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Abstract. For a given stationary max-stable random field X (¢),* € Z? the corresponding generalised Pickands constant

coincides with the classical extremal index fx € [0, 1]. In this contribution we discuss necessary and sufficient conditions

for 6 to be 0, positive or equal to 1 and also show that 6 is equal to the so-called block extremal index. Further, we

consider some general functional indices of X and prove that for a large class of functionals they coincide with 0x.
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1 Introduction

The connection between Pickands constant and extremal index of stationary max-stable Brown-Resnick ran-
dom fields (rf’s) has been initially pointed out in [16]. Calculation of Pickands constants for a general sta-
tionary max-stable rf X (¢),t € 7% has been later dealt with in [25]. Previous investigations concerned with
the calculation of extremal index in the context of max-stable processes are [8,9,21,47]. Recent research
in [2,26,45,51] has shown, contrary to the prevailing intuitions, that there are certain subtilities (if d > 1)
when dealing with stationary multivariate regularly varying rf’s (see e.g., [48] for the definition) and the cal-
culation of their extremal indices. Influenced by the findings of [7], several formulas for extremal indices of
stationary regularly varying time series have appeared in the literature, see e.g., [35] and the references therein.
Various (less well-known) formulas have been discovered also for Pickands constants in contributions unre-
lated to time series modelling. For instance in sequential analysis and statistical applications [42, 43] and
extremes of random fields [29, 52] just to mention a few. For large classes of Gaussian rf’s extremal indices
have been discussed in [11,24,44], see also [4,49] for non-Gaussian cases and related results.

Without loss of generality, we shall focus on the class of max-stable rf’s with Fréchet marginals. Since
these are limiting rf’s, see e.g., [18], our formulas for their extremal indices are valid (with obvious modifi-
cations) also for the candidate extremal index of more general stationary regularly varying rf’s (see [35] for
recent findings). Studying max-stable rf’s, instead of these more general rf’s is also justified by Lemma 2
stated in Section 2 and Remark 2 7i7).

In view of the well-known de Haan characterisation given in [13], the rf X with non-degenerated marginal
distributions corresponds to some non-negative spectral rf Z(t),t € Z? having the following representation
(in distribution)

X(t) = r?;a,f(]}_l/aZi(t), t ez, (1.1)
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where I'; = Zi::l Q. with Qg, k > 1 unit exponential random variables (rv’s) independent of Z;’s which are
independent copies of Z.

Clearly, Z is not unique since also Z(t) = RZ(t),t € Z%is a spectral rf for X, provided that R is a non-
negative rv independent of Z such that E{R®} = 1. Note that if for some h € Z% we have Z(h) = 1 almost
surely, then in view of Balkema’s lemma (stated in [14][Lem 4.1]) any spectral rf 7 of X has the same law as
Z. We shall assume without loss of generality that for some o € (0, 00)

P{rtrel%:fz@) > 0} =1, E{z°®t)}=1, tez (1.2)

Lemma 8 in Appendix shows how to construct a spectral 1f Z such that the first assumption in (1.2) holds.
Note that E{Z%(t)} = 1 implies that X (¢) has a-Fréchet distribution function e=* " x > 0. This is no
restriction since we are interested in stationary max-stable rf’s. As in [25] define the Pickands constant (when
the limit exists) with respect to the spectral rf Z by

. 1 16% : 1 (0%
= lim gk {te[%’%zd Z <t>} < Jim a tﬂoz];mdw (1)} < 1. (1.3)

Since the finite dimensional distributions (fidi’s) of X can be calculated explicitly (see (6.1) below), if H
exists, then

]P){ max X(t) < ndx} = einidE{maXte[U,n]dmZd Za(t)/xa} N e—H/wa (14)
te[0,n]¢Nzd

as n — oo is valid for all z > 0.

As argued in [16] and [10, 25] the sub-additivity of maximum functional implies that 7 is well-defined and
finite, provided that X is stationary. Consequently, in view of (1.4) the extremal index (or using the termi-
nology of [51], the classical extremal index) of the stationary max-stable rf X (denoted below by 0x) always
exists, does not depend on the particular spectral rf Z but on the law of the rf X and is given by

Ox =H €[0,1]. (1.5)
In the special case
X(t) =V, tez? (1.6)

where V;’s are independent a-Fréchet rv’s we have fx = 1. We shall show that this is the only max-stable rf
with unit Fréchet marginals satisfying 8 x = 1. Using this fact and Lemma 2 we can construct a spectral 1f Z
for X, see Remark, 4 iii).

Hereafter we shall assume for simplicity that the max-stable rf X has unit Fréchet marginal distributions,
i.e., below we shall consider the case

a=1.

If the spectral rf Z is not easy to determine or X (¢),t € Z? is stationary but not max-stable, commonly

the block extremal index (denoted below by fx) is utilised in various applications related to extreme value
analysis. Assuming for simplicity that X has unit Fréchet marginals, it is defined by (see [23,51])

—~ . P{maxp<i<y, icze X (i) > n7}
Ox := lim R
nee [IGoy i P{X(0) > n7}

1.7



for any 7 > 0 and any sequence 7, € Z% n > 1 with non-decreasing integer-valued components rnj,J < d
such that lim,, ;o0 7 = limy, oo 10 / rgj = oo forany j < d. In (1.7) i« < r, is interpreted component-wise,
ie., i; <y, forall j < d components of ¢ and r,, respectively.

Next, we define functional indices 0 x r of X by

Oxp =E{Z(0)F(Z)} € [0,1],
where F' : E +— [0, 1] is a measurable functional with respect to the product o-field £ on E := [0, oo)Zd.
As mentioned above different choices of Z for X are possible. In order to make the definition of 0x r

independent of the choice of Z and thus only dependent on the law of X, we shall also require that F' is
0-homogeneous, i.e., F'(cf) = F(f) forany ¢ > 0, f € E. Indeed, under this assumption we have that

Ox.r =E{Z(0)F(2/Z(0))} = E{F(60)},
where the rf @, is defined by (hereafter I(-) denotes the indicator function)
P{o, € A} = E{Z(hWI(Z/Z(h)€ A)}, VAcE. (1.8)

It is known that for any h € Z? the law of @}, does not depend on the particular choice of the spectral rf Z
and can be directly determined by X. In the case that for a spectral rf Z of X we have that Z(h) > 0 almost
surely, this fact follows from Balkema’s lemma. The proof for the general case follows from [25][Lem A.1],
or from [50][Thm 1.1] and [31][Thm 2]. Consequently, the functional index 6 x r depends only on the law of
X. Note that for the definition of 0 x r no stationarity of X is assumed.

