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Abstract: Let {Xg(t),t > 0} be a fractional Brownian motion with Hurst index H € (0,1] and define a ~-reflected
process W, (t) = Xy (t) — ct — vinf,cp04 (Xu(s) —cs), t > 0 with ¢ > 0,y € [0, 1] two given constants. In this paper we
establish the exact tail asymptotic behaviour of M, (T) = sup,cp 1) W (t) for any T € (0, 00]. Furthermore, we derive
the exact tail asymptotic behaviour of the supremum of certain non-homogeneous mean-zero Gaussian random fields.
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1 Introduction

Let {Xg(t),t > 0} be a standard fractional Brownian motion (fBm) with Hurst index H € (0,1], i.e., X is a H-self-

similar Gaussian process with stationary increments, and covariance function
1
Cov(Xy(t), Xu(s)) = §(t2H + 820 |t —s|?H) t,5>0.
For two given constants ¢ > 0,7 € [0, 1] define a new process {W,(t),¢ > 0} by

Wv(t):XH(t)_Ct_'Ysér[gf’t] (Xg(s)—cs), t>0. (1)

Throughout this paper {W,(t),t > 0} is referred to as a ~y-reflected process with fBm as input since it reflects at rate
when reaching its minimum.

In queuing theory Wi is the so called workload process (or queue length process) see e.g., Harrison (1985), Zeevi and
Glynn (2000), Whitt (2002) and Awad and Glynn (2009); alternatively one can refer to W, as a generalized workload
process with fBm as input. In risk theory W, can be interpreted as a claim surplus process since the surplus process of
an insurance portfolio can be defined by

Uy(t) =u+ct—Xu(t)—~ sup (cs—Xu(s) =u—-W,(), t>0
s€0,t]
for any nonnegative initial reserve u. In the literature, see e.g., Asmussen and Albrecher (2010) the process {U,(t),t > 0}

is referred to as the risk process with tax payments of a loss-carry-forward type.
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This contribution is concerned with the tail asymptotic behaviour of the supremum M, (T) = sup,e(gm Wo(t) for
T € (0,00], i.e., we shall investigate the rate of convergence to 0 of ¥, r(u) := P (M, (T) > u) as u — oo. The ex-
act tail asymptotic behaviour of M, (T) is known only for v = 0. The case T = oo is already dealt with in Hiisler and
Piterbarg (1999), whereas the case T' € (0, 00) has been investigated in Debicki and Rolski (2002) and Debicki and Sikora
(2011), see our Theorem 4.1 in Appendix. Note in passing that M;j(t) — co almost surely as ¢t — oo (e.g., Duncan and

Jin (2008)), therefore we shall assume below that v € (0,1) when T = co.

The principal result of this paper is Theorem 1.1 below, which establishes a unique asymptotic relationship between

¥y, 7(u) and Yo r(u) as u — oo for any T € (0, 00]. Surprisingly, the following positive constant
P = lim P[0, 5] = lim P5[—S,0], «a€(0,2], a>0,
S—o0 S—o0
where

PL—51,5) =E <exp( sup (\@Ba(t) -1+ a)|t|“)>> € (0,00), 0<57,5; < oo, (2)

t€[—51,52]

with {B,(t),t € R} a fBm defined on IR with Hurst index /2 € (0, 1], determines the ratio

¥y, 1 (u)
R, r(u) := ———=
'Y7T( ) 'I,ZJO,T(U)
for all u large. Specifically, we have:
Theorem 1.1. For any H,v € (0,1) and any T € (0, c0]
lim R'y,T(u) = MH,'y,Ta (3)

U— 00

1—v

where My 1 = 732? if T = o0, and for T < oo
1oy
Pop » ifH<1/2,
My = 7312%7, if H=1/2,
1 if H>1/2.

