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Abstract: We study the phase-space concentration of the so-called generalized meta-
plectic operators whose main examples are Schrodinger equations with bounded pertur-
bations. To reach this goal, we perform a so-called .A-Wigner analysis of the previous
equations, as started in Part I, cf. Cordero and Rodino (Appl Comput Harmon Anal
58:85-123,2022). Namely, the classical Wigner distribution is extended by considering
a class of time—frequency representations constructed as images of metaplectic opera-
tors acting on symplectic matrices A € Sp(2d, R). Sub-classes of these representations,
related to covariant symplectic matrices, reveal to be particularly suited for the time—
frequency study of the Schrodinger evolution. This testifies the effectiveness of this
approach for such equations, highlighted by the development of a related wave front set.
We first study the properties of .A-Wigner representations and related pseudodifferential
operators needed for our goal. This approach paves the way to new quantization pro-
cedures. As a byproduct, we introduce new quasi-algebras of generalized metaplectic
operators containing Schrédinger equations with more general potentials, extending the
results contained in the previous works (Cordero et al. in ] Math Pures Appl 99(2):219-
233, 2013, J Math Phys 55(8):081506, 2014).

1. Introduction

Cauchy problems for Schrodinger equations have been studied by a variety of authors
in many different frameworks. Limiting attention to the microlocal analysis context, let
us mention as a partial list of contributions [1,16,27,29,30,33-35,47].

As more recent issues, under the influence of the new time—frequency methods, we
may refer to [3,6,8,10-14,20-22,31,38,39,45].

Here we propose a new approach, in terms of phase-space concentration of suitable
time—frequency distributions. The basic idea in terms of Wigner distribution is not new,
though. It goes back to Wigner 1932 [46] (later developed by Cohen and many other
authors, see e.g. [4,5]).
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Definition 1.1. Consider f, g € L?(RY). The cross-Wigner distribution W( f, g) is

W%ﬁ@@£)=/'fu+5mu—5y4”@m. (1)
R4 2 2

If f =g wewrite Wf := W(f, f), the so-called Wigner distribution of f.

For a given linear operator P acting on L?(R%) (or a more general functional space),
Wigner considered an operator K on L?(R?) such that

W(Pf) = KW(f) (2

and its kernel k
WP 6 = [k &y mWF G dyd. G

We continue the development of a theory started in the Part I [14], addressed to P
pseudodifferential operators with W replaced by the more general t-Wigner distribu-
tions. Here the main concern is the study of Cauchy propagators for linear Schrédinger
equations

'8u+H 0
I— u=
a1t “4)

u(0, x) = uo(x),

with# € R and the initial condition g € S(R?) (Schwartz class) or in some modulation
space as explained below. The Hamiltonian has the form

H = Opy(a) + Opy (o), )

where Opy,(a) is the Weyl quantization of a real homogeneous quadratic polynomial on
R and Op,, (o) is a pseudodifferential operator with a symbol o in suitable modulation

spaces, namely o € Mf;vqs (de), s > 0,0 < g <1 (see Sect. 2.2 below for the

definitions) which guarantee that Op,, (o) is bounded on Lz(Rd) (and in more general
spaces). This implies that the operator H in (5) is a bounded perturbation of the generator
Hy = Opy(a) of a unitary group (cf. [42] for details).
As special instances of the Hamiltonian above we find the Schrédinger equation
H = A — V(x) and the perturbation of the harmonic oscillator H = A — |x|2 — V)
with a potential V € M°>9(R?). Observe that V is bounded, but not necessarily smooth.
The unperturbed case o = 0, was already considered in [12]

_ou
—
at
u(0, x) = ugp(x).

+ Opy(@)u =0 ©)

The solution is given by the metaplectic operators u = 1 (x;)ug, for a suitable symplectic
matrix y;, see for example the textbooks [18,21]. Precisely, if a(x, §) = %xAx +&EBx+

%SCS, with A, C symmetric and B invertible, we can consider the classical evolution,
given by the linear Hamiltonian system

2nx = Vga = Bx + C§
2né = —Vea=—Ax — BT¢
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(the factor 27 is due to our normalization of the Fourier transform) with Hamiltonian
matrix D := <_BA _§T> € sp(d, R). Then we have x; = e? e Sp(d, R).
The solution to (6) is the Schrédinger propagator

itOpy(a)

u(t,x)=e uo(x) = w(x)uo, (7N

and the Wigner transform with respect to the space variable x is given by

Wu(t,z) = Wuo(x, '2), 7= (x,8),

as already observed in the works of Wigner [46] and Moyal-Bartlett [37]. Hence (3)
reads in this case

W(eitopw(a)uo)(z) = /2d k(t, Z, w)WMO(w) dw’ (8)
R

with k(¢, z, w) given by the delta density §;—y, .

The aim of [12] was to reconsider (7) and (8) in the functional frame of the modulation
spaces, in terms of the general .A-Wigner transform introduced in [14], see Definition 1.3
below. The propagator of the perturbed problem (4) is a generalized metaplectic operator,
as already exhibited in Theorem 4.1 [9] for symbols in the Sjostrand class.

Here, to deal with further non-smooth potentials Op,, (o) in (5), 0 € M f;’;{_ (R24),
we enlarge the class of generalized metaplectic operators, including quasi-algebras of
operators, which allow better decay at infinity than the original Sjostrand class. To
quantify the decay we use the Wiener amalgam spaces W (C, Lﬁ?)(RM ), which consist
of the continuous functions F on R?? such that

IFlwe.Ley = D € sup [F+D u®)P | < oo ©)

kezpd €011

(obvious changes for p = 00), where vy (k) = (1 + 1k|2)1/2.

Definition 1.2. Given ¥ € Sp(d,R), g € S(Rd), 0 < g < 1, we say that a lin-
ear operator T : S(RY) — S’(RY) is a generalized metaplectic operator in the class
FI10(x,q, vs) if there exists a function H € W(C, Lz_v)(de ), such that the kernel of
T with respect to time-frequency shifts satisfies the decay condition

(Tr(2)g m(w)g)l < Hw — xz), VYw,ze R (10)

(where the time—frequency shifts 7 (z), 7 (w) are defined in Sect. 2.2).

We infer boundedness, quasi-algebras and spectral properties of the previous opera-
tors, see Sect. 6 below. Moreover, we shall show that they can be represented as

T = Opyw(o)u(x) or T = u(x)Opy(o),

that is, they can be viewed as composition of metaplectic operators with Weyl operators

with symbols in the modulation spaces M f%’i (R%).
itH

The solution €'’ u to (4) is a generalized metaplectic operator of this type for every
t € R, so that it enjoys the phase-space concentration of this class.
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The main work of this paper relies in preparing all the instruments we need to study
the Wigner kernel of et namely k(¢, z, w), w, 7 € R24 such that

W™ up)(z) = / k(t, z, w)Wug(w) dw

and possible generalizations to .A-Wigner distributions, defined as follows.

Definition 1.3. Let A € Sp(2d,R) be a 4d x 4d symplectic matrix. We define the
metaplectic Wigner distribution associated to A by

Walf, ) = n(A(f ®3), fgel*RY, (11)

and set W4 f := WA(f, f).

When the context requires to stress the symplectic matrix A, that defines the meta-
plectic Wigner distribution W 4, we refer to W 4 as to A-Wigner distribution.

We shall focus on A shift-invertible, covariant symplectic matrices, see Definitions
4.5 and Subsection 4.1 and 4.2 below for definitions and properties. Furthermore we
limit to A shift-invertible, covariant symplectic matrices such that the related metaplectic
Wigner distribution W 4 is in the Cohen class Oy, namely it can be written as

Walf. ) =W(f,g)*Zqg

where the kernel X 4 is related to A by (68), (66) below.
Let us define £ 4,,(z) = £ 4(x:(z)) and denote by A, the covariant matrix such that

Wa, =W[f*Z 4,

Then from the results of [12] we have from the unperturbed Eq. (6), as counterpart of

(8)
WA (e OPv @ y)(z) = /R , Sz=xw (Wa,u0) (w) dw.

So we keep the action of the classical Hamiltonian flow according to the original idea
of Wigner [46], provided the matrix A; is defined as before.

We prove that the result does not change so much for the perturbed equation. Namely,
under the stronger assumption o € SggO(RZd), we prove (see Proposition 7.4 below)

Wa(e™uo)(z) = /de ka(t, z, w)(W4,u0)(w) dw
where, for every N > 0,

ka(t,z, w){z — xe ()N

is the kernel of an operator bounded on L2(RY).
Starting from this, we may obtain the propagation result for the Wigner wave front
set

WEF e ug) = x: WF qup),



Wigner Analysis of Operators Page 5 of 39 156

see Definition 7.5 in the sequel. In particular, for W4 = W = W;, defining as in [12,14]
20 ¢ WF f, zo # 0, if there exists a conic neighbourhood I';, C R24 of 7z, such that
forall N > 0,

/ @NIWf(2)?dz < oo,

I

we obtain
WF @™ uo) = x:OWFuo).

The outline of this article is as follows. In Sect.2 we establish some background and
notation. In Sect.3 we present the main properties of metaplectic Wigner distributions
and introduce their related pseudodifferential operators. Different symplectic matrices
give rise to different quantizations: we show the link between different quantizations
(see Lemma 3.2 below) and generalize the equality in (2) to any A-Wigner distribution
and A-pseudodifferential operator. This is a valuable result of its own, we believe it
could be useful in the framework of operator theory and quantum mechanics. Section4
is devoted to study subclasses of .A-Wigner distributions and pseudodifferential opera-
tors: covariant, totally Wigner-decomposable and Wigner-decomposable. The last ones
provide a new characterization of modulation spaces (cf. Theorem 4.9 below). Next, we
show that covariant matrices belong to the Cohen class (Theorem 4.14) and compute
the related kernel. As for the Wigner case, we are able to give an explicit expression
of the A-Wigner when A is covariant (see Theorem 4.15). Section5 contains a deep
study of A-pseudodifferential operators on modulation spaces, which will be used in
the applications to Schrédinger equations (Sect. 7). Section 6 introduces new algebras
of generalized metaplectic operators and their main properties. Finally, Sect.7 exhibits
an application of the theory developed so far to Schrodinger equations.

