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Statistical Mechanics of Elastic Moduli
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We consider continuous systems of particles in the framework of classical
statistical mechanics and derive a general expression for the static elastic moduli
tensor in terms of correlation functions. We find sufficient conditions for the
vanishing of the shear modulus. Relationships between these conditions and
others insuring translational or rotational invariance are discussed.
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shear modulus.

1. INTRODUCTION

In this paper we start a rigorous microscopic study of elastic moduli in the
framework of classical statistical mechanics. We consider particle systems
with Lennard-Jones-type two-body potentials. The phase diagram of such
systems is rather well understood from numerical simulations.”) From the
theoretical point of view, the situation is different: we have good
approximation schemes to study the fluid phase, but we are far from
understanding the solid-liquid transition.

It is a fact of everyday experience that solids are rigid and that fluids
flows. It would be also desirable to deduce these macroscopic properties of
matter from statistical mechanics. Again, using numerical simulations, this
can be done."™” Our aim in this paper is to attack this problem from a
rigorous point of view.

Generalizing the method of dilatation of Green,® we first express the
elastic moduli tensor B,,s in terms of basic objects of statistical mechanics
which are the correlation functions. We do the computation in the finite
volume canonical ensemble (C.E.). The choice of the C.E. is justified by the
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fact that we do not want the number of particles to vary during the defor-
mation of the system. The expression we find involves integrals over the
volume A of two-, three-, and four-point correlation functions. We then
have to face the problem of evaluating these quantities in the ther-
modynamical limit. This problem is hard for two reasons: first, even in the
fluid phase there is no direct way of proving the existence of the ther-
modynamic hmit of the finite volume correlation functions in the C.E.:
second the convergence is expected to be slow.

However, let us remark that finite volume systems of charged particles
interacting via the Coulomb force are expected to converge rapidly to their
thermodynamic limit. This is indeed the case for the one-component
plasma. At I'=fe* =2 (where the system can be solved explicitly), Piller
and Rentsch have been able to compute the thermodynamic limit of
B.g,5(A) at I'=2 where they found absence of shear (1 =0) and at I'= o
where they found z = e?p/8.

There is another puzzling fact: the compressibility modulus is defined
by —V JP/oV. Using the expression of the virial pressure, V 9P/0V will
contain two-, three-, and four-point correlation functions (as mentioned
above). How does it come that in the thermodynamic limit the com-
pressibility (which is the inverse of the compressibility modulus) can be
written in terms of the two-point function only (in fact, kTp%y,=
jdx[nz(O, x)— p*]) where y is the compressibility, p the density, and 7, the
two-points functions)?

The way we solve the problem of the thermodynamic limit at least for
the fluid phase is by working in the grand canonical ensemble (G.C.E.).
However, in order to compute the elastic moduli tensor in this ensemble,
we propose that the mean number of particles is kept fixed during the
deformation. The finite volume expression for B, 5 still envolves four-point
functions but is different from the one found in the (C.E.) (this is not sur-
prising since both ensembles are only equivalent in the thermodynamic
limit). We can now use standard methods (see, €.g., Ref. 14) to take the
thermodynamic limit of B,;,5(4) and express it in terms of infinite volume
correlation functions. We now want to discuss in a precise way the results
we have obtained.

We consider particle systems with twice continuously differentiable
two-body potential. For these systems we make two types of assumptions:

(al) The two-body potential ¥(r} is absolutely integrable and the
correlation functions have an integrable clustering (ie., V(r)~r= 0+,
ny(0, r)— p>~r=C¢*% as r — oo where v is the dimension and &> 0, and
similar assumptions for three- and four-point correlation functions).

(a2) The two-body potential ¥(r) is of first moment integrable and
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the correlation functions have a clustering of first moment integrable [i.e.,
V(FYy~r O (0, 1) — pP~r P19 as r 5 0]

We prove that assumption (al) implies that one can give a meaningful
definition of the elastic moduli tensor B,g,; in the thermodynamic limit. Let
us remark that assumption (al) implies that the correlation functions are
translation invariant and that the state is pure® (ie., is an equilibrium
state which cannot be written as a convex combination of different
equilibrium states). This immediately excludes crystals. However, (al) does
not prevent orientational order, that is, there may exist liquid crystal
phases for which assumption (al) is true and for which our formula would
yield a well-defined expression for B,;,; (however, we did not investigate
such a situation). If we assume the validity of the stronger assumption (a2),
then it comes®® that the correlation functions of the system have to be
Euclidean invariant, that is, the spatial translations and rotations are not
broken symmetries. This fact immediately implies that B, has only two
independent components: the bulk and the shear modulus. One of the main
results of our paper is to show that B, ; is equal to x7'9,;0,5 (Where y is
the isothermal compressibility for which we recover the expression in terms
of the two-point function). This in particular shows the absence of shear for
such systems.

Hypothesis (a2) is verified for fluids because for such systems, at least
away from the critical point, it is expected”’ (and can be proved in some
cases ™) that the clustering of the correlation functions has the same decay
as the potential.

If amorphous materials can be described in the framework of
equilibrium classical statistical mechanics of particles systems (with pair-
wise spherical symmetry potentials) and if their static shear modulus is
nonzero, our result implies that their correlation functions have to have a
slow clustering.