The exact values of P are known only for o = 1 or 2, namely,

1 1 [ 1
f=1+- s=-11 14+ = 4
P +o and Pj 2<+ +a> (4)

see e.g., Piterbarg (1996) or Debicki and Mandjes (2003). For general « € (0,2), bounds for PZ are derived in Debicki
and Tabis (2013).
The asymptotic relation described by (3) is of relevance for theoretical models in queuing theory and insurance math-

ematics. Moreover, a strong merit of (3) is that its proof for the case H > 1/2 and T = oo is closely related with the



exact tail asymptotics of the supremum of certain non-homogeneous Gaussian random fields, a result which has not been
known in the literature so far. Given the importance of that result for extremes of Gaussian random fields, in the next
section we present first an asymptotic expansion of the tail of supremum of certain non-homogeneous Gaussian random
fields. We proceed then with the asymptotic formulas of ., r(u) for both cases T = co and T € (0, 00). All proofs are

relegated to Section 3 followed by some technical results displayed in Appendix.

2 Main Results

We prefer to state first our new result on the tail asymptotic behaviour of the supremum of certain non-homogeneous
Gaussian fields, since it is of theoretical importance going beyond the scope of queuing and risk theory. We need to

introduce some more notation starting with the well-known Pickands constant H, defined by
Ho = lim ~Ha[0,T], € (0,2]
o = 1M —7ig|U, L], « s 4]y
T—oo T

with

Ho[0,T]=E (exp( sup (\/iBa(t) - t“))) € (0,00), T €(0,00).

te[0,T]

It is known that H; = 1 and Hq = 1/4/m, see Pickands (1969), Berman (1992), Piterbarg (1996), Debicki (2002), Mandjes
(2007), Debicki and Mandjes (2011), Debicki and Dieker and Yakir (2012) for various properties of Pickands constant
and its generalizations.

Throughout this paper, . = max(0,z) for any « € IR, and ¥(u),u € IR denotes the survival function of the standard

normal distribution N(0,1). Furthermore, we introduce the following constant

Po = lim PY-S,5], ae(0,2], a>0,
S— 00

[e3

where P%[—S, 5] is given as in (2).

We state next our first result.

Theorem 2.1. Let S,T be two positive constants, and let {X(s,t),(s,t) € [0,5] x [0,T]} be a zero-mean Gaussian
random field, with standard deviation function o(-,-) and correlation function r(-,-,-,-). Assume that o(-,-) attains its

unique mazimum on [0,S] x [0, T] at (so,t0), and further
o(s,t) =1 —by|s — s|°(1 + 0(1)) = ba(t — to)?(1 + 0(1)) — bs|(t — to)(s — s0)|(1 + 0(1)) as (s,t) — (s0,to) (5)
for some positive constants b;,i =1,2,3 and 1 < 8 < 2. Suppose further that

r(s,s',t,t') =1— (ai|s — s'|ﬁ + as|t — t'|ﬁ)(1 +o(1)) as (s,t),(s,t") = (s0,t0) (6)



for some positive constants a;,i = 1,2. If there exist two positive constants G, u with p € (0,2] such that
E((X(s,t) = X(s,1))?) < G(ls = &'|" + [t = ') (7)
for any (s,t),(s',t") € [0, 5] x [0,T], then
P ( sup X(s,t) > u> = 77/2,1/7” I HBMUZ/Bfllﬂ(u)(l +o(1)) asu— oo, (8)
(5,£)€[0,5]%[0,T] 2v/by

—

where the constant Pgl/al is equal to 7521/&1 if so € (0,S) and equal to Pgl/al if so =0 or S, and I, is equal to 2 if

to € (0,T) and equal to 1 if to =0 or T.
Remark 2.2. The claim of Theorem 2.1 still holds for bs < 0 satisfying by + bs/2 > 0 which can be shown by utilising
Theorem 2.1 and noting that

] by 8 bs 2

—o(s,t) > §|3 —50/”(L+0(1)) + { b2+ > (t—to)*(1+0o(1))

as (s,t) = (so0,t0). Note that (8) does not depend on the value of the constant bs.
Next, we return to our principal problem deriving below the exact asymptotic behaviour of 1., r(u) as u — co. Although
the limit of the ratio R, r(u) as u — oo remains constant, both cases T' = oo and T' € (0, 00) are very different and will
therefore be dealt with separately. We shall analyse first the case T' = oc.

_ Xu(ut)—yXp(us)

Below, we set Y,,(s,t) := (Trci—ers)af and then write

Yyoo(t) = P (Sup (XH(t) —ct—~ inf (Xg(s) —cs)) > u>

t>0 s€[0,t]
= IP’( sup  Yi(s,t) > u1H> . (9)
0<s<t<0

The above alternative formula for 1, o (u) together with Theorem 2.1 and Lemma 3.1 is crucial for the derivation of the

tail asymptotic behaviour of M., (c0).

