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Abstract
This Ph.D. thesis proposes a novel theoretical framework for filtration by porous media characterized by heterogeneity. The Classical Filtration Theory (CFT) is formulated adopting a macroscopic
point of view in which filtration is described in terms of two main processes: transport and retention. The former is formulated at the scale of the porous medium, where its real structure is replaced
with a virtual/effective system (a collector or a pipe) whose average flow properties match the average porous medium ones. The latter is formulated in terms of the outlet to inlet concentration ratio
and, a posteriori, related to the product of particle’s probability of getting close to the solid walls
of the filter (collector or pipe walls) times the particle’s probability of finally attaching. Thus, CFT
provides a description of filtration that, through a simple and macroscopic formulation, overcomes
the difficulties associated to the complex nature of filtration that rises due to the coupling of i) the
process of attachment via colloidal forces (formulated in terms of the Derjaguin-Landau-VerweyOverbeek’s theory, DLVO, for surface’s forces interaction) and ii) transport within a porous material.

However, observations via laboratory column experiments showed that the macroscopic diagnostic
quantities that are typically defined to describe filtration, breakthrough curves and deposition profiles, deviate quantitatively and qualitatively from the predictions of CFT. While, these deviations
are justified in terms of the complex chemistry of the attachment process (in particular the presence
of a secondary minimum in the colloids-surfaces interaction energy profile), recent experiments reported the deviation from CFT also in the absence of such a secondary energy minimum. Thus,
we hypothesize that the anomalous filtration observed (anomalous with respect to the CFT predictions) is associated with the physical heterogeneity of the structure of the host medium that is also
reflected in the flow through it. This thesis focuses on two main axes.

With this Ph. D thesis we intend to propose a novel theoretical framework for filtration by porous
media by adopting the point of view of the individual particle (a colloid or a microorganism) that
is flowing through the confined space of a porous medium. On the one hand, we formulate the
filtration problem in terms of the transport and attachment fundamental mechanisms experienced
by individual particles in terms of three stochastic Markovian processes (chapter 3): the particle’s
retention length, its velocity over such piece of length and the attachment rate. The proposed model
predicts anomalous filtration behaviors, similar to those reported in literature. On the other hand,
PhD thesis - Filippo Miele

III

we develop a novel experimental setup, based on microfluidics and time-lapse video-microscopy
that allow us to investigate the multi-scale nature of the filtration phenomenon of colloids (chapter
4) and microorganisms (chapter 5) and, finally, the aggregation of individual bacteria particles into
larger aggregates that our experiments indicate are responsible for the onset of streamers (chapter
6).
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Chapter 1

Introduction
1.1

Environmental systems as complex reactors

In the subsurface, different compounds like soils, rocks, fluids, gases and active agents (e.g. living
organisms or reactive chemicals) are in close interaction as a result of transport and mixing within
the confined environment of the pore space. Depending on their nature, these compounds can react
and transform when close enough to interact: de-nitrification, carbon consumption by microbial
metabolism or rock dissolution by acid waters are a few examples of reactions taking place in the
underground. Practical applications, like sustainable water production and management, also pose
a big challenge since degraded water quality can have large impacts on ecosystem health and can
propagate through the food chain, also impacting human health [1].

It is of primordial importance to predict the rates of such transformations in order to take action
and make proper decisions. Novel technologies provide relevant advances for direct and live in
situ measurements (also via remote-sensing) that can be coupled to numerical models that simulate
water, solute and biomass fluxes across different compartment interfaces at scales ranging from a
single column to the entire catchment. An important challenge that is common to these coupled systems is their spatial variability (heterogeneity) that mix them in a non trivial way. As a consequence,
the macroscopic rate at which these environmental systems transform is very difficult to predict. In
fact, the complexity that arises from the intrinsic coupling of the small scale mechanisms (such as
transport, reactions, microorganism metabolic activity) makes predictions based on rates measured
under homogenized, well-mixed, conditions different by orders of magnitudes from observations
in the field [2].
1
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1.1.1

2

Bacteria in the subsurface

In this framework, a great importance is attributed to microorganisms. In fact, the majority of
biomass on Earth is composed of bacteria and a large part of them are bacteria that live in underground systems [3], where each community is an active agent of a complex network of processes:
microorganisms contribute in catalyzing reactions, enhancing their rates, or degrading / producing
pollutants [1]. Underground bacteria live in planktonic form and are self-propelled powered by
flagella, but most of them live in sessile communities attached to solid surfaces, also called biofilms.

On the one hand, during their growth by cell division, the production of biomass can impact flow
properties by modifying the host medium structure, i.e. reducing or clogging the pore space changing (Figure 5.1) porosity or hydraulic conductivity (e.g. [4]). From a chemical point of view, the
metabolic activity of microbes accumulated in biofilms is important for complex red-ox processes:
they use both electron donors and acceptors to get energy from such oxidation-reduction reactions.
On the other hand, planktonic bacteria, the ones suspended in fluids, are transported by local flows,
and, eventually, colonize new portion of space [5]. Swimming microbial suspensions can behave
collectively by orienting their main swim direction along environmental gradients as a result of an
adaptation strategy to better exploit the local resources, be they magnetic, thermal, or chemical [6].

c.

a.

b.

Figure 1.1: a As bright spots, on a dark background, are shown bacteria in a porous medium (gray
disks represent the solid grains) saturated with a flowing water solution of nutrients (courtesy of
the Environmental Fluid Mechanics laboratory). b a zoom within the red square in a. c After a few
hours spent in the porous medium under nutrient flow, bacteria grew as biofilm colonies attached
to the grain surfaces occupying more and more the pore volume.

These two main lifestyles of microorganisms (attached to surfaces or suspended in fluids) determine
the colonization of their host medium that can be viewed as a sequence of repeating processes [7]; i)
microorganisms move, transported by the fluid or swimming, until they reach a surface where they
may attach as result of filtration and start a new colony that ii) will grow forming a larger biofilm
PhD thesis - Filippo Miele

1.1. ENVIRONMENTAL SYSTEMS AS COMPLEX REACTORS

3

community from which iii) daughter cells can leave returning to a planktonic state to migrate to a
different zone, starting again a new colony. Thus, the onset of bacterial colonization under flow
conditions is driven by the filtration process that moves individuals from the suspended phase
to the one in which they are attached to a solid surface. In classical filtration theories, the idealization of a porous material consists of spherical grains completely surrounded by fluid envelopes [8]:
while useful for several practical applications, this view of filtration cannot capture the microscopic
processes of transport and attachment that take place at the small scale.

Microbes in the subsurface can drastically+ enhance/reduce the mobility of pollutants (such as
radionuclides or highly reactive elements), metals and other toxic substances [9]. The successful application of microbe-based technologies for remediation requires predictive models to quantitatively
describe the overall transport and growth of microorganism populations: their ability to colonize
a host medium. The global effect of transport and growth has traditionally been studied in experiments using bench-scale packed columns, where the effluent microbe concentration is measured
in time [10]. These experiments have been used to assess the influence of biological and chemical
factors on the overall medium colonization, such as chemical surface composition, cell motility, size
and shape, organism type, growth phase, solution pH and ionic strength.

Moreover, microorganism swimming activity and biofilm formation have a major impact on attachment/detachment of other substances on surfaces, their transport properties and overall residence
time: this is the object of increasing scientific activity, mostly when coupled with heterogeneous
flows (e.g. [11, 12, 13]). To capture the influence of cell motility, physico-chemical interactions
and convective flow mathematical models have been proposed (e.g. [14]): under certain conditions,
chemotaxis may cause a change in collector efficiency.

1.1.2

Filtration as an heterogeneous reaction

Filtration is a two-phase separation process by which solid particles suspended into a liquid compound are removed from suspension. Filtration typically happens by flowing a suspension with a
concentration c0 of suspended particles through a medium, called the filter, that has the ability to
remove particles from the liquid phase retaining them within its own volume: the result is that the
liquid compound at the filter outlet has a concentration c of suspended particles that is smaller than
c0 , the one at the inlet. In practice filtration happens due to three mechanisms [15]. First, straining:
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a solid suspended particle is smaller than the openings available within the filter. Second, trapping
into stagnation zones: a suspended particle ends into a zone of fluid stagnation, within the filter,
and it takes so much time to leave by diffusion that it is considered retained. Third, adsorption:
a suspended particle get close enough to a solid wall of the filter that it can interact with it and
attach to its surface and, thus, be removed from liquid suspension [16]. Here we will focus on this
third mechanism that implies a physico-chemical interaction between a suspended particle and the
filter solid surfaces. Thus, we will interpret the filtration phenomenon as driven by the retention of
individual particles that we consider as a chemical reaction.