It is well-known that a max-stable rf X with Fréchet marginals is a multivariate regularly varying rf. For
general multivariate regularly varying rf’s which are not max-stable, there is no spectral process Z as in our
case of max-stable X and therefore the rf’s @y, h € 7% are defined via a conditional limit, see e.g., [18,40]
and (2.1) below. The key advantage in the framework of max-stable rf’s is that @}, is directly obtained by
tilting a given spectral rf Z.

At this point two natural questions for a given stationary max-stable rf X arise:

Question 1: What is the relation between 6y and 6x ?
Question 2: For what F' is the functional index 6 x r equal to 0x?

In this contribution we show that we simply have x = 0x and then describe a large class of functionals
F'such that 0x = 0F x. Further, we consider in some detail the cases 0x = 0 and x = 1.

Brief organisation of the rest of the paper: In the next section we discuss some basic properties of the rf’s
Op, h € Z% and then show how to construct a stationary max-stable rf X from a given rf ©* which in turn
is necessary equal in law with ©g. In Section 3 we claim that §x = 6x for any stationary max-stable rf’s
X. Additionally, we give equivalent conditions that guarantee x > 0 or §x = 0 and then present several
formulas for #x. Section 4 is concerned with the anti-clustering condition whereas Section 5 displays some
examples. All the proofs are relegated to Section 6 which is followed by an Appendix.

2 Preliminaries
Unless otherwise specified we shall consider below a max-stable rf X (¢),¢ € Z% as in the Introduction with
spectral rf Z such that E{Z(¢)} = 1,t € Z%. Hence X (t) has unit Fréchet distribution e~ /% z > 0. We

shall discuss first the case that X is non-stationary.
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2.1 General max-stable X

The importance of the rf’s O, h € Z% defined in (1.8) relates to the following conditional convergence
results. Namely, in view of [25][Lem 2.1, A.1 & Rem 6.4] or by [18][Lem 3.5] we have that the convergence
in distribution

X(t)/X(h)’(X(h) >u) %o, tezd 2.1)

u_lX(t)‘(X(h) >u) S y), tezd 2.2)

hold as u — oo in the product topology of E = [0, 00)%", where @, is defined in (1.8) and

Yi(t) = ROu(t), teZf,
with R an a-Pareto rv with survival function 7%, = > 1 independent of any other random element (recall
that we consider o = 1 for simplicity).

If for a given max-stable rf X if a spectral rf Z is known, it is often simpler to determine the law of @, directly
via (1.8) than deriving it from (2.1). In particular, if P{Z(h) = 1} = 1, then the following equality in law

onLz (2.3)

is valid. Below we determine the fidi’s of Y}, in terms of Z and 6,.

Lemma 1. For any h,t; € 7, z; € (0,00),i < n we have

P{Yir(t1) <z1,...,Yi(tp) < a,} =E {max(l, max 9h(ti)> — max @h(ti)} (2.4)

1<i<n Z; 1<i<n

Z(t; Z(t;
=& {max (200), s, Z0) - e

Remark 1. For the case of the stationary Brown-Resnick model (2.4) is stated in [51][Prop 6.1] for h = 0.

2.2 Stationary max-stable X

In view of [25][Thm 6.9] the max-stable rf X (t),¢ € Z? with unit Fréchet marginals is stationary, if and only
if

E{Z(h)F(Z)} =E {Z(O)F(BhZ)} , Vhezd 2.5)

is valid for any measurable function F' : E +— [0, oo] which is 0-homogeneous. Here B is the shift-operator
so that B"Z(-) = Z(- — h), h € Z%. Note that for the stationary Brown-Resnick model the claim in (2.5) is
first formulated in [16][Lem 5.2].

For notational simplicity we shall omit the subscript 0 and write simply © and Y instead of &y and Yy,
respectively; in our notation the origin of R¥, k € N is denoted by 0.

In view of [25][Thm 4.3] condition (2.5) is equivalent with the following equality in law

o, < Bhe



valid for any h € Z¢.
Yet another equivalent formulation of condition (2.5) stated for the rf © is

E{O(h)F(©)} = E {F(BhQ)H(BhQ(O) ” 0)} , Vhezd 2.6)

valid again for all measurable functionals F' as above, see e.g., [2, 18].
We note in passing that with the same arguments as in [18] it can be shown that (2.6) is equivalent to the
so-called time-change formula derived in [2] for multivariate regularly varying rf’s.

Next, since for stationary X we have that (2.2) holds, then in view of [2,18] X is a multivariate regularly
varying rf and Y is the so-called tail rf of X, whereas © is the so-called spectral tail rf. Therefore for a
stationary max-stable rf X the rf © defined in (1.8) is simply the spectral tail rf of X.

Adopting the terminology of [28] for stationary max-stable 1f’s X, we shall refer to their spectral rf’s Z as
Brown-Resnick stationary (abbreviated as BRs) rf’s.

From Z we can easily define the spectral tail rf ©. Moreover, as mentioned in (2.3) we simply have © 2 zif
Z(0) = 1 almost surely. The key properties of BRs rf’s Z and spectral tail rf’s © are the TSF (2.5) and the
identity (2.6), respectively. This is revealed by our next result, which shows how to construct a BRs rf Z from
a given rf O that satisfies (2.6) and ©*(0) = 1 almost surely, extending thus [27][Thm 4.2] to rf’s.

Let in the following

Zm(p-Y) = min(i € Z*: max|p;Y (§)] = [piY ()],

where p}s are non-negative numbers such that jezd p;" =1 (recall & = 1 in our case).
Hereafter NV is a rv independent of any other random element such that P{N = j} = p; > 0,j € Z%. Further,
both min and max are defined with respect to a translation-invariant order on Z, see [2] for the definition.

Lemma 2. If Y (t) = RO*(t),t € Z with R a unit Pareto rv independent of ©* which satisfies (2.6) and
©*(0) = 1 almost surely, then Z given by

BNY (t)
max;eza pi BNY (i)

Zn(t) = (Zsm(p- BNY)=N), tez? (2.7)

is a spectral rf of some stationary max-stable rf X (t),t € 7% with unit Fréchet marginals. Moreover, the
spectral tail rf © of X has the same law as ©*.

Remark 2. 1) When o # 1 the above construction is still valid if the denominator therein is substituting by
(max;czq p;* BN Y(i))l/ @ In fact, (2.7) is a minor modification of the construction given in [18][Prop 2.12].
The other known constructions in [18,27,35] can be easily extended for the case d > 1, we omit the details.
ii) A Ri-valued 1f O(t),t € Z%is called a spectral tail rf if it satisfies (2.6) where O (h), ©(—h) are substituted
by ||©(Rh)]], ||©(—h)|| with ||-|| a norm on R? and F' is redefined accordingly and further P{||©@(0)|| = 1} = 1,
see e.g., [2,3,35]. For such a rf, a BRs rf Z can be determined as in (2.7) by changing >, ;. peBNY (1)
t0 Y70 peBY||Y (¢)|| and instead of maxsezq peBNY (t) and p - BYY putting maxyeze p B ||Y ()|, p -
BN||Y (t)]], respectively (with Y (t) = RO(t) and R a unit Pareto rv independent of ©).

