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Abstract: This paper provides universal upper bounds for the exponent of the kernel and
of the cokernel of the classical Boardman homomorphism 0" : 7™(X) — H"™(X;Z), from the
cohomotopy groups to the ordinary integral cohomology groups of a spectrum X, and of its
various generalizations 7"(X) — E™(X), F"(X) — (E N F)"(X), F"(X) — H™(X;mF)
and F"(X) — H""(X;mF) for other cohomology theories E*(—) and F*(—). These upper
bounds do not depend on X and are given in terms of the exponents of the stable homotopy
groups of spheres and, for the last three homomorphisms, in terms of the order of the Postnikov
invariants of the spectrum F'.
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1 Introduction and statement of the results

The classical Boardman homomorphism for a spectrum X is a homomorphism

b" " X) — H"(X;Z)
between the cohomotopy groups and the ordinary integral cohomology groups of X de-
fined for all integers n as follows:

(X"1)«
—_—

b (X)) = [X, 5] X, X"H(Z)| = H"(X; Z)

is induced by a generator i : S — H(Z) of moH(Z) = Z, where S denotes as usual the
sphere spectrum and H (G) the Eilenberg-MacLane spectrum associated with the abelian
group G.
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This short paper provides a couple of results establishing very general approximations
of the size of the kernel and of the cokernel of the Boardman homomorphism and of its
generalizations. Proofs are presented in the next section. Similar results have been
obtained in [4] for the stable Hurewicz homomorphism.

When X is an (m — 1)-connected d-dimensional spectrum, b" is trivial if n < m or
n > d, an isomorphism if n = d and an epimorphism if n =d—1. Form <n < d—1, one
can easily show, using the Atiyah-Hirzebruch spectral sequence H*(X;m_;S) = 75 (X)
that the kernel and the cokernel of b™ are of finite exponent: the first goal of this paper
is even to provide universal upper bounds for their exponent (see Theorem 1.2).

Definition 1.1. For j < 0 let p; = 1, and for j > 1 let p; be the exponent of the j-th
homotopy group 7;S of the sphere spectrum S.

Then define p; = Hpj for i > 1.
j=1
. . . _ . ) 1+ 3
Notice that a prime number p divides p; if and only if p < 5

The main theorem of the paper is the following:

Theorem 1.2. If X is an (m—1)-connected spectrum of finite dimension d, the Boardman
homomorphism 0" : 7" (X) — H"(X;Z) has the property that

(a) pa—nkerd™ =0 form <n <d-1 and

(b) pg—n—1 cokerd™ =0 form <n < d— 2.

The second purpose of this note is to generalize this theorem in several ways. First,
notice that it is possible to define a Boardman homomorphism by replacing the ordinary
cohomology by other cohomology theories.

Definition 1.3. Let E be a connective (i.e., (—1)-connected) ring spectrum with iden-
tity ¢ : S — FE, and E*(—) the corresponding cohomology theory. For all integers n
and for any spectrum X, the E-Boardman homomorphism b ™ (X) — E™(X) is the
homomorphism

(Z™1)«

b (X)) = [X,5"9) [X,5"E] = E"(X)

induced by i. Observe that if X is of finite dimension d, then b is trivial for n > d.

Remark. If £ = H(Z), the H(Z)-Boardman homomorphism is the classical Boardman
homomorphism " : 7*(X) — H"(X; Z).

If £ and X are finite spectra and if X is finite dimensional, we are able to produce
universal bounds for the exponent of the kernel of b™.

Theorem 1.4. Let E be a finite connective ring spectrum such that 7%(E) is infinite
cyclic, E*(—) the corresponding cohomology theory, and assume that X is a finite (m—1)-
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connected d-dimensional spectrum. Then the E-Boardman homomorphism b (X) —
E™(X) satisfies

(pm—n+1pm—n+2 T pd—n) kerb" =0
for any integer n < d. In particular, b s injective if n = d and pg—, kerd” = 0 if
m<n<d-1.

One can also extend Definition 1.3 and Theorem 1.4 as follows (see [6], p. 291).

Definition 1.5. Let F be a connective ring spectrum with identity i : S — E, F' any
spectrum, and F*(—), respectively (E A F')*(—), the cohomology theory associated with
F| respectively with EAF. For all integers n and for any spectrum X, the (F' and EAF)-
Boardman homomorphism b F"(X) — (EAF)"(X) is the homomorphism

~ s (inid),
=

b FY(X) = [X,S%(S A F)| X, S"(E A F)] = (E A F)"(X)

induced by i A id, where id denotes the identity of F'.