On the one hand, homogeneous chemical reactions are those in which reactants and products are in
the same phase, for instance dissolved into water. On the other hand, heterogeneous reactions are
those driven by reactants that are segregated in two, or more, phases. Thus, reactions between a gas
and a liquid, a gas and a solid or a liquid and a solid are said to be heterogeneous. Such reactions
can take place on a solid surface, e.g. that of a catalyst or of a solid grain. Filtration, in this context,
will be seen as an heterogeneous reaction.

While the fate of reactions (homogeneous or not) depend on both, the rate at which reactants come
into contact and their chemical properties, their kinetics is typically divided into two extreme cases:
the one that is limited by the chemistry (i.e. activation energies, presence of a catalysts, ...), also
called kinetic reactions, and the ones that limited by the physics of transport responsible to bring
individual molecules of reactants close enough to interact, also called mixing-limited.

1.1.3

Mixing limited reactions

Kinetic- and mixing- limited reactions are typically characterized by the ratio of mass transformation
k R to transport k T rate. Thus, let’s denote with t T = 1/k T the time characterizing the mass transport and mixing or reactants and with t R = 1/k R the time characterizing the mass consumption
(degradation) of reactants due to the considered reaction: the dimensionless quantity Da = t R /t T ,
also called Damköhler number determine the nature, kinetic-limited or mixing- limited, of the considered reaction. Da ⌧ 1 indicates the case where chemical consumption of a reactant is quickly
refreshed by mass transport: the kinetics of the reaction depends only on its chemical properties.
If, instead, Da

1 the reactant consumption is so fast that the reaction stops, due to absence of

reactants, until mass transport will bring fresh chemicals together.
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The definition of the Damköhler characterizing a given system depends on the scale of observation
that fixes the transport rate. For instance, let’s consider the bimolecular irreversible reaction A +
B ! C characterized by a constant of reaction k: mass action law predicts that under diluted and

well-mixed conditions the rate of the reaction is proportional to the two reactants activities product
(here we simplify with concentrations):
dc A
=
dt

k c A cB .

(1.1)

As mentioned above, the mass action law assumes well-mixed conditions: this means that the reactants A and B of concentrations c A and c B have equal opportunities to physically meet and react.
Under these conditions, the characteristic temporal scale of this system would be t R = 1/k, measuring the time needed to deplete the reactants and slow down the reaction rate towards zero. If
physical transport can bring to the system fresh reactants the reaction could continue.

Mass transport mechanisms in liquid systems are given by the combined action of advection, transport with the surrounding fluid moving at velocity u, and molecular diffusion, random motion due
to thermal fluctuations characterized by the diffusion coefficient D. For a given system length scale
L, the characteristic time for advection is t A = L/u, while the one of diffusion is t D = L2 /D. Thus
the Damköhler of such a system would be defined as the ratio of t R and the shortest between the
two mass transport times t T = min[t A , t D ]. For the example considered here, if the relevant length
scale L is larger than 1 mm, typically advection dominates and Da = l/u k. This is often the case for
ell-mixed batch reactors, but also for porous media characterized by homogeneity. When species
are segregated at the characteristic scale of the reactions, chemicals or microbes cannot physically
meet and interact: in these conditions models based on well-mixed systems (such as mass action
laws) fail by orders of magnitude to represent the overall transformation rates.

1.1.4

Mixing by heterogeneous porous media flows

Conservative transport in geologic media is typically described in terms of traditional macrodispersion theories that assume chemical species to be well mixed at some relevant support scale.
The associated dispersion coefficients depend on that observation scale (e.g. [17]) and represent
the enhanced spreading of a solute instead of the real degree of mixing within the pore spaces
(e.g. [18]). These approaches are often used to accommodate the case of poorly-mixed suspensions typical in subsurface environments: the overall kinetics are thus expressed in mass balance
equations by effective dispersion coefficients representing transport at the macroscopic scale (e.g.
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[19, 20, 21, 22, 23]). However, this formulation for mixing has been observed [21] and proven [24] to
overestimate the amount of mixing, misrepresent its rate and, thus, the overall system kinetics [25].

It is important to note that in many physical systems, reactants (chemical or biological species) are
not well mixed at the microscopic scale, where the reactions take place. This fact plays a crucial
role on larger scale reaction kinetics, as observed in a range of natural systems, from turbulent and
chaotic flows ([26, 27]) to transport in porous and fractured media ([2, 28, 29, 30]). While for practical applications the reactive-transport representation in terms of a single length scale L and fluid
velocity u reduces greatly its complexity, it could misrepresent reality leading to incorrect model
predictions: in other words, the mass action law underlying assumption of well-mixed reactants
could be not true. This is particularly true for porous media flows, like the one through soils of
deeper underground, where the host medium structure, and the consequent flow organization, lead
to reactant segregation preventing them from mixing and reacting. This has been observed through
numerical simulations and laboratory experiments and it has been used to explain field measurements.

Recent models for mixing by heterogeneous porous media, Darcy-like, flows [31] moved a step forward with respect to the ones based on the same framework as dispersion, and assume that the
mixing volume undergo avective stretching, increasing its spatial extension but not its size, and
molecular diffusion that broadens it. The resulting mixing kinematics is non-trivial and depends
on three coupled mechanisms: i) flow kinematics (stretching), ii) front folding (front superposes
with its self) and, iii) diffusion [32]. This framework, that decomposes the whole mixing front into
individual lamellae, has been successfully adapted to Darcy-like flows from turbulent mixing [33]
and explicitly takes into account the medium heterogeneity to properly upscale mixing across the
medium size and the temporal observation scales.

1.2

Porous media as filters

A porous material is a solid matter that is able to transmit fluid. This happens by flow through
connected openings (pores) that allow a fluid to pass through the host medium when a pressure
gradient is applied between its inlet and outlet. These opening, the pores, are the space available
for fluid to flow among solid impermeable grains that constitute the hard backbone of the porous
matrix. Porous materials represent excellent filters since they are characterized by a large amount
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of solid surface to which flowing particles can attach and be retained. Of course, while filtering
a flowing suspension, not all the host medium surface is equally available for attachment: the
medium structure and the fluid flow organization play a critical role in determining where transported particles can pass close enough to solid grain walls to be retained, contributing to the overall
filtration.

1.2.1

Porous media structure

The rich structure of the subsurface flows across scales is illustrated in Figure 1.2: a) the magnitude
of the continuous simulated fluid velocity in a heterogeneous permeability field [34] representing
some field (Darcy) scale heterogeneity and b showing the velocity variations within pores assuming
a Poiseuille pipe flow. From Figure 1.2 a) we can see thethe existence of small scale heterogeneity
in terms of preferential flow path and stagnation zones.

a.

b.

⇠

-4

-3

-1

-2

0

1

Figure 1.2: a A simulated velocity field magnitude rescaled by the average velocity (adapted
from [35]) is shown in a logarithmic scale log10 (u/u): the colormap is set to white for u = u,
red for u > u and blue for u < u. b the conceptual model of porelet: each pore throat has a velocity
field with a parabolic profile, as in a pipe.
In the subsurface (like soil or aquifers) fluid motion is confined within small pores typically of size
l ranging between 10

6

10

2

m. Therefore, fluids flowing through such confined media (charac-

terized by small l) are forced to pass between solid impermeable obstacles and typical velocities are
very small, on the order of u ⇠ 1

100 µm/s. These flow systems are, thus, characterized by small

ratio between inertial and viscous forces, quantified by the Reynolds number Re = u l/n < 10

1

(n

is the fluid kinematic viscosity). The resulting common interpretation is that such flows are homogeneous at small-scales (i.e. mm or below) since they are dominated by viscous forces while inertial
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effects, responsible for heterogeneity in open and turbulent systems, can be neglected.

Contrary to this common assumption, it has been proven that a very rich flow structure and heterogeneity characterizes subsurface flows even at very small-scales also for very low Reynolds numbers [36, 37, 38, 39, 40, 41] leading to anomalous transport [42, 43].

1.2.2

Fluid velocity heterogeneity

The flow heterogeneity refers to the spatial variability of the fluid motion: a concept intuitively
clear for open systems, like surface or atmospheric flows. For instance, in surface aquatic systems
(e.g. rivers, lakes or oceans) waters can freely move with characteristic velocities u on the order
of 1 m/s and characteristic length scale l ranging between 1

102 m [44, 45]. For such surface

aquatic systems Re it is much larger than unity, the flow is typically chaotic or turbulent [46, 26]
and characterized by spatial variability. The smallest spatial scale over which velocity variations are
3

observable in turbulent systems is defined by the Kolmogorov scale h = ( ne )1/4 , below which the
fluid energy is dissipated since viscosity cannot be neglected [47]. This length scale depends on the
energy dissipation rate e and on the fluid viscosity n: for oceanic systems the value of h lies within
the range 0.3

2 mm [44].