Finally, it must be specified that the subsequent formalism being the
one of equilibrium, elastic moduli defined here must be understood as zero
frequency moduli. Such an interpretation is confirmed by the study of the
linear response theory. This will be the subject of a forthcoming
publication.

Let us stress the fact that the paper is self-contained and does not
require any knowledge of elasticity theory. It is organized as follows: Sec-
tion 1 contains a thermodynamic derivation of Hooke’s law. Section 2 gives
a microscopic expression of the elastic moduli tensor. Section 3 deals with
the problem of the thermodynamic limit and also contains the statement
and the proof of our main result.
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2. THERMODYNAMIC DEFINITION OF THE ELASTIC MODULI

In order to be self-contained and fix the definitions and notations, we
review in this section some elements of the classical theory of elasticity. We
introduce the stress tensor and Hooke’s law.

We consider a material system in the domain A <« R’, with volume |A|.
We introduce a homogeneous isothermal deformation

D:R >R

Xt x'
x'%= (0,54 typ) X7 (2.1)
u,p is the displacement gradient tensor, which we assume to be
independent of x. As usual, components of tensors will have the greek
indices «, f, y, 6, which run from 1 to v, the dimension of the space. We
also use the Einstein convention, summing over repeated indices. In the

following, we assume |u,4| <1. The expansion of the Helmholtz free energy
of the deformed system is

F(A") = F(A) + | 4] t(A) g + 3 A] Aupys(A) ggrys + Ow’)  (22)

where
1 O0F(A")
Tap(Ad) 1= — (2.3)
g |A| 6”&[3 u=0
is the stress tensor in the reference state, and
1 3*F(A)
Aps(d) i = ————— 2.4
aﬂ/é( ) |A’ aucxﬁ au},é - ( )

In order to express Hooke's law, which defines the stress—strain elastic
moduli, we consider a second deformation of the system, D": A" — A”.0%
Writing (2.1) in a matrix form

D(x)=x"=(E+ U)x (2.5)
where E=(8,;), U= (u,,), we define
D'(x)=D'oD(x)=(E+U)x'=(E+ U")x (2.6)
(2.5) and (2.6) imply

(E+UNE+U)=(E+U") (2.7)
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or
Upp = Uyp + Upg + Uy, U g (2.8)

We have, from (2.3), and using (2.8),

) 1 GF(A") 1 OR(A") ouj,
TD( =_/ ’ =
g |A ‘ 6u:z(/? u' =0 IA | auy& auaﬁ uw =0
OF(A")
8,1 (0 55+ gy) !
Mi v( p ﬁé) uy5 u'=0
1 OF(A')
2.9
\A | (0ps +tgs) —— s (29)

(2.9) is the exact expression for the stress tensor in the deformed state. (2.9)
was first obtained by Murnaghan,'" starting from equilibrium equations
for the strained medium. We now expand (2.9) with respect to u,,, using
(2.2). We also use

1 1
|4’ 14| det(E+ U)

1

:,—/—1—||: 5o(ﬁ’uocﬂ+ (69(ﬂ5y0+5ﬂy oc()) Maﬂuy5+0( )J (210)

Taking account of the symmetry

Ay pys(A) = A505(A) (2.11)
we obtain
Tap(A") = Top(A) + [Aygys(A) + 0, T,5(A)
— 0,5 Tap(A)] 15 + O(u?) (2.12)

(2.12) is Hooke’s law; it defines the tensor B,g,;(A4):

Bocﬁyé(A) = Auﬂyé(A) + 5ﬂyra5(/1) - 6%57115(/1) (213)

Remark 2.7. For an isotropic system
Tup(A) = —6,5 P(A) (2.14)
Bogis(A) =1 Ag(A4) 6458,5 + up(A)(00, 055+ 0,50 4,) (2.15)

where P(A) is the pressure of the system. A,4(4), the bulk modulus, and
t5(1), the shear modulus are the Lamé coefficients. The subscript B recalls
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the origin of their definition, e.g., from the tensor B,;,;(A). They are related
to the isothermal compressibility:

o Lo
xr(A) = ] 3P(A) (2.16)
by
1 2
XT(A)=AB(A)+; p5(A) (2.17)

where v is the dimension of the system. For a fluid, it is expected that
ug(A)=0, or equivalently

1
Baﬁy&(A) =

mawéw (2.18)

One of the main points of this work is to show (2.18} from first principles.

Remark 2.2. 1In the literature, one defines the tensor

0*F(A")
Cops(d) 1= ——— (2.19)
pro ar]aﬁ ar’yé n=0
where
Nap i = 3thop + gy + Uy tp) (2.20)

f.p is called the Lagrangian strain parameters tensor. Its use is
motivated by the fact that free energy can depend only on the distance
between original and deformated points, and x"*x"* = x*(0,5 + 217,5) xF Itis
important to realize that B,s(4) is equal to C,zs(4) only at zero
pressure.>>1:19) In fact, one has the relation

BmBy&(A) = Caﬁyé(/l) + 5ayTﬂ5(A) + 5ﬁyra5(/l) - 5})5‘[0(/}(/1) (221)

B,p,5(A), as opposed to C,z,5(4), does not possesses the Voigt symmetry
[Cupys(A) = Cpops(A) = C,s5(A)], unless 1,5(4)= —36,,P(4). In the
isotropic case, the use of C,;,;(A4) to define Lamé coefficients 4.(4), u.(4),
analogously to (2.15), would lead to