Definition 1.6. For a connective spectrum F', let p;(F) = 1if j <0 and, if j > 1, let us
call p;(F) the order of the Postnikov invariant kT (F) of F' in the group H?T'(F[j — 1];
7;F), where F[j— 1] is written for the (j —1)-st Postnikov section of F' (recall that p;(F)
is finite by Theorem 1.5 of [2]).

Then define p;(F) = Hpj(F) for i > 1.
j=1

Theorem 1.7. Let E be a finite connective ring spectrum such that 7%(E) is infinite
cyclic, F' a connective spectrum, and F*(—), respectively (E A F')*(—), the cohomology
theory associated with F', respectively with (F A F'). Furthermore, assume that X is a
finite (m — 1)-connected d-dimensional spectrum. Then the (F' and E A F)-Boardman
homomorphism [ FM(X) — (E A F)"(X) fulfills

(P—ri 1 (F) punns2(F) -+ pan(F)) kerb" = 0

for any integer n < d. In particular, b s injective if n = d and p’d_n(F)ker?)\” =0 if
m<n<d-1.

Remark. In the case where F' is the sphere spectrum S, this gives the statement of
Theorem 1.4, because p;(S) = p; according to Theorem 1.3 of [4].

There is another way to generalize the definition of the Boardman homomorphism
and the assertion of Theorem 1.2.

Definition 1.8. Let F' be a connective spectrum and F*(—) the corresponding coho-
mology theory. For all integers n and for any spectrum X, the generalized F'-Boardman
homomorphism b™ : F"(X) — H"™(X;mF') is the homomorphism
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~ (ETLO(())*
_—

b F7(X) = [X, 5" F) X, S"H (mF)] = H™(X; w0 F)
induced by the 0-th Postnikov section ag : F' — H(moF') of F' (i.e., such that (ao).
w0l — moH (moF') is an isomorphism). Notice that b™ is trivial if n < m or n > d.

Remark. If ' = 5, the generalized S-Boardman homomorphism is exactly the classical
Boardman homomorphism 0" : 7"(X) — H"(X; Z).

In this case, we get universal bounds for the exponent of the cokernel of the homo-
morphism 0", assuming that X is finite dimensional.

Theorem 1.9. Let F' be a connective spectrum, F*(—) its associated cohomology the-
ory, and consider an (m — 1)-connected spectrum Xof finite dimension d. Then the
generalized F-Boardman homomorphism b F"(X) — H™"(X;mF) satisfies

(a) b is an isomorphism if n = d and an epimorphism if n =d — 1,

(b) pa—n—1(F) coker 0" =0 for m < n < d — 2.

It is actually possible to extend Definition 1.8 by constructing a family of generalized
F-Boardman homomorphisms as follows.

Definition 1.10. Let F' be a connective spectrum, F*(—) the corresponding cohomology
theory, and X an (m —1)-connected d-dimensional spectrum. Then, for any integer n < d
and any integer ¢t > 0 such that m —n <t < d—n, there exists a generalized F-Boardman
homomorphism

ot FY(X) — HYX ),
which is defined as follows. The cohomological version of Lemma 4.2 of [2] implies that
FM(X) = F(m—n,d—n]"(X), where F(m —n,d —n] is the spectrum with the property
that m;F(m —n,d —n] =0ifi<m-—nori>d—nand mF = mF(m —n,d — n| if
m—n <i<d—mn (see Section 4 of [2], Section 2.2 of [5], or Section 4 of [7]). Then, for
any integer ¢t > 0 with m —n <t < d —n, the homomorphism Ag—,,; : F'(m —n,d —n] —
Y'H(mF) introduced in Theorem 1.5 of [3] induces the homomorphism

(EnAd—nyt)*
e 4

bt F'(X) = [X,X"F(m —n,d—n]| (X, X" H(m F)] = H"Y( X F) .

Observe that ™0 = b,
The exponent of the cokernel of these homomorphisms is also universally bounded.

Theorem 1.11. Let F' be a connective spectrum, F*(—) its associated cohomology the-
ory, and X an (m — 1)-connected spectrum of finite dimension d. Then the generalized
F-Boardman homomorphisms ™" : F"(X) — H""'(X;mF) satisfy

(pe(F)pesa(F) -+ pan(F)) coker ™ = 0

for any n < d and for any t > 0 with m —n <t < d —n.
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2 Proofs

Since Theorem 1.2 is based on the arguments involved in the proofs of Theorems 1.4 and
1.9, we shall prove it at the end of this section.

