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1. Introduction

Dividend strategy for insurance risk model was initially introduced by De Finetti (1957) for a binomial model. From then
on, more general barrier strategies have been studied in several papers. See e.g., Lin et al. (2003), Gerber and Shiu (2006), Lin
and Pavlova (2006) and Yang and Zhang (2008) and references therein. In the ruin theory, the researchers are mainly focused
on the ruin and related quantities, such as the Gerber-Shiu function, and the expected discounted dividend payments paid
until ruin. Lin et al. (2003) investigate the Gerber-Shiu function for the classical risk model with a constant dividend barrier.
Later on, Lin and Pavlova (2006) study the Gerber-Shiu functions and related problems for the classical compound Poisson
risk model with a threshold dividend strategy. Recently, Yang and Zhang (2008) consider the Gerber-Shiu function in a
Sparre Andersen model with multi-layer dividend strategy. In Li et al. (2009), the authors give a closed form expression of
the expected discounted dividend function for a jump-diffusion risk process by studying a constructed fluid flow process.

In recent years, the risk model with dependence structure between inter-arrival times and claim sizes has got more and
more attention since the independence of them is not well applicable from the practical point of view. Albrecher and Boxma
(2004) propose an extension of the compound Poisson risk model where the distribution of a claim interval is controlled
by the previous claim size. Boudreault et al. (2006) consider a risk model with a reverse dependence structure where the
distribution of the next claim size depends on the last inter-arrival time. Later on, Landriault (2008) studies the risk model
with interclaim-dependent claim sizes and a constant dividend barrier. Cossette et al. (2010) propose a dependence structure
between the claim amounts and the inter-arrival times which is introduced through a Farlie-Gumbel-Morgenstern (FGM)
copula, where the defective renewal equation for the Gerber-Shiu function is obtained and solved. Zhang and Yang (2011)
consider the Gerber-Shiu function in a perturbed risk model with the similar dependence structure as Cossette et al. (2010).
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In this paper, we consider the classical risk model with a threshold strategy and dependence between claim amounts
and inter-arrival times modeled by a FGM copula. Integro-differential equations for the Gerber-Shiu functions and expected
discounted dividend payments paid until ruin are first derived and then solved.

The rest of the paper is organized as follows. In Section 2, we give the description of the model. Integro-differential
equations satisfied by the Gerber-Shiu functions are derived and solved in Section 3. Finally, in Section 4, we discuss the
expected discounted dividend payments paid until ruin.

2. Model description

Consider the compound Poisson surplus process {U(t), t > 0} given by

Ut)=u+ct—St), t=>0, (1)

where u(>0) is the insurer’s initial surplus, c(>0) is the rate of premium income, and S(t) = Zfi(g) X; denotes the

total amount of claims. {X;}{°, are independent and identically distributed (i.i.d) random variables (r.v.’s) with common
distribution function (df) denoted by Fx and probability density function (pdf) denoted by fx (with Laplace transform denoted
by fy), representing the successive claim amounts, and {N(t), t > 0} is a Poisson process with positive parameter A, which
is assumed to be independent of {X;}{°,, representing the number of claims until time t. Define {W;, j > 1} to be a sequence
of inter-arrival times of the Poisson process. It is known that Wj, j > 1, are i.i.d with common pdf p(t) = Ae~*t. Obviously,
(X;, W)),j > 1, are i.i.d random vectors. Further, the net profit condition is given by ¢ > AE (X;).

In this paper, we consider a modified model of (1), i.e., we assume that the claim amounts {X;};°, and the inter-arrival
times {W;, j > 1} are not independent but with a dependence structure modeled by a FGM copula. To be specific, recalling
that (e.g., Denuit et al. (2005)) the FGM copula is defined, for 8 € [—1, 1], by