The complexity of flow topologies in natural environments may also arise from hydrodynamic instabilities due to rheological fluid properties (such as viscosity or density e.g. [48, 49, 50, 51]) or the
presence of non-miscible fluids such as water-air or water-oil [52]. This rich structure of confined
flows, plays a critical role in natural and engineered processes such as groundwater contamination
and remediation [53, 54], water infiltration in soil [55], geologic carbon sequestration [56], enhanced
hydrocarbon recovery [57] and water filtration systems [58]. Effective flow models describe very
different underlying dynamical behaviors, such as mobile-immobile mass exchange, long range
correlated spatial motions (e.g. [59, 42, 60, 28]), or heavy-tailed distributed trapping times (e.g.
[61, 62, 63]).

In this thesis we will focus on saturated porous media where the flow heterogeneity is driven by
the medium structure.
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The Darcy scale

Fluid flow through porous media is the subject of intense research since the seminal work of Henry
Darcy of 1956 [64]: he postulated, and verified a-posteriori experimentally, that the average velocity,
also called Darcy velocity q, of a fluid injected at constant flow rate Q through a porous medium
of length L and cross sectional area A (q = Q/A) is proportional to the head gradient r h between
inlet and outlet:

q=

Q
=
A

K rh =

K

Dh
L

(1.2)

that is measured as the difference in water rise Dh in piezometers placed at distance L at medium
inlet and outlet. The constant of proportionality k is called the medium hydraulic conductivity
and it is measured in m/s having the same dimensions as a velocity. This formulation has been
extended [46] to describe heterogeneous flow systems in which at each location x the fluid velocity
q( x) is proportional to the local head gradient r p( x) through an effective medium conductivity
K ( x). For a fluid of density r and for a given set of physical boundary conditions, the pressure p,

related to the hydraulic head through p = r g h, can be numerically solved in terms of mass balance
and the fluid velocity derived from the extended Darcy law.

This formulation assumes that the system resolution, the smallest scale at which it is resolved in
space, is large enough to accommodate a Representative Elementary Volume (REV) over which the
average measure of a system property (like porosity or conductivity) is representative of the local
values inside the REV itself. While this is a reasonable assumption for many situations in which
we are interested in average flow properties (for instance when studying water or oil reservoir
availability and exploitation), it over simplifies the formulation of flow problems and often results
in incorrect estimate of the real velocity distributions. In particular, for the filtration phenomenon
that is under investigation in this thesis, the Darcy formulation cannot represent the actual fluid
velocity experienced by individual particles (colloids or bacteria) when passing close to the grain
walls where they could be retained.

1.2.4

The pore scale

To study flow driven reactive transport it is important to resolve the scale at which individual
reactions take place. For porous media, this scale is the one of the pore where the no-slip boundary
conditions at the grains wall control the local flow. Flow equations, at this scale, can be derived
PhD thesis - Filippo Miele

1.3. THE CLASSICAL FILTRATION THEORY

10

from momentum conservation: for Newtonian fluids the problem can be formulated in terms of the
Navier-Stokes equations. For systems characterized by low Reynolds number, as typical for porous
media, these equations can be simplified and re-written as Stokes equations. Neglecting the effect
of gravity, for instance working on a horizontal setting, the flow equations are:
µ r2 u = r p

(1.3)

where µ represents the dynamic viscosity of the fluid and u is the vector representing the local fluid
velocity. In this formulation, the solution is stationary (the time dependence has been removed
with the intertial effects) and the flow heterogeneity arises from the organization of the Boundary
Conditions (BC) that at solid impermeable walls are no-slip BC, in other words the fluid velocity
is set to zero when in contact with a solid boundary. The BCs are different (and the flow problem
gets more complex) if more than one fluid phase is present in the systems: a trapped fluid phase in
contact with the flowing fluid phase have slip BC. In this thesis we study saturated media in which
only water fills all the pore space.

1.2.4.1

Exact solution for the case of a pipe (like a single pore)

The easiest Stokes problem that can be solved is the one of flow through a pipe of circular section of
radius R, the so called Hagen-Poiseuille flow. Considering the system symmetry around the main
flow direction, eq. (1.3) is reduced to a form that it is possible to solve. The solution has only one
non-zero component along the pipe direction and it varies along the pipe radius with the distance
r from the center to the pipe wall as
u (r ) =

rp 2
(R
4µ

r 2 ).

(1.4)

This parabolic flow profile is a paradigmatic case since it is found in many situations of more
complex configurations, for instance within a pore [35] of an heterogeneous medium.

1.3

The Classical Filtration Theory

The phenomenology of filtration is given by two driving processes: i) the interaction of the particles
with the solid surfaces of the filter and ii) the transport of the suspended and flowing particles close
to these surfaces. The interaction between particles and solid surface is given by the coupling of two
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forces: i) repulsive forces between the electrical charges accumulated at the particles and solid filter
surfaces and ii) attractive or van der Waals force. The former originates from the accumulation of
charges to filter and suspended particles surfaces that is associated with the presence of dissolved
ions in water solutions. This electrical and repulsive force typically screen the much weaker and
short range effect of the van der Waals force. The latter is a distance-dependent interaction between
atoms and molecules. Unlike other chemical bonds (like ionic or covalent), these attractions are
weak and typically vanish at distances exceeding a few tens of nanometers.

a.

b.

c.

collector

Figure 1.3: a A three-dimensional picture obtained via X-ray tomography shows the complex structure of a porous medium (a Berea sandstone, adapted from [51]). b A conceptual sketch of the three
mechanisms by which particles can get retained by a porous material: red dots represents adsorption to the grain surfaces, green dots represent particles too large to pass through the small pore
openings (straining) and a blue dot represent a particle trapped in a dead end pore. c The simple
sketch for the CFT model: a porous material is replaced with a single collector exposed to the flow
of a suspension: only particles ending close enough to the grain surface will have a change to get
retained and filtered.
A common theoretical framework used to describe and predict filtration of particles (colloids or
microorganisms) by porous media is the Classical Filtration Theory (CFT) that, in agreement with
the described filtration phenomenology, divides the overall filtration phenomenon as composed by
two mechanisms [65, 66, 67] . The first is particles transport through the medium and towards the
medium surfaces. The second is the particles reaction (attachment) to the medium solid surfaces
every time they get close enough (according to the short range of the afore mentioned attractive
forces). For both mechanisms„ the CFT adopts a macroscopic view of the problem to simplify its
formulation.

The description of particle transport of CFT is at the scale of an REV (as defined above) for which
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it is possible to define an average effective velocity representative of the whole REV. In practice,
the Happel formulation of flow through a porous medium is adopted, replacing the whole porous
medium , with its own spatial heterogeneity, Figure 1.3, with a series of identical cells composed
of a single collector (a single grain) of spherical shape around which flow is driven by a constant
pressure gradient, such that the resulting fluid average velocity u is the same as the considered REV.
The idea is that the particles flowing around this virtual/effective collector will experience the same
velocities as through the porous medium. Other formulations of CFT substitute the flow solution
provided by Happel with another one where the flow through the porous material is substituted
with the one through a flow cell composed of a pipe, instead of a single collector, where particles
can be retained at the lateral pipe walls with average velocity u equal to the one of the REV. Both
transport formulations, with single collector or pipe flow cell, lead to the same theoretical framework for the overall filtration [65, 68].

Also the phenomenology of particle attachment is described at the macroscopic scale in terms of
the attachment rate k that is defined as the number of retained particles per unit time. In practice k
is measured as ratio, per unit time, between the suspended particles that leave the flow cell outlet
and the number of particles that enter from its inlet. The challenge is to define theoretically k. CFT
does it assuming that the ability of the medium to retain particles per unit time, k, is proportional to
the product of two quantities k ⇠ a h. The first, a, quantifies the probability at which a particle that
gets close enough to the solid wall of the flow cell (collector or pipe wall) will be retained [69]. The
latter, h, quantifies the probability that a flowing particle entering the flow cell will get close enough
to the solid walls to get a chance to attach. The net result of this formulation filtration degrades
the concentration c of the flowing particles as a first order reaction kinetics: the number of retained
particles is proportional to the number of flowing particles, thus, to their own concentration.

Putting together these two processes, transport and reaction, the CFT sets the filtration problem in
terms of an Advection-Dispersion equation with a first order reaction kinetics term [70]:
∂c
=
∂t

u r c + D r2 c

kc

(1.5)

where c is the concentration of the suspended particles, k the mentioned attachment rate, u the
average fluid velocity and D the diffusion, or an effective dispersion, coefficient.