2. Preliminaries and Notation

2.1. Test functions, tempered distributions, Fourier transform. We denote with S(R?)
the space of Schwartz functions and with S’ (R¥) the space of the tempered distributions,
with vector topologies given respectively by the topology of the seminorms of S(R) and
the weak-* topology.

We write (-, -) for the unique extension to S’'(RY) x S(R?) of the sesquilinear inner
product of L% (R?), namely

(g = [ FO0dr fg € PR,

For all p € (0, +00], one has S(RY) < LP(RY) < S'(RY) and if p # oo, S(RY) is
dense in L?(RY).

If f, g are complex-valued Lebesgue-measurable functions on RY, we denote with
f ® g the function

(f®ex,y) = f()g(y), x,yeR:

The linear span of S(RY) @ S(RY) :={f ® g f, g € S(RY)} is dense in S(R>?).
If f, g € S (RY), f ® g is defined as the tempered distribution on R>¢ such that

(f®g @) = (f (g &) = (g, (f. ), @SR,
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where & = ®(x, ), x € R?, and > = &, y),y € R4, are the sections of ®. Again,
the span of S'(RY) @ S'(RY) = {f @ g f, g € S'(RY)} is dense in S'(R?9).
The Fourier transform of a function f € S(R?) is defined as

fe) = /Rd fx)e 28 dr e R, (12)

where & - t denotes the real canonical inner product of R?. We name F the Fourier
transform operator, mapping f € S(R?) into f, which is a surjective isomorphism of
S(R?) into itself with inverse F~!. It defines a unitary operator on L2(R%):

(f.e)=1(f.8. fgel*RY

and, in particular, || f]2 = ||f||2, where || - || , denotes the L? (quasi-)norm of LP(RY),
0 < p < oo lIf fe S (RY,the Fourier transform of f is defined as the tempered
distribution f such that

(fo0) =(f,. F '), VoeS®R.

If ® € S(R?*?), we define the partial Fourier transform F» of ® w.r.t. the second
variable as

Fod(x, &) = / D(x, y)e EVqy. (13)
Rd

The operator F> on S(R??) is defined, by density, as

(F(fRg),®) =(fR®g F, ®), &ecSR™M.

2.2. Short-time Fourier transform and modulation spaces. In this paper v is a continu-
ous, positive, submultiplicative weight function on RY ie., v(z1+22) < v(z1)v(z2), for
allz;, 20 e R4 A weight function m is in M, (Rd) if m is a positive, continuous weight
function on R? and it is v-moderate: m(z; +z2) < v(z1)m(z2). This notation means that
there exists auniversal constant C > 0 such that the inequality m(z1+z2) < Cv(z1)m(z2)
holds for all z1, zo € RY.

In the following, we will work with weights on R?? of the type

05(2) = (2)* = (1 +|z/»)*%, 7 e R*, (14)

For s < 0, vy is v|g-moderate.
In particular, we shall use the weight functions on R*¢:

s @Dz, 0) = 1+[z1)7%, A®v) ) =A+[¢)? z,¢ eR¥. (15)

Forafixedg € S (R9) \ {0}, the short-time Fourier transform (STFT) of f € LZ(]Rd)
is defined as

Vof(x,6) = /d gt —x)e 7 dr, x, & e RY. (16)
R
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Forx, & € R4, we denote with T, and M the translation and the modulation operators
respectively, i.e. the unitary operators on L?(R%) defined as

Tog(t) = g(t —x), Msg(t) =¥ ¥g(r), ge L*(RY).

If z = (x,&) € R*, the operator 7(z) = M¢T is called time—frequency shift. The
definition of STFT can be extended to all tempered distributions: fixed g € S(R?) \ {0},
feS®RY

Vef(x,8) = (f, m(x,8)g).

The modulation spaces, introduced by Feichtinger in [17] and extended to the quasi-
Banach setting by Galperin and Samarah [19], are now available in many textbooks, see
e.g. [3,13,23]. We recall their definition and main properties.

Fix a non-zero window g in the Schwartz class S (R9). Consider a weight function
m € M,y(R?*) and indices 0 < p, g < oo. The modulation space M}¢ (R?) is the
subspace of tempered distributions f € S’(R) with

1 fllygza = IV fllpa = (/R (/R |ng<x,s>|1’m<x,s>1’dx)p dé) <00 (17)

(natural changes with p = oo or ¢ = 00). We write ME (R for MPP(RY) and
MP-4(RY) if m = 1. The space M7 (R?) is a (quasi-)Banach space whose definition
is independent of the choice of the window g: different non-zero window functions in
S(R?) yield equivalent (quasi)-norms. For 1 < p,q < oo, they are Banach spaces
and the window class can be extended to the modulation space Ml} (R%) (Feichtinger
algebra). The modulation space M 0.1 (R4) coincide with the Sjostrand’s class in [41],
cf. [24].
We recall their inclusion properties:

SMRY < ML RY) € MPPPRY) € S'RY), pr<pr g1 <qa.  (18)

If m € M,,, denoting by M7 (R?) the closure of S(R?) in the M}?-norm, we
observe

METRY € MEIRY), 0<p,q <o,
and

MEARY = MEIRY), 0< p,g < oo.

2.3. The symplectic group Sp(d, R) and the metaplectic operators. We recall definitions
and properties of symplectic matrices and metaplectic operators in a nutshell, referring
to [21] for details.

The standard symplectic matrix J is

J = <Od><d Idxd) (19)

—Iaxd Odxd
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and the symplectic group can be defined as
Sp(d, R) = {A €GLQd,R): ATJA= J} , (20)

where GL(2d, R) is the group of 2d x 2d real invertible matrices, A7 is the transpose
of A and the matrix J is defined in (19).

The symplectic algebra sp(d, R) is the set of 2d x 2d real matrices A such that
dAes p(d,R) for all t € R. Recall that the metaplectic representation y is a unitary
representation of the double cover of Sp(d, R) on L2(R?) (see, e.g., [21]). For elements
of Sp(d, R) of special form we can compute the metaplectic representation explicitly.
Precisely, for f € L2(RY), C real symmetric d x d matrix (CT = C) we consider the
symplectic matrix

Ve = ('dgd ‘}jjj) ; 1)
then, up to a phase factor,
n(Ve) f() = e £ (o) (22)
for all f € L?(R?). Hence the previous operator is a multiplication by the chirp
Oc(t) =™, 1 e RY. (23)
For the standard matrix J in (19),
nOHf=Ff. 24
For any L € GL(d, R), we can define the symplectic matrix
Dy = <0de; OZ*;’) € Sp(d, R), 25)

and, up to a phase factor,

w(D)F(t) = /|det LIF(Lt) = S, F(t), F e L*RY). (26)

These operators are also called rescaling operators. The metaplectic operators enjoy a
group structure with respect to the composition.

Proposition 2.1. The metaplectic group is generated by the operators u(J), u(Dr) and
u(Ve).

For the previous result we address the reader to [21]. The following issue will be
used in the sequel.

Lemma 2.1. Consider the symplectic matrix V¢ in (21). Then,

-7 _ yi—I\T _ (laxa —C
Voo =WVe) = <0a’xd 1d><d> @7)

and, up to a phase factor, the metaplectic operator (V- Ty is a convolution operator:

n(Veh f=F(@c)x f, feL*RY, (28)

with ®¢ being the chirp function in (23). In particular, if the symmetric matrix C is
invertible, then

RO f = 1det Cl(D_c1 % f), f e L*RY. (29)
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Proof. Formula (27) is an easy computation. For any f € L?(R?), using the definition
(20) we can write

pVeh) f = nUved ™) = u(HuvVou = f
= F(®c-F'f) = F(®c) * f,
For C invertible, up to a phase factor, F®¢ = |det C|P_-1, see e.g. [18], so that we
obtain formula (29). m|

In particular, observe that Vg is obtained from V. T'in 27) by replacing the matrix
C with —C, so that

n(VO f=F(@_c)* f, feL*RY, (30)
and, if C is invertible,
w(VEf =1detC| (®c-1 % f), f e L*(RY). (31)

This paper deals both with the symplectic group Sp(d, R) of 2d x 2d matrices and
Sp(2d, R) of 4d x 4d ones. To avoid confusions, in what follows the matrix A denotes
a symplectic matrix in Sp(2d, R) whereas x a matrix in Sp(d, R).

Definition 2.2. A matrix A € Sp(2d, R), with block decomposition

A B
A= (C D) (32)

is a free symplectic matrix if det B # 0.

In this work, free symplectic matrices will be important for two main reasons. For
the following Lemma, we refer to [18, Theorem 4.53] and [21, Theorem 60].

Lemma 2.2. Let A € Sp(2d, R). Then,

(i) there exist Ay, Ay € Sp(2d, R) free such that A = A Ay;
(ii) if A is free with block decomposition (32) then, for every F € S(R%?),

H(AF (x) = (det(B))*l/ze*iﬂDB”x.x/

y F(y)e2m B~ xy=3B7 vy gy (33)
R

3. Metaplectic Pseudodifferential Operators

We recall some basic examples and properties of the metaplectic Wigner distribution,
for detail see cf. [14].

Example 3.1. For t € [0, 1], the matrix of Sp(2d, R)

(I =) yxa tlixa Oaxa Ogxa
Aoy = Oixa  Odxa Tlixa —(1 —T)laxa
: Od xd Odxa laxa Lixa ’
—lixa  lixa Odxa Odxd

defines the 7-Wigner distribution on L?(R¢) x L2(R?), that is

Welf, @)(x, €) = fR Sy = T ey,

In particular, if ¢ = 0 and t = 1 we recover the Rihaczek and the conjugate-Rihaczek
distributions, while for T = 1/2 we get the classical Wigner distribution (W = W 2)
in (1).
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Example 3.2. The metaplectic operator associated to the symplectic matrix

lixa —1laxd Odxa Odxa
Odxa  Oaxa laxa laxd
Odxd  Oaxd Odaxa —laxd
—Ilixd Odaxa Oaxd Odxd

Agt =

defines the STFT, namely Wag, (f, g) = V, f in (16).
The basic continuity properties of W 4 can be summarized as follows:
Lemma 3.1. If A € Sp(2d, R),
(1) The mapping W 4 : L2(R?) x L2(R?) — L%*(R2?) is continuous;
(ii) The mapping W 4 : SR?) x S(RY) — SR??) is continuous;
(iii) The mapping W 4 : S'(RY) x S'(R?) — S'(R*?) is continuous.