3 Classical, block & functional indices

As mentioned in the Introduction the classical extremal index 6 x of a stationary max-stable rf X always exists.

We show first that it is equal to the block extremal index é}; defined in (1.7) and then answer the question
when 0x = 0. This is already known for d = 1, see [10]. Our main findings in Theorem 2 gives several
formulas for 6 x. The next result is a minor generalisation of the case d = 1 stated in [20].

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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Lemma 3. If X (t),t € Z% is a stationary max-stable rf, then x = Ox.

Below we slightly modify the definition of anchoring maps introduced in [2]. Write next Z? for Z¢ U {co0}
and recall that ' = [0, 00)%" is equipped with the product o-field &.

Definition 1 We call a measurable map T : E + 7% anchoring if for O = {f € E : I(f) € Z%} the
following conditions are satisfied for all f € O, € Z4:

i) Z(f) = i implies (i) > min(£(0), 1)

i) I(f) = (B f) —i.

As in [2] we define two important anchoring maps which are specified with respect to a translation-invariant
order on Z?. In particular the minimum and maximum below are with respect to such an order. An instance
of a translation-invariant order is the lexicographical one. Hereafter S(f) = > .54 f®(t) forany f € E.
Note that apart from Section 5.2 we have considered for simplicity only the case o = 1.

Example 1. Let the non-empty set O € £ be given by

0:{feE:5(f)<oo, maxf(i)>0}

i€Z?

and define the first maximum functional

Tpn(f) =min(j € Z0: () =max f(i)), fe€O,

1€

where Z,(f) = oo if f & O. Clearly, Zy,,(f) is finite for f € O and condition %) holds by the definition,
whereas condition i) follows by the invariance (in the sense of [51]) of the translation-invariant order.

The first and last maximum functionals are important since they are both anchoring and 0-homogeneous.
Moreover, for a stationary max-stable rf X (t),¢ € Z% with spectral rf © and Fréchet marginals &(x) =

e~1/*" & > 0 we have that the law of X is specified by Z +m and © as follows
: . d 1 —i
~InP{X(i) <z i€ ZY = > —P{Zym(0/(B™'z)) = 0} (3.1
i€zd b
for any © = (z;);cz« with finitely many positive components and the rest equal to co; here ©/(B~'x) =

(©(j)/xj14)jcza. The proof of (3.1) is displayed in Appendix, see also [25][Eq. (6.10)]. Note in passing that
(3.1) shows that the law of X is uniquely determined by 6.

Example 2. Define the first exceedance functional by
Tro(f) = min(j € 272 f(j) > 1), f€O
and set Z¢.(f) = oo if f & O, where

0:{feE:S(f)<oo, ma§f(t)>1}€5.

teZ

Clearly, Zs.(f) for f € O is finite and ) holds. Moreover since Zs.(f), f € O is determined by a finite
number of points in a neighbourhood of 0, then Zy. is measurable. Again condition 4i) is implied by the

translation-invariance of the chosen order on Z<.
We call a measurable map F : E + [0, oc] shift-invariant if F(B"f) = F(f),h € Z%, f € E.



Lemma 4. Let O(t),t € R? be a real-valued rf satisfying (2.6) with ©(0) = 1 almost surely. If R is a unit
Pareto rv independent of ©, then for any two anchoring maps ,T' and any shift-invariant map F we have
(set Y (t) = RO(t),t € 79)

P{Z(Y)=0,7/(Y) € Z, F(Y) < 00} = P{Z'(Y) = 0,Z(Y) € Z¢ F(Y) < oo}. (3.2)
Moreover, P{Z(Y) = 0, F(Y) < oo} = 0 is equivalent with P{Z(Y) € Z¢, F(Y) < oo} = 0.

Remark 3. f Z(Y),Z'(Y) are almost surely in Z%, then (3.2) boils down to P{Z/(Y) = 0} = P{Z(Y) = 0},
which is already shown in [2][Lem 3.5]. In general, Z(Y") might not be finite almost surely.

Hereafter we consider anchoring maps Z : E — Z% such that
P{Z(Y) € Z%, S(Y) < o0} = P{S(Y) < oo}, (3.3)
which is in particular valid for both first (last) maximum and first (last) exceedance functionals.

Lemma 5. If X (t),t € Z% is a stationary max-stable rf with some spectral rf Z and spectral tail rf O, then
Ox = 0 ifand only if P{S(O) = oo} = P{S(Z) = oo} = 1. If further the anchoring map T satisfies (3.3),
then O0x = 0 is equivalent with

P{Z(Y)=0,5(Y) < 0o} =0. (3.4)

Since the first and last maximum functionals are 0-homogeneous and finite on the set O = {f € E :
S(f) < oo, max;eza f(i) > 0} we have that P{S(Z) = oo} = 1 is equivalent with

P{Zjm(Z) ¢ 2% =1

and the same also holds for the last maximum functional.
In view of Lemma 5, Lemma 9 and [19] 6x = 0 is equivalent with P{S(Z) = oo} = 1. Further we have the
following equivalent statements (below ||-|| is a norm on R9):
Al: Z(t) — 0 almost surely as ||¢|| — oo;
A2: O(t) — 0 almost surely as ||t|| — oo;
A3: §(Z) < oo almost surely;
A4: §(O) < oo almost surely.
The equivalence of A1 and A3 is shown in [19], whereas the equivalence of A1 and A2 is a direct consequence
of Lemma 9 and similarly for the equivalence of A3 and A4. The equivalence A2 and A4 follows from [27]
and [51]. Note further that Y(¢) = RO(t) — 0 almost surely as ||t|| — oo is equivalent with A2 and
S(Y) = RS(O©) < oo almost surely is equivalent with A4.

We state next the main result of this section; define in the following B(Y) = > ., (Y () > 1) and
interpret 0 : 0 and oo : 0o as 0.

Theorem 2. Let 7, X be as in Lemma 5. If T satisfies (3.3) and P{S(0) < oo} > 0, then

Ox = P{I(Y)=0,5(Y) < oo} 3.5)
= P{Z;.(Y) = 0} (3.6)
= P{Z;n,(0) =0} (3.7
= P{Z(©) =0,5(0) < oo} (3.8)
B max;eza O(t)
- E{ > ez O0) } 39
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= E{B(ly)}, (3.10)

where (3.8) holds if further I is 0-homogeneous. Moreover {B(Y) < oo} = {S(Y) < oo} almost surely and
in particular Ox = 1 if and only if ©(i) = 0 almost surely for all i € 7%, # 0.

