transmissivity values of T1 = T2 = 10−5 m2/s and storativ-329

ity values of S1 = S2 = 10−5. Flow velocities (m/s) were converted into flow330

rates (L/min) for the figure. We observe that the vertical flow occurring331

above Aquifer 1 is identical for the configurations with and without connec-332
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tion, as this flow is determined by the properties of Aquifer 1. Conversely,333

the flow occurring above Aquifer 2 depends on the connectivity. For the334

configuration without connection, this flow is always positive (upwards) as335

Aquifer 2 can contribute to the pumped flow only through the observation336

borehole. In this case, the pumping impacts the hydraulic head in Aquifer 1,337

which in turn impacts the hydraulic head in Aquifer 2. For the configura-338

tion with connection, as Aquifer 2 is connected to the pumped borehole, the339

pumping directly influences the hydraulic head in this aquifer whereas the340

hydraulic head in Aquifer 1 is affected by both the pumping and flow occur-341

ring above Aquifer 1. This implies that the flow occurring above Aquifer 2342

is negative for this configuration.
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Figure 4: Vertical-flow rate in the observation borehole above Aquifer 1 (black) and above

Aquifer 2 (red) for the configurations with connection (solid lines) and without connection

(dashed lines) in Figure 3. Note that the vertical flow occurring above Aquifer 1 is identical

for the configurations with and without connection, hence the black solid and dashed lines

are coincident.
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3.1.2. Sensitivity analysis344

Because the flow occurring above Aquifer 2 in the observation borehole345

characterizes the connection configuration, we first demonstrate how our346

semi-analytical modeling approach can be utilized to efficiently evaluate the347

overall sensitivity of this particular flow to the hydraulic properties of both348

aquifers. To this end, we again used the approach to calculate qi22 (t), but349

this time for a wide range of hydraulic parameter values. Two grid searches350

were performed. In the first, the logarithms of parameters T1 and T2 were351

varied linearly over the range [10−7, 10−3] m2/s while keeping S1 and S2 fixed352

at 10−5. In the second, the logarithms of S1 and S2 were varied over the353

same range while keeping T1 and T2 fixed at 10−5 m2/s. For each parameter354

combination, vertical-flow-velocity measurements were simulated every 240355

seconds, yielding 10 discrete transient data. We hereby denote these data356

by the vector Qi2
2 , which corresponds to the collection of temporal flow357

velocities converted into flow rates (L/min).358

Figure 5 shows the distribution of the `2-norm of Qi2
2 (denoted by ||Qi2

2 ||)359

obtained from the grid searches for the two connection configurations in Fig-360

ure 3. In Figure 5a and b, we see that ||Qi2
2 || is not sensitive to T1 when T2 is361

less than 10−6 m2/s, in that it shows no significant variation over all of the362

considered values of T1. This observation corresponds to cases where Qi22363

is limited by the transmissivity of Aquifer 2 and thus does not depend on364

the transmissivity of Aquifer 1. Figure 5a and b also show that the highest365

sensitivity for both configurations (i.e., where we see the most significant366

variation of ||Qi2
2 ||) occurs when T1 < T2. For the configuration with con-367

nection (Figure 5a), this corresponds to situations where Aquifer 2 supplies368

an important part of the water required by the pumping experiment, which369
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may imply a strong decrease of the hydraulic head in Aquifer 2 in compari-370

son with Aquifer 1. This in turn leads to a downward flow above Aquifer 2,371

as seen in Figure 6a where we plot the distribution of the sign of this flow372

rate during pumping. The amplitude of the downward flow increases for373

small values of T1, where the highest sensitivity of ||Qi2
2 || is observed and374

where the flow is mostly sensitive to T2 (Figure 5a). For the configuration375

without connection (Figure 5b), the pumping does not impact directly on376

the hydraulic head in Aquifer 2. More precisely, it affects the hydraulic head377

of Aquifer 1, which in turn affects the hydraulic head of Aquifer 2. This im-378

plies that small values of T1 correspond to situations where the magnitude379

of Qi22 is limited by T1 and not sensitive to T2. Conversely, when consid-380

ering large values of both T1 and T2, Aquifer 2 contributes to the pumped381

flow through the observation borehole and the highest sensitivity of ||Qi2
2 ||382

is observed (Figure 5b).383

Concerning the storage coefficients S1 and S2, Figure 5c and d show that384

||Qi2
2 || is small when the values of these two parameters are large for both385

