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Abstract

This paper proposes a measure of the welfare cost of volatility derived from a stoc
endogenous growth model extended to the case of a recursive utility function which disentang
aversion from intertemporal elasticity of substitution. The measure of the welfare cost of vol
takes into account not only the direct effect of volatility on expected utility but also the link bet
volatility and growth. It thus encompasses a direct welfare cost of fluctuations and a welfar
due to the endogeneity of the consumption. We obtain a closed form solution for these two
and show that the total welfare cost of volatility increases with both the risk aversion an
intertemporal elasticity of substitution. For plausible values of the agent’s preference param
the cost of volatility may be greater than measures based on an exogenous process for cons
However, when applied to the US economy, our measure shows little differences compared w
one derived under the assumption that the consumption process is exogenous. Yet, we show
may not be the case for more volatile economies.
 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

This paper revisits the following question: would we benefit, and by how much,
reducing all macroeconomic shocks and surprises? Lucas (1987) has provided
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known response to this question: whenever it could be possible to eliminate fluctuat
consumption, the gain in terms of welfare would be negligible compared with what
be achieved with more growth. Thus economists should look for ways to attain h
growth rates rather than for economic policies to reduce fluctuations in consumption

As this position is in conflict with both the actual practice of short-term econo
policies and the textbook view for which, following Musgrave, stabilization is one o
three goals of political economy, many economists have proposed other measure
welfare cost of fluctuations. One way of challenging Lucas’s conclusion is to relax
of the assumptions under which he performed his computation. For example, Imroh
(1989) and Atkeson and Phelan (1994) measure the welfare cost of fluctuatio
heterogeneous agents in the absence of a perfect insurance market. Prefere
the representative agent have also been reconsidered. Campbell and Cochrane
investigate the case of habit formation while Obstfeld (1994a), Tallarini (1997),
Dolmas (1998) use a recursive utility function. Dolmas (1998) also considers the
of rank-dependent preferences. These studies generally lead to a slightly large
of fluctuations but still too small to refute Lucas’s conclusion (Dolmas (1998) i
exception). However, even if most of them depart from Lucas’s assumption of consum
transitory shocks, they share the hypothesis of an exogenous process for consu
Otrok (2001) revisits the welfare cost of fluctuations in a complete business cycle mo
which consumption is endogenous for various kinds of preferences. His conclusion
the cost of business cycles is not much larger than Lucas’s estimate.

This paper explores the idea that the link between growth and volatility might r
into a larger cost of fluctuations. Since in an endogenous growth model, reducin
source of consumption fluctuations modifies the consumption/saving trade-off and th
growth trend of the entire economy, removing volatility may both smooth consum
and increase growth. The issue of the relationship between volatility and growt
recently been revisited (Ramey and Ramey, 1995; Jones et al., 1999) and Barlevy
considers its consequence for the evaluation of the cost of fluctuations in a model al
for diminishing returns to investment. Since we use a model which only encompa
very simpleAK technology, we get an analytical resolution which allows us to spli
the total welfare cost between a direct welfare cost (i.e., a cost directly resulting
the fluctuations in consumption) and a cost due to the growth endogeneity.1 As it will
be explained further in the paper, the recursive utility function, which disentangle
risk aversion from the intertemporal elasticity of substitution, allows for cases w
the consumption/saving trade-off leads to a rather large welfare cost. Neverthele
reasonable values of the parameters, empirical investigation assesses that, for the
States, the likelihood of a high cost of volatility remains very small. Yet, we show tha
may not be the case for more volatile economies.