Theorem 2.3. We have, for H,v € (0,1)
cHyl—H

) = W0 (g i

) (I4+0(1)) asu— oo, (10)

where

B _ 1/H-1
11 ﬁ 1= CHul H
=927 208 — Y 4 - - .
Wi () ma—m 2 \ g myen

Remark 2.4. If H =1, then Xy (t) = Nt with N a standard normal random variable (i.e., N is N(0,1) distributed).

Consequently, for any ¢ >0 and v € (0,1)

booo(u) = lP’( sup “‘”Sw) > 1) — V() =P (Sup(Nt - ct) > u) = 1,00 (1)

0<s<t<oo 1 +c(t —7s >0

holds for all u > 0.



Example: Counsider the case of the y-reflected process with Brownian motion as input, i.e., H = 1/2. It is well-known
that
Yo,00(w) =P [ sup (Bl(t) - ct) >u | =e 2 u>0.
t€[0,00)

Further, for this case Theorem 2.3 together with (4) imply

2V/2met/? |
_zvere o 1/2 1/2,1/2
Yreol) = =220 (2¢/2u1/2) (14 o(1))
as u — 00. Therefore
1
V00 (1) = - 7foo,oo(u)(l +0(1)) asu — oo,

which also follows from the following tax identity (see e.g., Asmussen and Albrecher (2010), Albrecher et al. (2013))
1
Uy 00() + (1 = 90,00(w)) =7 =1, Vu>0.
We conclude this section with an explicit asymptotic expansion for ¢, r(u) with T € (0, 00). For any u > 0

Yyr(u) = P ( sup <XH(t) —ct—~ inf (Xpgy(s)— cs)) > u>

te[0,T] s€[0,t]

P ( sup_(2(5,0) - (et = e15)) > u).

0<s<t<T

where Z(s,t) := Xp(t) — vXn(s). It follows that the variance function of Z(s,t) is given by
VZ(s,t) = E (Xu(t) = vXm(5)*) = (1 = NPT+ (v* = )s* +(t - 5)*".

Clearly, Vz(s,t) attains its unique maximum on the set A := {(s,t) : 0 < s <t < T} at (so,to) = (0,T). This fact is

crucial for our last result stated below.

Theorem 2.5. For any T € (0,00) and H,~ € (0, 1], we have

(1—2H)

.
u+cT " u+cT
Yy 17(u) = Dy (TH) o < T > (14+0(1)) asu— oo, (11)
where
1_77
2 s H YHopyPypy , if H <1/2, 2= H2(Hop)?, if H <1/2,
Dy =1 7%, if H=1/2, 7€ (0,1), Dy1=4 4, if H=1/2,
1 if H>1/2, 1 if H>1/2.
3 Proofs

In this section, we give proofs of all the results. Hereafter the positive constant C may be different from line to
line. Furthermore, a mean-zero Gaussian process (or a random Gaussian field) {£(¢),¢ > 0} with a bar denotes the

corresponding standardized process (or random field), i.e., £(t) = &(t)/1/E (£())%.



PROOF OF THEOREM 1.1 In view of (32) in Theorem 4.1 in Appendix the claim for the case T' = oo follows immediately
from Theorem 2.3. Further, by combining the result of Theorem 2.5 with that of (33) in Theorem 4.1 we establishe the

claim for the case T € (0, 00). O

PROOF OF THEOREM 2.1 Set 7(s,t) = X (s+so,t+t0), (s,t) € [=50,5 — 0] X [—to, T —to]. It follows that the standard
deviation function o, (s,t) of 7(s,t) attains its unique maximum equal to 1 on [—s9,S — so] x [—to,T — to] at (0,0).
Further (5) and (6) are valid for the standard deviation function o, and the correlation function r, with (so, o) replaced
by (0,0). Moreover, (7) is established for the random field n over [—sq, S — sg] X [—to, T — to]. There are nine cases to be
considered depending on whether 0 is an inner point or a boundary point of [—sg, S — so] or [—tg, T — tg]. We investigate
next on the case that (sg,to) = (0,0), and thus 7 = X. The other cases can be analysed with the same argumentations.
In the light of Theorem 8.1 in Piterbarg (1996) (or Theorem 8.1 in Piterbarg (2001)) for u sufficiently large (set §(u) =
Inu/u, A, = [0,5(u)] x [0,5(w)])

u2
P sup X(s,t) >u| <Cu*exp (—) (12)
((s,t)e[o,S]x[o,T]/Au ) 2~ Co(u)?