A A)=1p(A) = P(4),  pld)=ps(4)+ P(4) (2.22)

3. CANONICAL AND GRAND CANONICAL EXPRESSION FOR
THE ELASTIC MODULI

The aim of this section is to find a statistical mechanics expression for
B,4,5(A), the elastic moduli tensor at finite volume in the canonical and
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grand canonical ensemble. We shall use a strategy similar to the one used
by Green to obtain the expression for the virial pressure.®

3.1. Canonical Ensemble Formulation of Statistical Mechanics

We first recall some features about canonical ensemble. The Helmholtz
free energy is
F(N, A, T)= —-kTIn Q(N, 4, T) (3.1)
where

1 N
OW. 4. T) =G | dp | dxexpl—pH(px)]  (32)
is the canonical partition function (p={p,i=1,.,N}; x=
{x,i=1, N}; dp=TI:_, TIX, dp% dx=TT1:_, [T~ dx*). The Hamil-
tonian of the system is

2 Vllxi—x,1) (33)

the properties of V(|x,—x,|) will be specified later. The mean value of the
dynamical variable 4™(p, x) is defined by

1
AN, 4, T)= ON, 4, ) N' ™™ JRW @ LN o

x A¥(p, x) exp[—BHN(p, x)] (34)

3.2. The Dilatation Method: Computation of the Stress Tensor
and of the Elastic Moduli Tensor

After a deformation D: A — A’, the canonical partition function
becomes Q(N, A’, T). Doing the change of variables x;= (E+ U) x; and
pi=(E+ U")"!p, of Jacobian 1, it can be rewritten as

1
Q(N, A4, T) =N . dp LN dx exp[ —BH"(p', x'}] (3.5)

with
N
HYp',x)= 3

i=1

1
3, (EF U pPHE+U),,} p?

+ % Y VINE+ U)(x;—x;)

i#*J

] (3.6)
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The dependence on the displacements gradients is now contained in the
Hamiltonian, and it is now easy to compute derivatives with respect to u,,.
Using (3.2), we get

OF(N, A', T) G
T he AL J, o] dx
« OLX) ol pHp. %)
Out,g
oH'\’
-5 <au1ﬁ> (3.7)
(3.7) and (2.3) imply
t5(A4) = — (T (N, 4, T) (38)

4] !

the index C standing for canonical ensemble, where

.. OH"(p',x') X opip?
TY%(p, x) := ———— = — e
aﬂ(p X) aua{ﬁ u=0 [gl m
1 N GV
32 SEC S ) = T (59)
I;éj

Differentiating (3.7) once more, we find analogously

O2F(N, A', T)

= A c A .
T ] AG,(4) (3.10)

u=0

= <Wocﬁy§>(N7 A’ T)Aﬁ<szﬂ’ Ty5>(N7 A7 T)

where

aZHN(p/ xr)

wv =
aﬂy&(p, X) 51«!15 auyé o

N 1 .
= Z E(éaépfp}l_i_éﬁy pipi+ 055 PipY)
Ll % OV (|x;— x,))
ox? 8x’

t;é_/
= Wis.p(p, X) (3.11)

(xf — xf)(xt = x2)

H

We used
{(B; C) := {BC) —(BXC) (3.12)
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(2.13), (3.8), (3.11) imply the following canonical expression for the finite
volume elastic moduli tensor:

1
— (KW op,50 — BT ops Ty ) + 05, Ts> — 0,5 Ty )N, A, T)

Bsﬂyé(/l) = |A|
(3.13)

Remarks. (1) In what precedes, we followed the thermodynamic
method of Section 1, consisting essentially in correcting the second
derivatives of the free energy A,;;(4) with appropriate stresses [see
(2.13)7. In order to find this correction, we needed a second deformation of
the system. But at the microscopical level, there is an alternative procedure
which consists in starting from the statistical expression of t54(A’), where
expansion in u,; gives immediately the elastic moduli tensor Bzﬁ s{4). This
expression is

to(A") = |A | (Tis)' (N, A", T)
1
AU E+U) OV, 4. T) JR @ JAN o
x The(p’, x") exp[ — BH(p’, x')] (3.14)
where
TN _‘Z E+U7mp(E+U)pﬁ pl

1-1
1. & VIE+U)x,—x,)l]
ol AE+U),, x™

i#f i

(E+ U)gy(xt —x2) (3.15)

We see that, although H™(p’, x’) as given by (3.6) can be expanded with
respect to the Lagrangian parameters #,; [ this fact allows the expansion of
F(N, A', T) in n,5], it is not the case for TJ,(p’, x'). We arrive at the con-
clusion that #,, do not constitute in general convenient expansion
parameters, in order to derive expressions (at the thermodynamic or
statistical level) for B,z (A). This fact is closely related to the general
absence of Voigt symmetry for B, 5(A).

(2) As required by the standard statistical prescription, the (stress—
strain isothermal) elastic moduli tensor is given by the thermodynamic
limit:

By := Ml;i?@ Bgp,5(A) (3.16)

N> w
N/|A| =cst
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Let us stress the fact that shape independence of the free energy per unit
volume in the thermodynamic limit does not imply the vanishing of the
shear modulus. Indeed, defining f, := F(A)/| 4], it comes from (2.2), (2.10),
(2.13):

. o s
By;;,= lim i n
[l =0 OUyy OUyy |yp=0

(3.17)

But the general result (see, e.g., Ref. 14, Theorem 3.4.4),

m f,= lim f, (independent of u,,)
|4 = oo jAl— o

does not imply Bi,,, =0, because the permutation of the limit and the

derivative is not legitimate!