This paper is organized as follows. Section 2 proposes a straightforward macroeco
model of endogenous growth under uncertainty extended to the case of a recursive
function (Smith, 1996). It shows that the growth rate of the economy may decreas

1 Our paper may also be viewed as an extension of the idea stressed by Obstfeld (1994b)—who ta
accountboth the reduction of volatility and the induced growth when evaluating the effect of international
sharing through capital markets liberalization—to the welfare cost of volatility measurement.
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uncertainty. Such a result is also valid in the special case of an additive utility functio
new point is that the size of the effect of volatility on the economy growth rate incre
with both the risk aversion and the intertemporal elasticity of substitution. In Secti
we derive a measure of the total welfare cost of volatility and propose a decompo
of this total cost into a direct cost and a cost due to the trend. Section 4 show
when evaluating this cost, agents’ preferences really do matter: for the USA only
large intertemporal elasticity of substitution and risk aversion give rise to a signi
cost while more plausible values for the former parameter confirm Lucas’s conclu
Section 5 concludes the paper.

2. Volatility and growth

2.1. The underlying macroeconomic model

2.1.1. The recursive utility function
The model is in continuous time. The representative agent maximizes a recursive

function as defined by Weil (1990), Epstein and Zin (1991), and Svensson (1989):

(1− γ )U(t) =
[
c(t)(ε−1)/ε dt

+e−δ dt
(
(1− γ )EtU(t + dt)

)(ε−1)/((1−γ )ε)
](1−γ )ε/(ε−1)

with γ �= 1 andε > 0, ε �= 1, (1)

U(t) =
[
c(t)(ε−1)/εdt + e−δ dt

(
eEt (lnU(t+dt ))

)(ε−1)/ε
]ε/(ε−1)

with γ = 1 andε > 0, ε �= 1, (2)

where γ is the relative risk aversion coefficient,ε is the intertemporal elasticity o
substitution andδ is the time preference rate. 1/ε may also be understood as a meas
of the resistance to intertemporal substitution (sometimes called fluctuations aversio

2.1.2. Technology and volatility
The technology isAK. Technological shocks continuously perturb the produc

process. Over the period(t, t + dt) the flow of output is:

F(K)dt = K[Adt + σ dz], (3)

where dz is the increment of a standard Wiener process (dz = η(t)
√

dt ; η(t) ∼ N(0,1)).
Equation (3) asserts that the flow of output accumulated over the period(t + dt) consists
into two components: a deterministic component(AK dt), and a stochastic compone
(Kσ dz) reflecting the random influences that impact on the production. The stoc
term σ dz may be referred to as a productivity shock and assumed to be temp
independent, normally distributed with zero mean and varianceσ 2 dt . Thus, as far as
productivity is concerned, shocks are neither correlated nor persistent. This lead
stochastic capital accumulation equation:

dK(t) = [AK(t) − C(t)]dt + K(t)σ dz(t). (4)
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It is clear from (4) that as soon as consumption does not exactly compensa
productivity shocks, these shocks will have persistent effects on the whole eco
through capital accumulation.

2.2. The optimal growth rate of consumption and capital

Maximizing (1) under (4) gives the optimal stochastic level of consumption:2

C∗ =
(

εδ + (1− ε)A − (1− ε)γ
σ 2

2

)
K (5)

and we notec(σ ) the propensity to consume the current wealth (capital).
The common growth rate of consumption, capital, and production is then:

dK

K
= dC∗

C∗ = [
ε(A − δ) + (1− ε)γ σ 2/2

]
dt + σ dz = µ(σ)dt + σ dz. (6)

Thus, the optimal consumption follows a geometric Brownian process, that
increases according to a deterministic trendµ(σ) per unit of time continuously perturbe
by shocks. For our purpose, the interesting results in (6) are that (i) the consumption p
exhibits a unit root (the exact discretization of (6) is

lnC∗
t − lnC∗

t−1 = [
ε(A − δ) + (1− ε)γ σ 2/2− σ 2/2

] + σηt ,

where ηt ∼ NIID(0,1)), and (ii) the deterministic trend of the consumption proc
depends on each structural parameter and also on the size of the uncertaintyσ ). It
is straightforward to show that all other macroeconomic variables (capital stock
production) grow at this same rate.