Remark 4. 1) @(t) = @1(t1)@2(t2),t1 S Zk,tg e 7™t = (tl,tg) e 7% with 61,6 independent rf’s
satisfying (2.6) and P{©;(0) = 1} = 1,i = 1, 2, then (3.9) implies that x = 0x,0x, where X, X;,i = 1,2
are stationary max-stable rf’s with spectral rf © and ©;,i = 1, 2, respectively.

ii) For d = 1 and fx = 1 the claim that ©(i) = 0,4 # 0 in Theorem 2 follows also from [30][Prop 2.2 (ii)].
iii) Since © uniquely defines X, then Theorem 2 implies that the only stationary max-stable rf X such that
fx = 11is that given by (1.6). In view of (2.1) ©(i) = 0,4 # 0 and hence by (2.7)

1
Zn(t) = p—]I(N =t), tezd
t

is a spectral gf for X specified in (1.6), where N is a discrete rv with positive probability mass function
pe > 0,t € Z°.

iv) Taking F'(f) = I(Z(f) = 0,S(f) < o0), then (3.8) implies fx = x r under the further assumption that
T is a 0-homogeneous functional satisfying (3.3).

v) It follows from the proof of Theorem 2 that (3.10) holds without the assumption that P{S(©) < oo} > 0.
Hence 6x = 0 if and only if B(Y') = oo almost surely. Further, from Theorem 2 we have that A1, A2, A3
and A4 are equivalent with A5: B(Y) < oo almost surely.

iv) Formula (3.9) appears initially as extremal index in [38,39] and in [17] as Pickands constant.

4 The anti-clustering condition

Since stationary max-stable rf’s with Fréchet marginals are multivariate regularly varying (see for more de-
tails [2]) the classical extremal index of those rf’s can be calculated using the findings of [2] and [51]. In the
framework of stationary multivariate regularly varying rf’s the anti-clustering condition of [7] plays a crucial
role for the calculation of extremal index. Considering the stationary max-stable rf X (¢),¢ € Z% with unit
Fréchet marginals, in view of [2] the aforementioned condition reads as follows:

Condition C: Suppose that there exists a positive sequence of non-decreasing integers 7, — 00 as n — o0
and lim,, o, 7% /n = 0 such that for any s > 0

lim limsupP max
m—o0 pn_ o0 m<Ht||<rn,tEZd

X(t) > ns|X(0) > ns} =0.

The equivalence of Condition C and P{S(©) < oo} = 1 for the case d = 1 is known, see [18]. The case
d > 1 of Brown-Resnick model is dealt with in [S1][Prop 6.2]. Next we show that this equivalence holds for
a general stationary max-stable rf X with spectral tail rf © and spectral rf Z.

Lemma 6. The anti-clustering Condition C for X is equivalent with Ai, i =1, ..., 5.

If P{S(©) < oo} = 1 or equivalently Condition C holds, then by [2] Lemma 3, Lemma 6 and [2][Prop 5.2]
for any anchoring map 7

Ox =P{Z(Y) =0} = P{Ifm(Y) =0} = P{Ifm(Q) =0} € (0,1], “4.1)
provided that P{Z(Y") € Z¢} = 1. In the special case T = T e (as shown already in [2])

Ox =P{maxY (1) <1}. 4.2)



Here < denotes a translation-invariant order on Z2.

Remark 5. The expression in (4.2) is a well-known formula in the Gaussian setup and has appeared in numer-
ous papers inspired by [1]. This special formula for the Gaussian setup is also referred to as Albin’s constant,
see [17]. In the context of stationary regularly varying time series the same formula has appeared in [3].

Next, consider the case that Condition C does not hold, i.e., p = P{S(O) < oo} € (0,1) and define the
f’s ©1 = O](S(O) < 0) and Oy = O|(S(O) = ). In view of [19][Thm 9, Prop 10], for two independent
stationary max-stable rf’s 7;(t),t € Z% i = 1,2 with unit Fréchet marginals and corresponding spectral tail
rf’s equal in law to ©;,7 = 1, 2 we have that X has the same law as

max(pn (), (1 — p)a(t)), te 24, 4.3)

Since 7); satisfies Condition C, then by [51][Prop 5.2], Lemma 3, (4.1) and Theorem 2

Alternatively, since by the stationarity of X we have that 0y exists and moreover ¢,, = 0, then Lemma
12 implies that x = p6,,. Consequently, we conclude that Condition C, Lemma 12, representation (4.3)
together with the findings of [2] establish the validity of the first four expressions in Theorem 2.

We remark that from the above arguments, by (4.2) and Lemma 1 we obtain

Ox = E{max@(t)—max@(t);S(@)<oo}

0=t 0<t

= E {Iggic Z(t) - max Z(t): 5(Z) < oo} .

The first formula above is already obtained for the Brown-Resnick model (see Section 5) in [51][Corr 6.3]
and for the case d = 1 in [20][Thm 2.1].

5 Examples

We present below some examples starting first with the Brown-Resnick model. The second example and
Lemma 2 show in particular how to construct stationary max-stable rf’s starting from any a-summable deter-
ministic sequence. We then discuss how to construct from some given rf a stationary max-stable rf X such
that fx equals a given constant.

5.1 Brown-Resnick model

Consider Z(t) = eV®=o*1)/2 t ¢ 74 with W (t),t € Z® a centered Gaussian rf with variance function ¢
which is not identical to 0 and o(0) = 0. Let X (¢), ¢ € Z? denote a max-stable rf with spectral rf Z. The case
W is a standard Brownian motion and d = 1 is investigated in [6] and therefore this construction is referred
to as the Brown-Resnick model.

For any fixed h € Z% the Gaussian rf (set (s, t) = Var(W(t) — W(s)), s,t € Z9)

Sp(t) = W(t) — W(h) —y(h,t)/2, Vtez?

is such that S, (h) = 0 almost surely and has variance function o3 (t) = v(h, t).