The classical quantities of interest that are measured in filtration experiments are BreakThrough
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Curves (BTC) and Deposition Profiles (DP) that measure the normalized outlet concentration c/c0
(c0 begin the injected suspension particles concentration) and the spatial distribution of retained
particles across the filter. It is possible to solve (1.5) fo a sharp injection of a suspension of particles
concentration c0 into a medium saturated with a fluid with no particles in it. The solution for the
suspended particles at the medium outlet x = L, the BTC, is [71]
c0
c( x = L, t)
2
where w =

q
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(1.6)

For the DP the filtration problem can be solved for stationary conditions at

large times (t > t⇤ ):
a( x ) µ k c( x, t⇤ )

(1.7)

for large times the two erfc terms in eq. (1.6) are 1 and 0, respectively; thus, the spatial distribution
of the retained particles is predicted to be exponentially decreasing from the inlet towards the outlet
of the filter, which in case we can neglect diffusion is reduced to the following:
a( x ) µ k exp

1.3.1

✓

Z

k
dx
v

◆

(1.8)

Macroscopic observations I: breakthrough curves

Recent filtration experiment have shown that the BTC collected from a column experiment [72] result
in BTC with long tails (i.e. it takes a very long time to reach a plateau) that cannot be explained
with the solution of CFT eq.(1.6). In particular, it has been shown that the temporal evolution of
such BTC scales as power law with time [73, 74, 75], a classical signature of anomalous transport
associated to a power law distribution of the fluid velocity within the medium, that results from its
multi-scale nature. In other words, the porous medium considered is composed of pores of very
broad size that cannot be described in terms of a single effective scale, the of the REV, in terms of
which the CFT has been formulated.

1.3.2

Macroscopic observations II: deposition profiles

The literature reporting experiments on both BTC and DP is relatively poor, since its classical experimental set-up is optimised to measure only one of the two and to have informations on the
temporal evolution of both BTC and DP at the same time is technically challenging. Some recent experiments have shown that fitting the exponential scaling predicted by CFT, result in characteristic
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exponent that change with the observation scale: when similar experiments are repeated at different scales different DP are reported. This is an indication that the DP is probably not exponential
[76, 77, 78, 79, 80] and that a power law would probably be a better fit. In this case, the spatial
power law scaling of the filtration DP would be an indicator, again, of the multi-scale nature of the
filter considered, that cannot not be explained in terms of a theoretical framework that considers
the existence of a single relevant scale, the one of the REV.

1.3.3

Breakdown of CFT: is filtration a multi-scale process?

Several experiments measuring BTC or DP of particles (colloids or microorganism) flowing through
porous materials reported behaviors that are anomalous with respect to that predicted by CFT
[81, 82, 83]. In the past two decades this has been often associated to chemical complexity and,
in particular, to the presence of a secondary energy minimum in the colloid-surface interaction.
This secondary energy minimum is due to the combination of the electrical repulsion, which has
an exponential shape with characteristic length scale lb (the Debye length measuring the charge
carrier’s net electrostatic effect in a solution) [15, 84], and the attractive forces, which have a power
law shape [85]. This secondary minimum appears only when the Debye length lb associated to
the charge screening around the colloids is short enough (i.e. there is enough screening or enough
dissolved ions) to let the slow power law decay of the attractive forces to prevail at distances larger
than lb .

However, recent experiments have shown that anomalous filtration is observed also in absence of
secondary energy minimum, when the coulomb repulsion is completely removed by adding large
amount of dissolved ions to the particle suspension [68, 86]. This leave open a question on the nature of the anomalous filtration. We believe that the breakdown of CFT, as observed in terms of BTC
and DP measured with experiments on filtration by heterogeneous media, could be explained by
the fact that this CFT does not take into explicit consideration the medium physical heterogeneity
that is reflected into the velocity distribution experienced by flowing particles. In particular, we
hypothesize that the overall filtration phenomenon reflects the multi-scale nature of a heterogeneous porous material whose structure dictates the velocity distribution that is experienced by
colloids.
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Need for a new theoretical framework and new observations

With this thesis, we plan to overcome the limitations of classical and recent models for filtration,
discussed above, that do not take into explicit account physical heterogeneity associated to the filter
structure and the underlying flow field: we pay particular attention to the multi-scale nature of
filtration. To do that, we develop i) a novel experimental setup to measure across several temporal
and spatial scales the impact of local transport and retention on the overall filtration and ii) a novel
theoretical framework able to link microscopic processes to their macroscopic consequences.

1.4.1

Microfluidic devices

Laboratory column experiment and field investigations via boreholes drilled into the ground represent our main source of information about filtration processes within the subsurface: due to the
opaque nature of soils and rocks [87] they provide macroscopic information (BTC and DP) that
integrate the considered medium heterogeneity. Recently, new advances in 2D and 3D micro-scale
imaging technologies have generated new data sets allowing highly detailed characterization of
structures and reactive processes at scales ranging from micrometer to centimeter. With this thesis
we propose to use and develop microfluidics experimental techniques to understand fundamental
physical processes controlling the filtration phenomenon, in presence of physical heterogeneity: in
particular, the goal of this thesis is the investigation of the multi-scale nature of filtration associated
to the anomalous transport in porous structure with a heterogeneous and multi-scale nature. This
was done by directly observing and quantifying displacing particles, microorganisms or colloids,
but also measuring macroscopic BTC and DP across several spatial and temporal scales.

1.4.2

Time-lapse video-microscopy and Image processing

The physical processes behind the macroscopic filtration phenomenon will be investigated via twodimensional geometries (that we design at will) with fully automated optical microscopes in order
to have i) a high temporal resolution (necessary for particle tracking experiments) combined with
a large spatial heterogeneity (several pores can be observed at once) and ii) a simplified, but controlled, heterogeneity allowing for an accurate quantification of coupled and complex processes (i.e.
transport and attachment). The typical size of particles we aim to use for our study is 1 µm, thus,
direct visualization of processes taking place at this scale will be done exploiting optical microscopy
combined with time-lapse imaging (with scientific cameras) of microfluidics replica of designed
porous materials.
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The data obtained with these microfluidics-based experiments are pictures collected with different
optical techniques (phase contrast, bright field or fluorescence microscopy). These pictures will be
analyzed with in-house software (written in Matlab language) to rigorously measure quantities as
displacements, concentrations, attachment locations at high resolution in space and time. Each gray
scale picture will be collected and saved by black and white scientific cameras mounted on the
scopes: they will be imported as a matrices composed of double floating values ranging from zero
to 2bit

1, where bit is the color resolution of the used camera (typically 8 or 16). Precise spatial mea-

surements will be guaranteed by the fine optics of the microscopes providing a fixed magnification
M: knowing the physical pixel size of the camera sensor, px (from 3.1 µm to 11 µm, depending on
the camera), the size of a pixel in the image will be px/M. This precise conversion will allow us
to properly measure the position and displacement of particles at high resolution (as discussed in
chapter 4). Temporal measurement will rely on the computers, controlling cameras and scopes, that
will record, together with the pictures, the time at which they are recorded.

1.4.3

Stochastic approach

We hypothesize that filtration is a multi-scale phenomenon based on the combination of the deterministic process of advection and the intrinsically stochastic processes of diffusion and attachment
to the host medium surfaces. Due to the heterogeneous nature of the host medium that we will
consider, also the advective transport will be described as a stochastic process in terms of velocity
distributions and transition times [88]. Thus, we plan to tackle the investigation of filtration phenomenon with a stochastic modeling approach.

The amount of data collected is very large due to the multi-scale investigation approach we decided
to take: a typical experiment investigate BTC over about 30 hours with a time resolution of a few
seconds and DP are measured by imaging a porous medium replica of about 1 m length with
resolution of a fraction of a micron (to observe attachment locations). Thus, tens thousands of
pictures are acquired for a single experiment: the analysis that we will perform on these data will
be necessarily stochastic, measuring distribution of, for instance, velocities, arrival times, locations.