holds for some positive constant C not depending on u. Next we analyse

IP’( sup X(s,t) > u)
(s,t)EA,

as u — oo, which has the same asymptotic behaviour as (set (s, t) = (1+blsff)f§i?2t2+b3ts))

W(U)ZP< sup g(s,t)>u> as u — 00,

(s,t)€A,

where {{(s,t),s,t > 0} is a mean-zero Gaussian random field with covariance function given by
re(s,t) = exp(—ars® — agt?), s,t>0.

For simplicity, we shall assume that a; = as = 1. The general case can be analysed by rescaling the time. It follows from

Lemma 6.1 in Piterbarg (1996) that

§ vy &0
(s,t)€ 1+ blsz

[0,u=2/88]x[0,u~2/5T]

> u | =Pg0, S|Hp[0, T]T(u)(1+o(1)) as u — oo. (13)
Since 8 € (1,2), for any positive constant S7, we can divide the interval [0,d(u)] into several sub-intervals of length
Syu—2/P. Specifically, let for Si, Sy > 0

AL =u"2P10, 8], AL =u"PkS,, (k+1)Si], kelN, i=1,2

and let further

hi(u) = LSi_lu%_l Inu]+1, ¢=1,2, u>0.



Bonferroni inequality yields

hao(u) _ ha(u) ha(u) ~
m(u) < Z P sup  &(s,t) >u | + Z Z P sup &(s,t) >u
ka=0 (s,t)EA(l)XAiz ki=1 ka=0 (s,t)EAileiz
= L(u)+ I(u)
and
hz(u)—l
m(u) > Z P sup  &(s,t) > u
- (s,t)GA(l)xAiQ
- Z P < sup é(s,t) > u, sup g(s,t) > u)
0<i<j<ho(u)—1 (s,t)eAIx A2 (s,t)EDFXA?

Jl(u) — Jg(u)

Next we calculate the required asymptotic bounds for I (u) and Ji(u) and show that

Iy(u) = Ja(u)(1 +0(1)) = o(I1(u)) asu— o0, S; = 00,i=1,2. (14)
We derive that
hg(u
Ji(u) = P sup  £(s,1) > u
kgz—o (s,t)GA})XA%Q
Y &(s.1)
> Z P sup siﬁ > (1 + ba((k2 + 1)Sou™2/8)2 £ by (kg + 1)Syu=%P)(S1u=%#))
fa0 (s;t)EALx A2 1+ bys
In view of (13)
hz(u) 1 1
>
M)z PROSIMAO S T2 D i T 05w T (R S T (S )
—2/5 . —-2/B —2/8Y)2
exp <_u (1+b2((k2+1)52u )? +12)3((/€2+1)5’2u )(S1u ) )(1+0(1))
= P05 e [T et a4 o) (15)
2 0

as u — 00, where in the last equation we used the facts that, as u — oo
ho(u) = 0o, ho(u)u'=2/% = oo, hy(u)u* 4% = 0.
Similarly

Hsl0, S
e < Pyl e

; W (u)u?/ P /OOO e_bQ”de(l +0(1)) (16)

as u — 00. Moreover, (14) can be shown as in Piterbarg (1996). Specifically

hl(u hz(u

Z ZP sup é(s,t)>u

kim1 ka=0  \(SDEDL XAL,



h1 (u) hg (’U.)

< Z Z P sup £(s,t) > u(l 4 by (k1 S1u=P)P + by (kaSou=2/9)?)
ki1=1 ko=0 (s,t)€DL, X AL,

Similar argumentations as in (15) yield

hi(u)
Lu) < HB[O,51]7{5[0,SQ]\I/(u)(Sz_lqﬁ/ﬁfl)/ o—b22® g > exp (<bi(k151)%) (1+0(1))

0 k=1

as u — o0o. Further

: Zl(u) —+ EQ(U),

Jo(u) = Z P ( sup é(s,t) > u, sup f(s,t) > u) =
0<i<j<hz(u)—1

(s,it)eAIx N2 (s,t)eAéxA?
where 31 (u) is the sum over indices j =i+ 1, and similarly ¥o(u) is the sum over indices j > ¢ + 1. Let
B(i, So,u) = u(l + by (iSou~2/8)?), i eIN, Sy >0, u> 0.