GM(ur, ug) = ugtty + Qg (1 — ) (1 —u), g, 13 € [0, 1],
we assume that, for fixed j > 1, the joint pdf of (X;, W) is defined by
Sw®, 1) = fxre™ + Ohy(x)(2he™ > —re™™), x>0,

where hy(x) = (1 — 2Fx(x))fx(x), x > 0 (with its Laplace transform denoted by h}). Furthermore, we suppose that the
company pays dividends to its shareholders in the following way. When the surplus is below a threshold, say b(>u), no
dividend is paid. However, when it exceeds b, dividends are paid continuously at aratec — « (o € [0, c] and @ > AE (X7),
providing a positive safety loading factor), thus the net premium rate after dividend payments becomes «. Let {U(t), t > 0}
denote the modified surplus process under this threshold dividend strategy described above, then it satisfies the following
stochastic differential equation:

cdt —dS(t),  Up(t) < b,
dU, () = {adt _ds@. Ui =b =0 (2)

with U, (0) = u.
Let T, = inf{t > 0, Up(t) < 0}(inf{}} = oco) be the time of ruin for the risk process (2). Define, for § > 0,

m(u; a; b) = E (e w(Uy(Ty—), |Up(T) DI(Ty < 00)|Up(0) =u), u >0,

to be the Gerber-Shiu function, where w(-, -) is a non-negative function, U,(T,—) and |U,(T,)| are two important non-
negative r.v.’s in connection with the time of ruin Ty, representing the surplus immediately before ruin and the deficit at
ruin, respectively, and I(-) denotes the indicator function.

Itis worth noting that m(u; 0; b) denotes the Gerber-Shiu function of the risk model (2) with the constant barrier strategy
(i.e., when the surplus exceeds b, all the premiums are paid as dividends), and m(u; «; oo) denotes the Gerber-Shiu function
of the risk model (2) with the dependence structure and without paying any dividend.

From the threshold dividend strategy described above, we see that the dividend distributing process, denoted by
{D(t), t > 0}, satisfies the following stochastic differential equation:

(c —a)dt, Uy(t) > b,
db(t) = {o, Uit < b,

Next, define, for § > 0,

t>0.

Tp
v(u; b) = E (/ e~ dD(t)|U,(0) = u) , u>0,
0

to be the expected discounted dividend payments until ruin.
For notational simplicity, in the sequel, we will use the following notation:

my(u), 0<u<hb, m(u) = m(u; 0; b), by = vi(u), 0<
my(w), u> b, m(u; 00) = mu; a; 00), VWD = V). u

m(u; a; b) = {

We note that m(u; «; o0) has nothing to do with «.
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3. Analysis of the Gerber-Shiu functions

In this section, we will investigate the Gerber-Shiu function of the risk process (2). We first give some preliminary results
for the Gerber-Shiu function m(u), u € [0, b], under a constant barrier strategy.

Let 4 and D denote, respectively, the identity and the differential operators. Using a similar approach as in Landriault
(2008), we derive that m(u), u € [0, b], satisfies the integro-differential equation:

P ) 2046 A (2146 A0 (6
( I—JD)( c l—i)>m(u)=z( c 1—1))01(u)+7<21—§1)>02(u), 0<u<h, (4)

Cc

with boundary conditions
A A0
m'(b) =0,  m"(b) = —=0y(b) — —a,(b),
c c

where
u

o1(u) :f m(u — x)fx ()dx + o (u), oz (u) 2/ m(u — x)hx (x)dx + oz (u),
0 0

o0 o0
a(u) = / w, x —wf®dx,  a@ = / w(u, x — whx (x)dx.
u u
From the theory of integro-differential equation, we conclude that the general solution of Eq. (4) can be given as
m(u) = m(u; 00) + y1y1 (W) + y2y2(u), 0 <u=<bh, (5)
where y; and y;, are two constants, and y;(-) and y,(-) are two functions satisfying the integro-differential equation:

<A+81 - :D) (ZA:_(SJL - i))y,-(u) = % <2AC+81 - i)) fuyi(u — X)fx (x)dx
0

C

AD (6 U .
+ — <71 — :D) / yi(u —x)hxy(x)dx, i=1,2. (6)
c \c 0

Note that m(u; oo) has been discussed extensively in the literature, see e.g., Cossette et al. (2010).
Recall the Dickson-Hipp operator T, r € C, defined by

o0
Tf(x) = / e f (uydu, x>0,
X
for an integrable real-valued function f. It is shown that
Tf'(b) = sTf (b) — f (b)

where f’(x) denotes the derivative of f(x) (see Li and Garrido (2004) for more on the properties of the Dickson-Hipp
operator).