(3) When T -0, the means over kinetic contributions vanish; it is
expected also that f{T,4; T,;> — 0. Thus, the classical results about solid
state elasticity are found again (see Ref. 4; the pressure corrections are dis-
cussed in Refs. 2 and 5).

(4) The expression (3.13) (up to pressure corrections) was evaluated
by numerical simulation,*® for a system interacting by a Lennard-Jones
potential, at low temperature. It appears that the shear term B, ,,(A) (for
which pressure corrections fall) is different from 0.

3.3. Grand Canonical Formulation of Statistical Mechanics

We now recall some features about grand canonical ensemble, in order
to derive BS; ;(4), the elastic moduli tensor evaluated in this ensemble. The
grand partition function is

Bz, A, T)= i NO(N, 4, T) (3.18)

N=0

where z=exp(fu) is the fugacity and u the chemical potential. The mean
value of the dynamical variable A" (p, x) is defined by

1 e} ZN
E(z, A, T) N\éo NI AN Lw ap LN dx
x A™(p, x) exp[ — BH"(p, x)] (3.19)

{AXz, A4, T) =

The mean number of particles is

(NY(z, A4, T)= z%ln 2z, A, T) (3.20)
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We will use also

z% (AMz, 4, T)= A N>(z, A, T) (3.21)

The Helmholtz free energy of the system, when expressed in terms of the
grand canonical variables, is

F(z, A, T)= (N> —kTn 5z, A, T)
—KkT[{N>Inz—1n3(z 4, T)] (3.22)

3.4. Computation of the Stress Tensor and of the Elastic
Moduli Tensor in Grand Canonical Ensemble

The free energy of the deformed system is obtained from (3.18), (3.20),
(3.22), with Q(N, 4, T) replaced by Q(N, A’, T) as given by (3.5). The suc-
cessive derivatives of the free energy with respect to the displacement
gradients have to be performed with fixed mean number of particles.

We use
0F(z, A", T) __(3F(z, A, T) _0F(z, A, T
Eo vy O . dz o
0z O{NY(z, A, T)
a<]V> A auaﬁ z (323)
It comes
0F(z, A', T) o /oH'\’ oH'\'
—_— | = —zlnz— + > (3.24)
Ou,g . 0z \ Outyg Ouyp
0F(z, A', T) d(N>
— = =kT
= . iz |, Inz (3.25)
O{NY(z, A, T) _ ¢ /OH'\'
auaﬂ Z— *—ﬂZ & <%> (326)
Therefore
0F(z, A", T) _<5H'>' 327
Oy (NS Ot (3.27)
and
0F(z, A", T)
s =4 1J)(A) =Ty >(z, 4, T) (3.28)
Uap (NYu=0
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where T,z is given again by (3.9), but evaluated now by the grand
canonical mean (3.19) instead of the canonical one (3.4). Differentiating
(3.27) once more, we find, proceeding analogously,

3z, A', T)
auuﬁ 61/[?5

(N>u=0
= | 4] AZ,s(A)

{T,5; N>{T,;s; N
(N; N>

=<<Waﬁva>—/3<Ta,;;Tv,;>+ﬁ )(z, A, T) (3.29)

where W, is given by (3.11), evaluated by the grand canonical mean.
(2.13), (3.28), and (3.29) imply the following grand-canonical
expression for the finite volume elastic moduli tensor:

Bp,o(4) = B3,s(A) + Bigs(A4) (3.30)
where
1
B A) = (Wapys> = B Tos Tyo> + 85, C T = 0,5¢ Tup) )z 4, T)
(331)
and
sopya) =L Tt 20Tt 0 (o 4 (3.32)

4] (N; N>

The term {N; N) appearing in (3.32) is related in the literature to the com-
pressibility by
(N;N)

(N>?
One of our results will precisely consist in showing the consistency between

(3.33) and the definition of the compressibility obtained from Bg; (A1), at
least for the fluid case.

1({4)=p 14|

(4,2, 1) (3.33)

Remarks. (1) Tt is straightforward to verify that

| 8F(z, A, T) kT omE@E A, T)

= — (3.34
|A] aua/} (N>u=0 [4] auaﬁ u=0 )

1952, 4, T) =

where the last expression is to be computed without the restriction
(N> =cst. (3.34) constitutes the generalization of the well-known prescrip-
tion:
0
P%(z, A, T)=kT(—N—/ln E(z, 4, T) (3.35)
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(2) Let us recall that, by definition, B, ;(4)= Bg,5(4)+ B 5(A)
describes the linear part of the dependence of ty(A") versus u,;. By check-
ing the derivation of (3.30), it appears that B} ;(4) represents exactly the
correction due to restriction (N) =cst. On the other hand, it will appear
that, for the fluid case, lim ,, _ ., B ;(4)=0. The physical interpretation
of this last fact is: it does not cost any force to deform a fluid when we
allow the number of particles to vary {we compress a fluid in a holed con-
tainer!).