If A € Sp(2d, R) is a general symplectic matrix, we can write explicitly W4 (f, g)
as a FIO of type I, using Lemma 2.2.

Proposition 3.3. Let A € Sp(2d, R) have factorization A = Ay Ay with Aj, j = 1,2,
free with block decomposition
_ (Aj Bj
A= (Cj Dj>'

Then, up to a unitary factor, for every F € S(R>?),

det(By) |/
n(AYF (x, &) = O_p, p1(x,8)
det(By) 1B, 34)
" /}RM F(z, 0)e~2mI0AGLYN=CE-0MI L (2 ¢y, mdzdedydn,
where

1
DAz, ¢y, ) = E[BEIAz(Z, 0)-(z, )+ Bi(By "Av+ DaBy HYBI (v, 1) - (v, )]

and

4G L y.n) = 2TTB B0 @O,

In particular, for every f, g € S(RY),
det(By) |2
det(B>)

. ./4d f@g@)e mIPAGLY M= OG0y 4 (7 ¢, y, n)dzddydn.
R

Walf, e)(x,§) =

_DIBTI(%%)

(35)
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Proof. Using the decomposition of Lemma 2.2 (i), we can write, forevery F € S (R2d),
and up to a unitary factor,

WA F(x, &) = pn(App(A) F(x, §).

For the rest of the proof, we write

X=x8, Y=0.n, Z=(0),

while dY = dydn and dZ = dzd¢.
Applying Lemma 2.2 (ii) twice and changing variables, up to a unitary constant,
HAF(X) = | det(By)|~ /2o P18 XX f2[(u(Az)F)(z)ez”"[BF'“*%BFIAIY'”dy
Y

. —1 . —1 - 1 p—1
— | det(By By)|~/2e~imP1Bi x-x/ o—inD2B; y.y[ F(Z)e2mi1By 'Y Z=5 B, 42221 4 7
2d R2d

R
« 2B XY=3 B Ay Y]y (36)
1/2
S el S f F(Z)e¥i1=3(BiBy AvtDy By DB Y-Y+By ' A2 Z-2)+X-Y)
det(By) 15 Rdd

« 2B Bl Y-Z gy a7
This proves (34) and (35) follows plugging F = f ® g in (34). |

Moreover, we also have explicit integral formulas for metaplectic Wigner distribu-
tions in terms of their factorization via free symplectic matrices.

Corollary 3.4. Under the same notation of Proposition 3.3, up to a unitary factor and

for every f, g € S(RY),
WA(f.8)(x. €) = |det(B1By)|” 20 _ ) poi (x,6)

x fR LTIyt 5 F @yt oy 5V B (. 8) + By T (v, m)dydy
= \det(Ble)l_l/ZCID_D]Bl_l (x, &)
XIS ®@DP_po1) % (F 1O gty p gty 0 (—By " D]o (—B] B H(x.8),

where the chirp ® is defined in (23). In particular, if B| "A1+ D, By Vis invertible, then,
up to a phase factor,

Wa(f.8)(x.&) = | det(B1 B2)| ™'/  det(B ' Ay + DaBy DI 7! _py i (x.6)

< [, SRSy, 00
D gt a apypy - (BT (6.8) + By (v m)dydn.

Proof. Using (34), we can write, for every F € S (R24) and up to a unitary factor,

R(AF(x,8) = p(ADu(A) F(x, §).
Applying Lemma 2.2 (i) twice, up to a unitary constant,

. —1 R .
RAF(x, §) = | det(B By)|~!/2e =7 P1h <"~5>‘<"»5>/RM F(y, me B2 A200m-0m)

y / AT )@ O- 3BT AL @O O=E DaBy @O @OBY @O0 g dyan
2d
# (37)
_ -1/ ,
|det(B1 B~ P, (3. 8) /de FOm®_pot, 0o

« /Zd ATIBT @By ) 0= 3BT D2 By DO @O g g
R
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The inner integral is worked out as
ATilBT L O+By T () @)= 5 (B A=D2By N @O @O g g
R2d
rp—1 -T A
=/ B pta, oty (@ T IET OB GO (38)
R2d 1 2
— —1 -T
= F @ gt g yepp)) (BT (. 6) + By (v, ).

Observe that if B 1A1 + DB, Lis invertible, then

F YD 1) = - N
—(B; Ai1+D2B; ) |det(Bl_1A1 +DZBZ_1)| (B "A1+D2B, ") 1

Plugging (38) into (37) with F = f ® g the assertion follows. O

The integral expression of W 4 provided by Corollary 3.4 is useful to establish conti-
nuity properties for W 4 (f, g). In practice an explicit factorization of A via free matrices
may be unknown.

Definition 3.5. Leta € S’(R??). The metaplectic pseudodifferential operator with sym-
bol a and symplectic matrix A is the operator Op 4(a) : S (Rd) — S'(R?) such that

(Opa(@) f.g) = {a, Walg, f)), geSER.

Observe that this operator is well defined by Proposition 3.1, item (iii). Moreover,
when the context requires to stress the matrix A that defines Op 4, we refer to Op 4 to
as the A-pseudodifferential operator with symbol a.

Remark 3.6. In principle, the full generality of metaplectic framework provides a wide
variety of unexplored time—frequency representations that fit many different contexts.
Namely, in Definition 3.5, the symplectic matrix A plays the role of a quantization and
the quantization of a pseudodifferential operator is typically chosen depending on the
the properties that must be satisfied in a given setting.

Example 3.7. Definition 3.5 in the case of Aj/224 € Sp(2d, R) in (3.1), provides the
well-known Weyl quantization for pseudodifferential operators, that we denote with
Opwodla),ie., fora e S(R??),

Opuaa@ ) = [ a(F52.8) ro) e edyas, f e SEY.
R2d 2

When d is clear from the context or irrelevant, we write Op,, instead of Opy, 24.

In the following result, we see how the symbols of metaplectic pseudodifferential
operators change when we modify the symplectic matrix.

Lemma 3.2. Consider A, B € Sp(2d,R) and a, b € S'(R*?). Then,

Opa(a) = Opp(b) < b= uBA ). (39)
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Proof. Let f, g € S(RY). Then,
(Opa(a)f, g) = (a, n(A(f ® &) = (WA Da, f ® &),
(Opp(®) f,8) = (b, uB)(f ® &) = (uBHb, f ® 3).

Since the span of S(RY) ® S(R?) is dense in S(R??), we deduce that the equality
between the two lines holds if and only if

u(A Ha = u(B~Hb,
which is the same as (39). o

As a direct consequence of Lemma 3.2 we get two corollaries. The first one provides
the distributional kernel of Op 4.

Corollary 3.8. Consider A € Sp(2d,R), a € S'(R*). Then, for all f, g € S(RY),

(Opaa)f.g) = (ka(a), g ® ), (40)
where the kernel is given by k g(a) = M(A_l)a.
Proof. Plug B = I14x44 into (39) to get (40). |

Corollary 3.9 is a generalization of (2) for metaplectic Wigner distributions and
pseudodifferential operators. For its statement, we introduce the following notation: if
a € S'(R¥), ¢ ® 1 denotes the tempered distribution of S'(R*) defined via tensor
product as

(@@ D), y, p,n) i=a(r, p), r,y,p,neR (41)

Corollary 3.9. Consider A € Sp(4d,R), B € Sp(2d,R) and a € S'(R*?). Then, for
all By € Sp(4d, R), f, g € S(RY),

WA(Op5(a) f, ) = Oppy(W(BoA )y 4) (1(A1j22aB~Ha) @ 1) o A~HYWA(S, 2.
(42)

In particular,

(1) if Bo = A1/2,44, then

Wa(0pp@) f, &) = Opu 1a(1(A122aB Ha) ® 1) o ATHYWA(S, g); (43)
(i) if By = A12,40 and B = A1 2,24, then

WA(Opu2a(@) f, &) = Opysa(@® 1) o A~HYWA(f, &) (44)
Proof. By [14, Lemma 4.1], for all f, g € S(RY) and a € S'(R*?),
(Opu2i(@) f) ® & = Opyaa(@)(f ® g). (45)

Moreover, for all A € Sp(4d, R),

(A Opy ag (@) (A) " = Opy aa(o o AT, (46)
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Therefore, using Lemma 3.2, (45) and (46) respectively,

WA(OpB(a) f. 8) = n(A)(0ps(@) f ® &) = (A (Opw2a(u(Ai22aB Ha) f @ §)
= w(A)(Opy 4a(1(A1224B Ha) @ D(f ® §))
= Opu.4a(W(A1224B Ha) @ 1) o A Hu(A(f ® 3)
= Opuw.aa(1(A1 22487 Ha) ® 1) o ATHWa(f, 9).

Then, by Lemma 3.2,

WA(Op5(@) £, &) = Oppy (W(BoA] )y 1) (1(A1/224B™a) ® 1) o ATHYWA(S, &)

and we are done. m]

Remark 3.10. Formula (42) will be used in the form of (44) to deduce boundedness
properties on modulation spaces for metaplectic pseudodifferential operators. However,
the strength of Corollary 3.9 relies on its generality: the matrix By in (42) can be chosen
in Sp(4d, R) arbitrarily, depending on the context.

4. Decomposability and Covariance

In this section, we focus on metaplectic Wigner distributions as well as metaplectic
pseudodifferential operators that are defined in terms of symplectic matrices that satisfy
decomposability and covariance properties. Explicit expressions for W4 and Op 4 are
derived from A in terms of its blocks.

4.1. Decomposability and shift-invertibility. We define decomposable metaplectic Wigner
distributions directly in terms of their factorization, as follows. Let A be a symplectic
matrix that factorizes as

A= Arr2Dy, 47)
where Dy is defined in (25) and

Iixa Oaxa Oaxd Odxa

Odxa Oaxa Oaxd laxd (48)
Odxd Odxd laxd Odxa |’

Odxa —1axa Oaxd Odxa

Arro =

Up to a phase factor,
w(Arr2) = Fa.
Definition 4.1. We say that 4 € Sp(2d, R) is a totally Wigner-decomposable (symplec-

tic) matrix if (47) holds for some L € GL(2d, R).If A is totally Wigner-decomposable,
we say that W 4 is of the classic type.
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Example 4.2. The matrices of Examples 3.1 and 3.2 are totally Wigner-decomposable

with
I — Lixa Tlixa
! Iixa —(1 = ) 14xq
and
Lsp = Odxa laxa
—Iyxa lixd
respectively.