By taking the Dickson-Hipp operator T;(*)(0) (multiply with e™™ and then take integral from 0 to co) on both sides of (6),
and then taking inverse of it, we see that y;(-), i = 1, 2, satisfy the following defective renewal functions:

yiw) = /uyf(u —xh@dx+rw), i=1,2, (7)
0

where

A0 A<2A+8

A A9 (6§
h(u) = < oofx (W) + Tszhx(u) + - - ,01) T,, T, fx (W) + . (E - pl) T,, T, hx (),

oy — 428 g — Bt 1
rnu) = ———e+ ——e?" )= eftt 4 ———e,
£P1— P2 P2 — P1 L1 — P2 P2 — P1
with p1, po being the two different positive real roots of the Lundberg’s generalized equation:
2146 A+6 A 2146 B 8
g(s) = < + —s) (i —S) — —fx(5) ( + —s) — —h%(s) (7 —s> =0. (8)
c c c c c c

See Cossette et al. (2010) for the analysis of the Lundberg's generalized equation.
From the renewal equation theory, we can conclude that

yi(u) = Z/ur,-(u —x)dH™(x), i=1,2, 9)
n=0v0

where H(x) = fg h(u)du and H™ (x) denotes the n-fold convolution of H(x) with itself.
Next we give the integro-differential equations satisfied by the Gerber-Shiu function m(u; «; b) (recall (3)).



Y. Shi et al. / Statistics and Probability Letters 83 (2013) 1998-2006 2001

Theorem 3.1. The Gerber-Shiu function m(u; «; b) satisfies the following integro-differential equations:

<Aj8£—ﬂ)><2kjgl—£>ml(u): <2)\C+81—JD>m(u)+?(gl—i)>n2(u), 0<u<b, (10)

A+S 2146 A (2046
(*52-2) (P e ) mw = (* 1 -0)
o o o o

u—>b u o)
X </ my(u — x)fx (x)dx + / mq(u — x)fx (x)dx + / w(u,x — u)fx(x)dx) + );—9 (gl — i))
0 u—b u

a >

and

u—b u o0
X </ my(u — x)hx (x)dx + f mq(u — x)hy (x)dx +/ w(u, x — u)hx(x)dx> , u>=b, (11)
0 u—b u
with boundary condition
my(b) = my(b), (12)
where
1) = / (= O COdx + i), fr(w) = / (i, % — W (9dx, (13)
0 u
() = / my(u — x)hx(dx + Bo(w), pa(u) = f o(u, x — u)hy (x)dx. (14)
0 u

Proof. By conditioning on the time and the amount of the first claim, we have

- u-+ct
my(u) = / f e*'m(u + ct — x; @; b) [fx()re™* + Ohy (x) (2he™? — re™*")] dxdt
0 0

+ / ‘ / e o+ ct,x —u—ct) x [fx@re ™ + Ohy(x) (2re 2 — xe )] dxdt
u+-ct

[} b+a t—b%“ h—
+ﬁ / ( )e_‘”m(b+a<t—u>—x;a;b>
u c

x [fx()re™ + Ohy(x)(2re > — re™)] dxdt

T )

x [fx (x)ke’“ + th (x)2re™ 2 — pe*) ] dxdt. (15)

Eq. (15) can be rewritten as

—u

mi(u) = A / © e (w4 cf) — O7a (U + ct))dE + 226 / © e 2069ty 4 c)dt
0 0

o b— b—
+Aﬁ e+ (yn (b +a (t — u)) — 01y (b+oz <t - —u>>) dt
b—u C C

C

o0 b _
+220 ﬁ e 20, (b +a (t - u)) dt, (16)
b—u C

c

where 1 (u) and m, (u) are given in Eqs. (13) and (14), respectively.
Letting u + ct = v in Eq. (16), we further have

A [P LR O] _ @) -u)
mi(u) = s e (m1(v) — Oy (v))dv + — c 1 (v)dv
u

A/ © A v—Uu - b - b
+7v/‘ e_(+6>6( | <]T1 (b—‘r_a(vi)) _07[2 <b+a(v ))) dv
cJp c c
200 [ @+oe-w v—>b
+ — e c m|b+a| ——) )dv. 17)
C b Cc
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Differentiating Eq. (17) with respect to (w.r.t.) u leads to

AA+S [P saow-u 20020 +8 [P @uew-u
m)(u) = E% e )(m(v) — Oy (v))dv + . + / e~ B )ﬂz(v)dv
u u