Ignoring the volatility, Eq. (5) reduces to the relationship between capital
consumption which may be derived from a standard deterministicAK model: as suggeste
by intuition, the optimal propensity to consume wealth increases with the time prefe
rate whereas it decreases with the intertemporal elasticity of substitution, and th
aversion plays no role.

As far as the effect of volatility is concerned, one may consider the optimal prope
to consume current wealth or equivalently the consumption deterministic trend. The
of an increase in uncertainty on the latter depends on both the risk-aversion a
intertemporal elasticity of substitution; it is merely:

∂µ(σ)

∂σ 2 = −∂c(σ )

∂σ 2 = (1− ε)
γ

2
. (7)

When the representative consumer is not too fluctuations-averse (ε > 1), more
uncertainty (i.e., a rise of volatility) increases the current marginal propensity to con
current wealth. To escape future uncertainty, she chooses to consume more tod
accepts the counterpart of less consumption tomorrow. Following Weil (1990)
may notice that an increase in the volatility reduces the certainty equivalent retu
savings(A − γ σ 2/2); the way this reduction affects the consumption/saving trade

2 Cf. Appendix A.
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depends on the relative strength of the income and substitution effects. Obvious
a large intertemporal elasticity of substitution, the latter dominates, leading the
to increase her current consumption. Thus, more uncertainty reduces the determ
trend in consumption. Whereas the direction of the volatility effect is governed b
intertemporal elasticity of substitution, its size also depends on the risk aversion: the
the risk aversion, the larger the effect. Of course, when consumers are reluctant to
intertemporal substitution (ε < 1), more uncertainty urges them to reduce their cur
consumption.

As a benchmark, it may be useful to recall what one would have got using the sta
time-additive utility function. Since the risk aversion is then the inverse of the intertem
elasticity of substitution, formula (7) reduces to∂µ/δσ 2 = (1 − ε)/(2ε) = (1 − γ )/2
and one cannot identify the reason why volatility would increase consumption (sma
aversion or large intertemporal elasticity of substitution?). Furthermore, the higher th
aversion, the smaller the current consumption, whereas with a recursive utility this i
true when the intertemporal elasticity of substitution is less than unity (see above).

3. The welfare cost of volatility

Following Lucas’s seminal monograph, the welfare cost of fluctuations is us
expressed in terms of percentage of consumption the agent is ready to give upat all dates
to join the deterministic world. But such a measure may be no longer very inform
when the agent chooses her propensity to consume. Since the trend in the consu
process may differ as a result of the change in the agent’s propensity to consume
reaching the deterministic world, the percentage of loss in consumption varies with r
to time. In fact, for some sets of preference parameters, the agent’s consumption ma
be higher, after some time spent in the deterministic world, than the one she woul
expected at this same time in the stochastic world. Barlevy (2000) chooses to expr
welfare cost of fluctuations in terms of initial consumption. This has the advanta
facilitating comparisons with previous measures of the welfare cost of fluctuations
it may be misleading as well, since an identical cut in consumption may be followe
various consumption trends, and one would wrongly interpret a same initial cut as th
that the welfare cost is the same. That is the reason why we compute the welfare
fluctuations in terms of percentage of the initial capital the agent is ready to give up t
the certain world.

3.1. Deriving a measure of the total welfare cost of volatility

Measuring the cost of volatility in this model requires the evaluation of the expe
lifetime utility associated with the optimal consumption path. It is straightforward tha
lifetime utility may be evaluated as

V ∗[K(0);σ ] = [
εδ + (1− ε)A − (1− ε)γ σ 2/2

](1−γ )/(1−ε)K(0)1−γ

1− γ
. (8)
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Definition. 3 The total welfare cost of volatility is defined as the percentage of capita
representative agent is ready to give up at period zero to be as well off in a certain
as she is in a stochastic one:

V ∗[K(0);σ
] = V ∗[(1− k)K(0);0

]
. (9)

Using (8) the total cost of volatility may be written:

k = 1−
[
εδ + (1− ε)A − (1− ε)γ σ 2/2

εδ + (1− ε)A

]1/(1−ε)

if γ > 0 and lim
ε→1

k = 1− e−γ σ2/(2δ). (10)

3.2. Splitting up the total welfare cost of volatility

To split up the total welfare cost of fluctuations we will consider three diffe
economies. To the two economies considered above (the stochastic and the deter
ones), in which the agent is free to choose her saving rate, we add what we c
constrained deterministic economy wherebyconstrained stands for the fact that the agen
propensity to consume is kept equal to the one she had chosen in the stochastic ec
The growth rate of this constrained economy is thus equal to the one expected
stochastic economy.