With the same arguments as in [25], it follows that Z,(t) = et e 7% is also a spectral tf for X for any
h € Z%. Since Sy, (t),t € Z¢ is a Gaussian rf with variance Var(W (t) — W (h)) = ~(t, h), then the law of X

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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depends only on y(h, t) and not on 2. If we assume that IV has stationary increments, then (2.5) implies that
X is a stationary max-stable rf. The fact that Z;,(h) = 1 for any h € Z% almost surely implies that © := O,
defined in (1.8) is simply given by O(t) = Z(t),t € Z% and hence (recall Y = RO)

Y(t) = VO TW(t) = W(t) — o2(t)/2, te Zf,

where () = In R is a unit exponential rv independent of W. ~
For an N (0,1) rv V with distribution ¢ being independent of @ and all¢ > 0,z € R(set®? =1 — @, V., =
cV —c%/2)
P{Ve+Q >z} = P{Vo,+Q>z,Ve>a}+P{V.+Q>ua, V. <z}
= P{V.>z}+e "E{"I(V, < z)}
P{V, >z} + e *P{cV <z — %/2}, (5.1)
where we used that the exponentially tilted rv U defined by P{U < 2} = E{e"*I(V. < z)},z € R has

N(c?/2, c?) distribution, see e.g., [25][Lem 7.1]. Consequently, for all ¢t € Z¢ such that ¢ := o(t) > 0 and all
y>0

P{Y(t) <y} = (¢ Iny+c/2) —e V¥D(c  ny — ¢/2), (5.2)

which agrees with the claim of [51][Prop 6.1] where the stationary case is considered.
Next, under the assumption that W has stationary increments, in view of (3.9) and (3.10)

0
0y = E ! — g 2%ezt T L (5.3)
D ez LW () +Q > 0) Sreza €V

which yields the following lower bound

o _ E{ ! }2 B
Y ez LW (t) +Q > 0) E{> ez IW(t) +Q > 0)}
1

Svezs PIW (1) + Q > 0}

= ! 5.4

Yiezs @(0?(8)/2)’

where we used Fubini theorem for the first equality and (5.1) implies (5.4). The lower bound above is strictly
positive under some growth conditions on o, see [12] for similar calculations in the continuous case. Deriva-
tion of a tight positive lower bound is of general interest since in most of the cases direct evaluation of fx is
not feasible.

It is of some interest to compare two different extremal indices of stationary max-stable Brown-Resnick
rf’s for different variance functions. With similar arguments as in [10][Thm 3.1] we can prove the following
result:

Lemma 7. Let X1(t),t € Z% and Xo(t),t € Z% be two stationary max-stable Brown-Resnick rf’s corre-
sponding to two centered Gaussian processes W1, Wa with stationary increments, continuous trajectories
and variance functions o? and o3 which vanish at the origin. If o1(t) > oa(t) holds for all t € 79, then
Ox, = Ox,.
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Remark 6. 1) Under the conditions of Lemma 7

S o] B e Srrerer
Y ieza IWA(E) +Q > 0) > reza IWa(t) +Q > 0)

ii) The calculation of §x and different expressions for it have appeared in the literature in various contexts:

the most prominent one concerns extremes of Gaussian rf’s where in fact 0 x has been originally calculated,
see e.g., [15,29,34]. The first expression in (5.3) for the continuous setup, d = 1 and the fractional Brownian
motion case is obtained in [5][Thm 10.5.1]. Applications to sequential analysis and statistics have given rise
to various forms of formula (5.3), see e.g., [32,41]. As already shown in [17] (5.3) is useful for simulations
of 6 X.

5.2 O generated by summable sequences
Let ¢;,i € Z¢ be non-negative constants satisfying Y ieza ¢ = C € (0, 00) for some o > 0 and define
o) =2 ez
cs

for a given rv S with values in Z¢ satisfying
P{S =i} =c?/C, iecZ%

Clearly, ©(0) = 1 almost surely and moreover © satisfies (2.6) stated for the case o > 0 as below, namely for
any h € 74

E{e°(WF(O)} = E{cfs/cl(cs # 0)F(c.s5)}
= LYl £ O F ()
1€Z4

- E {F(Bh@)]l(@(—h) ”] 0)}

is valid for any 0-homogeneous measurable functional F' : E' — [0, c0].
Clearly, S(©) = ) ;.. ©%(t) is finite almost surely, hence

maxgcza Cy 1
QX:E{tEZ;”}zmaxcge(o,u. (5.5)
D tezt Ciys C tez

We note that fx given in (5.5) is the extremal index of a large class of stationary rf’s, see e.g., [4,45].

5.3 Constructions of X with given extremal index

From the previous example we conclude that for any a € (0, 1] we can construct a stationary max-stable rf X
such that 0x = a. We present below examples of rf X satisfying §x = 0 and then we construct stationary
max-stable rf’s X (?) indexed by p € (0, 1) and calculate their extremal indices.

Consider next independent, non-negative rf’s O (t),t € Z, k < d that satisfy (2.6) such that P{©},(0) = 1} =
1,k < d. It follows that the rf O(t) = [[1cpeyq Ok(tr),t = (t1,...,tx) € Z¢ also satisfies (2.6). In view
of Lemma 2 we can construct stationary max-stable rf’s X, X;, k < d corresponding to @, O,k < d. As
already mentioned in Remark 4 7i) we have 0x = [[,,0x, and therefore fx = 0 if some Ox, equals zero.

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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If we define Ok (j) = 1 for all even integers j and O (j) = 0 for all odd integers j, then O satisfies (2.6).
Since S(O}) = oo almost surely, then fx, = 0 follows and hence also x = 0.

In view of our examples, we can construct two independent stationary max-stable rf’s 11 (), 172(), t € Z% with
unit Fréchet marginals and spectral tail rf’s Z; and Zs, respectively satisfying P{S(Z;) < oo} = P{S(Z2) =
0o} = 1. The rf X P)(t) = max(pn; (t), (1 —p)na(t)),t € Z¢ for any given p € (0, 1) is stationary and further
max-stable with unit Fréchet marginals. As already shown in the previous section, we have 0x) = pf,), .

6 Proofs

PROOF OF LEMMA 1: For a given non-negative spectral rf Z of a max-stable rf X with unit Fréchet marginals
by the de Haan representation of X for any t; € Z¢, z; € (0,00),i < n

—InP{X(t) < z1,..., X(tn) < zp} = E{ Z(“)}. (6.1)

1<z<n xT;
Consequently, with ¢y = h € Z% and zq = 1 we obtain as u — oo

P{u " X(t;) < xii=1,...,n|X(tg) > u}
~ uP{uTtX(t )<£L'Z,’L—1 Sn,u X () > xo)
= uP{u"'X(t )<$Z,Z—1 on} =P X(t) <24, =0,...,n}]
— E{Zmaxz(ti)— max Z(m}, U — 00

i=0,....,n  T; i=1,...,n  I;

_ E{H(Z(to)>0){max M— max Z(tz)}}

i=0,...n  XI; i=1,...,n  I;

= E {Z(to)ﬂ(z( 0) >0) L n Z(( )) i1 ZZ(t((f;i‘z]}

= E{_H&ax Onlt:) — max @h(tz)}

Z; i=1,..n  I;

where the last line follows by the definition of @}, in (1.8). Hence in view of (2.2) and the fact that O (h) = 1
almost surely, the proof is complete. |

PROOF OF LEMMA 2: Since by the assumptions » jezaPj = 1 and ©* is non-negative we have for any
: d
JEZ