connection configurations. This corresponds to cases where the storativities386

buffer the temporal response of the flow to pumping. For large values of387

S2, ||Qi22 || is also seen to be highly sensitive to S1 for both configurations388

because Aquifer 1 reacts more quickly when its storativity is small, thereby389

allowing for larger flows from Aquifer 2 to Aquifer 1. For the configuration390

with connection, a similar high sensitivity to S2 is observed for large values391

of S1. As seen in Figure 6b, this behaviour corresponds to downward flow392

and is thus specific to this configuration. For the configuration without393

connection, Figure 5d shows that ||Qi2
2 || is poorly sensitive to S2 as the394

behaviour of the flow is mainly determined by S1.395

The above observations are in agreement with work conducted by Pail-396
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Figure 5: Distribution of ||Qi2

2 || for the two configurations in Figure 3 as a function of

(a and b) fracture transmissivity values with S1 = S2 = 10−5, and (c and d) fracture

storativity values with T1 = T2 = 10−5 m2/s.

let (1998) involving similar simple fracture configurations and investigation397

of the nature of the vertical-flow velocities in the observation borehole for398

different hydraulic properties. In that paper, the main conclusions con-399

cerning the configuration without connection can be summarized as follows:400

(i) the flow between Aquifer 2 and Aquifer 1 is always upward; (ii) for401

S1 = S2 = 10−5 and T1 = 10−5 m2/s, the magnitude of the flow velocity qi22402

increases when T2 increases (as seen in Figure 5b in our study); and (iii) for403
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Figure 6: Distribution of the sign of the flow rate Qi2

2 during pumping for the configura-

tion in Figure 3a and as a function of (a) fracture transmissivity values and (b) fracture

storativity values. Values in red are negative (downward flows) whereas those in blue are

positive (upward flows).

T1 = T2 = 10−5 m2/s and S1 = S2, increasing the value of the storativities404

results in a decrease of the magnitude of qi22 (as seen in Figure 5d in our405

study).406

3.1.3. Inversion objective function407

The sensitivity analysis presented above showed that, for the two simple408

fracture configurations shown in Figure 3, measurements of the flow velocity409

in the observation borehole contain important information regarding the410

fracture hydraulic properties and connection configuration. Based on these411

results, we now demonstrate the use of our modeling approach to examine412

the objective function corresponding to the least-squares estimation of T1,413

T2, S1, and S2 from measurements of qi21 (t) and qi22 (t) in the observation414

borehole. That is, using a grid search over the same parameter ranges as415
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before, we now calculate and plot the sum-of-squares misfit416

M =

∣∣∣∣∣∣
∣∣∣∣∣∣
 Qi2

1 −Q
i2,ref
1

Qi2
2 −Q

i2,ref
2

∣∣∣∣∣∣
∣∣∣∣∣∣
2

, (22)417

418

where Qi2,ref
1 and Qi2,ref

2 are the flow-rate vectors deduced from the tran-419

sient flow velocities qi2,ref1 (t) and qi2,ref2 (t) corresponding to the “true” or420

reference set of hydraulic properties, and Qi2
1 and Qi2

2 are the flow rate421

vectors predicted for specific values of T1, T2, S1, and S2. The goal of an422

inversion is to find one or more sets of hydraulic properties that minimize423

M to within an acceptable degree.424

It is important to note that the analysis performed below should in no425

way be taken to represent a comprehensive assessment of the cross-borehole426

flow inverse problem, but rather an example of how our semi-analytical427

modeling approach can be used to efficiently examine the nature of the428

inversion objective function to glean information regarding the potential429

non-uniqueness of the solution and corresponding uncertainty. Indeed, the430

fracture configurations considered in Figure 3 are far too simple to represent431

the vast majority of real-world scenarios, and significantly different results432

should be expected as the number of fractures increases and the geometry433

becomes more complex. This is explored in further detail in our analysis of434

field data in Section 3.2.435

Figure 7a and b show the distribution of the sum-of-squares misfit func-436

tion in equation (22) for the two connection configurations in Figure 3 as-437

suming “true” parameter values of T ref1 = T ref2 = 10−5 m2/s and Sref1 =438

Sref2 = 10−5. In Figure 7a the transmissivities are varied while the stora-439

tivities are held fixed at their true values, whereas in Figure 7b the stora-440

tivities are varied while holding T1 and T2 at their true values. Note the441
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similarity in overall character between Figure 7 and the sensitivity analysis442

results in Figure 5, which suggests that flow measurements above Aquifer 2443

in the observation borehole will have a strong control on the set(s) of hy-444

draulic parameters obtained through inversion. Also note that the shape445

of the objective function is clearly different between the two configurations.446