AA 1) *° A v—u —b —b
f 2R [Tt (o (bra (M20)) om (b4 e (M0 ) o
c C b c c

22020 +8 ™ - —b A 20
g oo / o~ B (b ta (”)) dv— L) — ). (18)
b C C Cc

C c

It follows easily from the last two equations that

A+$ r200 [P veu X220
(iz - i)) m@) = — =27 [ e TR g wyde — 2227
c c ¢ Ju c c
@ v—>b A A0
X e c m|b+a|— ) )dv+ —m1(w) + —ma (). (19)
b c c c
Differentiating Eq. (19) w.r.t. u yields

A48
20— )m@ = —
c c ¢ c Ju

2L +8 X200 [ v—u —b
_2A 4681200 o 2 )ﬂ2 <b ta (v )) . 20)
c ¢ c Jp c

2L+ 81240 [P @asme-w A A0 A 200
——— | e < mdv+ Zn{(u) + Tnz/(u) + Z?nz(u)

Consequently, we have from Eqgs. (19) and (20) that Eq. (10) is established.
Similarly, we obtain that

o0 utoat
my(u) = / / e’ m(u + at — x; b) [fr()re ™™ + Ohx(x) (21e 2 — re )] dxdt
o Jo

o0 o0
+ / f o+ at,x —u—at) [fr@re™ + Ohx(x) (2he™* — re™*")] dxdt.
0 u+oat

Thus, Eq. (11) can be proved by using the same arguments as Eq. (10). The proof is completed. O

Next let us recall the divided differences of a function h with respect to distinct numberss, rq, 5, . . ., defined recursively
as follows:
h(s) — h(r h[ri,s] — h[rq, 1
hry, s] = u’ h[ry, 1y, S] = M
S—n S—1n
_ h[rlv I, S]h[r17 T, r3]

hlry, 1y, 13,5] = ,
S—13

and so on. The following theorem is our main result of this section.
Theorem 3.2. The Gerber-Shiu function m(u; o; b) is given by

C ooy Jmus 00) + E1y1(u) + E2y2(u), 0 <u<b,
s b) = {lq W) + £k ) + Eks@), = b, 1)

where &1, & are two constants determined in Lemma 3.1 given below, y;(-), i = 1, 2, are the same as in (9),

[e°]

u—b u—b b
AOEDY ( / A(u — x)dH" (x) + / dHg" (%) / m(y; o0)R(u — x — y)dy> ,
0 0 0

n=0

o0 u—b b
ko) = / dH}* (%) f VIR — x = y)dy,
n=0 0 0

oo u—b b
ks(u) =) / dHy" (%) / Y2(WRu — x — y)dy,
n=0 Y0 0

A 70 A(2048
ho (1) = = Tpfx W) + —=Tpy hx W) + —

)
- ,03> T,D4Tp3fx (U) + ; (; - 103) T,D4Tp3hx (U),
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A (248 20 (8 b M
R(u) - a ( o ) JX(U) + Tp4fx(u) + — (a - 103) TpgT,O4 X(u) + ;Tp;l X(u)7

A20+38 A, 6, u
A(u) =T, T, {a B1(w) — &ﬂl(u) + ;aﬂz(u) — aﬂz(u)} (w), Hy(u) = / he (x)dx,
0

and H}* denotes n-fold convolution of H, (u) with itself.

Proof. We note that Eq. (10) coincides with Eq. (4). Consequently, the expression of m;(u), 0 < u < b, follows easily. Next
we focus on my(u), u > b.
Taking the Dickson-Hipp operator Ts(x)(b) on both sides of Eq. (11), we obtain

31 428 A+820 44
(sTsmy(b) — ma (b)) + ——

—my (b) + s(sTsma(b) — ma (b)) — Tsmy(b)

A2 48
_Ol

A b A b
- — (Sf;‘(S)Tsmz(b) +S/ my () Tefx (b —y)dy) - (—/ my (b — y)fx (x)dy + T;B; (b)>
0

b
(f)? ($)Tsmy(b) + / my(Y)Tsfx (b — y)dy + Ts By (b))
0

20 8 b
t (h* ($)Tsmy(b) + / my () Tshx (b — y)dy + Ts 2 (b)>
0

20 (. b 20 b ,
Y (shx(s)Tsmz(b) +s/0 m; (y)Tshx (b —y)dy> Y (—/0 m;(y)hx (b — y)dy + Tsﬁz(b)) ,

which can be rewritten as

) 8 )
(5 ) (0 =) e (57 )= i (G )y

A (2048 b AD (6
== < o s) / my(Tefx (b — y)dy + — (7 - 5) / m () Tshx (b — y)dy
o 0 a \x 0

o

AP A0 [P ,
+;/ m1@)fx<b—y)dy+—f 1 )y (b — y)dy + m(b)
0

3L+ 26 20+ 6 A0 8
+<s— : ) my(by + 22T Tsﬂl(b)—*Tsﬂ1(b)+f*Tsﬁz(b) Tsﬁz(b) (22)

