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Abstract: Let {xx(t),t > 0} be a stationary x-process with k degrees of freedom being independent of some
non-negative random variable 7. In this paper we derive the exact asymptotics of P {supte[oﬂ Xk (t) > u} as
u — oo when T has a regularly varying tail with index A € [0,1). Three other novel results of this contribution
are the mixed Gumbel limit law of the normalised maximum over an increasing random interval, the Piterbarg
inequality and Seleznjev pth-mean theorem for stationary x-processes.
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1 Introduction

Let {X(¢),t > 0} be a Gaussian process with continuous sample paths, and let 7 be a non-negative random
variable independent of this process. In several important contributions Debicki and his co-authors (see e.g.,
Debicki (2002), Debicki et al. (2004), Zwart et al. (2005), Debicki and van Uitert (2006), Arendarczyk and
Dgbicki (2011,2012)) have derived exact tail asymptotic behaviour of the supremum M(T) = sup;cfo 7 X (¢) of

this process over the random interval [0, 7], i.e., there is a known function h such that
P{M(T) > u} = h(u)(1 +o(1)), u— oo. (1)

The function h(-) is determined therein assuming that {X (¢),¢ > 0} is either a standard (with mean zero and unit
variance) stationary Gaussian process or it has stationary increments, and supposing further that 7 has either
regularly varying tail behaviour at oo or it is a Weibullian random variable. As pointed out in Zwart et al. (2005),
Palmowski and Zwart (2007) several important applications in queuing theory, insurance and hydrodynamics are
related to the tail asymptotics of the supremum of random processes over some random intervals.

If T is not random, say it is a deterministic constant and {X (¢),¢ > 0} is a standard stationary Gaussian process,
then h(-) in (1) is given by the classical Pickands result (see Pickands (1969), Berman (1992), Leadbetter et al.
(1983) or Piterbarg (1996))

P{M(T) > u} = THou* U (u)(1 + o(1)), u— oo, (2)

where W(-) is the survival function of a N(0,1) random variable, provided that the correlation function r(t) of
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(A1). r(t) =1 —|t|* + o(]t|*) as t — 0, with « € (0, 2]
and further r(¢) < 1 for all ¢ > 0. We note in passing that a deep contribution which gives the first rigorous
proof of Pickands theorem presented in Pickands (1969) is Piterbarg (1972). Further we remark that Pickands

constant H,, is defined as

H, = lim ST'E exp( sup Z(t)) € (0, 00),
S—roo t€[0,9]

with {Z(t),t > 0} a fractional Brownian motion with continuous sample paths, mean function E{Z(¢)} = —t*
and covariance function

cov(Z(s), Z(t)) = [t|* + [s|* — [t = s|®.

In this paper we are interested in the tail asymptotics of supremum M(T) of a stationary x-process when 7 has
a regularly varying tail. The impetus for this investigation comes from Arendarczyk and Debicki (2012) where
a standard stationary Gaussian process with correlation function r(¢) is considered. If the non-negative random
variable 7 has a finite expectation, then 7 in (2) can be substituted by E{7}. Another tractable case is when
E{7T} = oo and T has a regularly varying tail with index A € [0, 1), i.e.,

tliglo m =z~ V& >0. (3)
Since T can be large with large probability, as shown in Arendarczyk and Debicki (2012) the Berman condition
(A2). lim, oo m(t) Int =0

is crucial for the derivation of the exact tail asymptotics of M (7). The result derived in the aforementioned
paper (which we formulate below) is important for our deviations.

Theorem AD. Let {X(t),t > 0} be a standard stationary Gaussian process with continuous sample paths and
correlation function r(t) satisfying (Al).

i) If the non-negative random variable T independent of this process is such that E{T } < oo, then
P{M(T) > u} =E{T }pu(u)(1 +0o(1)), u— oo,

where pi(u) = Hou?/*V(u).
ii) If both (A2) and (3) hold, then

P{M(T)>u}=T1—-NP{u(w)T >1} (1 +0(1)), u— oo, (4)

where T'(+) is the Euler gamma function.

The recent paper Tan and Hashorva (2013a) discusses extensions of Arendarczyk-Debicki Theorem AD for
strongly dependent Gaussian processes. In this paper we are concerned with the tail asymptotics of the supre-
mum over random intervals of x-processes. The major difficulty when dealing with this class of non-Gaussian
processes is that several important results like Berman’s Normal Comparison Lemma and other well-established
techniques presented in Piterbarg (1996) are not directly available.