Specifically, the minimum of M is rather well defined for the configuration447

with connection, whereas a more complex, elongated form is observed for the448

configuration without connection. The latter indicates that the existence of449

a unique and/or easily resolvable minimum is questionable in the uncon-450

nected case. For example, the limited change inM with varying S2 over the451

minimum region in Figure 7d implies that it will be difficult to resolve the452

latter parameter, especially considering the presence of data measurement453

uncertainties in a realistic scenario.454

3.2. Field study455

To demonstrate the utility of the developed semi-analytical modeling ap-456

proach in a field context, we now consider the analysis and inversion of457

cross-borehole flow data acquired in the Melechov Granite at the Bohemian-458

Moravian Highland in Czech Republic. These data were previously pre-459

sented and analyzed by Paillet et al. (2012), which provides a basis for460

comparing our results with those obtained using their semi-quantitative461

modeling methodology. Figure 1a shows the flow experiment and overall462

fracture geometry at the site, the latter of which was inferred from borehole463

measurements. The radius of the two boreholes is 3.75 cm and the distance464

between them is 21 m. For further details concerning the determination of465

the number of fractures and their position in each borehole, please see Pail-466

let et al. (2012). Connections between fractures viewed at similar depths467
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Figure 7: Distribution of the sum-of-squares misfit objective function in equation (22)

[(L/min)2] for the two connection configurations in Figure 3 as a function of (a and b)

fracture transmissivity values with S1 = S2 = 10−5, and (c and d) fracture storativity

values with T1 = T2 = 10−5 m2/s. The white crosses represent the reference or “true”

parameter values and the black lines represent the contours of the objective function.

are shown as initially postulated by Paillet et al. (2012), which leads to468

the equivalent aquifer representation shown in Figure 1b. During the flow469

experiment, an extraction rate of 17.8 L/min was applied for 20 minutes to470

the pumped borehole and the flow velocities above each identified fracture471

in the observation borehole were recorded every minute over this period, as472
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well as for an additional 20 minutes thereafter.473

In testing of the connection configuration illustrated in Figure 1b in474

the context of their semi-quantitative approach, Paillet et al. (2012) found475

that, although fractures were observed at similar depths in both the pumped476

and observation boreholes between 52-56 m, 91-96 m, and 136-148 m, it is477

highly unlikely that the boreholes are actually hydraulically connected at478

all of these locations. In particular, the fractures between 52-56 m were479

thought to be very likely connected, the fractures between 136-148 m depth480

to be very likely not connected, and the connectivity between 91-96 m to be481

uncertain. For this reason, in their analysis of the fracture hydraulic prop-482

erties from the Melechov Granite field data, Paillet et al. (2012) chose to483

consider two different connection configurations from the one shown in Fig-484

ure 1b. In the first, only one connection was assumed between the pumped485

and observation boreholes through Aquifer 2. In the second, both Aquifers 2486

and 3 were assumed to provide hydraulic connection between the boreholes.487

In the present study, we follow along the same lines and perform our inver-488

sion for the aquifer hydraulic properties assuming the latter two connection489

configurations, which we hereby refer to as Model 1 (Figure 8a) and Model 2490

(Figure 8b), respectively.491

Given the five fractures intersecting the observation borehole, a total of492

five transmissivities and storativities needed to be estimated from the tran-493

sient vertical-flow velocity measurements for each connection configuration.494

To this end, we used our developed modeling approach within a non-linear495

least-squares inversion framework to minimize the sum-of-squares misfit be-496

tween the measured data and those predicted using a prescribed set of values497

for the aquifer hydraulic properties. The optimization was accomplished us-498

ing the trust-region-reflective algorithm implemented in Matlab (Coleman499
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Figure 8: Connexion configurations considered in our field study, where the pumped and

observation boreholes are connected through (a) Aquifer 2 (Model 1), and (b) Aquifers 2

et 3 (Model 2).