Itis observed that go(s) = (£ — s)()\ai‘S —5) = 2fE(s) (2 —5) — 22pz(s)(2 — 5) has the same form as g(s) in (8), and
thus it has also two distinct positive roots, denoted by p3; and pq4, respectively.

Considering the property of Dickson-Hipp operator and dividend difference operator, we derive that

20+ 6 A+4 20+ 6
( ; —s) (% - ) - —fx< )( o ) - —h*(s) (— —s)}rsm2<b)[s, ps. pa]

= (1 = Tshe (0))Tsmy (b)

AP A0 [P ,
&/0 mlcy)fx(b—y)dy+;/0 ml(y)hx(b—y)dy+m2(b)+<s—

L2043 , 268 A0
TB1(b) — *Tsﬁl(b) + ;;TsﬁZ (b) — ;Tsﬂz (b)] [s, p1, p2] = T;A(b)

A (2146
o

30426

> mz(b)} [s, p1, 021 =0

b A0 (8 b
) my () Tefx (b — y)dy + o (& - S> / mq(y)Tshy (b —y)dy} [s, p3, 4]
0 0

b

b A
- p3> / my (V) TsT,, Ty, fx (b — y)dy + o / my (Y) T T, fx (b — y)dy
0 0

_x 2148
_Ol o
o

A0 (8 b 20 [P
+ P my(Y)TsTp, Ty, hx (b — y)dy + o my(Y)TsT,, hx (b — y)dy
0 0

b
_ f i O)TR(b — y)dy.
0
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Consequently, taking divided difference operator with respect to ps, p4 on both sides of Eq. (22) leads to

b
(1 = Tyhe () Tyms (b) = f 1 () T,R( — y)dy + TAGD).
0

Taking the inverse of the Dickson-Hipp operator gives
u—b u
m = [ maw— Do)y + [ milu - RO + AW, 0z,
0 u—b

From renewal equation theory, we conclude that

o) u—b b
my(u) = Z/ (/ mi )R — x — y)dy + A(u — x)) dHJ*(x), u>b.
n=0v0 0

Inserting the expression of m(u) given in Eq. (21) into equation above, we have that
my(u) = ki(u) + &k (W) + S2ks(w), u=b,

and thus the proof is complete. O

In the next lemma, we give system of linear equations satisfied by the constants &;, i = 1, 2, appearing in Eq. (21).

Lemma 3.1. The constants & and &, satisfy the following system of linear equations:
A A4S A0 A+ 216 2L+ 6
S| - —— G| — )+ —F6C —y1(b)
o o o o o o
A A4S A0 A4S 216 2L +6
+&(—c ——C +— —y2(b)
o o o o o o

A <k+8> AD ()\—1—8) 220 <2k+8>
= m(b; 00) — —¢4 + —c - —c ,
o o o o o o
1 (1(b) — (1 * R)(D)) + & (¥2(b) — (¥2 * R)(b)) = —m(b; 00) + (m(x; 00) * R)(b) + A(b)

where the functions R(-), A(-), k;(-), i = 1, 2, 3, are given as in Theorem 3.2,

@ =T (o) + | " m(x; 00T b — ), + / " eaungy / "k 0f(u — ),
e(a) = /0 b}’1(x)Tan (b — x)dx + /b " gy fb ' ko (0)fx (u — x)dx,

cs3(a) = /0 ’ Y2 (%) Tufx (b — x)dx + /b " oty /b ' k3 (0)fx (u — x)dx,

cs(a) = ToBo(b) + /0 ’ m(x; 00)Tahy (b — x)dx, + /b h e~ aw=b gy /b ' kq (X)hy (u — x)dx,
cs(a) = /0 ’ y1 (%) Tahx (b — X)dx + /b h e~ =D gy /b ' ko (X)hy (u — X)dx,

b 00 u
cs(a) = / y2 () Tohy (b — x)dx + / e Wb gy / ks (x)hy (u — x)dx,
0 b b

and (y; * R)(b) = fob yi(b —x)RX)dx,i =1, 2.