{sz (i—3j } =Y pE{O*(i—j)} =) pP{O*(j—i) >0} <1,

Sy SYAL 1€

which together with the non-negativity of ©* implies for some norm ||-|| on R?

pO*(t —j) = lim pY(t—35)=0 (6.2)

lim
[[t||—o0,teZ [t||—o0,teZ
almost surely. Consequently, since further

P{pn >0} =P{Y(0) > 1} =1,
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then max;czqa ps BVY (t) € (0, 00) almost surely and thus Z in (2.7) is well-defined. Next, forany a, h € Z4
and any 0-homogeneous measurable functional F' : E — [0, oo}, by the independence of N and Y applying
Fubini theorem we obtain

E{Zn(h)F(B"ZN)}

= BNY(h) . BN — a+N
= kB { maxeza pSBNY(s)H(Ifm(p BYY)=N)F(B Y)}

_ . BJQ*(h) CRIO* — a+j oy*
= Y B {ny e T BE") = F (56" |

jezs

= Y E{BO*(W(Zm(p- B'O*) = j)F(B*16")}
jezd

= Y E{I(Zjm(p- B"O*) = j,0%(j — h) > 0)F(B"""0")}
=

= E{ F(B"™0") Y 1(Zsm(p- B"O*) = j,6%(j — h) > 0)
jezd
— E{F(Ba+h@*)}
= E{Zn(a)F(B"Zn)},
where the third equality follows since Zy,,(p - B©*) = j implies

max psO* (s — j) = ijj@*(j) =p;0*(0) =p; >0

SEZ4

almost surely, the fourth equality follows from (2.6) and the assumption that P{©*(0) = 1} = 1, the sixth
one is consequence of the following (which follows from (6.2))

S U(Zj(p - B'O*) = j) = WTym(p - B'O7) € 2%) = 1
jezd
almost surely and the fact that Z,,,(p - B"©*) = j implies for any h € Z?
p;O*(j —h) > pr©O*(0) > pp, >0

almost surely and consequently ©*(j — h) > 0 almost surely. Finally, the last claimed equality is established

by repeating the calculations for E{Zy (a)F(B"Zy)}. Hence the proof follows by (2.5) and the definition of
the spectral tail rf @ via the spectral 1f Z. O

PROOF OF LEMMA 3: Let r, € Z% n > 1 be non-negative integers with components Tnj,J < d such that
lim;, 00 1/ Tpj = limy, o0 Tnj = 00. The stationarity of X yields further

C(A)=E {mea} Z(i)} — 04

for any finite set of indices A C Z% and any A’ C Z? which is a shift/translation of A. Moreover, by the
sub-additivity of the maximum

C(AUB) < C(A) + C(B).

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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Hence the growth of C'(A) is as that of the counting measure of A, see [16] for this argument and [33].
Consequently,

E i<r, iezt Z(1 - ‘
. {maxog <1 i€Z (l)} — lim n dE{ max Z(Z)} =M.

d . .
n—o00 ) n—00 d d
| |j 1 Tnj 1€[0,n]¢ i€Z

The assumption on 7, and (6.1) imply that

P{maxo<icr, icze X (i) > n} E {maxo<i<y, iezt Z(i) }
d d
[[i=1 rnyP{X(0) > n} [[izimn;

Hence ‘H = 0x establishes the proof. O

Ox ~ , N — 00.

PROOF OF LEMMA 4: We give first a key characterisation of tail rf’s proved initially in [35] and also stated
for rf’s in [2]. Namely, for any measurable map F' : E — [0, 00|

E{F(Y)I(Y(i) > 1/t)} = tE{F(BY)I(Y(-i)>t)} (6.3)

holds for all i € Z4,t > 0. If Z, T’ are two anchoring maps, since Y (0) = R > 1 almost surely and Z(Y) = i
implies Y'(¢) > 1 almost surely, by (6.3)

PAZ(Y )GZdI’( ) =0,F(Y) < oo}
= ) P{ZI(Y)=4,T/(Y)=0,F(Y) < o0}
- Z;:dp{z Y(i)>1,7(Y) = 0,F(Y) < 0o}
— Z;P{I(Biy) =i,Y(=i) > 1,T/(B'Y) = 0,F(Y) < o0}
- Z;;P{I(Y) = 0,F(Y) < 00,Y(=i) > 1,7/(Y) = —i}
— ZEZZ;]P’{I(Y) =0,F(Y) < 00,Z'(Y) = —i}
= ;{Z;(Y) €ZUI(Y)=0,F(Y) < oo}

With similar arguments we obtain

P{Z(Y) e Z', F(Y) <o} = » P{I(Y F(Y) < 00,Y(—i) > 1}.
1€Z2

Consequently, P{Z(Y) = 0, F(Y') < oo} = 0 is equivalent with
P{Z(Y) € Z*, F(Y) < 00} =0
establishing the proof. O

PROOF OF LEMMA 5: As shown in [19] condition P{S(Z) = oo} = 1 is equivalent with X being generated
by a non-singular conservative flow. The latter is equivalent with 6y = 0, see [21] (which follows by [38] if
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d = 1 and by [37] for d > 1). In view of Lemma 4 and (3.3) P{Z(Y) = 0,5(Y) < oo} = 0 is equivalent
with P{S(Y) < oo} = 0. Applying Lemma 9 in Appendix the latter is equivalent with P{S(Z) < oo} = 0.
This establishes the proof since the latter is equivalent with x = 0. |

PROOF OF THEOREM 2: We have that P{S(Z) < oo} = 0 is equivalent with X is generated by a non-
singular conservative flow, which in view of [36,37,38] is equivalent with §x = 0. Applying Lemma 10 in
Appendix to BRs spectral rf Z we have that ZF(Z) is also a BRs spectral rf for any measurable functional
F : E — [0, 00|, which is 0-homogeneous and shift-invariant. Since both I(S(f) = 00),[(S(f) < c0), f €
FE are measurable 0-homogeneous and shift-invariant functionals and by the above

lim nldIE{ max  Z(KS(Z) = oo)} ~0

te[0,n]¢NZe
we have using further (1.5)

Ox =H = lim ldlE{ max Z(t)}

n—oo N te[0,n]¢NZ?

= lim 1E{ [max ZI(S(Z2) < oo)} (6.4)

n—oo nd te[0,n]¢NZ?