and Li , 1994, 1996), which requires a starting point for the inversion and500

permits the parameter search intervals to be restricted if desired. For each501

connectivity configuration, 10 inversions were conducted based on different502

starting points, yielding 10 estimates of the hydraulic properties. The in-503

version starting points were selected randomly from a uniform distribution504

for the logarithm of the transmissivity in the range [10−7, 10−3] m2/s, and505

for the logarithm of the storativity in the range [10−7, 10−3].506

Figure 9 shows the distribution of the inversion estimates versus starting507

points for the transmissivities and storativities for Models 1 and 2. Inver-508
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sion results leading to lower sum-of-squares misfits (with objective function509

values less than 2 (L/min)2) are shown in red. We see in the figure that,510

in general, the highly different inversion starting points lead to similar es-511

timates of the transmissivities, but very different estimates of the stora-512

tivities. In Figure 9a, for example, the starting points for transmissivity513

T1 for Model 1 leading to the lower objective function values (red circles)514

vary over two orders of magnitude (from 1.76× 10−6 to 1.81× 10−4 m2/s),515

whereas the corresponding inversion estimates vary only from 1.34 × 10−5516

to 1.71 × 10−5 m2/s. Considering the other results for T1 (green circles),517

we see a similar behaviour but with convergence of the estimates around518

a different (higher) value, suggesting the presence of two objective function519

minima, one of which provides a significantly better fit to the observed data.520

Similar results are seen for the other transmissivities in Figure 9a, as well521

as for the transmissivities corresponding to Model 2 in Figure 9b, in that522

vastly different values for the starting points lead to a relatively narrow clus-523

tering of the estimates around a small number of values. With regard to the524

storativity, on the other hand, we observe in Figure 9c and d that the re-525

sults of the 10 inversions lead to very different parameter estimates that are526

distributed over many orders of magnitude. That is, there is no clear clus-527

tering of storativity values in distinctive regions. For example, in Figure 9c528

we see that both the starting points and estimates for the storativity S1 for529

Model 1 are distributed over more than two orders of magnitude, even for530

the points corresponding to the lower misfit values. In agreement with the531

results of our synthetic investigation, the above findings suggest that cross-532

borehole flow inversions will do a better job of estimating transmissivities533

than storativities. It appears, as well, that configurations characterized by534

connections between the pumped and observation boreholes may allow for535
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better determination of aquifer hydraulic properties. Indeed, the ranges of536

variation of the storativity estimates are smaller for Model 2 than Model 1,537

which was also clearly observed in our synthetic study.

  
(a) Transmissivity (Model1) (b) Transmissivity (Model2) 

  
(c) Storativity (Model1) (d) Storativity (Model2) 
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Figure 9: Distribution of the estimates of (a and b) the transmissivity (Te) and (c and d)

the storativity (Se) obtained through inversion versus the corresponding randomly chosen

inversion starting points, Tsp and Ssp. Results for connectivity Model 1 (left column)

and Model 2 (right column) are shown. The sum-of-squares misfit objective function

corresponding to these estimates ranged from 1.23 to 4.08 (L/min)2 for Model 1 and from

0.98 to 4.03 (L/min)2 for Model 2. Red symbols indicate parameter estimates resulting

in an objective function value of less than 2 (L/min)2.
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Finally, we present in Figure 10 the relative vertical flow calculated at539

different depths in the observation borehole using our semi-analytical ap-540

proach for connectivity Models 1 and 2, along with the corresponding mea-541

sured data. For each connection configuration, the two best-fitting sets of542

predicted data are shown, whose hydraulic properties are given in Table 1.543

Overall, the best fit between the predicted and observed data is obtained544

using Model 2 and Parameter Set 2 (thick black curve in Figure 10). Key545

characteristics of this particular configuration are (i) the assumption of a546

connection between the pumped and observation boreholes through Aquifer547

3, in contrast with Model 1 which only allows connection through Aquifer 2;548

and (ii) a large value for the storativity S1 and small values for S3 and S4,549

in comparison with Model 2, Parameter Set 1. These characteristics allow550

us to reproduce the sudden change in flow observed between 52-91 m depth551

immediately after the pumping was stopped (Figure 10b at t = 20 min), as552

well as the negative flow rate in the same depth interval at the beginning553

of the pumping experiment. In comparison with the study conducted by554

Paillet et al. (2012), this represents a closer reproduction of the measured555

data and demonstrates the important impact of fracture storativities. In556

their investigation, storativity was assumed to be important as the authors557

suspected that the negative flow rate at the beginning of the pumping exper-558

iment resulted from a small storativity in Aquifer 3. However, because they559

considered a single constant value for the storativity in all fractures, this560

assumption could not be fully tested. The results presented here indicate561

that storativity is indeed important and validate the assumption previously562

made.563
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Figure 10: Relative flow rate in the observation borehole at different depths for the Mele-