(3) It can appear at first view, by comparing (3.13) and (3.31) that
the only difference between canonical and grand canonical expression is
constituted by the term Bgjl;(4); however, the analogy between Bg,(A )
and Bgj, ;(A4) is only superficial: for example, the correlation of T% and Ty,

defined, respectively, as the kinetic and potential part of T7(p, x), gives

<Tap; ;/5>C:0

(3.36)
<Tu5;T;/5>G:_ aﬂkT<N T 506

(4) For the ideal gas, the equivalence of the canonical and grand
canonical expression for the elastic moduli tensor holds already in a finite
volume:

Bigys(A) = Bp,s(A) = 0,40, pkT (3.37)

the density being defined by

p = 7l in the canonical ensembie

(N>

pr=— in the grand canonical ensemble

Al

(5) Following the standard procedure, we introduce correlation
functions in either ensemble:

N
nE%A(x ., x,) 1= < Y 8xy—x;) 5(xs—x,.j)> (3.38)
Py /G

sy

BZG(A) will be expressed by terms having the form

1
15(A) 1= o J dx, - dx, S A(x L x ) h(xy,en x,)  (3.39)

822/42/3-4-25
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The essential point is that, although the ensemble equivalence implies

lim n&'(xy,., x,)= lim #%Y(xy,.., x;) =:0,x,.,x,) (3.40)
(4] = oo |A] = oo

it is generally illegitimate to take the limit of the canonical correlation
functions under the integral; indeed, in this case, the thermodynamic limit
is approached too slowly (as |4| ~'). For the ideal gas, for instance,

N(N-—1
”2':’/1(7(17xz):_(|‘/—1|‘2“)=”2(xl,Xz)‘|':1;|
_AN(N—1)) (N>

n§A(xy, x,) = =p°=n,(xy, x;)

VIEVIE

An other well-known example is provided by the compressibility, as it
appears in (3.32):

1 .
lim —j dx dy[n$(x, y)—nEA(x) nF1(p)]
= oo [A] 4

=4, T;T L dx[(N—1) n{"(x) — Nn{(x)]

1 ‘
~ lim v-—f dx nCA(x) = —p

|A] = o0 fA| A

But

1
lim — [ dxdy lim [n§4(x, y)—n§(x) n(p)]
A

(4] > oo |A] [A] — o

. 1
= Jim L dx dy[ny(x, ¥)—ny(x) ny(y)]

1
= Mlliglw 7l ({N; N> = (ND)=p(grpkT—1)

Therefore, for y,# 0, the permutation of the limit and the integration give
different resuits in the canonical case!

{6) An exception is constitued by the one-component plasma
(O.C.P.). Its compressibility is zero and its thermodynamic limit converges
faster than in not charged particles systems. For the two-dimensional
O.C.P., the canonical procedure has been applied, (with deforming the
bath with constant charge), at a certain temperature (I" = 2) corresponding
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to a fluid phase, where the correlation functions are exactly known. It was
found B,,,, =0."? At T=0, we have = e*p/8, which is the same result as
the one obtained by Alastuey and Jancovici by another method.?

4. THE MAIN RESULT

In this section and the following, we shall use only the grand canonical
ensemble (the index G then disappears). We shall rigorously show that,
under hypotheses which are characteristic of a fluid phase, the (infinite
volume) expression for the (grand canonical) elastic moduli tensor B,
leads to (i) an expression for the isothermal compressibility which is the
same as the well-known one, given by (3.33), (ii)a vanishing shear
modulus (u= B,,,=0).

In order to fulfil this program, we give in Section 4.1 the expression of
B,z,5(A) in terms of correlation functions; we take the thermodynamic limit
in Section 4.3, using the hypotheses introduced in Section 4.2. Section 4.4 is
devoted to the analysis of the stress tensor and Section 4.5, deals with the
reduction of B,,,s by using the BBGKY hierarchy, in order to obtain the
above results.

4.1. Expression in Terms of Correlation Functions

The finite volume (grand canonical) correlation functions were
introduced in (3.37). In order to have compact expressions, we introduce
the following notations:

oV(|x—
Fle vy = SEZ 0y e ) = fax) (@)
FV(|x— .
Bapyo(X, ¥) 1= —ail%;yy—n (= Y = 3°) = gup(3, x)  (42)

(4,6 15 symmetric under permutation of all indices)
A A, A . 1
[ = ngnd) fup fyoda = — | dxdy dz dw
I
x [nd(x, y,z, w)—ni(x, p)ng(z, w)]
X aﬂ(xa y)fyé(zs W) (43)

1
[nd o fyodai= | dedy dend(n, 3,2) frglon 3) Fro(x.2)

(4.4)
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1
[(nd —ngnf) fopla = | dxdy de[nd(x,y.2)

K

= n§(x, ) n{(2)] fupl, 7) (45)
1

[ 8aps = g7 | @y (3 9) g, ) (46)
1

13 fop o= 7 | ey ndto, ) Ll ) (47)

[ fp fsda = | dvdynd(s, ) fulno 9 Sl ) (48)

1
[nf = nini1y o= | dedrladtn ) —mi)n{()] - (49)
A P 1 A _<N>A__
[nl]A.-—ﬁdenl(x)— i (4.10)

With this condensed writing, we obtain, using (3N, pipfim) =
5a5<N>A kTa

1 1
7l (Tap) 4= Tap(A) = —06,5kT[n{], +5 (75 fupla (4.11)
1
m <szﬁy5>/1 = (5ay5ﬁ6 + 25a§5ﬁy) kT[nf]A
l A
+ 'i [’12 gaﬂyé]/l (412)
1 1 A Ay, A A
|7| <T¢4;§ Ty5>/1 :Z [(ng _nznz)fzﬁﬁzé]xl + [n3 .fa[}fyé]A

1 s,
+ 5 018 fap £y Da =P KTL(n3 = ngni) 151,

d
= SRTL0d — ) £~ S kTOn2 51,

— 0,6KT[13 fupla+ 0.50,5(kTV’[(n3 —nin{)],
+ (8up8ys + 00y 05+ 0000, )(KT)* [ 4 (4.13)
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To get (4.13), we used (3.21) and

z—nt(xy,.., X,)

0z

=85 X e X))+ JA dx, .