Roughly speaking, Wigner distributions of classic type are immediate generalizations
of the classical time—frequency representations, such as the (cross)-Wigner distribution
W and the STFT.

The following result characterizes totally Wigner-decomposable symplectic matrices
in terms of their block decomposition.

Proposition 4.3. Let A € Sp(2d, R) be a totally Wigner-decomposable matrix
having block decomposition

Al Aip A3 Apg
Apy Axp Apz Apg
Az Az A3z Azg |
Ayq1 Agp Agz Agq

A= (49)
with Ajj € R (i, j =1,...,4). Then,
(i) A has the block decomposition

A1 A2 Ogxa Ogxa
Odxd Ogxa Az Ao

A= ; 50
Odxa Oaxa A3z Ass S
Agy1 Ag Ogxa Ogxa

(ii) L and its inverse are related to A by:
AL AT Ayl A
L=(2323) L= 1A} s1
<A3T4 A2T4) <_A41 —Axn eb
_(Li L2 1 _ (L} LY,
L= <L21 L22> and L= Ly Ly, e

be the block decompositions of L and L~! respectively, where L; s ng eR¥ (i, j =
1, 2). Then, the identity (47) reads as

Proof. Let

A Ap A3 A LYy Ly Odxa Odxa
Axi Az Aoz Asa | | Ouxa Oaxa LT, LI
A3 A3 A3 Asa | T | Ogxa Ouxa L{; L3,
Agl Agp Asz Ayy —L/21 —L/22 Odxa Oaxa

Thus the expressions for the matrices in (i) and (i7) easily follow. O
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Remark 4.4. Under the hypothesis of Proposition 4.3, it is easy to check that the identities
LL ' =1L = Iq«24 read in terms of the blocks of L and L~ !as

AL AN — AL Ay = Ty, AnAL + ApAl, = 1oy,
AL AL = AL Ay, AnAL = —ApAL,

T T and ¥ x (53)
A34A11 = A24A417 A41A33 = _A42A347
Al A — AL A = Liva An AL+ AnAl, = —1444.

These are exactly the block relations that A and
A3§3 Oaxa Odxd _A%Tg
~1 1 4—1 A3y Oaxd Ogxa —A
AT =D Ay = o 207 AT o (54)

T T

Odxa _A41 A]] Odxa
T T

Odxa _A42 A12 Odxa

satisfy as symplectic matrices.

Definition 4.5. Given A € Sp(2d, R), we say that W 4 is shift-invertible if there exists
an invertible matrix £ 4 € GL(2d, R) such that

WA (w) f. ) = TE,anWa(f. ). f.g € LA(RY), weR¥,

where

TE yanyWA(f, 8)(2) = WA(f, 8)(z — Eqw), w,z e R¥.

As pointed out in [12], shift-invertibility of symplectic matrices appears to be the
fundamental property that a metaplectic Wigner distribution shall satisfy in order for
Wa(-, g) to replace the STFT in the definition of modulation spaces.

Lemma 4.1. Let A € Sp(2d, R) be a totally Wigner-decomposable as in (47) and (49).
The following statements are equivalent:

(i) L is right-regular;
(i1) the matrix

A1 Ogxd
Eyp:=
A <0a’xd A23> (53)

is invertible;
(iii) W 4 is shift-invertible with E 4 given as in (55).

Proof. The equivalence between (ii) and (ii7) is proved in [12]. We prove that (i) and
(ii) are equivalent.

(i) = (ii). Assume that L is right-regular. We have to prove that both A>3 and Ay
are invertible. The right-regularity of L is equivalent to the invertibility of A>3 and A4,
hence it remains to check that A is invertible.

It is easy to verify that L is right-regular if and only if L~ is left-regular. By

Proposition 4.3 (ii),
T T
LT = <A%-l _A%J) ,
Al —Ap
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so that L7 is left-regular if and only if Aj; and A are invertible, which gives the
invertibility of Aqj.

(i) < (ii). If E 4 is invertible, then Aj; and Aj3 are invertible. By the identity
A AL, = —A1AL, in (53), we also have the invertibility of Aj» and Ans. Hence, A»3
and A4 are invertible. |

Corollary 4.6. Let A satisfy (47) with block decomposition as in (50). The following
statements are equivalent:

(i) L is right-regular;

(1) A11, A12, A3 and Aaa are invertible. Moreover, if L is right-regular,
(iii) Az3 is invertible if and only if Aay is invertible;
(iv) Asy is invertible if and only if A4y is invertible.

Proof. The equivalence between (i) and (ii) is just a restatement of Lemma 4.1. (iii)
and (iv) follow directly from (i7) and the equalities in (53). O

Remark 4.7. Assume that L is right-regular with block decomposition as in (52). Since
L is also invertible by its definition, all the assumptions of Theorem 2.1 (ii) and Theorem
2.2 (i) of [36] are verified. Thus, we can write a Wigner-decomposable matrix .4, with
L right-regular, explicitly in terms of the blocks of L both as

A1l Az Ogxa Ogxa
Odxd Odxd L{z LQTQ
Odxd Oaxa Li; L3,
Agy1 A Ogxd Odxa

A=

with
Ay = (L — L12L2_21L21)_1’
A =—(Li — LioLy Loy~ LinLyy,
Agt = Ly Loy (Liy — LioL3; L) ™,
Ag = —L5' — Ly Loy (L1 — LiaL3y Ly)) "' Lo L5y

or, equivalently, as

A1l A1z Ogxd Ogxa
Odxd Odaxd L{z Lsz

A= ,
Odxd Oaxa L{] LQT]
Aq1 Ag Ogxd Odxa
where
Ay = —(La1 — Lzszzan)_leszzl,

A= (Lo = Lo L L™,
Ay =—L3 — Ly Lu(Lay — Loy L)™' Lo Ly
A =—L} Lii(Lyt — Lo Ly L) "' Loo L7
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Theorem 4.8. Let L be right-regular and A be as in (50). Then, for all f, g € L>(R%)
and forall x,§ € R4,

WACS, 8)(x, &) = v/ det(L)[| det(As)| ™ 2 A% EA%3 Ve £ (c(x), d(§)),  (56)
where
2) = g(AL AT, c(v) = (AL, — AL A Alpx and d (&) = A, (57)

Observe that all the inverses that appear in (56) exist if L is right-regular by Corol-
lary 4.6 (ii) and Theorem 2.1 (i7) of [36].

Proof. The proof is a straightforward consequence of [15, Theorem 3.8]. O

Theorem 4.9. Let 0 < p, g < 0o, L be right-regular and A be as in (50). Let m € M,
be such that

m((Afy — A Ayl AL Ayy) =< m(., o). (58)
Then, forall g € S (Rd),
feMp'®RY) = Walfg) e Ly ®*). (59)
Moreover, if 1 < p,q < oo and there exist 0 < C1(L) < Co(L) such that
CiL)v(x, §) < v((A(AZ) ™ Dx, Ay And) < Ca(L)v(x, &), (x,§) € R (60)

then g can be chosen in the larger class M,} (RY).

Proof. The proof is a straightforward consequence of Theorem 4.8. In fact, for g €
S(R?) and L right-regular, the function g defined as in (57) is in S(R?) and by (56),

L lagpa =< WV fllppa < IWaCf. @) ((AL; — A3 (AT T AL) ™ Agso)ll pa
= Wa(f, )l pa,

by assumption (58).
Assume that ¢ € S(R?). Then,

Vog(r, ) = /}R L 8(Cne M g —x)di < /R [ 8(5)e MO (€T (s — Cx))ds
= Vz8(B(x,§)),
where

C 0
T A,—T dxd
€=Atudn. 5= (odxd c—T> = Py Pag,

and (¢) = ¢(C~'¢). Condition (60) implies that g € M if and only if § € M:

181t = Vgl = Vg (BHvO)l
= Vg (B~ )1 = Vg vl = gl

Hence, for 1 < p, g < oo, we can choose g in le (Rd). O
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Next, we generalize the metaplectic Wigner distributions associated to Wigner-
decomposable matrices in order to include multiplications by chirps. These Wigner
distributions, along with the right-regularity condition on L, characterize modulation
spaces.

Definition 4.10. We say that a matrix A € Sp(d, R) is Wigner-decomposable if A4 =
Ve Apr2Dr, where Ve, Apra, Dy are defined in (21), (48), and (25), respectively.

Theorem 4.11. Let A € Sp(2d, R) be a Wigner-decomposable matrix with decompo-

sition A = Ve App2Dy, where
Ci Cn2
C =
<C1T2 C22’>

CITl = Cy1 and CZT2 = Cy. Then, for all f, g € L*(RY), up to a phase factor,

WS, 9)(x. &) = Be(x, &) /R PO+ Uaxa — ARG = Arye 2y,
(61)
with
Be(x, &) = TR D e, (0 Dey, (8)
and the chirp functions ®c,,, ®c,, are defined in (23). If the matrix L is right-regular;
WA(f. 8)(x, &) = |det(lgxa — A1D| ™' ®p(x, E)Va (AT x, (I — AT)T'E), (62)
where
B (x, §) = By, (1) Dy (£)e2T ClHI=A s

and §(t) = g(—A11(Laxa — A1)~ '1).

Proof. Formula (61) is proved using the explicit definitions of the operators associated
to Ve, Aprz and Dy In fact, up to a phase factor,

WAFRDL)(f @ D, §) = HTL(f @ R)(x,§) = /R [(f ORI, y)e ™ dy

= /d S+ Ugxa — A]])y)me—%rig-ydy‘
R
For z = (x, &) and V¢ as in the statement, we have by (22)

w(Vo)F(z) = e"CTIE(7) = ein[(C11X+C12$)'X+(C|T2X+C22§)'é]F(Z)7 Fe L2(R2d).