chov Granite field study. Shown are the measured data (blue crosses) and the data pre-

dicted using our semi-analytical modeling approach assuming connectivity Model 1 (red

lines) and Model 2 (black lines). Results for the two best-fitting sets of hydraulic proper-

ties (Table 1) are shown. The thick black line indicates the overall best-fitting predicted

data, which were obtained assuming connectivity Model 2 and Parameter Set 2.

4. Conclusions564

We have developed in this paper a new semi-analytical modeling approach565

for cross-borehole flow experiments in fractured media, which takes the form566

of a linear system that must be solved to obtain the vertical-flow velocities567

above each fracture. The speed and accuracy of this approach make it an568

ideal tool for sensitivity analysis, where many data must be calculated over569

a wide range of model parameter configurations. Indeed, simple sensitivity570

analyses, such as the one conducted in our synthetic study, can provide im-571
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Model 1, Set 1 Model 1, Set 2 Model 2, Set 1 Model 2, Set 2

T1 1.7× 10−5 1.7× 10−5 1.5× 10−5 1.7× 10−5

T2 4× 10−7 2× 10−7 5× 10−7 7.9× 10−7

T3 2.2× 10−5 2.2× 10−5 1.3× 10−5 3.3× 10−5

T4 1.6× 10−6 1.6× 10−6 2.7× 10−6 4.4× 10−6

T5 6× 10−7 5× 10−7 1.1× 10−6 1.6× 10−6

S1 10−7 10−7 2× 10−7 1.6× 10−5

S2 2× 10−7 2× 10−7 3× 10−7 4.6× 10−7

S3 2× 10−7 3× 10−7 3.3× 10−4 10−7

S4 6.7× 10−4 9.1× 10−4 10−6 1.1× 10−7

S5 7.4× 10−4 9.3× 10−4 4× 10−7 2.4× 10−7

M 1.2374 1.2318 1.2961 0.9789

Table 1: Two best-fitting sets of transmissivity [m2/s] and storativity [-] estimates, along

with the corresponding values for the sum-of-squares misfit (M), for our field example.

Results are shown for connectivity Models 1 and 2 presented in Figure 8.

portant insight into parameter identifiability. For example, we found in our572

case that the highest sensitivity of the borehole flow data is observed when573

the transmissivity of the upper fracture was smaller than the transmissivity574

of the lower fracture, as well as that the connection configuration strongly575

affected the sensitivity to both the transmissivities and the storativities. We576

also observed in our inverse analysis of the Melechov Granite field data the577

important role of fracture storativity and how estimating this parameter for578

each fracture can allow for significantly improved fits to the measured data.579

As future extensions of this work, further investigation of the cross-borehole580

flow inverse problem should be considered for more complex fracture con-581

figurations, where the “true” connectivity and hydraulic properties of the582
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system are known.583

It is important to emphasize that our derived semi-analytical formulation584

is based upon a simplified geological representation, where fractures are585

modeled as equivalent confined aquifers. Although such a representation has586

been considered in previous work and clearly allows us to obtain meaningful587

results, it could be modified with further development to better account for588

realistic subsurface structure. For example, it may be possible to consider589

vertical fractures connecting horizontal fractures between the boreholes as590

localized leakages in our model, where the corresponding hydraulic head591

would be related to the properties of the vertical fractures. In addition,592

although the examples presented here focused on two-borehole experiments,593

our formulation can be easily used to model experiments involving more than594

one observation well. Finally, in terms of geological structure representation,595

it may be possible to model the coexistence of fractures and rock and the596

impact of their related properties with suitable modification. For example,597

the rock matrix may also provide an important source of storage, resulting598

in dual-porosity behaviour, which would evidently require coupling of the599

equations related to the fracture and matrix parts of the system. This could600

possibly lead to an even better fit of measured field data.601

Additional extensions to this work include the development of stochas-602

tic inversion strategies for interpreting cross-borehole flow experiments as603

well for performing uncertainty quantification. The first investigations con-604

ducted in this paper demonstrate the potential complexity of the inverse605

problem, with the possibility of several minima in the objective function606

for complex fracture networks. Thus, inversion strategies allowing for the607

possibility of multiple plausible hydraulic parameter and connection config-608

urations are needed, especially if realistic data measurement uncertainties609
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are to be considered. Detailed prior information can also help to resolve the610