1.5

Thesis goals and organization

With this Ph.D. thesis we intend to propose a novel theoretical framework for filtration by porous
media by adopting the point of view of the individual particle (a colloid or a microorganism) that
PhD thesis - Filippo Miele

1.5. THESIS GOALS AND ORGANIZATION

17

is flowing through the confined space of a porous medium. On the one hand, we firstly analyse
the anomalous transport arising in 2D heterogeneous media that exhibits both temporal and spatial
correlation (chapter 2). Then, according with the analysis of the previous chapter, we formulate
the filtration problem in terms of the transport and attachment fundamental mechanisms experienced by individual particles in terms of three stochastic Markovian processes (chapter 3). On the
other hand, we develop a novel experimental setup, based on microfluidics and time-lapse videomicroscopy that allow to investigate the multi-scale nature of the filtration phenomenon of colloids
(chapter 4) and microorganisms (chapter 5) and, finally, the aggregation of individual particles into
larger aggregates (chapter 6).
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Chapter 2

Colloids transport in heterogeneous
porous media
2.1

The host medium structure

In near surface underground systems like soil or shallow aquifers, or in industrial filtration systems and many other situations, the motion of fluids is forced by pressure forces to be confined
within small spaces, typically of size l ranging between 10

6

10

2

m. In such conditions, flu-

ids flowing through such confined media are forced to pass between solid impermeable obstacles
(grains, represented by gray disks in figure 2.1) that separates spaces (pores) that can be filled by the
flow: the associated velocities of fluids are typically very small, on the order of u ⇠ 1
(⇠ 0.1

100 µm/s

10 m/d) [36]. These porous media flows have a rich structure whose spatial and temporal

complexity plays a critical role in natural and engineered processes such as groundwater contamination and remediation [53, 54], water infiltration in soil [55], geologic carbon sequestration [56],
enhanced hydrocarbon recovery [57], water filtration systems [58] and polymer electrolyte fuel cells
[89].

The determination of fluid velocity distributions, characterizing flow heterogeneity, from statistical
descriptions of pore-scale geometry is a long standing problem and remains an open challenge.
Understanding and quantifying velocity heterogeneity in porous media is important because it controls the late times particle spreading [88, 90, 34, 91, 92, 93] and fluid mixing [94, 95, 31, 32], which
also mediates chemical reactions [96, 97, 2, 24, 25] and biological activities [98, 99].

We consider the same 2D porous medium as in [35], whose solid and impermeable structure consists
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of non overlapping circular disks of random position and radius (Figure 2.1 a). This disordered
arrangement of disks can be characterized geometrically by constructing a Delaunay triangulation
of the disk centers [e.g., 100]: each triangle defines a pore body and each edge defines a pore throat
(Figure 2.1b). We characterize the statistical properties of the medium through the distribution of
pore throat size, l = d

R1

R2 , where d is the distance between two neighboring disk that are

connected by an edge of the Delaunay triangulation, and R1 , R2 are the respective disk radii. The
random position and size of the disks are generated such that the probability density function (PDF)
of pore throat size is a power law PDFl (l ) ⇠ l

b,

with b = 0.2 with an exponential cut-off for large

pores.

2.2

The flow field

Laboratory experiments on bead packs [36, 37, 38, 39, 40, 41], sand columns [101] and real rock samples [102, 103], as well as numerical simulations at the pore scale [37, 38, 104, 42, 92, 105, 106] have
shown the emergence of highly heterogeneous velocity distributions, even in simple and macroscopically homogeneous porous media. This velocity heterogeneity leads to consequences at larger
scale that can be quantified in terms of anomalous particle-transport behavior such as early arrival
and late-time tailing of breakthrough curves, non-Gaussian plume shape and nonlinear scaling of
mean square displacement (MSD). These phenomena can be captured and understood only after
a.

b.

c.
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Figure 2.1: a) The spatial organization of the grains (gray disks) composing the considered porous
material: fluid will be forced to pass through the pore space (white area). b) A close view of few
pore spaces superposed to a Delaunay triangulation that defines neighboring grains. c) Probability
Density Function of the pore throats size l, defined as the distance between neighboring grains walls:
for instance, given two
p grains 1 and 2 of center (x1 , y1 ), (x2 , y2 ) and radii R1 and R2 , respectively,
their distance is l = ( x1 x2 )2 + (y1 y2 )2 R1 R2 .
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direct observation or computational characterization of the pore-scale fluid mechanics [42].

Earlier experimental [103, 40, 41] and computational [107, 104, 42, 92, 108] studies have identified distinct behaviors for high and low velocities. High velocities are controlled by the overall
medium permeability and the channels formation (they are typically exponentially distributed with
characteristic exponent equal to the average velocity u), while low velocities are dominated by stagnation zones. Recent studies have proposed phenomenological models for the distribution of high
velocities—including stretched exponential [109] and power-exponential [108] distributions.
We consider an incompressible flow through the described pore geometry. Fluid motion is driven
by a pressure gradient from left to right, and no-flow boundary conditions at the top and bottom
boundaries are imposed. Flows at low Reynolds numbers, Re =

rlu
µ

< 10 2 , where l is the average

pore throat size, u is the average velocity magnitude, r is the fluid density, and µ is the fluid dynamic
viscosity. Under these conditions, the flow is solution of the Stokes equations:

µr2 u = r p,

r · u = 0;

(2.1)

where p is the fluid pressure and u is the fluid velocity. We use the flow solution of [35] that is
computed on a regular set of Eulerian points. At the resolution used, the smallest resolved velocity
is approximately umax /105 , where umax ⇠ 10 u is the value of the maximum velocity simulated.

The simulated velocity field is shown in Fig. 2.2 a and b. The Probability Density Function of the
Eulerian velocities is computed as a normalized histogram (Fig. 2.2 c): low velocities are well fitted
by a power law, PDF(u/u) ⇠ (u/u)

1/10

for u/u ⌧ 1.

The link between the pore throat distribution and the low velocity PDF has been established by a
recently developed model [35, 110] that is based on a statistical approach. In analogy with pore
network models [e.g., 104, 111], the overall flow is thought as equivalent to one through a collection
of flow in pores, also called the porelets, that results in Hagen–Poiseuille flows through pipes of
distributed radii. In contrast with network models, however, the link between medium structure
and the low velocity distribution is established focusing on velocities in the range 10 to 104 times
smaller than the mean Eulerian velocity, u/u ⌧ 1.
The velocities through the porous medium are locally controlled by the size of the smallest openings, the pore throats, therefore, the flow through each throat of size l, a porelet, is conceptualized
as the one through a pipe, of width l and length l which it is assumed to be proportional to it ⇠ c l,
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Figure 2.2: a) Eulerian velocity flow field of the same geometry in 6.1 (grains correspond to gray
disks). The flow has been computed by numerical solution of stokes equation and velocity is
rescaled by the mean velocity û. b) Inset of flow: the complex topology of such porous media
imposes that velocity changes of several orders of magnitude (5 order) within a small region of few
pores. c) Probability density function of the eulerian velocity flow field pe (v). Low velocities are
power law distributed with a slope pe (v) ⇠ v 0.1 (black dashed line).

driven by a single effective pressure gradient hr|| pi across the pipe itself. This simple conceptual

model neglects the pore connectivity and is consistent with the isotropy of a porous material (in
contrast with a fractured medium, where the fracture orientation determines a preferential direction). Moreover, it is supported by the direct observation of the parabolic velocity profile within
throats [36, 37, 104]. The fluid velocity through a pipe has only longitudinal component [112], and
its magnitude has a parabolic profile:
"✓ ◆
l 2
u(y) = A
2
where A =

hr|| pi
2µ ,

#

y2 .

(2.2)

the maximum velocity, achieved at the pipe centerline (y = 0), is u M = Al2 /4,

and the minimum velocity, achieved at the no-slip pipe walls (y = ±l/2), is um = 0. For a collection

of pipes with a given width distribution PDF(u|l ), represents the conditional probability of the local
velocity u within a pipe of given width l. Thus, the overall flow consists of a randomly distributed

collection of pore flow, the porelet, each of width l. To obtain the equivalent of the Eulerian velocity PDF, the PDF of all the porelets must be integrated by weighing the contribution from each
individual porelet by the length over which the parabolic profile applies, that is supposed to be proportional to l, at least in this simple geometry made of round-grains composition. Therefore, the
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following scaling for the velocity distribution, controlled by an ensemble of porelets, is recovered:
PDFu (u) ⇠

Z lM

lm ( u )

PDFu (u|l ) PDFl (l ) l dl,

(2.3)

p
where lm (u) is the pipe width such that the centerline velocity u M (l) = u, that is, lm (u) = 2 u/A,
and l M is the maximum width of the distribution PDFl (l ). Since we constructed our porous media
such that the distribution of narrow throat widths scales as PDFl (l ) ⇠ l

b,

we approximate Eq. (2.3)

in the range of low velocities as

PDFu (u) ⇠

⇠
where the change of variables x =

Z lM

2l b+1
q
dl
p
4u
2 u/A Al 2 1
Al 2
Z 1
⇣
⌘
b/2
b
1
u
x2
b
2 A A
u/umax

4u
Al2

1

(1

x)

1
2

dx,

(2.4)

has been introduced. In the range of low velocities, the

limit of integration u/umax ! 0, and the definite integral in Eq. (2.4) converges to the Beta function
B

b 1
2, 2

and loses its dependence on u. We conclude that the porelets model for low velocities in a

porous medium predicts a velocity distribution that scales as:
PDFu (u) ⇠ u

b/2

.