Guided by the findings of Arendarczyk and Debicki (2012) it is reasonable to conjecture that both cases E{T } < co
and E{T} = oo should be dealt with separately leading to two different results. Clearly, instead of Pickands

result (2) we need to rely on Piterbarg theorem for x-processes, see (6) below.



Our main results show that Arendarczyk-Debicki theorem can be extended to x-processes by choosing the ap-
propriate substitute of the function p(-) appearing in Piterbarg theorem on supremum of x-processes.

In this paper we also present limit theorems for T — co. Since for approximation purposes Seleznjev pth-mean
convergence theorem is of certain important, we conclude this paper with an extension of the aforementioned
theorem for y-processes.

Organisation of the paper: In the next section, we present the Arendarczyk-Debicki theorems in the settings
of this paper considering weakly and strongly dependent stationary y-processes. Section 3 then contains two
results, namely the limit theorem when 7" — oo and Seleznjev pth-mean convergence theorem. All the proofs are

relegated to Section 4.

2 Exact Tail Asymptotics

Define a stationary y-process with k degrees of freedom as
1/2
xe(t) = [[X@)|| = (X7 +--+ XE(1) 7, 20, (5)

where X(t) = (X1(t), -+, Xk(t)) is a Gaussian vector process whose components are independent copies of a
standard stationary Gaussian process {X (t),t > 0} with correlation function r(t). If r(¢) satisfies condition (A1)
and r(t) < 1 for all £ > 0, then by Piterbarg (1994) (see also Corollary 7.3 in Piterbarg (1996)) for any fixed
T > 0 and My (T) := supe(o 1) Xk (t) we have

P{Mp(T) > u} = Tpur(u)(1 +o(1)), u— oo, (6)

where

217k/2Ha )
— ¢ 2/ a+k—2
The asymptotic properties of My(T') have been studied by many authors, see e.g., Adler (1990), Albin (1990),
Piterbarg (1994, 1996), Albin and Jaruskova (2003), Konstantinides et al. (2004), Piterbarg and Stamatovic

(2004), Jaruskovd (2010), Stamatovic and Stamatovic (2010), Jaruskovd and Piterbarg (2011) and Tan and

exp(—u?/2).

Hashorva (2013b, 2013c) for various results.

We know from Tan and Hashorva (2013a) that Arendarczyk-Debicki theorem can be extended to strongly de-
pendent stationary Gaussian processes, which are naturally introduced replacing (A2) by

(A3). im0 7(t) Int = r € [0, 0).

When the correlation function of the standard Gaussian process {X (t),t > 0} satisfies (A3) with r > 0 we refer
to {xx(t),t > 0} as a strongly dependent stationary x-process.

Clearly, the properties of y-process {xx(t),t > 0} are determined by those of the standard Gaussian process
{X(t),t > 0}. Next we present the analogous result of Theorem AD for weakly and strongly dependent x-
processes. The claim for k = 1 i.e., for stationary Gaussian processes follows immediately from Tan and Hashorva
(2013a), therefore the proof of Theorem 2.1 will be given for k£ > 2.

Theorem 2.1. Let {X(t),t > 0} be a standard stationary Gaussian process with continuous sample paths and

correlation function r(t) satisfying (Al). Define {xx(t),t > 0} as in (5) and suppose that it is independent of



T >0.
i) IfE{T} € (0,00), then

P{Mg(T) > u} = E{T }ur(u)(1 + o(1)), u— oo. (7)
ii) If both (A3) and (3) hold, then
P{My(T) > u} = gr (NP {p(w)T > 1} (L + 0(1)), u — o0, (8)

where
i) = [ {exp (eI ) o

Note in passing that when r = 0, then go x(A) =T'(1 — ).

3 Limit Theorems

The Gumbel limit theorem for ar(M;(T) —br) with T — oo has been discussed in many important contributions,
see e.g., the classical manuscripts Leadbetter et al. (1983), Adler (1990), Berman (1992), Piterbarg (1996) and
Azais and Wschbor (2009). Typically, under the Berman condition the limit law is the Gumbel distribution
A(z) = exp(— exp(—x)), and
ar =br(14+0(1)) =V2InT, T — .

When the Berman condition is substituted by the strong dependence assumption (A3) with r > 0, then the limit
theorems still hold (see e.g., Mittal and Ylvisaker (1975), Piterbarg (1996), Kudrov and Piterbarg (2007), or Tan
et al. (2012)). The limiting distribution is not Gumbel but a mixed Gumbel distribution. A direct consequence

of a mixed Gumbel limit law is the convergence in probability

, T — . 9
vV2InT ©)

In general, (9) does not imply the mean convergence limy_, o E{My(T)/br} = 1.