Furthermore, formula (56) applied to the symplectic matrix Ar72Dy (L as in the state-
ment, see [12, Theorem 2.27], where the formula was obtained in this particular case)
tells that, up to a unitary constant,

WA(f. 8)(2) = €2 det(Iyng — Apy)|~ e Uaxa=AT) 1) x
x Vg f(A]) %, (Laxa — AT)71E),

for f, g € L>(R?) and g being as in the statement. O
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As a consequence, we extend [12, Theorem 2.28] to all Wigner-decomposable ma-
trices.

Corollary 4.12. Under the notation of Theorem 4.15, the following statements are equiv-
alent:

(1) A = Ve Apr2Dy is shift-invertible,
(ii) A = Apr2 Dy is shift-invertible,
(iii) L is right-regular.

Proof. The equivalence (i) < (ii) is proved in Corollary 4.6. The equivalence (ii) <
(iii) follows from Theorem 4.11, which gives:

WA(f @)(x, &) = e TUCHCROHCLAHCnDE Yy | (f 0)(x, £),

so that:

(WA, &), ) = IWarr,p, (f, &)X, §)I. (63)
This gives
(WA () f, ) = 1WAy, (T(w) f, @), Yw € R,
which proves the claim. O

Corollary 4.13. Let A € Sp(2d, R) be Wigner-decomposable, with matrix L right-
regular. Then, for any g € S(RY), 0 < p, q < oo,

feMPIRY) > Wa(f.g) € LDIRY).

For 1 < p,q < oo, the window g can be chosen in M]}S (Rd).

Proof. With the same notations as Theorem 4.11, write A = Ve Apr2 Dy, with L is
right-invertible. By (63),

Wa(f.g) € LUIR™) & Wa,.,p,(f g) € LE4®R™M).

By Corollary 4.12, Ap72Dy is a covariant (see Sect. 4.2 below), shift-invertible matrix.
Then the claim follows from [12, Theorem 2.28]. a

4.2. Covariance. According to [12, Proposition 2.10], for a given symplectic matrix A,
the metaplectic Wigner distribution W 4 satisfies

WA (@) f,m(2)g) = T.Wa(f. 8),  (f.g € SRY), zeR?, (64)
if and only if A has block decomposition

Al laxa — An Az Az

T T
A= Apj —Az; lixa — A]] _A11 , (65)
Od xd 04 xd Lixa Lixa
—laxa  lixa Ogxa  Odxa

with A3 = AL, and Ay = AL . We refer to such matrices as to covariant matrices
and to property (64) as to the covariance property of W 4. It was proved in [12] that a
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covariant matrix with block decomposition (65) is totally Wigner-decomposable if and
only if A21 = A3 = Oyx4. Moreover, if

Az Miva — A11>
By := 2 , 66
A (%Idxd —Agj (66)

and W is the classical Wigner distribution, the following result holds:

Theorem 4.14. Let A € Sp(2d, R) be a covariant matrix in the form (65). Then,

Wa(f.8)=W(f.g) x4, f.geSRY, (67)
where
A =FH(eTTERAD) e SR, (68)
and B 4 defined as in (66).

Recalling our chirp function in (23), the equality in (68) can be rewritten as
SA=F o _p,. (69)
If a time—frequency representation Q( f, g) satisfies

0(f,9)=W(f.9) X%, fgeSRY,

for some ¥ € S’ (R>?), we say that Q belongs to the Cohen class.

Theorem 4.14 sheds light on the importance of covariant matrices in the context
of time—frequency analysis, stating that A € Sp(2d, R) is covariant if and only if W 4
belongs to the Cohen class. The following result shows that covariant matrices are exactly
those that decompose as the product of symplectic matrices VCT , Arr2 and Dy, for some

d x d symmetric matrix C and L € GL(2d, RY).
Theorem 4.15. Let A € Sp(2d, R) be covariant with block decomposition (65). Then,

A= VEArraDy, (70)
where
A1z Ogxd Lixd laxd — A1l
= L = . 1
¢ <Od><d —A21> and (Idxd —A1 ) 7D

As a consequence, up to a phase factor, for all f, g € S(R),
Walf, 8)(x,§) = fRd[}'(q)—Alg) £ (f ® ZLC. )X Day, (e dy. (72)
In particular, if A13 = Ogxq, then

Wa(f, g)(x, &) = fR S+ Uaxa = AiDmg (e — Anm P, (e~ 28N dn. (73)
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Proof. Equality (70) is a straightforward computation. Now, using (30),
WA(f. 9)(x. &) = n(A(f @ (x. &) = n(VHu(Arr)w(DL)(f ® §)(x. §)

=F@c)x (A,Kf ® §)(L(, e ™"y ) (x, §)

= [ F@-oa -y -0 [ eaLmme ) dydo
R2d R4

zl/ (/“ e—wﬂAmuu—Aﬂuwe—mnux—wu+@—w»ududv>
R2d \ JR2d
x (/R,,(f ® &)(L(y. n))e’z”"”'”dn>dydw-
Observe that
/ einA21v»ve—Zm'E-v62niw-(v—n)dvdw — em’Azmﬁe—Zm’S-n’
R2d

so that

WA(f. 8)(x.6) = / K / AR 2RI G (£ @ ) (L(y, m)dudy ) A2 Ny,
I R

Next, we apply

/ g01(M)qu(y)eZﬂiu‘)Ce—27‘t’iu~)’dey — / (/ (pz(y)e—Zniu‘ydy>(pl(u)ezniu‘xdu
R2d R4 R4

_ fR 9201 W du = F i) ()

= (F e * ) (x)
to the inner integral, to get (72). O

Remark 4.16. Theorem 4.15 states that the class of covariant symplectic matrices is
invariant with respect to left-multiplication by matrices VCT . Equivalently, the class of
metaplectic Wigner distributions associated to covariant matrices is invariant with respect
to convolutions by kernels in the form ®¢, C d x d real symmetric matrix.

Remark 4.17. Theorem 4.15 clarifies the roles that the blocks A3 and A;; have in
Wigner metaplectic operators associated to covariant matrices. The block A3 appears
in the convolution factor 7 (®_4,;)(-) and actson ( f ®g)oL(-, n), whereas A, produces
the phase factor ®4,,.

As we pointed out, covariant matrices play a key part in the theory of pseudodif-
ferential operators, as they belong to the Cohen class. In the following result we prove
an explicit integral formula for metaplectic pseudodifferential operators associated to
covariant matrices.

Proposition 4.18. Let A € Sp(2d, R) be a covariant matrix with decomposition in (70).
Then, for every f € S(RY) and a € S(R*?), up to a phase factor,

OPa@f) = [ PO xa) A1+ (aa = Ay, ) F Iy,
(74)
where the chirp function ®c is defined in (23).
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Proof. Weuse the expression of W 4 and Theorem 4.15. Namely, forevery f, g € S(R?),
a € S8'(R*), up to a unitary factor,

(Opa(a)f, g) = ta, Wa(g, 1)) = la, w(VEArr2DL) (g ® 1))
= (T F ' wvgHa. g ® f).

where we used ,u(VCT)* = M(VC_T). Since | det(L)| = 1, we can write
Opa@f.9) = [ F n G e e ) S 0)dxdy
= / ( / F5tuve Ha ™ (x, y))f(y)dy) g()dx
R4 R4

- <fRd F wvaDa@="(x, y) f(y)dy, g>,

where the integrals must be interpreted in the weak sense. Hence,

Opaf () = fR (F v ) f (). (75)
Using
—1_ (A1l laxa — Anl
L= (Idxd —lixa ) (76)

we compute

oPaTn = /Rd (/Ri (Ve Da)Anx + (axa — Ay, é)ez”ff'”—”ﬁ) fdy
= /RZd(M(VC_T)a)(A“x T+ (Lgd — A1)y, £)XME =) £(y)dyde
= /RM(]:@C) % a)(Anx + (Iixa — A1)y, £)eE 0= £(y)dydé

where in the last step we used the expression of (V. T) computed in (28). |

Remark 4.19. Asin Remark 4.17, we stress that (74) sheds light on the role of the matrix
Vg , in the decomposition of a covariant matrix .4, on the pseudodifferential operator
with quantization given by .A. Basically, it produces the chirp F®¢ which acts on the
symbol a via convolution.

To study the solution u = u(x, t) to the Schrédinger equation in (6) we need to know
information about his projection x; in (7).

Lemma 4.2. Consider a covariant matrix A € Sp(2d, R) having block decomposition
(65) and related matrix B 4 in (66). For x;, t € R, in (7), assume that its inverse
X,_l € Sp(d, R), has the d x d block decomposition

-1 _ Xt Yt
o= (7))
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Set By, = XfTBAxfl and let A; € Sp(2d, R) be the symplectic matrix associated to
B y,. Then, A, is the covariant matrix having block decomposition

A1 laxa — Ar 11 A 13 Ar 13

A = Ar 21 —Ar21 laxa — A,T,ll —Afll 77
Odxa Odxa Lixa Lixa
—laxa Lixa Odxa Odxa

with

At = =Wy = X[TAGY — AnZ+ WAL Y, + A Z4),

Atz = X[ Wi+ X[ TABX, — AuWil — W/ IAT X + A Wi,

Aot = =Z[ Y =Y TABY, — AnZ+ Z[ 1AL Y, + An Z,).
Proof. Plugging By, = XZ_TB A x,_l into the block decomposition (66) for B 4 and
using the symplectic properties

wrx, =x!w,
zry, =v!z,
ZIX, — YW, = Ijxa

of Xt_l we get

Ar13 lIdxd_AtH)
By = : 2 ) 78
A (%Idxd - AzT,u —A; 21 (78)

where A; 11, A;,13 and A, 21 are defined as in the assertion. Since the covariance of A
is inherited by 4;, we have that these blocks are exactly the ones defining the block
decomposition of A, as a covariant matrix. O

We can now express the phase-space concentration of the solution u(x, t) to the free
particle equation in terms of .A-Wigner distribution.

Example 4.20. (The free particle) We shall prove the formula originally announced in
Part I, see Example 4.9 in [14], formula (126) therein (see also formula (108) in [12]).