non-uniqueness of the inverse problem. In this regard, in addition to infor-611

mation obtained from geophysical logs used for identifying the position of612

fractures that intersect the boreholes, information from single-hole steady-613

state tests could be useful for constraining the connectivity and hydraulic614

property estimates. Although past work has focused on manual calibration615

of borehole flow models, stochastic methods hold great potential to aid in616

data analysis.617

Appendix: Semi-analytical implementation618

Global and local numbering619

Considering a system of n boreholes where each borehole i (i = 1, ..., n)620

intersects Ni aquifers, we aim to determine the Nflow borehole vertical-flow621

velocities in the system where622

Nflow =
n∑
i=1

Ni. (23)623

624

For the example in Figure 1b, the system is characterized by n = 2 boreholes625

where the pumped (i = 1) and observation (i = 2) boreholes intersect three626

(N1 = 3) and five (N2 = 5) aquifers, respectively. This implies that eight627

vertical-flow velocities (Nflow = 8) must be defined.628

Considering a domain containing a total of N aquifers, we define (i) a629

global aquifer numbering scheme (I = 1, ..., N) from the top to the bottom630

of the domain, and (ii) a local numbering scheme relative to each borehole631

where the function fi(I) returns the local numbering of aquifer I relative632

to borehole i. Again for the example in Figure 1b, the aquifers are glob-633

ally numbered from 1 to 5 and locally numbered with the functions f1(I)634
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and f2(I) for the pumped and observation boreholes, respectively. As the635

observation borehole intersects all of the aquifers of the system, the local636

numbering for this borehole is the same as the global numbering and we have637

f2(I) = I. However, because the pumped borehole intersects only three of638

the five aquifers, its local numbering is given by f2(2) = 1, f2(3) = 2 and639

f2(5) = 3. To obtain the global numbering of an aquifer from its local640

numbering, we also define the inverse function g, where gi[fi(I)] = I.641

Linear system construction642

The vertical-flow velocity expressions developed in Section 2.3.2 can be writ-643

ten as a linear system Ax = b, where unknown vector x contains the tran-644

sient velocities discretized in time and matrix A depends upon the fracture645

hydraulic properties, connectivity, and experimental geometry. In our con-646

struction of this linear system, we consider x to be comprised of n sub-vectors647

corresponding to each borehole as follows:648

x =


x1

...

xn

 . (24)649

650

Each xi in turn consists of Ni sub-vectors representing the different transient651

flow velocities in borehole i. That is,652

xi =


xigi(1)

...

xigi(Ni)

 , (25)653

654

where vector xiI (I = gi(1), ..., gi(Ni)) contains the time-discretized relative655

flow velocity QiI . Considering time to be discretized into nt intervals and656
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thus expressed as tk = k∆t (k = 1, .., nt) with time step ∆t, we have657

xiI =


QiI(t1)

...

QiI(tnt)

 . (26)658

659

This implies that the total length of vector x is given by nt ×Nflow.660

In order to construct matrix A and vector b, we first note that the convo-661

lution product QjK ∗tH
i,j
I (K = I, I ′, Aj+(I), Aj+(I ′)) found in expression (19)662

can be discretized and expressed at time tk as663

(
QjK ∗ H

i,j
I

)
(tk) =

k∑
l=1

∫ tl

tl−1

QjK(t′)HjI(xi, yi, tk − t
′)dt′ (27)664

665

with t0 = 0. This can be approximated as666

(
QjK ∗ H

i,j
I

)
(tk) =

k∑
l=1

QjK(tl−1/2)H
i,j
I,k,l (28)667

668

where669

QjK(tl−1/2) =
[
QjK(tl−1) +QjK(tl)