A key contribution in the approximation of the distribution function of maxima of Gaussian random fields is
Seleznjev (2006) which shows that the above convergence holds also in the pth mean, for any p > 0.

The aforementioned paper shows for the case r = 0 and k£ = 1 under a global condition on the Gaussian processes
that in fact not only the mean convergence above is true, but also the pth-mean convergence; we shall refer to
such a result as Seleznjev pth-mean convergence theorem, see Theorem 3.2 below.

It is intuitive that when 7 is a non-negative random variable, then there is a certain connection of the result in
(8) and the limit law for the normalised maximum.

Theorem 3.1. Let {X(t),t > 0} and {xx(t),t > 0} be as in Theorem 2.1, and let T; be a non-negative random
variable such that T7 /T 2 T in probability, as T — co. If further {x(t),t > 0} and {T;,t > 0} are independent
and the correlation function r(t) of X satisfies (A1) and (A3), then

lim sup
T—00 zcR

P {ar (4.(7) — ) < o} - B{ (A,00)) "} =0, (10)



where

2/a—2+k 2!"M2H,
ar=VIWT, by =ar g n(Kai/* ), K = S

and for any x € R

Arp(z) = E {eXp (—e_x_”'\/ﬂx’“(l))} . (11)
In view of Theorem 3.1
lim sup|P{ar (My(T) — br) <z} — Arp(z)]| =0, (12)
T—o0 z€R

which yields further (9).

In order to state Seleznjev pth-mean convergence theorem for y-processes we show first Piterbarg inequality
for y-processes which is given for multiparameter Gaussian processes in Theorem 8.1 of Piterbarg (1996), see
alternatively Theorem 8.1 in the seminal contribution Piterbarg (2001).

Proposition 3.2. Let {X(t),t € R"},n € N be a centered Gaussian random field with continuous sample paths
and set o(t) = \/W > 0,t € R". Suppose that the global Holder condition

E{(X(t) ~ X(s))*} < Gllt — 5[], Vs,t € (0,00)" (13)

holds for some G > 0,7 € (0,00), and define x;(t) = \/X2(t) + - - - + X2(t) with X1,--- , X}, independent copies
of X. Then for any u > 0,7 > 0 and any closed set E C [0,T]™ we have

< n 2n/7\I, u
P{fgg xk(t) > u} < CT"u (75111)3615 a(s))’ (14)

with C' > 0 not depending on u and T'. 'We conclude this section with Seleznjev pth-mean convergence theorem.

Theorem 3.3. Let {X(t),t > 0} be a standard stationary Gaussian process with continuous sample paths and
correlation function r(t) and define {xx(t),t > 0} as in (5). If both (A1) and (A3) hold, then for any p > 0 we

have

lim E{(%)p} —1. (15)

Remarks: a) For k = 1 a uniform version of (12) motivated by Seleznjev (1991) is shown in Tan et al. (2012).

In the aforementioned paper A, 1 is not given by (11) but from the following equivalent formula
Aa(z) = E {exp (—e*””*T*]“Q(e‘/gW - e*‘/ﬂw)> } ) (16)

with W a N(0,1) random variable. We note that a uniform version of the limit theorem presented above for
x—processes is possible to derive.
b) Clearly, for any integer k we have that Agx(x) = exp(—exp(—z)) is the unit Gumbel distribution. Thus in

the weak dependence case corresponding to » = 0 (i.e., when the Berman condition holds) the limit law of the



normalised maximum is Gumbel, which is a well-known result for Gaussian processes, see e.g., Lifshits (1995),
Leadbetter and Rootzén (1988) and Piterbarg (1996). In case of y-processes the Gumbel limit law is shown in
Piterbarg and Stamatovic (2004) and Stamatovic and Stamatovic (2010).

4 Proofs

This section consists of five lemmas and the proofs of the claimed results in Section 2 and 3. We first present some
notation and details which will be useful for the proofs below. Crucial in the following is the construction of a grid
MRp e Of points originally designated by Piterbarg and Stamatovic (2004), see also Konstantinides et al. (2004).
For simplicity we shall consider the case k > 2 partitioning the sphere Sj,_; onto N(g) parts Ay, -+, An(e) as
follows: consider polar coordinates on the sphere Sk_1, (21, - ,zr) = S(¥1, * ,Pk—1), ¥1, ", Pr—2 € [0,7),
wr—1 € [0,27). Divide the interval [0, 7] on intervals of length € (or less for the last interval), and do the same
for the interval [0,2]. This partition of [0,7]¥=2 x [0, 27] generates the partition A;,--- , A N(e) of the sphere.
Set next L, = Ly; *(u), with L > 0.