It follows that

Si(u) < Z P ( sup Elst) > B(i, Sa,u), sup Elst) > B(i,SQ,U))
w)—1 (s,t)

0<i<ha( Hentxazl+bis? (s)enpxaz,, L+ by s?
and
(s,1) , §(s,1) :
P sup B(i, S, u), sup —— > B(i,S9,u)
((et)eAle21+b156 (s,t)eA})foﬂl‘i’blsﬂ
t t
=P sup L)ﬂ > B(i,So,u) | +P sup % > B(i, S2,u)
(s,yenixnzl+bis (s,yentxn2l+bis
t
—P sup L)ﬁ > B(i, Sa,u) | .
(syenbx(azuazyl +bis
Therefore, using the same reasoning as (15), we conclude that
Y1 (u) b 2Hp[0, So] — Hp[0,25:] [ _, 4
hﬁisip T(aya2/i 1 < Pg[0,5] S5 ; e 2" dx. (17)
Further
hg(u)fl
Se(w) < Y NP sup  ((s,t,8',t') > 2B(i, S,u) |,
i=0  j>2 (s,)EAFXAG
(s"t)eDGX A2
where

C(s,t,s/,t/) = §(s,t) +£(s/at/)v 578/7t7t/ > 0.

Now, for u sufficiently large

2<E(((s,t, 8, 1)) =4 —2(L—r(|s— &', [t = t|)) <4— ((j — 1)S2) u?



for any (s,t) € A} x A, (s',t') € A} x A?. Thus, using similar argumentations as in Lemma 6.3 of Piterbarg (1996),

we conclude that

s Yo (U) 2 1 . B
hlrLILbOlipW < C (’HB[O,Slb SQ;GXP _g(JSQ) . (18)
Consequently, the claim follows from (12) and (14-16) by letting Sa, S; — 0. O

Before proceeding with the proof of Theorem 2.3 observe first that the variance function of Y, (s,t) is given by

(1=t + (v* =9)s*" + 4t — )"
(14 ct — cys)? '

Vi (s, t) =

Xu(t)=yXu(s)

In fact, the distribution function of Y,, does not depend on u, so in the following we deal with Y (s,t) := E——

instead of Y,,(s,t). The next lemma will be used in the proof of Theorem 2.3.

Lemma 3.1. The variance function V(s,t) attaints its unique global mazimum over set B := {(s,t) : 0 < s <t < oo}

at (39, t0), with 59 = 0 and ty = ﬁ Further

~ HH(1 - H)'\-H
Vv (0,%0) = (c—H)

PrOOF OF THEOREM 2.3 The theorem will be proved in the following two steps.

Step 1. Let K > tg be a sufficiently large integer. We first derive the asymptotics of

P < sup  Y(s,t) > u1H> as u — 00.
0<s<t<K

Define B; := {(s,t) : s € (0,6),t € (fo — 8,19 + 0)}, for 6 > 0 sufficiently small, and let By := {(s,t) : 0 < s <t < K}.

We write

w(u):=P ( sup  Y(s,t) > N) with Y (s,t) := Y (s,t)

Vy(s,t)
(37t)6B5 VY(OatO) f

Vv (0,%0)

Clearly

3 1-H
m(u) <P ( sup Y(s,t) > ul_H> <m(u) +P sup  Y(s,t) > ).
0<s<t<K (s\t)EBx /B; Vy (0, t0)

Therefore, we can conclude that

P( sup Y(s,t) > ul-H) — r(u)(1+ o(1)) as u > oo,
0<s<t< K

if

P sup  Y(s,1) > )= o(m(u)) as u — oo. (19)
(s,t)€Bx /B; Vv (0,t0)
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We calculate next the aymptotics of w(u) and show that (19) holds. In view of Lemma 3.1 the standard deviation function

of Y given by

oy (5,1) = D

Vv (0, to) (5,%)

attains its unique maximum over Bj at the point (0,%), and o4 (0,%9) = 1. Straightforward calculations yield