In Example 4.9 in [14] we computed the 7-Wigner of the solution u(¢, x) to the
Cauchy problem of the free particle equation:

i0;u+ Au =0,
79
u(0, x) = uo(x), (79)
with (f, x) € R x R%, d > 1. Namely, we obtained that
Wou(t, x, &) = WAmuo(x —4mt€,§), (80)

where the representation W 4, is of Cohen class:

W.A-r,tf = Wf * Ef,lv (81)
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with kernel

Yo (x,8) = X (x +4m1§, §),
where, for T # 1/2, the T-kernel is given by

d
2 _ 2 2rip(t)xé
(0 8) = e ,

where p(7) = % The matrix By, in (66) cab be computed as
Oaxa (T — i)ldxd>
Ba, = 2 , (82)
((T ~Dlixa  Ouxa
and by (78) (see also Proposition 4.4 in [12]),

Odxd (t — Dlaxa )
(t = Plaxa @)1 =20)Iaxa )
The representation (81) can be equivalently written as (cf. (69))

Wa , f=WfxF oy,
Hence, the A, ;-Wigner representation computed in (73) with

A3 =0gxa, A1t =0 =D laxa, Ar21 = —@rt)(1 —21) yxa

By,, = XI_TBArXt_l = (

becomes
Wa, (f,&)(x,&) = / Fo+Tmg(r = (1 = r)pe 2riEm2m(1=20m) g
: i

as desired.

5. Continuity on Modulation Spaces

For many quantizations, Op 4 is an integral superposition of time—frequency shifts.
Stated differently, these fundamental operators of time—frequency analysis represent the
building blocks of pseudodifferential operators. Concretely, the Weyl quantization of a
pseudodifferential operator with symbol a € S’(R%¢) is given by

Opy(a) = /21 am, —z)e "™ ix(z, n)dzdn.
]R d

On the other hand, if f € M}? for somem e M, and0 < p,q < oo, thenm(z,n) f €
Mn";’q forall z,n € R4, This turns out to be one of the main reasons why modulation
spaces appear in the theory of pseudodifferential operators.

In this section, we use the results in the first part of this paper to investigate the
continuity properties of metaplectic pseudodifferential operators on modulation spaces.
Since weighted modulation spaces measure the phase-space concentration of signals, as
well as their decay properties, an investigation of their continuity on these spaces reveals
how the time—frequency concentration of signals changes when a pseudodifferential
operator is applied.

The first result we present involves the explicit expression of the symbol b := (¢ ®
1) o A7!, as in the equality (44) above, when A is totally Wigner-decomposable or
covariant.
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Proposition 5.1. Consider A € Sp(2d,R), a € S'(R*) and b = o o A, with
o =a @ | as defined in (41). For every x, &, u, v € RY we can state:

(1) if A is totally Wigner-decomposable with block decomposition as in Proposition 4.3,
then

b(x, &, u,v) = a(Alx — Aljv, —Al g + AT u); (83)
(ii) if A is covariant with block decomposition as in (65), then
b(x,& u,v) = a(x — Aizu+ (Ap — Dv, & + AT ju+ Axjv). (84)
Proof. The proof follows by the straightforward calculation of
A, g u,0)T (85)

Namely, to get (83) one applies (85) with A" as in (54), whereas (84) is obtained
applying (85) with

Iixa Oaxa —A1iz A — lixa
A= Lixa Odxa —Ag3 An

" | Ouxa laxa Al Az

Oaxd —lixd laxa — AT, —Ax

]
For a € S(R??), define o := a ® 1 as in (41), and
a(r,y,p,n) = 1(r,p) ®a(y, —n).
For A € Sp(2d, R) we set

b(x, & u,v) = (00 A (x, & u,v), (86)
b(x.£,u,v) = (G ® A (x, & u,v), (87)
c(x, & u,v) = b(x, £, u, V)b(x, &, u, v). (88)

The following result extends Lemma 5.1 in [14] to general symplectic matrices.

Lemma 5.1. Let A € Sp(2d,R), a € Mg (R*), 0 < g < oo ands > 0. Let b, b
and c be defined as in (86), (87) and (88), respectively. Then b, b, care in Mf;’gs (R4).

Proof. The proof that b and b are in M f;gs (R2?) is analogous to that of [14, Lemma

00,q
1Quy

¢ = bb,if q > 1 we use the product properties for modulation spaces in [ 13, Proposition
2.4.23], the quasi-Banach case 0 < ¢ < 1 is contained in [26]. O

5.1]. In fact, observe 1y ) is in M (]de) forevery 0 < g < oo and s > 0. For

Recall the following boundedness result for Weyl quantization, see [23, Theorem
14.5.6], [43] and [44, Theorem 3.1].

Proposition 5.2. If0 < p,q,r < cowithr =min{l, p,q}, s € R, 0 € M%‘g‘sl(RZd),

then Opy (o) : S(RY) — S'(R?) extends to a bounded operator on Mfs’q (RY).

We generalize Proposition 5.2 to metaplectic pseudodifferential operators:
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Theorem 5.3. Consider A € Sp(2d,R) a covariant matrix such that B4 in (66) is
invertible. For 0 < p,q < oo, setr = min{l, p,q}. Ifa € Mﬁ;; (R24), s > 0, then

Opa(a) : SRY) — S'(RY) extends to a bounded operator on M (RY).

Proof. By [12, Proposition 3.3], .7-'_1<I>3A € M;;‘fél forevery s > 0,0 < r < oo. Since

W 4 belongs to the Cohen class, for every f, g € S(RY),
(Opa@) f.g) =(a. Wa(g. ) = (a. W(g. /)« F '®_p,)
= (a, F(W(g. [))e T PAL) = (ae'™ ¢ BAC F(W(g. f)))
=(axF'®p,  W(g. ) = (OpulaxF'®p,)f. g).
By [2, Proposition 3.1]
lax F @ llyer < lallyzer 17 @pllyres -

The assertion follows from [44, Theorem 3.1]. O

We conclude this section by showing the validity of relations (43) on modulation
spaces.

Theorem 5.4. Consider A € Sp(2d,R), 0 < p < o0, a € Mf%’;s (RX) s >0, r =

min{l1, p}, andb, b, c defined as in (86), (87) and (88), respectively. For f, g € Mﬁ (R%),
the following identities hold in Mﬁs (R2):.

WA(Opw24(a) f, 8) = OpuaaBYWA(S, 8), (89)
WA(f, Opw24(@)8) = Opu sa(DYWA(F, &), (90)
WA(Opy 2a(@) f) = Opy aa ()W A(S). 1)

Proof. 1f f € ML (R?), then Opy,(a) f € MY (R?) by [44, Theorem 3.1]. Hence, [12,
Theorem 2.15] says that

WA(S), Wa(f, 8), WA(Opu(@) f, 8), WA(f. Opu(@)g), Wa(Opy(a) f) e M R,

Similarly, by Lemma 5.1, the symbols b, b and ¢ are in M i@i (R*) and the right-hand

sides of formulas (89), (90) and (91) are in Mﬁs (R%?). The equalities (89), (90) and
(91) are obtained by using the same pattern as in the proof of [14, Theorem 5.1], namely
replacing the symplectic matrix .4, with a general A € Sp(2d, R). O

Remark 5.5. Observe that the previous result extends [14, Theorem 5.1] to the quasi-
Banach setting 0 < p < 1.

6. Algebras of Generalized Metaplectic Operators

In this section we introduce (quasi-)algebras of FIOs which extend the ones in [8,9].

Recall the definition of a Gabor frame. Given a lattice in the phase-space A = AZ*,
with A € GL(2d, R), and a non-zero window function g € L2(RY), a Gabor system is
the sequence:

G(g, A) ={m(A)g: A e A}
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A Gabor system G(g, A) becomes a Gabor frame if there exist constants 0 < A < B
such that

AlFIE =Y KL a < BIFI3.  Vf e LPRY). 92)

rEA
Given a Gabor frame G(g, A), the Gabor matrix of a linear continuous operator 7 from
S(RY) to S'(RY) is
(Tr(2)g, wwW)g), z,u e R¥. (93)

Our goal: controlling the Gabor matrix of a metaplectic operator 7' (or more general
one) related to the symplectic matrix x € Sp(d, R) by

h( — xA), A, peAl,
where £ is a sequence leaving in a suitable (quasi-)algebra with respect to convolution.
The algebras already studied in [8,9] where 2'(A) and fo (A), s > 2d. Here we
extend to the quasi-algebras £ (A), 0 < ¢ < 1, s > 0, enjoying the convolution
property:
(M) x£d (A) = €l (A), 0<g<1.

Recall that the Wiener amalgam spaces W (C, Lfs)(]RZd) is defined in (9) and the
class F10(x, q, vs) is defined in Definition 1.2.
The union

FIO(Spd,R),q.v)= |J FIO(x. q,v5)
xe€Sp(d,R)

is called the class of generalized metaplectic operators. Similarly to [9, Proposition 3.1]
one can show:

Proposition 6.1. The definition of the class F1 0 (x, q, vs) is independent of the window
function g € S(RY).

Remark 6.2. (i) For g = 1 the original definition of F 1O (x, vs) in [9] was formulated
in terms of a function H € L,lj_Y (R2?) instead of the more restrictive condition H €
W(C, L} )(R*). Though, it turns out that the two definitions are equivalent, see [9,
Proposition 3.1].

(i1) Similarly to ¢ = 1, one could consider the algebra of F 10O (x, 0o, v5), s > 2d such
that

(Tr(2)g, T(w)g) < (w—xz)™°, Yw,zeR¥. (94)

We shall not treat this case explicitly, but we remark that it enjoys similar properties
to those we are going to establish for the cases above.

Theorem 6.3. Consider T a continuous linear operator S(RY) — S'(R?), x € Sp(d, R),
0<g<11s=>0.Let G(g, A) be a Gabor frame with g € S(R?). Then the following
properties are equivalent:

(i) there exists a function H € W(C, L%X)(Rz‘i), such that the kernel of T with respect
to time-frequency shifts satisfies the decay condition (10);

(ii) there exists a sequence h € KZS (A), such that

(TrM)g, w(w)g)l < h(u—x@)), VA, ueA. (95)
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Proof. Tt is a straightforward modification of the proof [8, Theorem 3.1]. O

We list a series of issues which follow by easy modifications of the earlier results
contained in [8,9], for a detailed proof we refer to [7].