In order to construct Ry .. we choose in any A; an inner point and consider the tangent plane to [0, L] x Sk_1
at the chosen point. Introduce in the tangent plane rectangular coordinates, with origin at the tangent point;

the first coordinate is assigned to the direction t. Consider the grid of points

b,u,e

R = (bz’lu*%,bigufl,--~ ,bikufl) , j=1,---,N(e),

where (i1,--- i) € ZF. Suppose that ¢ is so small that the orthogonal projection of all [0, T] x A; onto the
corresponding tangent planes are one-to-one. Denote by Af the projection of A; at the tangent plane, and by

mj

b,u,e

the prototype of ! P under this projection. The grid

b,u,e

N(e)
Rp 1= Rpu,e = U Ry
j=1

bu,e?

with an appropriate choice of its parameters, will be used in the proofs below.

For a given § > 0 we partition the interval [0, L,] onto intervals of length one intermittent with intervals of length

6. It M, = [%] = O(uy ' (u)), then the number of all intervals with length one is M,; such intervals are index
as K1,---, Ky, and we set for their union
M,
K, = U K;
j=1

In view of Piterbarg (1996), see also Lifshits (2012) for any closed non-empty set E C [0,7] we have

sup Xk(t) = sup Y(t,V),
teE (t,v)EEXSk_1

where the Gaussian field {Y'(¢,v), (¢,v) € [0,T] x Si_1} is given by

Y(t,v)=X1(t)vy + - + Xg(t)vg, t€]0,T], (17)



with

v = (v, ,v) € Sp_1 = {(21, - yap) s 2 -+ 2k =1}
Denote by ry (¢, s) the correlation function of the field Y (¢,v), we have ry (¢, s) = r(t, s) A(v, w), where

v —wif?

Alv,w)=1- <1, v,weS5 1.

Denote by Yj(t,v),(t,v) € K; x Sg—1, j = 1,---, M, independent copies of the Gaussian field Y (t,v), (t,v) €
K; x Sp—q and let Zy,- -, Z), be standard Gaussian random variables so that the components of the random

vector

(Y(t,V),Y]_(tV), e 7YMu(t7V)a Zl7 e 7Zk)

are mutually independent and set
Z(V) =01+ -+ Zgvg, VE Sk_1.
Further, set o(L,) = r/In L, and define

Yo(t,V) =Vvi- Q(LM)Y}(t,V) tv Q(LU)Z(V)a (ta V) € K:; X Sk—1

if (t,v) € Kj x Sp—1,j =1,---,M,. Denote by ry,((¢,v), (s,w)) the correlation function of the field Yy(t, v).
We have

TYO((t7 V)7 (Sa W)) = T*(tv S)A(V, W),
where

QLu+1_QLu r(t,s), teKi,SEK‘,Z-:',
Q(Lu), tGKi,SEKj,’L'#j.
Both Lemma 4.1 and Lemma 4.2 below are taken from Piterbarg and Stamatovic (2004).
Lemma 4.1. For given positive constants 61 < 0 there exits a grid Ry := Ry 4. 01 [0, Ly] X Sk—1, Ly, = Lﬂlzl(u)
such that

Y(t,v) > u} - IP’{ max Y(t,v) > u} —0, u—o0, bl]O (19)

{ max
(#v)E([0,Lu] X Sk—1)NFRp (t,v)€E[0,Lu] X Sk—1

holds uniformly for L € [0y, 605]. Further, for the gird Ry := Ry 4. the convergence

max Y(t,v) > u} - IP’{

Y(t,v)>uy —0, bl0 20
{(t,v)e(K;xSk,l)mmb ( V) u} v ( )

max
(t,v)E([0,Ly] X Sk—1)NNRyp

holds uniformly for L € [0, 05].
Lemma 4.2. The claim in (19) holds with the same grid Ry, also for the field Yy(t, v).