X [f’lf+ l(xla"'s X x3+ L) - ﬁ?(xb"-: X:) }?f(XS+ 1 )}

We also have

1 |
a1 Tt V=5 L =) 1+ D04 F g
~ 8,k T(Ind = nini L+ [nd1)

W<N N>, = [nffnfnf},{+[7zf]/l

Using (3.31), (4.11), (4.12), (4.13), we put BL, (1) on the form

Blge(A4) = Bj,5(4) + Bl 5(41)

where
Bls (M) = Lng = nind) fuy f10— Blnd f 11,
ﬂ yﬁ
_“["zfaﬂfya]/t [ (g *”2n1)fap]/1
1 O, d.5
5 003 Zapo La+ 50 117 fis 1t 50 13 fop L
and

d, .
BLfs(4) ==L Lng —nin) f51a+ 8.plnd £,51,

— 0,50,:kT[nd —nini],
Proceeding analogously, we get
Blg,s(A)=B{[n3 —nini, + [n{],} "
x {3l(ng = n3nl) fpla+ (0 fupla
= SupkT([ng —nin ]+ ({10}
x {3l(ng =ngn) fos]a+ (15 fr614
— 0,skT([nf —ntnf] + [n1] 1)}
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(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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4.2. The Hypotheses

We now present and discuss the hypotheses which will be used. We
define ny(x;,..., x,) 1= lim, 5, o, n/(x,,..., X,).

(v) The particles interact by means of a Euclidean invariant pair
potential ~ V(x), twice continuously differentiable such that
|x] [6V(x)/0 |x|1e L,(R"; dx); moreover, there exists B>0 such that
Pici<j<n V(x;—x;)= —nBfor all n>0 and x,,.., x,e R"

(V) The same as (v); moreover, [JV(x)/0|x]] and
[0V (x)/0 |x]] | x| € Ly(R”; dx).

(n') For any subset X and Y of A4 with X={x,,..,x.}, Y=
{P1ss Yo} 1<5+5 <4 the correlation functions obey the clustering
bound:

Indy (X, Y)=nf(X)nf(V) < Y Y k(x;, »))

xie X yeY

where jdy |k*(x, y)] < C uniformly in 4 and x.
(n) The same as (n), but for the thermodynamic limit:

15, (X, ¥) = ny(X) <X X kxi—y)
xie X yje ¥
where k(x)e L (R’; dx).
(N) The same as (n); moreover, k(x) |x| € L (R"; dx).
(¢c) |nA(X)—n,(X)| < C/dist(X, 04)°, with b > v, where dist(X, Y) :=
min, . y min, . y dist(x;, ;).

4.3. Discussion of the Hypotheses

1. Hypothesis (v) is a stability condition (it prevents the collapse of
the system). Lennard-Jones potentials fulfil these assumptions, except for
the short-range integrability which 1is introduced here to avoid
technicalities. If we want to allow more singular repulsive forces, we have
to assume that the correlation functions vanish sufficiently rapidly when
two of their arguments coincide, which is reasonable. For instance, in the
low fugacity regime, one can prove

m()=exp| ~B3 ¥ Vix—x) o)
1#/
where o(x,..., x,) is bounded and continuous (see Ref. 14, p. 106).

2. Tt can be shown®® that, at low fugacity, the asymptotic behavior of
the truncated correlation functions is the same as that of the potential.
Then, in this regime, (v) implies (r) and (V) implies (N).
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3. In the region of convergence of the low fugacity expansion, a
strong decrease of the potential at infinity [V(x)~|x| "7 with y>2v]
implies () and (c). The proof of (n") follows from a theorem by Duneau
and Souillard.'® For the proof of (c), see Ref 14, Theorem 4.2.3, which
gives the bound b >y —v.

As discussed 1in Remark 5 of Section 3.4, hypothesis (c) is generally
violated in canonical ensemble.

4. It is a well-known fact that (v) and (n) imply that the system is in
a pure state, invariant under translations and rotations, i.e., Euclidean
invariant (see, e.g., Ref.9). In other words, (v) and (n) imply that the
system is fluid in some sense, and exclude the case of liquid crystals.