2 3z 2V (1— )2 H 2H
. SO G )2(1 4 o(1)) + QAT 2111 4 o1y, H<1/2, o)
s (s t) = " ,
%(fo —t+ ’)’8)2(1 + 0(1)) + (7_72)(21H—Zg)2H62H S2H(1 + 0(1))7 H> 1/2

as (s,t) — (0,p). Additionally
— — 1
1—Cov(Y(s,t),Y(s,t)) = W (| t—t' P 442 |5 -5 \QH) (14 0(1)) (21)
as (s, t), (s',t) = (0,%) and for any s,t¢,s',t' € Bg

~ ~ 2
E(Y(s,t)—Y(s’,t’)) < C(lt—t)PH + s — 8 2H).

Using Theorem 4.2 for H < 1/2 and Theorem 2.1 with Remark 2.2 for H > 1/2, we conclude that

cHul_H
w0) = Wirl)¥ (g ) (1 ol0) =)
where
oot VT 1=y cHyl—H (1/H-1)
pwate) =2t ()

Next we give the proof of (19). Since oy (s,t) is continuous, there exists some positive constant p such that

sup  op(s,t)<p<l1
(s,t)€Bk /B;

for the chosen small 6. Therefore, in view of Borell-TIS inequality (e.g., Adler and Taylor (2007)), for u sufficiently large

~ 1-H 1-H _ )2
P sup TV(s6)>— | <exp <_(u2a>2>
(s,t)€Bx /B; Vv (0, o) 2V2(0,70)p

for some constant a > 0. Consequently, Eq. (19) is established by comparing the last inequality with (22).

Step 2. We show that, for the chosen large enough integer K >

P(sup Y(s,t)>u1_H):0(IP’( sup Y(s,t)>u1_H>) as u — oo.

s, K<t 0<s<t<K

For any u > 0 we have (set I, = [n,n+ 1),n € IN)

- Xu(t) —Xu(s) -
P Y(s,t)>u"H) <P 2l gy AES) o eH

(fﬁ% (s:0) = v ) = <f}§2t1+ct—cvs oKk L ct—cys
Xy (t) tH u1H> AP ( —v X (s) st - u1H>

<Pl s > S
- (S,;Et tH 1+4ct—cys 2 Kguspgt sH 1+ct—cys 2
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X (s) ulH
+P | su >
(ngpgf, (14 ct —cys) 2

< 2J1(u) + J2(u),

where

Xmu(s 1+e(l—7v)i _ 14+c(l-v)K _
Ji(u) == ZIE” (sup 5}5 ) > Q(ZH ) u? H) , Ja(u) =P (sup Xu(s) > %ul H) .
iSK sel; s<K Y

Furthermore, it follows that, for any s,t € I;,1 > K

< |t — s,

SHtH - i2H

Xu(t) Xu(s)\ | 2877 — 2B (Xp(t)Xp(s)) _ |t — sPH
E tH st N =

Using Fernique’s Lemma (e.g., Leadbetter et al. (1983)) for some absolute positive constants Cy, Cy

P ( sup Xu(t) 1+ C(} — )i 1-n < Oy exp (_022-2(1—H>u2(1—H>)
tel; tH QZH

from which we conclude that, for K sufficiently large

Ji(u) < Z C1 exp (—CQiz(lfH)qf(l*H)) .

i>K
In the light of (33) of Theorem 4.1 we see that
(1—-2H) 4
1 1—-v)K " 1 1-v)K
Jo(u) = Dy (Wul_h’> U (Wul_h’> (I1+0(1)) asu — oco.