Let us now break down the switch from the stochastic economy to the determ
economy into two successive stages.

The first stage consists in joining the constrained deterministic economy, and w
wonder how much capital the agent is ready to give up to achieve this step. As th
economies only differ in their nature (stochastic/deterministic) and not in their gr
trend, one may refer to this cost as to the welfare cost of fluctuations in the narrow
or as thedirect welfare cost of volatility. In the following, this cost is notedkF.

The second stage consists in switching from the constrained deterministic econ
the optimal one. The task is now to determine how much remaining capital the ag
ready to give up to have the opportunity to choose her propensity to consume. Sin
two economies are deterministic, and differ only in their growth trend, one will refer to
cost as to thetrend-related welfare cost of volatility which is notedkT.

These costs are built such that:(1− k) = (1− kF)(1− kT).

3.2.1. The direct welfare cost of volatility
The intertemporal lifetime utility of the agent in the constrained deterministic econ

(V ) is computed using Eq. (1) with consumption growing at the same rate as i

3 The definition we used to compute this welfare cost is the compensating variation. One may check
equivalent variation measure (that is the percentage the agent requires to be as well off under uncertain
in the deterministic environment, notedkeq below) is always greater than the compensating variation measu
the welfare cost of volatility:

keq =
[

εδ + (1− ε)(A − γ σ2/2)

εδ + (1− ε)A

]1/(ε−1)

− 1> k and lim
ε→1

keq = eγσ2/(2δ) − 1> 1− e−γσ2/(2δ).
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stochastic economy. Note that this intertemporal utility is no longer the value o
maximized agent’s program since her consumption choice is constrained. One
calculate:

V [K(0);σ ] =
[

εδ + (1− ε)A − (1− ε)γ σ 2/2

(εδ + (1− ε)A + ((1− ε)2/ε)γ σ 2/2)−ε/(1−ε)

]1−γ
K(0)1−γ

1− γ
.

The percentage of capital the representative agent is ready to give up to jo
constrained deterministic economy is then obtained comparing the lifetime ut
V ∗[K(0);σ ] andV [(1− kF )K(0);0]. The direct welfare cost is then such that

V ∗[K(0);σ
] = V

[
(1− kF)K(0);0

]
, (11)

that is

kF = 1−
[

εδ + (1− ε)A − (1− ε)γ σ 2/2

εδ + (1− ε)A + ((1− ε)2/ε)γ σ 2/2

]ε/(1−ε)

and (12)

lim
ε→1

kF = 1− e−γ σ2/(2γ ), (13)

which is always positive. Since consumption grows at the same rate in both econ
this direct welfare cost of volatility is the initial (as well as permanent) cut in the ag
consumption. This is the measure derived by Obstfeld (1994a).

3.2.2. The trend-related welfare cost of volatility
Once the agent has reached the constrained deterministic economy, the per

of capital the representative agent is ready to give up to choose her consum
path is obtained by comparing the corresponding lifetimes utilitiesV [K(0);0] and
V ∗[(1− kT)K(0);0]:

V
[
K(0);0

] = V ∗[(1− kT)K(0);0
]
, (14)

that is

kT = 1−
[

εδ + (1− ε)A − (1− ε)γ σ 2/2

(εδ + (1− ε)A)1/(1−ε)

]

×
(

εδ + (1− ε)A + (1− ε)2

ε
γ σ 2/2

)ε/(1−ε)

and (15)

lim
ε→1

kF = 0. (16)

This cost is always positive since the agent switches from a constrained consu
path to an optimal one. In the special case where the intertemporal elasticity of subs
is equal to one, it is null (the constrained path is then the optimal one).