Lemma 4.3. For given positive constants 01 < 0 and the grid Ry := Ry 4 ¢

]P{ max Y(t,v) > u} — IP’{ max Yo(t,v) > u} -0, u—o0 (21)
(t,v)E(K} xSk—1)NRy (t,v)E(K ) X Sp—1)NRy

holds uniformly for L € [0, 05].



Proof. The proof uses similar arguments as that of Lemma 15.4 in Piterbarg (1996) and Lemma 5 in Stamatovic

and Stamatovic (2010). Introduce next the Gaussian random field
Yi(t,v) = VRY (t,v) + V1 — hYy(t,v), (t,v) € K¥ x Sy_1,

with h € (0,1) and denote by r((t,v), (s,w)), (¢,v),(s,w) € K x Si_1 its covariance function. It is easy to

calculate rp,((¢,v), (s,w)) = rn(t, s)A(v,w), where rp(t,s) = hr(t,s) + (1 — h)r*(t,s). By Berman’s inequality

(see Piterbarg (1996))
’p

Y(t,v) > u} - ]P’{ Yo(t,v) > u}

{ max max
(t,v)E(KE X Sp—1)NRy (t,v)E(K X Sk_1)NRy

1
< o Z ‘TY((t7V)7<57W)) _TYO((tﬂV)7(S7W))|
(t,v),(s,w)€E[KY XS _1]NNRy,

(t,v)#(s,w)

u2

1 1
. / N (‘ T (6 v), <s,w>>> ah. (22)

As in Piterbarg (1996) the summands in the last sum above will be denoted by 8(t,s,v,w). Next, let B;,i <

4,C;,1 < 13 be positive constants and consider first s,t that belong to the same interval from K. The condition

(A1) implies that there exists a number 7 € (0,27/%) such that for all [t — s| < T,
1 (6% (6%
§|t—s| <1—r(t,s) <2t —s| (23)

By the assumptions o(L,,) < %. Further, from the construction of 9 the number of points from (K; x Si_1) N

2/atk—1

Rp,j =1,---, M, does not exceed Bou , and the number of points from K; "Ry, 5 =1,---, M, does not

2/c

exceed Bsu?/®. Similarly, the number of points from Sj_; NN, is not greater than Byu*~!. Next for some z > 0

define
Ay = Z B(t,s,v,w)

(£,v),(s,w)E[KE X Sp_ 11NNy,
(£ V) #(s,w),[t—s|<=

and similarly .AS which is as above where we require further |t —s| > 2. We have with K, ;j = K; N {biu=2/® i =
17"'}7j:172a"' 7Mu

2

—2 —-r S)ex - -
A, < Cuu > VI=r(t.s) p( 1+r(tvs)lA(V,W)|>

w,vESE 1 NRy,[t—s|EK,, ;,|t—s|<T
J=1,2,-- My

2
= Ciu2exp (_@;) Z 1—r(t,s)

w,vESE 1 NRy,[t—s|EK,, ;,|t—s|<T
J=1,2,--- My

ext [ —u? 1—r(t,s)|Av,w)|
. p( 2<1+r<t,s>A<v,w>|>> ’

= Ciu2exp (—u2> Z mexp (—u21_r(t78)>

2(14r(t,s))

W,VESE 1 NRy,[t—s|€EK,, j,[t—s|<T
J=1,2,-+- My

o (e (91— ]A, W)
x p< 2(1+r(t,s))(1+r(t,s)A(v,w)|))

— b Fexp <—“22) 3 ST () exp (—u2 1—7"@8))

201 +r(t,s))

WES_1NRy,|t—s|€ER, J,|t—s|<T
J=1,2,--- My



L 69— Ao, w))
e ( 2(1+r(t, ) (1 + r<t7s>A<vO,w>|>)

where vq is a fixed point on S_1 NRy. Since

ot (781~ [A(vo,w))
G v T e e o)

WESE _1NRy,[t—s|€K, j,lt—s|<T

G=1,2,- , My
< Z exp (—Cau®|[vo — w|[?) < Cs,
WESE_1NRy

then by (23)