Consequently, for sufficiently large K

P ( sup Y (s,1) > ulH) < 2J1(u) + Jolu) = o (IP’ ( sup Y(s,t) > u1H>)

s, K<t 0<s<t<K

as u — 00, hence the proof is complete. a

PROOF OF THEOREM 2.5 Without loss of generality, we give only the proof of the case v € (0,1). Firstly, we give the

asymptotic expansion of the standard deviation function Vz(s,t) at the point (0,T). It follows that

TH(1—HT YT —t) — HYT's) + o((T — t) + s), H>1/2,
Vz(s,t) = ¢ T2 (1 — AT YT —t) - (3T + ”;—WQT_l)s) +o((T—t)+s), H=1/2, (23)
T (1= HT T = t) = 52T 2120) 4 o(T = 1) + 521), H<1/2,

as (s,t) = (0,T), hence there exists a positive constant § > 0 such that
[t =T —vs| < C(Vz(0,T) — Vz(s,t)) (24)

uniformly in As := {(s,t) : (s,t) €[0,6] x [T —§,T]}. Next, we study the asymptotics of the supremum of the Gaussian
random field defined on As. Set below

u+ct —cys

vu(s:t) = =5

and II(u) =P | sup Z(s,t) vu(0,T)
(S,t)EA(; Vu(57 t)

> Vu(O,T)> .
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For any u > 0

M(u) <P | sup (Z(s,t) — (ct —cys)) >u | <I(u) +P sup  Z(s,t) vu(0,T) >1,(0,7) | . (25)
(s,t)€EA (s,t)CA/As Vu(8,1)
Since
Vu(OaT) -1 VZ(OﬂT) — VZ(Svt) - (C(t — T) — C’Y'S)VZ(Sat) (26)
Vu(sat) VZ(OvT) (u+ ct — C’YS)VZ(O7T) 7

we have, in view of (24), for any ¢ € (0, 1), and sufficiently large u

Vz(0,T) — Vz(s,t) 1,(0,7) Vz(0,T) — Vz(s,t)

1-— <1-—(1-
0T w9 e
uniformly in (s,t) € As. Consequently
P( sup Zo(s,t) >, (0,T) | <I(u) <P| sup Z.(s,t)>1,(0,7T)], (27)
(s,t)€As (s,t)€As

where the random field {Z.(s,t), s,t > 0} is defined as

Z.(s,t) = Z(s,1) (1 —(1-¢) VZ(O’VTZ)((; %Z(S’”) , e€0,1).

Direct calculations show that the standard deviation function oz_(s,t) := v/E ((Zc(s,t))?) attains its unique maximum

over As at (0,T) with oz_(0,T) = 1. Thus, in the light of (23), we have

1—(1—¢) (HT YT —t) + HyT™'s) (1+ o(1)), H>1/2,
o7(s) = { 1=(1=2) (3T UT =)+ (9T + 55T Y)s) (1 +0(1), H=1/2, (28)
L= (1= ) (HT7HT = t) + 355721 2H) (14 0(1)), H<1/2

as (s,t) — (0,T). Furthermore, it follows that

L= Cou(Z(s,1), Ze(s, 1) = gy (16— P 492 [ 5 =/ ) (14 0(1) (20)

as (s,t),(s',t") = (0,T). In addition, we obtain

E((Ze(s,t) = Z(s',1))?) < CElt =P +29%|s — &)

for (s,t),(s',t') € As, consequently, by Theorem 4.2

L2
P ((s)st;lEpAs Z.(s,t) > VU(O,T)> =Di~e (u;-;T>(H " v (u;—;T) (1+0(1)) (30)
as u — 00, where )
(1—e)to=ar H 2oy P77 5 it < 172,
Ditqe =4 P95 P90, 0], it H = 1/2,

1 if H>1/2
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and thus letting € — 0, we obtain the asymptotic upper bound for II(u) on the set As. The asymptotic lower bound can

be derived using the same arguments. In order to complete the proof we need to show further that

Pl swp Zs02%D) S 0.7)) = o(I(u) as u— oo, (31)
(s,t)EA/As vy(8,)

In the light of (26) for all u sufficiently large

v,(0,7T)
vy (8, 1)

sup Var (Z(s, t)
(s,t)EA/A;

) < () <1,

where p(d) is a positive function in ¢ which exists due to the continuity of Vz(s,t) in A. Additionally, by the almost

surely continuity of the random field, we have, for some constant a > 0

P sup  Z(s,t) vu(0,T) >a| <P sup  Z(s,t) (1 _V2(0T) - VZ(S’t)> >a| <1/2.
(s.t)€A/As va(s, t) (s.t)€A/As 2Vz(0,T)

Therefore, a direct application of the Borell inequality (e.g., Theorem D.1 of Piterbarg (1996)) implies

1,(0,T) —a
p(8)

Consequently, Eq. (31) is established, and thus the proof is complete. O

_ (0T
P sup Z(s,t)V (0.7)
(s,t)eA/As Vu(S, 1)

> Vu(o,T)> <20 ( ) = o(II(u)) as u — oc.