4. Is the welfare cost of volatility negligible?

The point is now to evaluate the three costs defined above in order first, to ap
whether the total welfare cost of volatility may be significant, and second, to know
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much the endogeneity of the consumption/saving trade-off matters when evaluatin
total welfare cost. For sake of comparison with former proposed measures, our eval
are conducted on US data for a large range of preference parameters. To calibr
model, we use econometrics performed by Obstfeld (1994) on annual data (1950
which gives the volatility and the deterministic trend of the nondurable goods and se
consumption:σ = 0.0112 andµ = 0.0185. For each preference parameters set,
computeA = µ/ε + δ + (ε −1)/(2ε)γ σ 2 such that the theoretical model for the stocha
economy (Eq. (6)) matches the actual consumption trend and volatility.4

Table 1
Welfare cost of volatility for the US economy

ε γ

1 2 5 10 20

Total welfare costk
0.1 0.03 0.07 0.17 0.35 0.71
0.5 0.16 0.33 0.81 1.64 3.28
1 0.31 0.63 1.56 3.09 6.08
2 0.58 1.16 2.85 5.67 11.0
5 1.22 2.46 5.72 13.5 33.9

Direct welfare costkF
0.1 0.03 0.07 0.17 0.34 0.69
0.5 0.16 0.33 0.81 1.63 3.26
1 0.31 0.63 1.56 3.09 6.08
2 0.58 1.16 2.85 5.59 10.7
5 1.19 2.36 5.72 10.9 19.8

Trend-related welfare costkT
0.1 0.00 0.00 0.00 0.00 0.02
0.5 0.00 0.00 0.00 0.00 0.03
1 0 0 0 0 0
2 0.00 0.00 0.02 0.09 0.34
5 0.02 0.1 0.65 2.94 17.6

The three welfare costs are such that(1 − k) = (1 − kF)(1 − kT). The feasibility condition is met fo
the parameters. Time preference rateδ = 2%. Reading indications: For a risk aversion equal to 10 and
intertemporal elasticity of substitution equal to 2, the representative agent accepts to give up 5.67% of h
capital (upper part of Table 1) to meet the deterministic economy. Had the trend remained constant after th
into the deterministic economy, the cost would have been 5.59% of her initial capital (middle part of Ta
Having the opportunity to leave the constrained deterministic economy to optimally choose her level of s
the agent accepts to give up 0.09% of her initial capital (bottom part of Table 1).

4 Another way for evaluating the welfare cost of volatility would be to keep the same value forA (the
productivity parameter in the production function) whatever the set of preference parameters. One dr
of this alternative solution is that, for most sets of preference parameters, the resulting consumption pa
stochastic economy (the only one for which data are available) is completely different from what is ob
That is why we choose to recalibrate the model (calculate a newA) for each set of parameters, using the act
trend and volatility in consumption as the benchmark. However, the figures one would have obtained us
alternative possibility to evaluate the welfare cost of fluctuations would not have been dramatically differe
the one reported in Table 1.
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Table 1 gives the values for the total welfare cost of volatility in terms of in
capital (Eq. (10)) and its decomposition into two parts: the direct welfare cost of vola
(Eq. (12)) and the trend-related welfare cost (Eq. (15)).