]
/2 (29)670

671

and672

Hi,jI,k,l =

∫ tl

tl−1

HjI(xi, yi, tk − t
′)dt′. (30)673

674

The previous expression is evaluated as675

Hi,jI,k,l =
1

4πTI

∫
Cj

[E1(γ/tk−l+1)− E1(γ/tk−l)] dx′dy′, (31)676

677

where678

E1(γ/t) =

∫ t

0

e−γ/τ

τ
dτ (32)679

680
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and681

γ =
(xi − x′)2 + (yi − y′)2

4αI
. (33)682

683

The integrals over space are then expressed as684 ∫
Cj

E1(γ/t)dx
′dy′ = (34)685 ∫ 2π

0

∫ rj

0
r′E1

[
(xi,j − r′ cos θ′)2 + (yi − r′ sin θ′)2

4αIt

]
dr′dθ′686

687

where xi,j = xi − xj + x1, with x1 defined as the origin of the x-coordinate.688

Note that yi can be set to 0 when considering only two boreholes. Also note689

that the integrals over space in expression (31) are evaluated numerically690

when i 6= j, and analytically when i = j.691

The convolution product ∂tQ
j
K ∗t H

i,j
I (K = I, Aj+(I)) found in expres-692

sion (21) can be discretized and expressed at time tk as693

(
∂tQ

j
K ∗t H

i,j
I

)
(tk) =

k∑
l=1

∂tQ
j
K(tl−1/2)H

i,j
I,k,l (35)694

695

where the time derivative ∂tQ
j
K(tl−1/2) is approximated as696

∂tQ
j
K(tl−1/2) =

[
QjK(tl)−QjK(tl−1)

]
/∆t. (36)697

698

Let us now define index mi,I,k related to borehole i, aquifer I, and discretized699

time tk as follows:700

mi,I,k =
i−1∑
j=1

Nj × nt + fi(I − 1)× nt + k. (37)701

702

Matrix A and vector b can now be defined for i = 1, ..., n, I = gi(1), ..., gi(Ni)703

and k = 1, ..., nt as follows:704
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For i = 1 (pumped well) and I = gi(1) (the first aquifer intersected by705

this well):706

A(mi,I,k,mi,I,k) = 1 (38)707
708

and709

b(mi,I,k) =

 Q/(πr21), k∆t ≤ t∗

0, k∆t > t∗
(39)710

711

where Q is the pumping rate, r1 is the radius of the pumped borehole, and712

t∗ is the pumping time.713

For i = 2, ..., n (observation wells) and I = gi(1) (the first aquifer inter-714

sected by these wells), expression (21) leads to:715

A(mi,I,k,mj,J,l) =



1, j = i, J = I, l = k

Hi,jI,k,l/∆t, j = 1, ..., nI , J = I,

l = 1, ..., k

−Hi,jI,k,l/∆t, j = 1, ..., nI , J = Aj+(I),

J 6= Nj , l = 1, ..., k

(40)716

717

718

A(mi,I,k,mj,J,l−1) =



−Hi,jI,k,l/∆t, j = 1, ..., nI , J = I,

l = 2, ..., k

Hi,jI,k,l/∆t, j = 1, ..., nI , J = Aj+(I),

J 6= Nj , l = 2, ..., k

(41)719

720

and721

b(mi,I,k) = 0. (42)722
723

37



Finally, for i = 1, ..., n and I = gi(2), ..., gi(Ni), expression (19) leads to:724

A(mi,I,k,mj,J,l) =



1, j = i, J = I, l = k

βiIH
i,j
I,k,l/2, j = 1, ..., nI , J = I,

l = 1, ..., k

−βiIH
i,j
I,k,l/2, j = 1, ..., nI , J = Aj+(I),

J 6= Nj , l = 1, ..., k

−βiIH
i,j
I′,k,l/2, j = 1, ..., nI′ , J = I ′,

J 6= Nj , l = 1, ..., k

βiIH
i,j
I′,k,l/2, j = 1, ..., nI′ , J = Aj+(I ′),

J 6= Nj , l = 1, ..., k

(43)725

726

727

A(mi,I,k,mj,J,l−1) =



βiIH
i,j
I,k,l/2 j = 1, ..., nI , J = I,

l = 2, ..., k

−βiIH
i,j
I,k,l/2 j = 1, ..., nI , J = Aj+(I),

J 6= Nj , l = 2, ..., k

−βiIH
i,j
I′,k,l/2 j = 1, ..., nI′ , J = I ′,

J 6= Nj , l = 2, ..., k

βiIH
i,j
I′,k,l/2 j = 1, ..., nI′ , J = Aj+(I ′),

J 6= Nj , l = 2, ..., k

(44)728

729

and730

b(mi,I,k) = 0. (45)731
732
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