4 Appendix

The next theorem consists of two known results given in Hiisler and Piterbarg (1999) for the case T' = oo and in Debicki

and Rolski (2002) when T € (0, 00).

Theorem 4.1. If {Xg(t),t > 0} is a fBm with Hurst index H € (0,1], then for any H € (0,1)

T N cHyl—H 1/H-1 cHyl—H
V0,00 (1) = 2 e H)H2H (HH(I — H)lH) v (HH(lH)lH) (1+0(1)) (32)
holds as u — oo, and for any H € (0,1] and T € (0, 00)
(1-2H)
i) =2 () v (M) o) (33)

holds as u — 0o, where Dy is equal to H='27YCM Uy if H < 1/2, 2if H=1/2, and 1 if H > 1/2.

In the following theorem we present some results used in the proof of our main theorems; denote the Euler Gamma

function by I'(-).

Theorem 4.2. Let S,T be two positive constants, and let {X(s,t),(s,t) € [0,5] x [0,T]} be a zero-mean Gaussian
random field with standard deviation function o(-,-) and correlation function r(-,-,-,-). Assume that o(-,-) attains its

unique mazimum on [0,S] x [0, T] at (so,t0), and further

o(s,t) =1 —by|s — 50/ (1 4 0(1)) — ba|t — to]|?2(1 + 0(1)), as (s,t) = (s0,t0) (34)
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for some positive constants b;, 5;,1 = 1,2. Let, moreover
r(s, s, t,t') =1—(ai|s — §'|** + az|t —'|**)(1 +0o(1)) as (s,t),(s',t") = (s0,t0)

for some positive constants a;,i = 1,2 and o; € (0,2],49 = 1,2. In addition, there exist two positive constants G, with
w € (0,2] such that

E((X(s,t)— X(s',1')*) <G(|s—s'|"+ |t —t'|")
for any (s,t),(s',t') € 10,5] x [0,T]. Then as u — oo

Z) ZfOél < ﬂl and Qp < ,82

2
o _1/8, ~ 1
P sup X(s,t)>u | = H ’H,aia;/a"bi VAT T < + 1) w?/ 2B W (u) (1 + o(1));
(5,£)€[0,5]x[0,T] Pt Bi
ZZ) ifOél < Bl and ag = ﬂg
ayq— i T 1 /\a —
P sup X(s,t) > u :’Halai/ by 1/8: I F(+1) 733:;/ 22/ 2/’Blkll(u)(l—i—o(l));
(s,)€[0,5]x[0,T] b1

1) if a1 = By and ag = By
_ pbi/a pba/as :
P < sup X(s,t) > u) =Pai’ ™ Pay PU(u)(1 +o(1));
(s:1)€[0,5]x[0,T]

w) if ap > P1 and ag > By

P sup X(s,t) >u | =V(u)(1+o0(1)),
(s,t)€[0,5]%x[0,T]

where T is the same as in (8) and

m ~(l;11/(l1) Zf S0 € (O?S)a /bg/\ag ~222/0«2’ Zf lo € (OvT)a ~ 2, Zf S0 € (O,S),
= o 2= 1=
(b,fl/al, if so=0 or S, f;f;/“?, ifto=0 orT, 1, ifsg=0orS.

PROOF OF THEOREM 4.2 In the context of Piterbarg (1996) and Fatalov (1992) condition (34) is formulated as
o(s,t) =1 — (bi]s — so|™ 4 ba|t —to|%)(1 4 o(1)), as (s,t) — (s0,0). (35)
In fact, conditions (34) and (35) play the same roles in the proof, since only bounds of the form
(b1]s — 50|t 4+ balt — to|?2)(1 — €) <1 —a(s,t) < (br]s — s0|”* + balt — to]?2)(1 +€)

for any € > 0, as (s,t) — (so,t0), are needed. Therefore, the claims follow by similar argumentations as in Piterbarg

(1996) and Fatalov (1992). O
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