Proof of Theorem 1.4. Since E and X are finite, we may conclude that
E"(X)=[X,X"E]Z [X;X"(SAE)]=Z[E"NX,X"S|=n"(E"NX),

where E* is the dual of E (see [1], p. 195), and that the E-Boardman homomorphism [
is in fact
b (X) 2 (S AX) — (BT A X)X E"(X),

induced by ¢* A id, where ¢* : E* — S is the dual of ¢+ : § — FE and id the identity
X — X. Observe that, according to the cohomological version of Lemma 4.1 of [2],
(X) = S[d — n]"(X) since X is of finite dimension d. The spectrum E* A X is also
finite dimensional: let us call d’ its dimension (notice that d’ > d) and deduce similarly
that 7" (E* A X) =2 S[d' — n]*(E* A X). Then consider the commutative diagram

S[d — n]"(X) > S -nrx) L S[d -] (E*AX)
|w | w | v
d—n d—n d—n
P #xms) = @ H(XGmS) —— P H(ETAX;mS)
t=m—n t=m—n t=m—n

[ [

S[d—n"(X) =  S[d-n]"(X)

in which 7 is also induced by i* Aid : E* A X — SA X, and where the vertical arrows are
the homomorphisms introduced in Section 6 of [3] with the property that the composition
UT @7 is multiplication by (pm—nt1Pm-nt2 " Pd—n)- This follows from the fact that the
order p;(9) of the k-invariant £7*1(S) of the sphere spectrum S is equal to the exponent p;
of m;(S) (see Theorem 1.3 of [4]). Since moE* = 7°(E) = Z, it turns out that H;(X;Z) =
H;(X;Z) ® moE* is a direct summand of H;(E* A X;Z) for any j and thus that the
homomorphism 7 is split injective. Consequently, the commutativity of the diagram
shows that the kernel of b" is contained in the kernel of the composition ¥} ®7: this
produces the assertion of Theorem 1.4. O

Proof of Theorem 1.7. As above, the finiteness of F and X implies that
(ENF)'(X)=[X, S (EANF)|Z[E*NX,X"F] = F"(E" N X)
and that

b (X) X FY(SAX) — FY(E*A X)X (EAF)(X)
is induced by ¢* Aid : E* A X — S A X. Then, let us use again the argument developed
in the proof of Theorem 1.4 with the spectrum F instead of S and the integers p;(F)

instead of p;. ([l
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The proof of Theorem 1.9 is based on the next lemma, the proof of which is analogous
to that of Lemma 3.3 of [4].

Lemma. In the Atiyah-Hirzebruch spectral sequence E3' = H*(X;7w_F) = F*t(X)
converging towards the F-cohomology of any (m — 1)-connected d-dimensional spectrum
X, the edge homomorphism F"(X) —» E%0 — E3° = O™(X;7yF) is exactly the gener-
alized F-Boardman homomorphism b for all integers n such that m <n < d.

Proof of Theorem 1.9. Assertion (a) is trivial. Now, take n such that m <n <d —2.
Since F' is connective and X is d-dimensional, the Ey-term of the Atiyah-Hirzebruch
spectral sequence satisfies F5' = H*(X;n_,F) = 0if s > d, and consequently E%0 =
Eg’_on 41 By the previous lemma, the image of b s Eg’_on 41> which is the subgroup of
Ey® = H"(X;mF) consisting of the kernel of the differentials d™° : EP0 — E*1=" for
2<r<d-n,and coker b ES’O/EZ}’_ORH. However, it follows from Proposition 2.6 of
2] that p,_i(F)d™ = 0. This implies that the product pg_,—i(F) kills coker b". O

Proof of Theorem 1.2. According to Theorem 1.3 of [4], p;(S) = p; and Theorem 1.9
provides the second assertion of Theorem 1.2 For X finite, the first assertion of Theorem
1.2 is exactly the statement of Theorem 1.4 for F = H(Z). In the general case, the
above lemma for the Atiyah-Hirzebruch spectral sequence Ey* = H*(X;7_,S) = m°+(X)
implies that the kernel of the classical Boardman homomorphism 4" : 7"(X) — H"(X;Z)
is killed by the product of the exponents of the groups Eg_t’t forn —d <t < —1, hence
by the product pg_,,. O

Proof of Theorem 1.11. By definition of b™ and by Theorem 6.2 of 3], there is a
homomorphism ©™*: H"*'(X; m,F') — F™(X) such that the composition

X F) —2 s v x) s B F)

is multiplication by the product (pi(F)psi1(F) - pa—n(F)) on H" (X ;7 F). This pro-
vides the assertion of Theorem 1.11. d
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