Theorem 6.4. (i) Boundedness. Fix x € Sp(d,R),0 <g < 1,5 >0, m € M, and let
T be generalized metaplectic operator in FIO(x, q, vs). Then T is bounded from
MR 1o M) (R?), q < p < o0,

(ii) Algebra property. Let x; € Sp(d,R), s > 0and T; € FIO(xi,q,vs), i = 1,2.
Then YT € F10(X1X2, 9, Vs)-

For the invertibility property, the algebra cases corresponding to the spaces of se-
quences E,IJS where treated in [24] and [25] (see also earlier references therein). We
extend those arguments to the quasi-Banach setting as follows.

Definition 6.5. Consider B = EgS(A), 0<gqg<1,s >0.Let A be amatrix on A with
entries a;, ,, for A, u € A, and let d4 be the sequence with entries d4 (1) defined by

da(p) = sup |ay j—pl- (96)
reA

We say that the matrix A belongs to Cg if d4 belongs to 5. The (quasi-)norm in Cg is
given by

Alles = lldlis-

The value d (1) is the supremum of the entries in the u — th diagonal of A, thus the
Cp-norm describes a form of the off-diagonal decay of a matrix.

Theorem 6.6. Consider the (quasi-)algebra B above. Then the following are equivalent:
(i) B is inverse-closed in B(£2).

(ii) Cp is inverse-closed in B(£3).

(iii) The spectrum B ~ T¢.

Proof. The algebra case is already proved in [25]. The quasi-algebra case follows by a

similar pattern, since, for0 < g < 1, itis easy to check that 4‘53 (A) is a solid convolution
quasi-algebra of sequences. O

As a consequence, we can state:

Theorem 6.7. The class of Weyl operators with symbols in M f;’:i R, 0 < q < 1,
is inverse-closed in B(L*(R?)). In other words, if ¢ € Mﬁ;’gs (R*?) and Opy (o) is

invertible on L2(R?), then (Opw (o)~ = Opy, (b) for some b € Mf;li (R24),

Proof. 1t follows the pattern of Theorem 5.5 in [25], using Theorem 6.6 in place of the
corresponding Theorem 3.5 in the above-mentioned paper. O

Theorem 6.8. (Invertibility in the class FI1O(x, g, vs)) Consider T € FIO(x, q, vs),
such that T is invertible on Lz(Rd), then T~ e FIO()(*l, q, Vs).

Proof. The pattern is similar to Theorem 3.7 in [8]. We detail the differences. We first
show that the adjoint operator 7* belongs to the class F1O(x !, ¢, vs). By Defini-
tion 1.2:

HT*7(2)g, m(w)g)l = [(m(2)g, T(r(w)g))| = (T (m(w)g, 7(2)8))]
<H(z— xw) =Z(H o x)(w— x '2).
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It is easy to check that Z(H o x) € W(C, L}.) for H € W(C, L}), since vy 0 x = =
vs, and the claim follows. Hence, by Theorem 6.4 (ii), the operator P := T*T is in
FI10(d, g, vy) and satisfies the estimate (95), that is:

(Pr(A)g, m(u)g) <h(h—pn), VA, ueA,

and a suitable sequence & € €3 (A). The characterization for pseudodifferential opera-
tors 1n Theorem 3.2 [2] says that P is a Weyl operator P = Op,, (o) with a symbol ¢ in
1®v (RZd) Since T and therefore T* are invertible on Lz(Rd) P is also invertible on

L?(R%). Now we apply Theorem 6.7 and conclude that the inverse P~ = Opy,(7)isa
Weyl operator with symbolin t € M L@, 9 (R2?). Hence P~ 'isin FI1O(Id, g, vy). Even-

tually, using the algebra property of Theorem 6.4 (ii), we obtain that T~! = P~17T* is
in FIO(X_I,q,vs). O

Theorem 6.9. Fix 0 < g < 1, x € Sp(d,R). A linear continuous operator T :
S(Rd) — S'(RY) is in FIO(x, q,vs) if and only if there exist symbols 01,07 €
l®v (de)
such that

T = Opw(oDu(x) and T = pu(x)Opw(02). 7
The symbols o1 and o2 are related by
0) =01 0KX. (98)

Proof. 1t follows the same pattern of the proof of [9, Theorem 3.8]. The main tool is the
characterization in Theorem 3.2 of [2] which extends Theorem 4.6 in [25] to the case
0 < g < 1. We recall the main steps for the benefit of the reader.

Assume T € FIO(x,q,vs) and fix g € S (Rd). We first prove the factorization
T = o"u(x). For every x € Sp(d,R), the kernel of n(x) with respect to time-
frequency shifts can be written as

KOO (2)g, m(w)g)| = Ve (n()g) (w — x2)I-

Since both g € S(R?) and u(x)g € SRY), we have Vy(1u(x)g) € S(R??) (see
e.g., [13]). Consequently, we have found a function H = |V, (,u(x)g)| e S(R¥) ¢
W(C, L%,) such that

(O (2)g, m(w)g)| < H(w — xz) w,z € R¥, (99)

Since u(x)~! = u(x " YHisin FIO(x ™', g, vy) by Theorem 6.8, the algebra property
of Theorem 6.4 (ii) implies that T/,L(X_l) e FIO(Id q, vs). Now Theorem 3.2 in [2]
implies the existence of a symbol o] € M (R2d) such that Tp(x)~! = Opy(01),
as claimed. The rest goes exactly as in [9, Theorem 3.8]. O
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7. Applications to Schrodinger Equations

The theory developed in the previous sections finds a natural application in quantum
mechanics. In particular, we focus on the Cauchy problems for Schrédinger equations
announced in the introduction, cf. (4), with Hamiltonian of the form (5):

H = Opw(a) + Opw(G):

where Opy,(a) is the Weyl quantization of a real homogeneous quadratic polynomial
on R and O pw(0) is a pseudodifferential operator with a symbol 0 € M f;’i (RM).
Proposition 5.2 (see also Theorem 6.4 (i) with x = Id or [44, Theorem 3.1]) gives

Corollary 7.1. If o € Mﬁ;i (R??), s > 0,0 < g < 1, then the operator Op, (o) is
bounded on all modulation spaces M{)z, (RY), for g < p < oo. In particular, Op,, (o) is

bounded on L*(R?).

This implies that the operator H in (5) is a bounded perturbation of the generator
Hop = Opy(a) of a unitary group (cf. [42]), and H is the generator of a well-defined
(semi-)group.

Theorem 7.2. Let H be the Hamiltonian in (5) with homogeneous polynomial a and
o€ Mf;’fs (R24),0 < g < 1,5 >0.Let U(t) = €' be the corresponding propagator:
Then U (t) is a generalized metaplectic operator for each t € R. Namely, the solution of
the homogenous problem iu; + Opy,(a)u = 0 is given by a metaplectic operator i (x;)

in (7), and ' is of the from

e = w(x) Opu (br)

for some symbol by €¢ M %’gy (R24y,

Proof. The proof of the above result was shown for ¢ = 1 in [9] and it easily extends
toany 0 < g < 1. In fact, the main ingredients to use are the invariance of M7 (R*!)
under metaplectic operators, plus the properties of that symbol class: the boundedness

on modulation spaces and the algebra property of the corresponding Weyl operators. O

Corollary 7.3. Assume o € Mgl (R*), 0 < g < 1,5 = 0, m € M, If the initial

condition ug is in M}, (Rd), withq < p < oo, then u(t,-) € MZOX_,(R“') for every
1

t € R. In particular, if m o x=' < m for every x € Sp(d,R) (as for vs) the time
evolution leaves M}, (R?) invariant: the Schrédinger evolution preserves the phase space
concentration of the initial condition.

Proof of Corollary 7.3. 1t follows from Theorem 7.2 and the representation in Theo-
rem 6.9 that ¢/’ € F10( X, 4, Vs), so that the claim is direct consequence of Theo-
rem 6.4 (i). |

We can now study the Wigner kernel of eltH namely k(z, w), w, z € R24 such that

W(e”Huo)(Z) = /k(t, zZ, w)Wup(w) dw,

and possible generalizations to A-Wigner transforms.
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For sake of clarity, we start with a symbol ¢ in the Hormander class Sgso(RZd), that
is o € C®(R24) such that for every o € N there exists a Cy > 0 for which

9% (2)| < Cq, ¥z eR¥.
We recall that SS’O(RM ) can be viewed as the intersection of modulation spaces [2]
SR> = (Y MGl (R*), 0<gq < oo.
s>0

Let A be a covariant, shift-invertible matrix. Actually, when working in the L? setting,
the assumption of shift-invertibility will be not essential in the sequel. We may argue in
terms of the Cohen class Qy in Theorem 4.14:

Wa(f) = W(f) X = 0x=(f)

where X is related to A by (68), (66).

Letusdefine X;(z) = X (x,(z)) and denote by A, the corresponding covariant matrix,
such that W4, = QOs,, see Proposition 4.4 in [12] for details. Note that in the case of
the standard Wigner transform we have W = W4 = W 4, for every ¢, since ¥ = 4.

The following proposition is the Wigner counterpart for e/ of the
almost-diagonalization in Definition 1.2.

Proposition 7.4. Under the assumptions above, for z € R e R,
Wa(e"uo)(z) = fR ka2, w)(Wa,u0) (w) dw, (100)
where for every N > 0,
ka(t, z,wyw — (@)Y

is the kernel of an operator bounded on L*(R*?).

We need the following preliminary result, cf. Proposition 4.1, formula (96) in [12].
To benefit the reader, we report here the proof.

Lemma 7.1. Under the assumptions above,

WA )@ = Wa, £ '2).
Proof. From [13, Proposition 1.3.7] we have

W) @) = Wi, feSRY,
so that for any ¥ € S(R?), f € S(RY),
Os () @) = [ % W((x) H1z)

= / W (i (x) ) ) (z — u) du
RZd

= / WEG 0 e 2 — % w)) du
R2d

=/ WF@)S (2 — ) de
RZd

= (Wf 20 '2) = 0x, F(x; '2).
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For ¥ € S’'(R*?) we may use standard approximation arguments. Since in our case

Os () f) = Walu(x) f) and Qs, f(x;'2) = W, f(x; '2), this concludes the
proof. O

Proof of Proposition 7.4. From Theorem 7.2 we have
Wa(e"ug) = Wau(x) Opuw (byuo).
In view of Lemma 7.1
W€ u0)(z) = Wa, (0pu(buo) (x; ' 2)-

We now apply formula (91) to obtain
W4, (Opy (br)uo) = Opy(cr)(W4,u0)

where the symbol ¢; € Sg’O(R“d ) is given by (88). Summing up

Wa(e™u)(z) = Opu(c)(Wa,u0)(x, ' 2). (101)

Writing h(t, z, w) for the kernel of Opy,(c),

WA up)(2) = / Bt~ (2), w) (W, u0) (w) dw,

that is

1

ka(t,z,w) =h(t, x "z, w).