The total welfare cost of volatility (k) for different values of the intertemporal elastic
of substitution and of the risk aversion is presented in the upper part of Table 1
cost computed in the special case of the time-additive utility function is in italics:
then small, since the representative agent accepts to pay about 0.3 percent of he
to live in a deterministic economy, whatever her risk aversion. Relaxing the cons
imposed by the time additivity, the cost of volatility rises with both the risk aver
and the intertemporal elasticity of substitution. Two effects which apply in the s
direction are combined: the effect due to the deterministic trend endogeneity (botto
of Table 1), and the direct effect of fluctuations (middle part of Table 1). The welfare
of volatility may then be large: for instance, if the representative agent has a hig
aversion (say 20) and a high intertemporal elasticity of substitution (say 5), she acc
pay more than 30 percent of her initial capital to join the deterministic economy! In
case, the approximate decomposition shows that a non-negligible part (kT = 17.6 percent)
of this cost is trend related. Nevertheless, for more plausible (but still high) values
preference parameters—a relative risk aversion coefficient equals to 5 and an interte
elasticity of substitution equals to 2—the total welfare cost reduces to less than 3 p
and quite nothing is due to the trend-related welfare cost (kT = 0.02 percent).

To sum up, as far as the US economy is considered, the total welfare cost of vo
remains negligible and the trend-related welfare cost of volatility does not matter
both the intertemporal elasticity of substitution and the risk aversion parameters
plausible values. This result comes from the fact that, as shown in Table 2, the g
rate of the entire economy would be barely modified by a shift from the stochastic
deterministic economy. Of course this may not be the case for economies where vo
is much higher (e.g., developing countries). For those countries, not only the sta
welfare cost of fluctuations would be much higher than the one for the United Sate
Pallage and Robe (2003)), but the trend related welfare cost of volatility would m
as well. For example, using Pallage and Robe’s estimations ofµ andσ for the Algerian
economy (µ = 0.0214 andσ = 0.0636, see Table 1 in Pallage and Robe) and appl
the same experiment as the one reported in Table 1 for the US economy we fin

Table 2
Change in the growth rate for the US economy,(1− ε)γ σ2/2

ε γ

1 2 5 10 20

0.1 −0.01 −0.01 −0.03 −0.06 −0.11
0.5 0.00 −0.01 −0.02 −0.03 −0.06
1 0.00 0.00 0.00 0.00 0.00
2 0.01 0.01 0.03 0.06 0.13
5 0.03 0.05 0.13 0.25 0.50

Readings indications: For a risk aversion equal to 5 and an intertemporal elasticity of substitution equal t
annual growth rate is 0.03 points higher in the optimal determinist economy than in the constrained and st
economies.
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with a risk aversion equal to 5 and an intertemporal elasticity of substitution equa
the representative agent in the Algerian economy would be ready to give up as m
70% of her wealth to join a deterministic world where she could choose the savin
according to her preferences (k = 70%). This cost splits-up as follows: the agent wo
give up 58% of her wealth to join the constrained deterministic world (kF = 58%) and
30% of the remaining capital to be able to choose her saving rate in the deterministic
(kT = 30%). The economy would then exhibit a growth rate higher by one percent tha
one in the stochastic economy.

5. Conclusion

In this paper, we have proposed a measure of the total welfare cost of volatility
total cost is derived from a stochastic endogenous growth model, and it is computed
percentage of capital the representative agent is ready to give up to join a determ
economy. Since we consider a whole economy, and not solely the consumption p
the total welfare cost of volatility we obtain has two components: a direct welfare co
volatility and a trend-related one. The former is the welfare cost of fluctuations firs
forward by Obstfeld (1994a) when the consumption process exhibits a unit root; i
whole economy framework it is computed as the percentage of capital the represe
agent would accept to give up to join the deterministic economy while being constr
to keep the saving rate she had chosen in the stochastic world. The trend-related
cost of volatility is then computed as the percentage of her remaining capital sto
representative agent is ready to give up to get the opportunity to choose her saving ra
trend-related cost is linked to thecost of reducing growth considered by Lucas (1987). Th
recursive utility function we used to model the representative agent’s preferences
us to show that the total cost of volatility increases with both the risk aversion an
intertemporal elasticity of substitution.