(2.5)

which is in agreement with the fitted law shown in Fig. 2.2 c. In the following we use this heterogeneous velocity field to simulate particle trajectories in a Lagrangian framework.

2.3

Particle Tracking simulations

The filtration of a colloidal suspension by a porous material is driven by the transport of the suspended colloids close enough to the grain walls to experience an attractive force that is strong
enough to attach to the solid boundary of the grain. Thus, we have now to study the transport
of suspended particles through the described, heterogeneous, velocity field. To do that, we study
transport through the porous medium by tracking particles along streamlines (no diffusion, just
advection). The fluid trajectories are supposed to be followed by the colloids and are computed
using a fourth-order Runge–Kutta time stepping scheme. In the Runge–Kutta scheme, we evaluate
the velocity of each transported particle u( x) located at x by locally interpolating the fully resolved
Eulerian 10 ⇥ 10 grid near the particle location with a bicubic polynomial. The fourth-order Runge–
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Kutta time stepping scheme is implemented using the Matlab function ode45, which is a powerful
tool to solve non-stiff ordinary differential equations (ODE). We use ode45 to integrate the particle
p trajectory (x p , y p , t p ) which is solution of three ODE at the same time:
dx p ( x) =
where the x

and y

Z dt p
0

u x ( x) dt,

dy p ( x) =

Z dt p
0

and

uy ( x) dt,

velocity components and its modulus u =

q

(2.6)

dt p = dt

u2x + u2y are evaluated at the

position x = ( x, y) of the particle p. In order to get a number Np of trajectories of equal longitudinal
length, thus every track goes from the medium inlet to the medium outlet, this calculation will
result in trajectories of different size (different number of points), since where the flow is stagnant
the time needed to move along is longer than in faster zones. This is well represented by ?? a)
where a bunch of trajectories, solution of the numerical integration of eq. 2.6 sampled every given
dt, are shown: close to the grain walls, where the fluid is moving slow, the number of sampling
point (red dots) is much higher than the one in the pore center where the fluid velocity is higher.
To avoid this problem and to obtain a number of point per track that is almost similar, we sample
the numerical solution over constant spatial steps of size ds along the trajectory itself (along the
curvilinear coordinate).
dx p ( x) =

Z dt p ( x)
0

u x ( x) dt,

dy p ( x) =

Z dt p ( x)
0

uy ( x) dt,

and

dt p ( x) =

ds
u( x)

(2.7)

a.

b.

c.

Figure 2.3: As blue solid lines are represented advected particles trajectories simulated with a fourthorder Runge–Kutta time stepping scheme and interpolated at equidistant locations also the trajectories themselves. Red dots in (a) represent the initial particle location. b) and c) a close view in the
red and yellow box, respectively.
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The same trajectories shown in ?? (a) are replotted sampled at equidistant spatial increments ds =
1/6 l in 2.4 (b). We simulated the transport of Np = 105 particles initially equi-spaced along a
vertical line at the medium inlet. For illustration, we report in 2.3 (a) one trajectory every 5,000, in
2.3 (b) one trajectory every 500 and in 5.3 (c) one every 200.
a.

b.

Figure 2.4: Numerically integrated particles trajectories within the flow field presented in figure 2.3.
a) tracks are sampled at constant time increment following a fourth-order Runge–Kutta time stepping scheme. b) the same trjectories are sampled at constant spatial increments ds along their own
track (along the curvilinear coordinate).

2.3.1
2.3.1.1

Analysis of the Lagrangian trajectories
Displacement moments

At time t, the distance traveled by a particle p is the curvilinear coordinate s p along the trajectory of
Cartesian coordinates (x p , y p ), that is defined as:
s p (t) =

Z t
0

ds p ,

ds p =

q

dx2p + dy2p .

(2.8)

The first and second ensemble moments of s p over the Np simulated fluid particles are:
1
µ(t) =
Np

Np

Â s p ( t ),

p =1

1
s (t) =
Np
2

Np

Â

p =1

⇣

s p (t)

In Fig. 2.5 we show the temporal evolution of particle spreading

p

hsi(t)

⌘2

.

(2.9)

ss2 , as a function of time rescaled

by the characteristic advective time across a pore, t A = l/u. Particle dispersion exhibits two powerp
law regimes s2 ⇠ ta . For t/t A < 1, the fluid dispersion is ballistic (a = 1), as expected since
individual fluid particles have not yet explored enough space to significantly alter their velocity.
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For t/t A > 1, the dispersion of fluid particles along their trajectories slows down, but it retains a
super-diffusive behavior (a > 1/2) which is persistent over two orders of magnitude in time. The
transition time between these two regimes, t/t A ⇠ 1, corresponds to the time when particles move

between porelets, and therefore sample different velocities. There exist several models for transport
a.

b.

10

102

2

t0.9
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Figure 2.5: a) Temporal evolution of the first moment (blue line). Space is rescaled by the average
pore length and time by the average advective time t A for single pore. As compared with the
slpope = 1 in black line, the first spatial moment increase linearly, which reflects the fact that no
external acceleration are imposed and the center of the mass moves linearly
p with the mean velocity.
b) Temporal evolution of the second spatial centered moment (variance s) which shows how the
plume is expanding while is flowing. The plot shows two different regimes: for t/t A below 1,
particles are still crossing the first pore and the variance increase with a ballistic behavior. After
that, particles start to experience different velocity and the variance’s increment is no longer ballistic
but collapse to still a superdiffusive regime as an effect of the heterogeneity of the chosen geometry.
in such complex media [e.g., 113, 114, 115]: here we adopt a correlated Continuous Time Random
Walk (CTRW) model [42] that is known to reproduce late-time anomalous spreading from the broad
velocity distribution [88], as we observe in our simulations. CTRW theory predicts the asymptotic
scaling of tracer particle dispersion in Eq. (2.9) [88]:

hsi(t) ⇠ t,

q

ss2 (t) ⇠ t(1

g)/2

,

(2.10)

where g is the characteristic exponent of the velocity distribution g = b/2, which leads to
p
s2 ⇠ t1/2+ b/4 , and is therefore super-diffusive (non Fickian) for b > 0. The CTRW theory agrees
well with the direct numerical simulations (Fig. 2.5). Therefore, the late-time scaling of tracer particle dispersion is controlled by the distribution of low velocities and, consequently, from the pore
throat size distribution.
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Lagrangian velocities: a Markov process?

Several stochastic models for transport in heterogeneous fields assume that transport itself moves
individual particles according to temporal and/or spatial jumps that are random processes. The
deterministic laws governing the distributions of such stochastic processes can be set and solved
more often numerically if these processes are assumed to be Markovian. This means that each future jump, each stochastic transition, happens according to distributions that depend on the present
system state only and not on its previous history.

To verify whether the considered system is Markovian over some temporal or spatial scale, we also
statistically analyzed the series of particles velocities (the core of the transport process): for each
particle we denote with vt the instantaneous velocity defined as the spatial to temporal increment
ratio vt = (s p (t + Dt)

s p (t))/Dt. Their PDF, computed as the normalized histogram of the vt series

for all particles at all times, is shown in fig. 2.6 (a) as function of the normalized velocity vt /u. The
distribution results to be quite flat and broad over 5 orders of magnitude.
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Figure 2.6: a) probability Density Function of the normalized Lagrangian velocities vt /u sampled at
constant temporal increments Dt = t A /4: these velocities are broadly distributed across more than
4 orders of magnitude. b) ProbabilitypDensity Function of the Lagrangian accelerations normalized
by their own standard deviation at / sa2 : a sharp peak at at = 0 characterizes particles in stagnant
zones, while exponential tails characterize
p strong fluctuations in channels of fast flow. The red solid
curve represents a Gaussian exp( ( at / sa2 )2 ) shape which would be expected for a formulation of
the problem in terms of a Langevin equation.
To further investigate the statistics of these Lagrangian dynamics, we define the Lagrangian accelerations associated to a given temporal lag Dt as at = Dvt /Dt, where the velocity increment Dvt
is defined as vt (t + Dt)

vt (t). The variance sa2 of at is used to normalize the probability density
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function (PDF) of these Lagrangian accelerations. In 2.6 it is shown PDF( at /

p

sa2 ) for the time lag

Dt = t A /4. The distribution of Lagrangian accelerations is characterized by a sharp peak close to
zero and exponential tails. The first behavior corresponds to low flow regions, where Lagrangian
longitudinal velocities and accelerations are small and strongly correlated. The second behavior
corresponds to high velocities in flow channels, where acceleration fluctuations are larger.
Such transport process (vt ) is Markovian if, for a given trajectory at step k the transport at future
steps k0 > k + 1 is independent on steps older than k. To quantify this, we compute the Lagrangian
accelerations auto-correlation function c at , defined as
c at ( t ) =

[h at (t + t )

h at ii] [h at (t)
sa2

h at ii]

.