Next, assuming that P{S(Z) < oo} > 0 by Lemma 9 P{S(©) < oo} > 0 and the converse also holds.
Setting Z,(t) = Z(t)I(S(Z) < oo) by Lemma 10 it is BRs and further S(Z,) < oo almost surely. In view of
Lemma 8 we can assume that S(Z,) > 0 almost surely. Applying (2.5) and using the equivalence of A1 and
A3 we obtain further

nld dZ*t
0x = lim id Z E{Z*(h)maxte[o, 14Nz ( )}

he[0,n]¢NZ? Zte[(),n]dmzd . (t)

im_ max;e(o njernze B" Z4(t)
= hm — E Z* (O) s
[O;Vﬂzd { Zte[om]dmzd B"Z,(t)

= lim lim i Z E {Z (0) maXtE[U:n]"ﬂZd BhZ*(t> }
* h
h€len,(1—e)n]?NZd Zte[O,n]dmZd B Z*(t)
maXgczd Z* (t) }
= E Z*(O)—
{ > teza Zx(t)

= E {Wﬂ(&(@) < oo)} .

Since by definition the events {Z,,(@) € Zd} and {S(©) < oo} are almost surely the same, the O-
homogeneity of Zy,,(-) implies (recall ©(0) = 1 almost surely)

(0)
- E { maXtezd 9

0x ]I(Ifm(@) € Zd)}

B maxyeza O(t) _
- J;WE{S@ 1(Zm(0) =)

= Y E {@(j)g(((g))ll(lfm@) = j)}

jezd

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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- Ze{Spemee -}
_E J;Zd i((gé)ﬂ(zfm(@):c))

= P{Ifm(e) = 0}
= P{Zfm(0) =0,5(0) < oo},

where we applied (2.6) in the last third line combined with condition i7) in the definition of anchoring maps
and also used that S(f), f € FE is a shift-invariant functional. Clearly, the last two formulas hold also for the
last maximum functional. Since (3.3) implies

P{Z(Y) ¢ Z¢,S(Y) < 00} = 0, (6.5)

then using Lemma 4 to obtain the second equality below we have

P{Z;m(0) =0,8(0) < o0} = P {Ifm(Y) =0,8(Y) < 00, Z(Y) € Zd}
+P {Ifm(y) =0,8(Y) < 00, ZI(Y) ¢ Zd}

— P {Ifm(y) € 29, S(Y) < 00, Z(Y) = 0}
— P{I(Y)=0,8(Y) < oo}

and hence Ox = P{Z;.(Y") = 0} follows and the same is true also for the last exeedance functional. In view
of the equivalence A2 and A4 we have

{S(Y) < 0o} C {B(Y) < 0}, (6.6)

with B(Y') := >, ., I(Y'(t) > 1). Hence since Y (0) = RO(0) = R > 1 almost surely implies B(Y) > 1
almost surely

E {gg;H(I(Y) =0,8(Y) < oo)}

= YR HT(Y) =0,Y (1) > 1,8(Y) < oo)}

iz B
_E {&)teZdH(IO/) Y (—t) > 1L,S(Y) < oo)}
= E {B(ly]I(I(Y) €24, 8(Y) < oo)}
- E {B(ly]I(S(Y) < oo)}

where we used (6.3) to derive the last fourth line and the last second equality follows from (6.5). With the
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same arguments as in the proof of [46][Lem 2.5] considering the discrete setup as in [18] for any n > 0

1
’ {tE[g}fﬁ%Zd Z(t)} - Z : { Zse[O,n}dmZd I(Y(s—1t)>1) } ‘ ©.7)

te[0,n]¢NZe

Since Y (0) > 1 almost surely and thus the denominator in the expectation above is greater equal 1 and
converges as n — oo almost surely to B(Y), it follows by the dominated convergence theorem that

1
x = Jlimn {[m] ( >} { B<Y>} =5

hence (3.10) holds. From the last two expressions of #x we conclude that E {%H(S (Y) = oo)} = 0.

Consequently, almost surely {B(Y) < oo} C {S(Y) < oo}, which together with (6.6) implies that almost
surely

{B(Y) < o0} = {S(Y) < o0}
Next, if P{O(i) = 0} = 1 forall i # 0,7 € Z%, then

Ox =E {%H(S(@) < oo)} = 1.

Conversely, if 6x = 1, then necessarily P{S(©) < oo} = 1 and thus

maxeza O(t) }
Ztezd @(t)

implying that max,cz« O(t) = >, ;4 O(t) almost surely. Taking Z(f) = Zyn(f) we have that 0x =
P{Z(©) = 0} = 1 implies that max;c7« ©(t) = @(0) = 1 almost surely and therefore

dYey=1+ Y o@=1

teze teZd t£0

zele{

almost surely. Consequently, (recall O(i)’s are non-negative) P{O(i) = 0} = 1 forall i # 0,i € Z4
establishing the proof. O
PROOF OF LEMMA 6: For any s > 0 and any non-decreasing sequence of integers r,,n € N tending to
infinity such that lim,, o, 7¢/n = 0 we have for any positive integer m (recall E {Z(¢)} = 1 for any t € Z%)

E Z(t) ¢ < E{Z(t)} -0, n— oo,
b {m<lltﬂn<%"§,t62d ( )} =N > {z()} n — 0o
m<||t]|<rn,tEL?

hence by (6.1) and the dominated convergence theorem

1— lim P{ max X(t) > ns|X(0) > ns}

n—oo  m<||t]|<r,,teZd
= s lim nP{ max X (t) <ns, X(0) > ns}

n—oo m<||t]| <r,,teZd
= E max Z(t) — max Z(t
m<||t||<oo,t€Z,t=0 m<||t]|<oo,t€Z?

Lith. Math. J., X(x), 20xx, October 8, 2020,Author’s Version.
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- E{H(Z(o)>o)[ max Z(t)—  max Z(t)]}
m<|[t]|<oo,teZd,t=0 m<|[t]| <oo,teZ?

_E {Z(O)}I(Z(O) >0 Z¢) Z(t)} }

max — —
[m<||t||<oo,tEZd7t:O (0)  m<|lt|<ootezs Z(0)

= Eq(1- o(t
{( m<Ht1|(|n<ao)é,teZd ( )>+}

for any positive integer m (recall @(0) = 1 almost surely). If A1 holds, then by the dominated convergence
theorem

lim E max Z(t) — max Z(t)} =E{Z(0)} =1,

m—00 {m<t||<oo,teZd,t0 m<||t]|| <oo,teZd

hence Condition C is satisfied.
Conversely, if Condition C is satisfied for some sequence r,,n > 1 of non-negative increasing integers, then
by the above calculations

1— lim lim P{ max X (t) > ns|X(0) > ns}

m—0on—00  m<||t]|<r,,teZd

= lim E {(1 — max @(t))+} =1
m—00 m<||t]|<oo,t€Z?

and thus almost surely as m — co

max O(t) — 0.
m<||t]| <oo,teZ?

Consequently, by Lemma 11 in Appendix condition A2 holds, hence the proof follows from Remark 4. |

7 Appendix

For notational simplicity we consider the case o = 1 in the following. The results for & > 0 can be formulated
with obvious modifications.