Proof. Taking Dickson-Hipp operator T,(x)(b) for r1(u) given in (13), we have that
o0 o0 u
[ et rmdn = [ e ( | s byt 0ae-+ ﬂl(u)> du
b b 0

= / ~ e~au=b) / ' m(x; b)fx (u — x)dxdu + T,p1(b)
b 0

00 b u
= / g au=b) ( / my (x)fx (u — x)dx + f my (X)fx (U — x)dx) du + T,B1(b).
b 0 b

(23)

(24)

(25)
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Inserting the expressions of m;(u) and m,(u) given in Theorem 3.2 into the last equation, we obtain

f e "D (wydu = ¢1(a) + ()& + c3(a)é,. (26)
b

Similarly, we derive that

/ e "Dy (uydu = ca(a) + cs(@)€; + c5(a)é,. (27)
b

Considering Eq. (17) for u = b, we have

A o 5) (v— —b —b
= [0 (oo (12)) o5 o
b
200 [ @490-b v—>b
+ — e c mlb+albt+ta|— dv. (28)
c b c

Let b + a(”T_b) = u, then Eq. (28) can be rewritten as

A [P Gaswb 200 [ @+49u-b
my(b) = 5 e e (mq(u) — Omy(u))du + o e @ 7o (u)du. (29)
b b

Inserting Eqs. (26)-(27) and the expressions of m;(u) given in Theorem 3.2 into Eq. (29), we conclude that Eq. (24) is valid.
Further, Eq. (25) follows from Eq. (12), Eq. (23) and the expressions of m{(u). Therefore the proof is complete. O

4. Expected discounted dividend payments

In this section, by the similar approach, we obtain an analytical expression for expected discounted dividend payments
with a threshold dividend strategy and we only give the results here.

Theorem 4.1. The expected discounted dividend payments v(u; b) satisfy the following equations:

A+6 2L+ 6 A[2M+6 A0 (b
( + l—;D)( + l—@)m(u):f( + 1—£>n3(u)+—(71—;{)>n4(u), 0<uc<h,
c c c c c \c

<A+81_£) (2)»—1—81_1)) -
o o

u—b u
_ <2A 0 ;o> ( f va(u — Nfx (X)dx + f vi(u —X)fx(x)dx>
0 u—b

o o

£ (8 u=b u —a2r+8
+ — (—1 — i)) (/ vy (U — X)hy (x)dx +f vi(u — x)hx(x)dx> + oot , u>b,
o o 0 u—b a

and

o
with boundary condition
vi(b) = va(b),

where

m3(u) = f v(u — x; b)fx (x)dx, m4(U) = / v(u — x; b)hy (x)dx.
0 0

Theorem 4.2. The expected discounted dividend payments v(u; b) are given by

v by = {11+ maya W), 0<u<h,
T | ko) + nika(u) + m2ks(w), u = b,

where 11, 1, are two constants determined in Lemma 4.1 given below, y;(-), i = 1, 2, are given in Eq. (9), ki(-), i = 2, 3, can be
found in Theorem 3.2 and
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Lemma 4.1. The constants n and n, appearing in Theorem 4.2 satisfy the following system of linear equations:
A A4S A0 A4S 210 2L +6
ml —c — —Cs +—c|— ) -y
o o o o o o
Y A+ 10 A4S 210 2L 46
+m|—c ——CG|— )+ —C| —— | —y2ub)
o o o o o o
A (A+5> A0 <k+8> 210 <2A+5>
=——0Cp + —c - | —,
o o o o o o

c—a2x+45 1
n1 (Y1(b) — 1 * R) (b)) + 12 (y2(b) — (2 * R)(b)) = — .
o P304

where the functions R(-), k;(-), i = 2, 3 are given as in Theorem 3.2, ko(-) is given in Theorem 4.2, ¢;(-),i = 2, 3, 5, 6, can be
found in Lemma 3.1 and

co(a) = /oo e w=b gy fu ko()fx (u — x)dx,  ¢;(a) = /oo e_"(”"’)du/u ko (x)hy (u — x)dx.
b b b b
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