4.3. The Thermodynamic Limit

In this section, we consider the thermodynamic limit of B, s(A),
which is composed of terms of the form

[(A):= 4]~ | dy,dx,
YA
X [n:l+ s’(xl $mes xs-e—s/) - nf(xl ERRLE xs) nf’(xsqt 13- xs+s')]
X (X ey X)) B g s Xs g 57) (4.21)

Because of the fast convergence of »Z, . to its limit n,, . [see

hypothesis (¢)], and using (n") and (v), we shall be able to prove by stan-
dard argument

lim K(A)= lim |A[‘1J dx, - dx,
A

K
|A4] = o |4 = o

X [:ns+s'(x1 200ty xs+s') - ns(xl 3vern xs) ns'(xs+ 1oeees Xy +.y’)]
X h(-xla"'a xs) h(xs+19"" xs+s’) (422)
(ie., it is legitimate to take the limit under the integral). The translation

invariance of the infinite volume correlation function and the clustering
property (n) will enable us to write

lim I(A) =J dx, - dxg [n,, (0, x,,.., x

(A} > oo 5+s’)

- ns(oa X350y Xs) ns’(xs+ [3meey Xy +s)]

X RO, Xpee X,) (X s 1y Xo ) (4.23)

The details are done in Section Al of the Appendix.
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4.4. The Stress Tensor

Using the same procedure as the one given in Section Al, it is easy to
show with hypothesis (v) only that 7,5(4), as it appears in (4.11), has a
well-defined limit which can be taken under the integral. On the other
hand, hypothesis (n) implies the translation invariance of n,(x, y) and we
get the following:

Proposition 4.4.1. Under hypothesis (v), (n):

?
lim 1,,(4)= —5,, [ka—%fdx na(x, 0) V(x)xﬂ} = —5,,P

fA] > oo ox*

where P appears by its virial expression.®

4.5. Reduction of B,;

We shall prove that Bl, ;=0 (in fact, BJj, and Bl vanish
separately). The idea of the proof is the following: we use the BBGKY
hierarchy to express the four-point correlation functions in terms of the
three-point function and a boundary term which will vanish because of the
clustering hypothesis. We use the same strategy to eliminate the three-point
function in favor of the two-point function. The BBGKY equation reads

Ony(Xy s X,) s oV(x,—x;)
T— —,an(-xla"" .XS) z T

j=2

OV(x;—x,,4)
- ﬁl[\dx:+l n:+1(x1,---7 xs+1)(—1+—l_

4.24
0x% ( )
Proposition 4.5.1:

(V), (N)=B ;=0
Proposition 4.5.2:

(V), (Ny=B% ;=0
Proposition 4.5.3:

1
(V)5 (N) = BH[)’y& :Zézﬁév/é

&,

[Recall (see Section 4.3) that B} 5, Bl} ;. and By ; are given by the limits
“under the integral” of the expressions (4.18), (4.19), and (4.20), respec-
tively; yr is defined as the limit of the expression appearing in (3.33).]
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Proof of Propasition 4.5.7. We start from the term involving ny:

~ é:. [(ns—n313) fug frs]

= —gj dx dy dz[nsx, y, 2z, 0) — ny(x, y) ny(z, 0)]

Xa_l/gyc__)))(xﬁ_yﬂ)aV(?)Zé (4.25)
ox* 0z’
= L avdy delnx, 3,2, 0) = mx, ) nafz,0)]
X Vix—y) x? ore) z° (4.26)
0x* 0z"
:-;-j dx dz x? agz(f) z° 82“ [n4(x, 2, 0) — ny(x) n5(z, 0)]
+-§J dx dz ny(x, z, 0) [61/(5);“_2) + 8;/;5)] x* 6;;(5) z° (4.27)

Although (v) and (n) constitute a sufficient condition for the boundeness of
(4.25), we must suppose (V) and (N) to show the boundeness of (4.26) (see
Section A2 in the Appendix). The passage from (4.26) to (4.27) is done by
writing the BBGKY equations for dn,(x, z, 0)/0x* and dn,(x)/0x* An
integration by parts and (A3) in the Appendix (which shows the vanishing
of the boundary term) allow us to write

1
3 J dx dz x* agz(f) z° 6i°‘ [n3(x, z, 0) — ny(x) ny(z, 0)]
oV
- —@de e[, 2, 0) — 1y (x) my(z, 0)] L) 4o
2 0z’
5113
= —7[(n3"nzn1)fya] (4.28)
We consider also the term
1
5 [n2 gaﬁy&]
1 aV(x) 5
_Ejdx naf0, %) 3= i (4.29)



642 Bavaud, Choquard, and Fontaine

1dean2(o,x)aV(x)xﬁx5_%j *x, )6V(x) 5

= -3 o Ep dx ny(x, 0 e X

_ 555 [ dxns(x, 0) _a;/% X (430)
:§ [n2fop frs] +§de dz ny(x, z, 0)6_1/%%:_) a;‘)xﬁ s

- % [n2 f5s] —%‘—" [12fup] (4.31)

Again, (4.29) with an integration by parts of vanishing boundary term [see
(A3)] allow us to write (4.30), which, together with the BBGKY equations
implies (4.31).

Using the change of variables x'=x+2z, z'= —z, we transform the
term appearing in (4.27) in

oV(x) o ov(z)
0x” 0z"

aV(x z)

IN]

B
Ejarx dz ny(x, z, 0)

v :
(xf —z%) (z )z" (4.32)
6 ¥
Finally, rassembliing the expressions appearing in (4.27), (4.28), (4.31),
(4.32) it becomes

1
- g [(”4_”2”2)fa13 fya] _.B[”3fxﬁf~/5] +§ L7, gmﬁyé]

ﬁjdx dz ns(x, z, 0)

S, Os
__2ﬁ [(ns—nyny) fi5] —-7/3 (72 f15]

9, B
—7‘5 [n2 f51 45 12 fap f15] (4.33)
(4.33) and (4.18) imply Proposition 4.5.1.