(2.11)

where sa2 denotes the variance of accelerations distribution and the angular brackets denote ensemble average over all particles and over all times t. Figure 2.7 a displays c at of the Lagrangian
acceleration amplitude | at |, which scales slowly with the time lag, as the power law (t/t A )

1

(black

solid line in Figure 2.7), indicating a long temporal correlation of the accelerations (or the forces)
experienced by the particles along their journey within the porous material. Moreover, we compute
the autocorrelation function cvt of the Lagrangian velocities:
c vt ( t ) =

[hvt (t + t )

hvt ii] [hvt (t)
sv2

hvt ii]

.

(2.12)

where sv2 denotes the variance of the velocity distribution and the angular brackets denotes ensemble average over all particles and over all times t.

Figure 2.7 b displays cvt of the Lagrangian velocities |vt |, which, after a short initial regime where
it decays exponentially fast, it scales slowly with the time lag, as the power law (t/t A )

4/5

(black

solid line in Figure 2.8), indicating the long time correlation of the Lagrangian transport in this heterogeneous porous material. We conclude that there is not time scale over which we can represent
the system as a Markovian stochastic process.

As proposed by many authors (e.g. [116, 42, 88]), we investigate these statistic properties of the
transported trajectories sampling along them not at equidistant temporal intervals, but at equidistant spatial intervals. This may allow to avoid the oversampling of small velocities that leads to the
breakdown of the Markovian property of velocities and acceleration series. Figure 2.8 a shows the
PDF of the Lagransigan velocities sampled at equidistant spatial increments ds0 = 1/6 l along the
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trajectories. The scaling of the low velocities is the one expected by the flux weighted assumption
proposed by [117, 110] and also verified by the porelet model proposed by [35]. If the Eulerian
velocities are distributed as p E (v) ⇠ v

b/2 ,

then the Lagrangian velocities sampled over equidistant
1 b/2

spatial increments are distributed as p L (vs ) ⇠ vs

because they sample more where velocity is

higher and, thus, the mass flux is higher. Velocities close and above the average are exponentially
distributed, as expected [35].
Figure 2.8 b shows the PDF of the Lagrangian accelerations sampled over the defined ds0 . As for
the accelerations sampled over equidistant temporal increments at , PDF ( as ) distribution is characterized by a strong peak about as = 0 and heavy, exponential, tails that deviate significantly from a
Gaussian (red solid line in figure 2.8) that would be expected in a classical Langevin formulation.

As suggested in [116, 42, 88], when sampling over space and not over time, the correlation of
velocities and accelerations should decay exponentially, defining a spatial scale over which the
system can be assumed to be Markovian so, independent on its own history. Figure 2.9 a and b
show the slow spatial decay of the velocities autocorrelation over the whole system size (about 300
average pore throats l), with double logarithmic (a) and semi-logarithmic (b) plots, to highlight the
power law, and not exponential, scaling. This implies that even sampling over space, there is no
scale over which the transport can be assumed to be Markovian.
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Figure 2.7: Autocorrelation function of acceleration at in a. and velocity vt in b in time domain.
After an initial faster (exponential) decay, which corresponds to the single pore transition time,
both the two plots exhibits fluctuations that are decaying slower (power law). Such persistency of
fluctuations are the marker that particles have memory of the previous velocity experienced.
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A correlated Continuous Time Random Walk model

To further prove that the transport in this heterogeneous flow field is not Markovian we define a
correlated Continuous Time Random Walk (correlated CTRW) model that we feed with the statistics
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Figure 2.8: a Probability density function of the Lagrangian velocities (ps (v)) sampled equidistantly.
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The low velocities are power law distributed with a characteristic exponent (blac dashed line) vs
while high velocities are exponentially decaying (right inset). b) Probability
pDensity Function of the
Lagrangian accelerations normalized by their own standard deviation as / sa2 : in analogy with the
time domain, a sharp peak at as = 0 characterizes particles in stagnant zones, while exponential tails
characterize
pstrong fluctuations in channels of fast flow. The red solid curve represents a Gaussian
exp( ( as / sa2 )2 ) shape which would be expected for a formulation of the problem in terms of a
Langevin equation. This suggested that the motion is also spatial correlated.
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derived from direct analysis of the simulated trajectories. Following [42], we measure the probability
that a transported particle moving with a given velocity vi (called initial) will transition to the next
velocity v f (called final), after a spatial increment ds. This is quantified by the transition matrices
that are squared arrays of values representing the counts histograms, normalized by the velocity
class size, that a transition vi ! v f is observed.
In the left column of figure 2.10 are shown the transition matrices representing the transition probabilities defined over different increment ds = l/6, l, 7.5 l. The horizontal and vertical axes represent
the logarithm of the initial velocity and final velocity (normalized by their average value u), respectively, while the colormap represent the logarithm of the measured transition probability. Each
vertical line represent the velocity PDF after ds, conditional to an initial velocity vi , thus, the integral along each column is normalized to unity. For all increments, the measured transition matrices
display a sharp peak around the diagonal axis (for low and high velocities), showing the strong
correlation of the velocities, as expected.

If the velocities were a Markovian process, we could use these probabilities to generate a series of
jumps of equal size ds and duration ds/v where v is a velocity value withdrawn from these transition probabilities, given the previous velocity, and recover the macroscopic transport properties like
first, second moments of displacement and the BTC.

Following [42] we simulated the transport of a correlated random walker defined, at step n, by
xn = xn + ds

(2.13)

tn = tn + ds/v

(2.14)

where v is a random velocity value withdrawn from the measured transition matrix for the increment ds, given the previous velocity vn

1.

To generate such spatial series of velocities, we compute

the Cumulative Transition Matrices (CTM, shown in figure 2.10 right panel) and, for each present
velocity vi , we pick the next one v f as the higher velocity for which CTM (vi , v f ) < a, where a is a
random variable withdrawn from a uniform distribution between 0 and 1.

In figure 2.11 are shown the first (a) and second (b) spatial moments of the simulated random
walkers displacement (red dots), superposed to the same quantities measured from the direct simulations (figure ??). While the first moment is recovered at all times (the average velocities are the
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same), the injected particles spreading measured by the second spatial moment, deviates from the
one observed from direct simulations at times larger than the characterstic advection time t A over
a pore throat. While the CTRW would predict a late time scaling as t1/2+ b/4 [35, 110], the strong
anomalous transport happening shows a late time scaling as t0.9 , significantly different from the
CTRW prediction. This was expected since we knew, from the previous analysis, that these Lagrangian velocities are not a Markovian process.

Finally, we also computed the arrival times of the simulated random walkers at the medium outlet
(after 300 average pore throats l). We, then, compute the PDF of the arrival time distribution and we
integrate it over time to get the BTC equivalent to a continuous particle injection. The result of the
correlated CTRW (red dots) is shown in figure 2.12 superposed to the BTC computed (in the same
way) from the direct simulations (blue solid line). Similarly to the particles spreading, the CTRW
model cannot recover the the BTC behavior, as expected.

2.5

Final remarks

From this detailed analysis of Lagrangian transport in the considered heterogeneous medium we
conclude that spatial correlation of Lagrangian velocities is as strong as the temporal one, preventing
a stochastic model, based on the Markovian properties of the process simulated, to successfully
reproduce the macroscopic transport properties. Thus, also following the recent publication [117] on
stochastic modeling of transport by heterogeneous porous media, we believe that when considering
filtration by such heterogeneous media, a novel framework has to be invoked without relying on a
single spatial scale over which the system can be averaged. This is the objective of the next chapter.
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Figure 2.10: Left column, a, c and e: Transition Matrix (TM) between vi and v f and their relative Cumulative Transition Matrices (CTM), right column b, d and f , for different jump step ds = l/6, l, 7.5 l
respectively. The horizontal and vertical axes represent the logarithm of the initial velocity and final
velocity (normalized by their average value u), respectively, while the colormap represent the logarithm of the measured transition probability. Each vertical line represent the velocity PDF after ds,
conditional to an initial velocity vi , thus, the integral along each column is normalized to unity.
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Figure 2.11: a) Comparison between the temporal evolution of the first spatial moment obtained
from direct simulation (blue line) and CTRW simulations (red line). b) Comparison between the
temporal evolution of second spatial centered moment between direct simulation (blue line) and
CTRW simulation (redline). Differently from the first moment, after the transient time t/t A = 1,
CTRW simulations predict a spreading evolution slower than the direct simulation as show by the
two different scaling in black lines.
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Figure 2.12: Comparison between the Breakthrough curves (BTC) computed as the distribution of
arrival times obrtained from direct simulation (blue line) and CTRW simulations (red dots)
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Chapter 3

A novel model for filtration
3.1

The point of view of flowing colloids on filtration

This work has been published as a regular article in Physical Review Fluids with the title A stochastic model for filtration by porous materials. The model has been derived with prof. Marco Dentz who
directly supervised me during my first year of PhD, which I spent in his laboratory at CSIC in
Barcelona (SP) in 2016 and who co-supervised the rest of my PhD.