2 T
A, < Oy 3exp <u2) Z \/2ts|‘lexp( t8 5| >

[t—s|€Ky j,lt—s|<T

§=1,2," My,
2/a+k—3 u? \z|
< OyM,u exp | —— Z V/2|z|* exp
2 8
|z| €Ky 1,]2|<T
< -2 Z /2 exp O =0w™?), u— oo
— 8 ) N
Denote by v = +inf,_y~,(1 — |r(t,s)|). For any |t —s| > T
L—r(t,s)| > ( 47)
2 ) 2 2
exp | —u' ——FFF5~ | {exp | —u"— | = exp(—yu’).
p< 2+ s) =P\ ) T et
With similar arguments as for .4, and the above fact, we get
k—3, —2 u?
AS < CoMyu®"u~ exp | —— -
o P p( 1+|r<tvs>|>
[t—s|€EK,,,1,|t—s|>T,WweESK_1NRy
2
< CrMyub—3u=? Z exp (—u2> exp (—’yuQ)
|[t—s|€Ky,1,WESK_1NRy
_3 u?
< CrMyu?/otk=3y 72 Z exp (2> exp (ffyuz)

2€EKy,1,weSK_1NRy

1
< CgMuu®/o+? =22 exp (—uz('y + 2)) =o0(1), u— occ.

Next, we estimate the parts of the sum (22) where t € K;,s € K;,i # j. From (A3) it follows that there exists
n2 € (0,1), such that r(t,s) < 1 —ny, where |t —s| > 6. Consider t € K;, s € K; such that sup{|t —s| : t €
K;,s € K;} <L, where n; € (

, 52=). It follows that as u — oo
m

w2
Am = O E exp [ —
(t,v),(s,w)E[K ), XS _1]NRy,

(t,v)#(s,w), [t—s| <Lt

= O(Muuz/o‘+k_1Lzlu2/a+k_1e_%) =o(1).

Let @(t,s) = max{r(t,s),r*(t,s)} and J(t) = sup, p,_1,<7i@(kq — lq)}, where ¢ = bu~2?/®. Using further (18)
we get

* U2
.AE:P S Z |'f'(2‘:7 S) - T (t, S>| exp <_14»w(t$)>

(t,v),(s,w)E[K% XS _1]NRy,
(t.v)#(s,w),[t—s|>Lot



2
< CoMuf ! Z Ir(t,s) —r/InLy|exp <1—|—Z(t,s)>
t,s€[KxNNRy],|t—s|> Lot
2
< w2 kq,lq) —r/In L, N —
> ClOM u Z |/r( q, q) 7'/ n |eXp 1+w(kq,lq)

Lt <|kq—1g|<La
Moreover, by the assumption (A3), we have ¥(t) Int < C1; for all sufficiently large t. Thus, w(kq,lq) < I(LI) <
Ci1/In L} for |kq — lg| > LI'. The following inequality holds

u? )
r(kq,lq) —r/InL,|exp | ————F+——
S ) - /Lo (-~

Lt <|kq—lg|<Ly

L, u? qln L,
< - kq,lq) —r/InL,| | . 24
—(qlnLuexp( 1+z9(L21))> L, 2, kel —r/nL 24

Lt <|kq—Ilq|<Lu,

From (A3) we deduce that sup,., |7(t)|Ink < 8 +7r, k > ko, p > 0 and 6 = o(1) as k — oo, and thus
Sup;s |7(t)|In s is bounded. Hence there exists Ci2 such that 9(L') < Ci2/In L, and

M. 2/0/—}-2]6—2 Lu u2 O 2 u2
‘ ——exp| ————= | = X -
ut gLy, P\ 1oL B R G

is bounded. Considering the second term on the right hand side of (24), if (A3) holds, we have

qIn L,
w2/, Z

u
Lt <|kq—1g|<L.

r(kq,lq) — max  |r(kg)In(kq) —r| = o(1) (25)

MLy LM <kq<L,

r ‘ L,— LM
In(|kq —lq|)| —

as u — oo and by an estimate as in the proof of Lemma 6.4.1 of Leadbetter et al. (1983)

qln L, Z _qlnLy,
u2/aL, Ly, Z
Lt <|kq—1lq|<Ly, Lt <kq<L,

T o
In(lkg —1lq]) InL,

ro__r
In(kq) InL,

=o0(1), u— o0(26)

Since the first term on the right-hand side of (24) is bounded, we conclude from (25) and (26) that the left-hand

side of (24) convergence to zero, and hence the proof is established. ]

The following result plays a crucial role in the proof of Theorem 2.1; set below

m(u) := py *(u).