Proof of Proposition 4.5.2., 45.3. With the same technique as the
one used previously, we can show that (¥) and () imply

%[(”3 - ”2”1)fuﬂ] = 5aBkT[n2 —nyn]— [”2fa/3] (4.34)
Introducing (4.34) into the limit of (4.19) leads to B;‘ZmS =0; we have also
for Bl}, s, given by the limit of (4.20),

aﬁyé 5xﬁ5y5kT{ [r,—nn ] — [”1]}71

1
=04p0;5 %—T
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We summarize these results by

or

1
(V) (N) = Bgys = 0550, P (4.35)
T

. 1
(V),(N)=4:= Bjj5=—, pi= Bp,=0 (4.36)

T

APPENDIX

A1. Proof of 4.23

We shali only show in detail that

1
lim —j dx dy dz dw FA(x, y, 2, w) r(x — y) s(z — w)
|A]aao]A| A

:Ja’x dydz F(x, y,2,0) r(x — y) s(z— w)

where FA(x, y, z,w):= n{(x, y, 7, w)—nd(x, ) nf(z, w) and r(x), s(x)e
L,(R; dx). (The proof of convergence of the others terms is similar.)

Let 4 be a cube of size length R centered at the origin. We divide A

into a bulk cube A4, of size R —2R“ centered at the origin (0<a<1)and a
boundary part A\ A,.

(i) tlimg_ , {4 " | dx dy dz dw [(F*—F) r(x— y) s(z—w) Xao(X)
(¥ %ao(2) x4o(w) =0. Here y, denotes the characteristic
function associated to the set A,. Indeed, using (c)

o C
< lim {A[flﬁL dx dy dz dw |r(x — y)| |s(z — w))|
1

R— o

4 v

=0 for a choice ab>v

< lim
\Rﬂ(x) Rab

(i) limg_, (47" [, dx dy dz dw [(F*—F) r(x—y) s(z—w)|
[1—x4fx)]=0. (We took account of the fact that
R I ERTIRERIED I — X(X;)], and of the symmetry of
the integrand with respect to the arguments.) But, using (n!) and

(v),
f dy dz dw |Fr(x — y) s(z — w)]

<[ dydzav ir(x— )] Istz —w)

x [k*(x, z) + k*(x, w) + k™ (y, 2) + k*(y, w)]

<4ir, Is] |kA|1<C
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uniformly in x and 4 by Young’s inequality (see Ref.7, p. 28).

The evaluation of the term involving F is similar. Since x runs
through the boundary part of A4 (a< 1), part (i) is proved.

It remains to show the boundeness of the limit. Using the fact that (v)
and (n) imply

[ dydz o Frx— y) stz —w)| <4 1l I Kl
uniformly in x and 4, it follows immediately that

lim |Al’lj dxdydzdwF(x, y, z, w)r(x— y)s(z—w)<
A

14| - oo

The treatment of the other terms is similar.

A2. Boundeness of 4.26
We shall prove that

[ dxdy dz |F(x, y, 2,00 [x] Ir(x = )] Is(2)] < o0

Where F(X, Vs Z, 0) = n4(x9 Y, 2 0) - nZ(x’ y) n2(Z’ 0) and r(x), S(X),
|x| r(x), |x| s(x)e L, (R"; dx). Using (N) we have

< [ dx dy dzlh(x—2) + k(x) + k(p — 2) + K(7)]

X x| [r(x = y)l 1s(2)]

The bound |x| < |x —z| 4 |z| implies

| dx dy dz k(x—2) [x— 2| Ir(x— )] Is(2)]

+ [ dx dy dz kix—2) (2] Ir(e— )] Is(2)
<RG) 1L GOl 1)
k) 10Ol 1s(2) 121y

We used again Young’s inequality. The remaining terms are estimated in a
similar way.
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A3. Vanishing of the Boundary Terms

With conditions (¥) and (N),
v
jdxdz g {[m(x 2 0)— 1 (x) 1y(z, 0)] 28 20D o }:0

o877
22

d
j ax ox*

We shall prove the first equality oply. The proof of the other equalities is
similar. We consider that the domain of integration of x is the ball of
radius R, B(0, R), where we do R — co; using the divergence theorem, and

writing do for the o component of the outward-oriented surface element of
0B, we get

Jry(0)1=0

~ ’\V’
f dai} dz{ns(x, z, 0) - n,(x) ns(z, 03] x"ﬂ——g—lz‘5
2B(0,R) 0z
r [oV(z
<{ ot [dek(x—2)+ K0T Il 12 )
SB(0.R) d |z|
We estimate each term separately:
. (. 2¥i(z)
do® k(x) x| dz|z
O ] detkon [ el |5
RV
<C do® k —— s {}
o 050 < C s

) eV
(ii) me daxfdz k(x—z) |x] ] E

2]

Using the bound |x} < |x —z] + |z| and the Young inequality

o oviz)
[ de [ de k(x—2) 13 —2) m|§“<M(””*£is”i<”
LeVi(z) vz
fdxjdzk(xmz)lzi 7] <|k(JC):11“'“‘*ai ‘ 27| < o0
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we deduce that

[[dz kiox—2)(1x =2l + 121) ‘m ; |}

is absolutely integrable, and we conclude as in case (i).
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