Calibrating our stochastic endogenous growth model to match the actual consu
process for the United States, we show that for plausible values of the prefe
parameters, the endogeneity of the consumption process does not matter when co
the welfare cost of volatility. As far as policy-making is concerned, our calibrations su
that even if the reduction of volatility may induce growth, the volatility of the US econ
is too small for economic policies aimed at smoothing further fluctuations to affect gr
in a significant way. However, as illustrated above with the Algerian example, this ma
be the case for more volatile economies.

The wish to obtain analytical formula for the total welfare cost of volatility and
decomposition prevented us from incorporating some important features: there is no
the shocks are uncorrelated and agents’ heterogeneity is ignored.. Introducing a re
utility function in the model recently proposed by Jones et al. (2000), which cle
studies the business cycle properties of a stochastic endogenous growth model with
and capital formation, as well as leisure in the utility function, might be a good sta
point to go further in the exploration of the welfare cost of volatility in an endogen
growth model.
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Appendix A. Identifying the optimal consumption path5

The Bellman function associated with the program is

(1− γ )V (t) = Max
{c(t)}

[
c(t)(ε−1)/ε dt

+e−δ dt
(
(1− γ )EtV (t + dt)

)(ε−1)/((1−γ )ε)
](1−γ )ε/(ε−1)

. (16)

By analogy with the standard time-additive deterministic program, one can guess th
value function is

V (t) = B(1−γ )/(1−ε)K(t)1−γ

1− γ
,

whereB is a constant to be calculated, and that the optimal consumption att is a linear
function of the current wealth; that isC(t) = DK(t), where D is a constant to be
calculated.

CalculatingEt [V (K(t + dt))]:
Et

[
V

(
K(t + dt)

)] − Et

[
V

(
K(t)

)] = Et [dV ]

= B(1−γ )/(1−ε)Et [K(t + dt)1−γ ]
1− γ

− B(1−γ )/(1−ε)Et [K(t)1−γ ]
1− γ

. (17)

Moreover, applying Itô’s lemma, one calculates:

Et [dV ] = ∂V

∂K
E[dK] + 1

2

∂2V

∂K2E[dK]2, (18)

whereE[dK] = (A − D)K(t)dt andE[dK]2 = σ 2K(t)2 dt when neglecting power of dt
superior to one.

From (17) and (18) one calculates:

Et

[
V

(
K(t + dt)

)] = B(1−γ )/(1−ε)

[(
A − D − 1

2
σ 2

)
dt + 1

1− γ

]
K(t)1−γ . (19)

Substituting (19) into (16), the Bellman equation can be rewritten:

5 Cf. Smith (1996).
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B(1−γ )/(1−ε)K(t)1−γ

= Max{D}

[
D(ε−1)/εK(ε−1)/ε dt + e−δ dt

(
(1− γ )(ε−1)/((1−γ )ε)B−1/εK(ε−1)/ε

×
[
(A − D − γ σ 2/2)dt + 1

1− γ

](ε−1)/((1−γ )ε))](1−γ )ε/(ε−1)

; (20)

using the fact that limx→0(1+ x)y = 1+ xy and limx→0 ex = (1+ x), leads to

B(1−γ )/(1−ε)K(t)1−γ = Max{D}

[
D(ε−1)/εK(ε−1)/ε dt + B−1/εK(ε−1)/ε

×
(

ε − 1

ε
(A − D − γ σ 2/2)dt − δ dt + 1

)]
. (21)

The optimization shows thatD, the optimal propensity to consume current wealth is eq
to B. B is then identified by replacingD in (20):

B = D = ε

(
δ − ε − 1

ε

(
A − γ σ 2/2

))
.

The value function is then

V
(
K(t)

) =
[
ε

(
δ − ε − 1

ε

(
A − γ σ 2/2

))](1−γ )/(1−ε)
K(t)1−γ

1− γ
.

The feasibility condition requiresC∗ > 0, which may be rewritten:

ε

(
δ − ε − 1

ε

(
A − γ σ 2/2

))
> 0 ⇔ δ >

ε − 1

ε

(
A − γ σ 2/2

)
.
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