Lemma 4.4. Let {X(t),t > 0} be a standard stationary Gaussian process with correlation r(t), and define yy

as in (5). If r(t) satisfies both (A1) and (A3), then for any 0 < 6 < 02 < 0o

lim  sup
U0 1€ (61,62]

P{se[os,sgw ) = u} " {eXp(_I6T+ka(l))}’ -

Proof. By the definition of the field Y, (¢, v) with L = & we obtain

{ max Yo(t,v) < u}
(t,v)e(K;‘;xSk,l)ﬂ%b

1 =112
- - *ZP{ Yo(t,v) <ulZy = 21, , Zy = }d cd
(2m)/2 /zeRke e sE_ynm, YO V) SulZr =21 LT

1 _ll=l2 u—/o(Ly)||2|| | Me
= W/zemk e 2 IP’{( max Y(t,v) < L} dzy -+ - dz, (27)

t,v)€[(0,1)x Sk_1] 1— Q(Lu)
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where

e[ -5

I T 0] [V [ R §
© T Aok u u”

Since as u — o0

then we have

Moy (uz) = —ze~"tV2rlI2I(1 4 o(1)), u— occ.

Utilising thus (6) we may further write

M, My
]P’{( : max Y(t,v) < uz} = <1 IP’{ max xg(t) > uz}>
t,v

E(O,l)XSk71 te(O,l)

= exp (Mu In (1 - IP{ max_x(t) > uz}>>
te(0,1)

= exp (—MuMk (uz) (1+0(1)))

—  exp (—xefﬂr‘/ﬂuzl‘) , U — 00. (28)
Consequently, as u — co
lim ]P’{ max Yo(t,v) > u} = ;/ e~ - exp (—xe_r"'ﬁ“zH) dzy -+~ dzp,
u=oo \(t,v)EK: xSk 1 ’ (2m)"/2 |, cpr ’
hence the proof follows by Lemma 4.1, 4.2 and 4.3 and dominated convergence theorem. (|

Lemma 4.5. Let {M(t),t > 0} be non-negative random variables such that for constants a; > 0,b;,t > 0 we

have the convergence in distribution
af(M(t) —b) S M, t— oo,
with M some non-degenerate random variable. If lim; .., a;by = 0o, then for any p > 0 we have
E{[M®)]"} = b7 (1 4+ 0(1)), t— o0
and if further for some positive constants o, C, A\, T
A =Int+o(1) and P{M(t) >y} < Cty®exp(—Ay") (29)
hold for any t large and all y large enough, uniformly in t, then
E{[M )]’} =b(1 +0(1)), t— occ. (30)

Proof. Borrowing the idea of the proof of Theorem 1 in Seleznjev (2006) the first claim follows by applying
Chebyshev’s inequality, using additionally the assumptions lim; .o a;by = oo and M has a non-degenerate

distribution function. Proceeding as in the proof of the aforementioned theorem define for some z > 0
= 1*"’/?1 _ 1P
= Ut + 2Uy nug, U =by.

11



By assumption (29) we have lim;_, o, by = 0o, hence

1 oo
Uy <1 +z r;)i”) + ]P’{M(t) > yl/p}dy
t Cct

IN

E{[M(®)]"}

Inb T
< W (1 +2p r;t> + (14 0(1))C*tef exp(=Ac]/?)
t

for some positive constants x and C*. Since

- Inb
Ct/P:bZ—&—Tzlnbt—Fo(l), lnct:plnbt—zp%, t — o0,
¢
then by (29) as t — oo
In(C*tcf exp(—ActT/p)) = O(1)— (Itz — kp) Inby,

hence choosing z large enough we obtain

E{[M@®)]P} < b <1+zph;;t>+0(b1t>zbf(1+o(1)), t— 00

and thus the claim follows. O

Proof of Theorem 2.1. The proof of the first assertion is the same as that of Theorem 3.1 of Arendarczyk and

Dgbicki (2012). Next we prove the second assertion; we define
T, k(z) =E {exp (—xe_7'+ka(1))} , Yop(x):=1-",(z), ze€R.

Case A > 0: Following Arendarczyk and Debicki (2012) we make the following decomposition with F' the distri-

bution function of T

01m(u) Oam(u)
P{My(T)>u} = /0 IP’{ sup xk(s) > u} dF(¢) +/ ]P’{ sup xx(s) > u} dF(t)

s€[0,t] 01m(u) s€[0,¢]

o
+/ ]P’{ sup xx(s) >u} dF(t) =: 11 + I + Is.
O2m(u)

om(u s€[0,t]

From the proof of Theorem 3.2 of Arendarczyk and Debicki (2012) as u — oo we have
A oA
I < T )\01 P{T > m(u)} (1 + o(1))

and

I3 S P{T > fom(u)} = 05 P{T > m(u)} (1 + o(1)).