Lemma 8. If X (t),t € Z% is a max-stable rf with de Haan representation (1.1) and some spectral rf Z

satisfying B{Z(t)} € (0, 00) forallt € 7, then we can find a spectral rf Z, for X such that max;cza Zy(t) >
0 almost surely.

PROOF OF LEMMA 8: Let w;, i € Z be positive constants such that
E { Z wiZ(i)} € (0,00).
i€z
w;’s exist since E{Z (i)} € (0, 00) for any i € Z?. By the choice of w;’s we have that

M = AU
i)

is a non-negative rv and a = E{M} € (0,00). Let Z,(t),t € Z% be a rf defined by

P{Z, € A} = E{MI(aZ/M € A)/a}
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for any measurable set A C E. Since by the above definition

P{Iirel%( w;Z (i) =0} = E{M]I(rirel%( w; Z(i)/M =0)/a} =0

it follows that P{max;czs Zy(i) = 0} = 0. Moreover, for any x; € (0,00),t; € Z% i <n

—IDP{X(tl) < CCl,...,X(tn) S ﬂl‘n}
= E{max Z(t;)/z;}

1<i<n

= IE{]I( max Z(t;) > 0) max Z(ti)/zi}

= E{M/aH(M > O)]I( max Z(tz) > 0) joax. aZ(t;)/(Mxz;)}
= E{l(as Z.(1) > 0 max Z (1))

— E{max Z(t)/zi},

1<i<n

where the third equality is a simple consequence of maxj<;<, Z(t;) > 0 implies M > 0. Hence Z, is a
spectral rf for X. The calculations above show that we can define alternatively Z,(t) = P{maxyczs Z(s) >
0}Z(t) conditioned on maxcza Z(s) > 0, which was suggested by the reviewer. O

Proof of (3.1): As in the proof of Lemma 8, we can assume without loss of generality that Z is such that
max;czqa(Z(t)/x¢) > 0 almost surely for any x = (z;)jeze a positive sequence. Suppose for simplic-
ity that « = 1 and let next x be a sequence with finite number of positive elements and the rest equal to
oo (we interpret a/oo as 0). Since further Z/x consists of zeros and finitely many positive numbers, then
Zym(Z/x) € Z* almost surely. Consequently, by (6.1), Fubini theorem and the fact that Zy,,,(Z/x) = j
implies max;cz4(Z(t;)/z;) = Z(j)/x; almost surely

—~InP{X (i) < z;,i € 2} = E{IZIGI%XZ( )21 (Zrm(Z/2) € Z%)}

= Z E{maxZ(tz)/xl (Zpm(Z/z) =)}

jezZ?

=y ;E{Z(j)lfmw/x) =7}

jezd J

= Y iE{Z(O)Ifm(BjZ/$) =7}

X
jezd J

= S RO T (B 2/2)/2(0)) = j)}

"y
jezd ™Y

= Y LRI (B 6/(B ) = j)

jEezZd J

= 3 P(Zn(6/(B ) = 0},

jeza "

where the fourth first equality follows from (2.5) and the last equality follows since Zy,, is an anchoring map.
O
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Lemma9. Let Z(t),t € Z% be a BRs rf satisfying (1.2). If F : E > [0,00] is a shift-invariant and 0-
homogeneous measurable map, then E{F(Z)} = 0 is equivalent with E{F(0)} = 0. If further F is
bounded by 1, then E{F(Z)} = 1 is equivalent with E{F(©)} = 1.

PROOF OF LEMMA 9: By the shift-invariance of F’ and (2.5) we have

0 = E{F(0)} =E{Z(0)F(2/Z(0)} =Y E{Z(0)F(B~'2)}

1€Z4

= Y E{z()F }>E{(%§Z(i))F(Z)},

€L

hence since Z is chosen such that max;cz« Z(i) > 0 almost surely, then E{F(Z)} = 0 follows. If
E{F(Z)} =0, then F(Z) = 0 almost surely and thus

0=E{Z(0)F(2)} =E{F(©)} =0

follows. Next, E{F'(©)} = listhe same as E {1 — F'(©)} = 0, which is equivalent with E {1 — F'(Z)} =0
as shown above, establishing the proof. O

Lemma 10. [f F : E v [0, 0] is a 0-homogeneous measurable functional and Z(t),t € 7% is a BRs rf, then
Z. = ZF(Z) is also a BRs rf, provided that E{ Z,(to)} € (0, 00) for some to € 7°.

PROOF OF LEMMA 10: Using (2.5) we have that E{Z,(t)} = E{Z.(to)} € (0,00) for any t € Z¢ and in
particular P{F'(Z) = 0} < 1 and P{F(Z) = oo} = 0. Since F' is 0-homogeneous, we have that Z, satisfies
(2.5), which is an equivalent condition for a spectral rf to be a BRs rf, see [25]. O

Lemma 11. If V(t),t € Z% is a non-negative rf, then P{lim ;|00 V(t) = 0} = 1 is equivalent with there
exists a non-decreasing sequence of integers ry,n > 1 that converge to infinite as n — oo such that

lim limsupP{ max V(¢)>0d}=0 (7.1)

m—o0 n_ oo m<|t]|<r,

is valid for any 6 > 0.

PROOF OF LEMMA 11: It is well-known that (see e.g., [22][A1.3])

P{ lim V(t)=0}=1

l[£]|—o0
if and only if for all large m and any 6, € positive

P{max V(t) >0} < ¢,

l[tl]=m

which clearly implies (7.1). Assuming that the latter condition holds, then for given §, € positive there exists
N such that for all m, n larger than N we have P{max,,<|q<,, V(t) > 0} < e. Since lim;, 00 7, = 00,

then P{max,, < V() > 0} < ¢, hence the claim follows. O

Lemma 12. Let 1;(t),i = 1,2,t € Z¢ be two independent stationary rf’s with unit Fréchet marginal distri-
butions. If the extremal indices of both ny and 1 exist, then the rf X (t) = max(pny (t), (1 — p)n2(t)),t € Z4
has for any p € (0,1) extremal index 0x = pb,, + (1 —p) 0,, € [0,1].
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PROOF OF LEMMA 12: By the independence of 77; and 72 we have that X is stationary with unit Fréchet marginal
distributions. In order to show the claim it suffices to prove that max;c(g 2 X (t)/ n¢ converges in distri-
bution as n — oo to (pby, + (1 — p)b,,)&, where & is a unit Fréchetrv. As n — oo, by the assump-
tions max;e(o nje 7i(t)/ n? converge for i = 1,2 in distribution to p;0,,& with &1, & two independent unit
Fréchetrv’s and p1 = 1 — po = p. Since max(p10y,&1, p2b6y,&2) has the same df as (p16,, + p26,,)E, the
claim follows by the independence of 7;’s and Slutsky’s lemma. a
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