Now, observe that for every N > 0,
hy(t, z,w) = (z — w)*Nh(z, w)

is the kernel of bounded operator on Lz(Rd), see [14, Lemma 5.3]. Hence the operator
with kernel

katt,z,w)(x '@ —w)* =hy(t, x (@), w)
is bounded as well. m]

Definition 7.5. Fix A € Sp(2d, R) covariant and shift-invertible. For f € L2(RY) we
define WF 4(f), the A-Wigner wave front set of f, as follows. A pointzg = (xg, &) # 0
isnotin WZF 4 ( f) if there exists a conic open neighbourhood I';, C R?? of z( such that
for every integer N > 0

/ (@MW A f(2)2dz < .

I

In the case of the standard Wigner transform W4 = W, we write for short WF 4 (f) =
WZF(f). Note that WF 4(f) is a closed cone in R?? \ {0}. We have WF 4(f) = ¥ if
and only if f € S(R?), cf. Proposition 4.7 in [12] and the arguments in the sequel.

First, we shall give the following extension of Theorem 1.6 in [14] concerning the
T-Wigner case.
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Theorem 7.6. Consider a € S{ ,(R*®). Then, for every f € L*(RY),
WF4(Opuw(a) f) CWFa(S).

Proof. Arguing exactly as in the proof of Theorem 1.6 in [14] and replacing t-Wigner
with A-Wigner distributions, we apply the identity

Wa(Opw(a) f) = Opuw(c)Waf
with the symbol c as in (88) and using (91) in Theorem 5.4 we obtain the inclusion. O

Theorem 7.7. For ug € L*(R?) we have
WF 4" ug) = 5 OWF 4, (o).

The proof follows the lines of the corresponding one in Theorem 1.6 [14], basing
on the preceding Proposition 7.4, in particular on the identity in (101), see the sketch
below. For the Wigner distribution the previous result reads as follows:

Corollary 7.8. For ug € L>(R?),
WE (e ug) = x; WF (up)).

Proof of Theorem 7.7. Fix t € R, z9 € R*\{0}, ', small conic neighbourhood of
20, §0 = X1(z0), Ay, = x:(I'zy) corresponding conic neighbourhood of p. Assume
Zo ¢ WF 4, (up), that is, for every N > 0,

fA (N |W 4,u0(0)1?dE < .

0

We want to prove that zo ¢ WF (e ug), that is, for every N > 0,
I:= fr (@*M W@ ug)(@)Pdz < oo.
20
By applying the basic identity (101) in the proof of Proposition 7.4 we obtain
I= /r (@M [Opu (cW.a,u0l(x; ') %dz
20

and after the change of variables z = x;¢, observing that (x;¢) =< (¢):
I= / ()M Opu(c)Wa,uol* dt.
A(O

We are therefore reduced to the pseudodifferential case, cf. the preceding Theorem 7.6.
Arguing again as in the proof of Theorem 1.6 in [14] and using the assumption, we obtain
WF A" ug) C 5, (WF. A, (p)). Similarly, one can prove the opposite inclusion. O



Wigner Analysis of Operators Page 35 of 39 156

8. Appendix. Comparison with the Hormander Wave Front Set

Corollary 7.8 is similar to other results in the literature, concerning propagation of micro-
singularities for the Schrodinger equation, cf. [6,8—11,13,16,27,29,30,32-35,38,39,45,
47]. They mainly concern the global wave front set W (f) of Hormander [28]. It is
interesting to compare the different microlocal contents of WF 4(f) and WFs(f).
We recall the definition of W (f), following the notation and the equivalent time—
frequency setting in [13].

Definition 8.1. Consider f € L2(R%) and zo € R?? \ {0}. We say that zo ¢ WFg(f) if
there exists a conic neighbourhood I';, C R?? of z¢ such that for every integer N > 0

/ (@) V, f () dz < o0, (102)

T2
where we fix g € S(R?) \ {0} in the definition of the STFT Vo f.

For f € S'(RY), g € S(R?) the STFT in (102) is a continuous function on R¢,
see for example Corollary 1.2.19 in [13], hence Definition 8.1 extends to f € S’ (R?).
Though, for f € S'(R?) the A-Wigner transform is defined only as a distribution in
S’(R??) and a preliminary smoothing of W 4( f) would be needed to adapt Definition 7.5
of WF 4(f). For simplicity, we shall remain here in the L> framework. As before, we
assume A € Sp(2d, R) covariant and shift-invertible, then:

Theorem 8.2. For all f € L>(R?) we have
WFe(f) CTWFa(f). (103)

The proof requires the following preliminary issue.

Lemma 8.1. Fix g € S(RY) \ {0} and consider A € Sp(2d, R) covariant and shift-
invertible. There exists W 4 € S(R*?), depending on A and g such that for every f €
L2(RY)

Vo fI> = Wy s Waf. (104)
Proof. We start with the well-known identity
Vo fI> =IWg* W, (105)

where ZWg(z) = Wg(—z), see for example (156) in [14]. If A is covariant, we have
from (67)

Waf =oa%Wf (106)
with o 4 given by (68) 0.4(z) = F~ (e ™6 -BA%) If we define
TAR) = F (7P
we then have, for all h € L2(R%9),
TAkOq%h =h,
hence from (105)
Vo fIP =IWgxtaroqWf=WaxWf,
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with Wy =TWg % 14.

To prove that ¥ 4 € S(R*?), we observe ZWg € S(R??), in view of the regularity
property of the Wigner distribution, and % : S(R*?) — S(R??), since for every
h € S(R*) we have

eTEBA () e S(R?).
This concludes the proof. O

Proof of Theorem 8.2. The pattern is similar to the the proof of Theorem 5.5 in [14],
after replacing Lemma 5.4 in [14] with our present Lemma 8.1. O

Corollary 8.3. Let A € Sp(2d, R) as before and f € L*>(RY). We have f € S(R?) if
and only if WF 4(f) = 0.

Proof. If f € S(RY), then W4(f) € S(R?) in view of Proposition 3.1 (ii). The esti-
mates in Definition 7.5 are obviously satisfied for any z¢ € R%4\{0}, hence WF A(f) =
@. In the opposite direction, assume WF 4(f) = . Theorem 8.2 yields WFg(f) = 0
and this implies f € S (R24), cf. [13]. Alternatively, one can follow the pattern of
Theorem 5.4 in [14], using again Lemma 8.1. O

Comparing now WZFs(f) and WF 4(f), we first observe that the definition of
WZFq(f) can be extended to f € S'(R?), cf. [13], whereas Definition 7.5 refers to
f € L*(R?). With some more technicalities the definition of W 4(f) can be extended
to f € S'(RY) as well. The substantial difference between WFg (f) and WF A(f)
is that the inclusion in (103) is strict in general, since W.F 4(f) includes a ghost part
depending on A, as already observed in [14].

To better understand this issue, we will use the Shubin class of symbols H”, m € R,
defined by the estimates

9% (2)] < ca{)™™, z=(x,&) e R¥. (107)

Further, assume a € H”

.7, that is a(z) has the homogeneous principal part @, (z):

am(Az) = )\mam(z)’ A >0,

such that, cutting off a,, (z) for small |z|, we have for some € > 0,a —a,, € H™ €.
Define the characteristic manifold

Y ={zeR* a,(z) =0,z #0}.

Theorem 8.4. Assume that a € H]} is globally elliptic, i.e. ¥ = (. Then for all f €
L*(RY),

WFA(Opw(a)f) = WFA(f).

Proof. The inclusion WF A(Opy(a) f) C WF 4(f) follows from the easy variant of
Theorem 7.6 for the class H™. To obtain the opposite inclusion under the assumption of
global ellipticity, we construct as in [40] a parametrix of Op,,(a). Namely, there exists
ab e H" such that

Opy(b)Opy(a) =1+ Opy(r),
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where I is the identity operator and the symbol r is in S (R??), hence Op,, (r) : S'(R?) —
S(R?) is a regularizing operator. Therefore,

f=0pu®Opu(@f = Opu(r)f. VfeL R,
with Op,, (r) f € S(R?). Invoking Theorem 7.6
WFA(f) = WF4(Opw(b)Opy(a) f) CWF 4(Opy(a) f).
This completes the proof. O

Theorem 8.4 shows a similarity of WF 4(f) with W5 (f). Though, in the non-
elliptic case the classical microlocal inclusion

WFeu) C WFg(Opw(@u)UE, ueS R,

fails for WF 4 (u). Consider for simplicity the case v = Opy(a)u € S (Rd), so that for
the solutions of Op,, (a)u = v we have

WFeu) C X (108)

and test the same inclusion for WF 4 (u), u € L2(R%), as follows. For simplicity, we
will consider only the Wigner wave front WW.F (1) and consider in dimension d = 1 the
operator

Pu = xD’xu = Opy(a)u
where the homogeneous principal part of a € Hfl is given by
ay(x, §) = 2’7
so that X is the union of the x and & axes
Y ={(x,8) eR® x=00r& =0, (x,&) # (0,0)}. (109)

We now address to the example at the end of [14], where f, g € L2(R9) are defined
such that

Df =is —if’ (110)
xg = —i —ih, (111)
with f/ € S(R), h € S(R) and
WEFf =WFsf ={(x,6) e R* x =0,& #0},
WFg =WFgg = {(x,€) e R2, £ =0, x #0}.

By using (110), (111), a simple calculation shows that Pf € S(R), Pg € S(R) and
therefore for u = f + g we have Pu € S(R). Then for ¥ as in (109) we obtain
WFgu = X as expected from (108). Instead, the non-linearity of the Wigner transform
(see [14]) gives

WFu = R>\ {0}.

To sum up, the appearance of ghost frequencies in the Wigner wave front is natural in
Quantum Mechanics, but it contradicts Hormander’s result for micro-ellipticity.
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