Applying Lemma 4.4, for € > 0 and sufficiently large u we obtain the following upper bound

1+4e€ 1+e¢€ /oy, 0,tm(u 1

Iy = L /02 P {Se{sup ) Xk(s) > u} dF(zm(u)) < /:2 T, i (z)dF (zm(u))

02
= /9 Y,k (@)P{T > am(u)}dz — T, (02)P{T > Oom(u)} + Tp o (01)P{T > 01m(u)}.

Similarly, for € € (0,1) and sufficiently large u

02
2 /9 T, 4 (@)P{T > wm(u)} dz — Ty (0)P{T > Oam(u)} + Tk (01)P {T > Oym(u)} .

Y

12



The regularly varying tail of 7 combined with Theorem 1.5.2 in Bingham et al. (1987) imply
02 92
Tk (2)P{T > am(u)}de =P{T > m(u)} Ty () (1 + o(1))
91 01

as u — 0o0. Thus for each € € (0,1), and 03 > 6, >0

1 02 o _
— limsup L Tnk(m)x_’\dx — Tr,k(ﬁg)ﬁg)‘ + Tnk(Gl)Gf)‘

2 <
L+e usoo P{T >m(u)} — Jo

and

1 .. Iy b2 a == N A
—1 f———— > T, der — Y, (02)0 T, .(01)077.
M sy 2 [, T T T

Hence, letting 6; — 0, f2 — oo and € — 0, we conclude that I; and I5 are negligible (u — co) compared with I,

and moreover
s / Ty (@)e A daP{T > m(u)} (1 +0(1)), u— oo
0
Case A = 0. The proof is similar to that of Theorem 3.3 of Arendarczyk and Debicki (2012). For given 63 > 0
Lemma 4.4 implies
P{My(T)>u} > ]P’{ sup  Xi1(s) >u}]P’{T> Oom(u)} (14 0(1))
s€[0,02m(u)]

Y, 1 (02)P{T > m(u)} (1+0(1)), u— occ.

Thus, letting 83 — co we have
P{Mi(T) > u} >P{T >m(u)} (1 +0(1)), u— oo.

By Karamata’s theorem (see e.g., Resnick (1987)) and (5) we obtain further

O1m(u)
P{M(T) >u} < /0 ]P’{ sup xk(s) >u}dF(t)+IP’{T>m(u)}

s€0,t]
01m(u)
< P sup xu(s) > u / PT > t}dt+1| + P{T > m(u)}
s€1[0,1] 0
= (146)P{T >m(u)} (1+0(1)), u— oo,
which together with the fact that 6, can be arbitrary small establishes the proof. O

Proof of Theorem 3.1. For ur(z) = a;'x + by we obtain
Tug(ur(z)) =e (1 +0(1)), T — oo.

Hence, if we replace L, by T and u by uy(x), then by checking the proofs of Lemmas 4.1-4.3 it follows that they
hold uniformly for € R. Thus, repeating the steps of the proof of Lemma 4.4 we obtain

lim sup[P {ar (My(T) - br) < 2} — Aps(a)| = 0, (31)

T—00 zcR
where A, 1 is defined in (11). Since further the following convergence

ar

=1, ar(bp —br) =>InT, T — o0
a7r
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holds in probability, then in view of the transfer theorem of Gnedenko and Fahim (1969) it follows that

P{ar (My(Tr) —br) <z} = P{;;GTT (My(T7) = bry) + ar(br, —br) < I}
- P{W,p+InT <z}, T — oo, (32)

where W, j is a random variable with distribution function A, ; being further independent of 7, and thus the
proof is complete. O

Proof of Proposition 3.2. As in (14) For any closed subset E of [0,T]" we have

max y(t) = max Y(t,v),
teE Xk( ) (t,v)EEXSk_1 ( )

where the random field Y (¢,v) is defined as in (17). Consequently, since for any u > 0

IP’{ t) > }:IP{ Y(t,v) > }<1P>{ Y(t,v)| > }
w2 g =R B, YY) e S Py, el

and further Y (¢,v) satisfies the global Holder condition the proof follows by Piterbarg inequality shown in
Theorem 8.1 of Piterbarg (1996). O
Proof of Theorem 3.3. Tt follows easily that {X(¢),t > 0} satisfies the global Holder condition with v equal to
«, hence by Proposition 3.2 Piterbarg inequality (14) holds for My (T). Consequently, in view of (12) the proof
follows applying Lemma 4.5 with b, = v/2Int and | = 1/2,7=2. U
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