Following the final remark of the previous chapter two, here I present a novel stochastic model for
filtration that takes into consideration the strong heterogeneity of a porous medium, explicitly taking into account its spatial correlation. Classical approaches, like the colloid filtration theory (CFT),
do not capture the behaviors observed experimentally, such as non-exponential steady state deposition profiles and heavy tailed arrival time distributions. In the framework of CFT a key assumption
is that the colloid attachment rate k is constant and empirically estimated by a posteriori macroscopic data fitting. Here, we take the point of view of a transported colloid that experiences the
highly variable, but also strongly correlated, fluid velocity within the considered porous material.
We assume that the filtration process, as seen by a moving colloid, is composed of three processes:
i) a variable length scale l over which the colloid experience a given probability to get attached (in
terms of attachment rate k), ii) the velocity v and iii) the attachment rate k.

Thus, the colloidal motion is modeled as a sequence of displacements whose velocity and extension
are statistically distributed. Colloidal depositions are modeled as random events whose statistics
are determined by flow velocity, pore size and attachment rate. The resulting deposition profiles
are in general non-exponential and can be predicted based on the disorder distributions.
35

3.1. THE POINT OF VIEW OF FLOWING COLLOIDS ON FILTRATION

36

Acknowledgments
The research leading to these results has received funding from the European Research Council under the European Union’s Seventh Framework Programme (FP7/2007-2013)/ ERC Grant Agreement
No. 617511 (MHetScale) and the Swiss National Science Foundation, project no. 200021_172587,
Flows in confined micro-structures: coupling physical heterogeneity and bio-chemical processes.

PhD thesis - Filippo Miele

3.2. INTRODUCTION

3.2

37

Introduction

The macroscopic phenomenon of filtration is the process by which particles are removed from suspension in fluids: in other words, it is the separation between the suspended and the solid phase
of transported colloids [118]. This ubiquitous process takes place in natural (e.g., groundwater
and soil [119], hyporheic zone [120]) or mineral formation [121] and industrial systems (e.g. filtration plants [122], pharmaceutical industry and hospital care [123]) and affects many societal issues
including health, energy and clear water resources. The removal process of filtration is the composition of a number of small scale mechanisms that include straining, sedimentation, flocculation
and surface attachment. In practice, the filtration process requires that a colloid is transported close
enough to the host medium’s solid surface that it can attach to it [118].

The interaction among suspended colloids, and between colloids and larger solid surfaces is classically described by the DLVO theory [118], which accounts for charged surfaces that interact through
a liquid medium. This theory considers the balance between repulsive, Coulomb, and attractive,
Van der Waals forces. The former are associated to the so-called double layer that forms around an
ionic species in order to maintain electric neutrality and that coats all available surfaces. The latter
are due to quantum effects. They quickly vanish with distance and are responsible for the eventual
colloid attachment to the grain surfaces [124]. In this framework, when a suspended particle approaches another, or the solid surface of a different object, the ionic clouds overlap and a repulsion
force is exerted on the particle preventing them to come closer. However, because of molecular
diffusion or hydrodynamics effects, a suspended particle could approach a surface close enough,
against the electrostatic repulsion, to feel the attractive force and, eventually, attach to it [118]. These
attractive forces take place at very short scales l, below the micron (typically below 50 nm [124]).
Thus, they require that the flowing colloids approach the solid boundaries of the grains at distances
below l to obtain individual attachment events that lead to the macroscopic filtration phenomenon
by the host filter.

Many natural porous media, such as rocks, soil or biological tissues (e.g., wood), as well as industrial porous materials like cements and ceramics, are characterized by their ability to transmit
fluids through their pores among solid impermeable grains that constitute the overall medium backbone [46]. These media have been shown to posses a very rich structure in terms of the pore length,
pore throat and connectivity( e.g. [104]). This complexity plays a critical role in natural and engineered processes such as groundwater contamination and remediation [53, 54], water infiltration in
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soils [55] and geologic carbon sequestration [56]. Porous materials represent excellent filters since
they are characterized by very large surfaces compared to their volumes [46] and, thus, they are
often used as filtration systems [58]. However, pore-scale fluctuations in the medium, flow and
deposition properties are represented in the classical Darcy scale colloid filtration theory (CFT) by
average quantities like porosity f, the Darcy velocity q and filtration rate k [46].

Most filtration models rely [125], to the best of our knowledge, on the assumption proposed by
Happel that the complexity of flow though a permeable medium can be reduced by considering
the porous material as an assemblage of smooth, uniform spheres and representing the whole host
medium by sets of identical cells each containing a sphere surrounded by a fluid envelope [65]. This
concept is schematically represented in Fig 3.1a. In this framework, each sphere is considered as a
collector over which colloids, transported by the flow, may collide when passing close to its solid
boundary. In Fig 3.1a this is represented by the gray area around the black collector. Collisions
occur with an attachment or filtration rate k that is associated to the flow and medium properties
as [66, 126]: k = 3h (1

f)q/2dc where dc is the diameter of the collector (the average grain diame-

ter) and h is the collector efficiency (fraction of the flowing colloids that will collide on the collector
itself). This rate, k, represents the fraction of collision events that result in an attachment event
per unit time and is typically measured in units of [1/s]. Adopting this view of the flow through
a porous material, as described by the flow around a set of identical collectors, the efficiency h is
typically related to the ratio between the cross-sectional area S1 of the overall fluid passing around
the collector (top gray disk in Fig. 3.1a) and the surface area S2 delimited by the limiting trajectories
that will collide due to hydrodynamic and diffusive effects (red disk in Fig. 3.1a). Different physical
models can be considered to define the two surface S1 and S2 and, thus, h (e.g. considering different
colloids diffusivity or inertial effects) [67, 70, 72].

At the macroscopic scale, filtration is classically studied in terms of breakthrough curves (flux of
colloids at fixed location) [127] and deposition profiles (spatial distribution of attached particles at
a given time) [128]. In the introduced CFT framework, mass conservation can be stated in terms
of the classical one-dimensional advection-dispersion equation with the addition of an attachment
term modeled through a first-order kinetics, thus, the suspended colloids volumetric concentration
c evolves as:
∂c
∂2 c
+ kc = D 2
∂t
∂x

v

∂c
,
∂x

PhD thesis - Filippo Miele

(3.1)

3.2. INTRODUCTION

λ

b

ﬂow

a

39

c

limiting trajectory

liquid shell

λ

d
collector

e

λ

Figure 3.1: Filtration models. a. The classical Happel sphere in a cell model based on the porous
medium reduction to a single collector. b. Schematic view of our model that takes into account
the spatial variability of the collector properties: the porous medium is considered as a collection
of many collectors (solid grains) around which particles are advected by an heterogeneous velocity
field (black disk, adapted from [35]). c-e. Three particles flowing close by solid grain surface: once
a transported particle approaches the solid surface it will move along a segment of length l, ⇠ the
size of the grain, keeping a constant velocity v, being at a constant distance from the solid surface
and, then, experiencing a constant attachment rate k.
where D is the hydrodynamic dispersion coefficient and x represent the direction oriented along
the mean flow. Neglecting the effect of dispersion, under stationary conditions, Eq. (3.1) becomes
v

∂c
=
∂x

kc,

(3.2)

whose solution decays exponentially as c( x ) µ exp( kx/v). Each filtration event transfers a colloid
from the suspended population c( x ) to the filtered population, a( x ), whose stationary profile is also
exponential
a( x ) µ exp ( kx/v)

(3.3)

The deposition profile dimension is the inverse of a length, [1/m]: it can be measured as the number of colloids found in a column slice, of given thickness, at distance x from the inlet. It has been
shown that taking into consideration the effect of dispersion, the stationary solutions of (3.1) also
converge to an exponential decay with a slightly different characteristic decay rate [70]. For the sake
of simplicity, in the following we will neglect the effects of dispersion.

Filtration experiments showed significant discrepancies between experimental results (mostly from
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column experiments) and the exponential decay predicted by CFT for the stationary deposition profile (3.3). In particular, stretched exponential deposition and power law profiles, a µ x

a,

have been

observed [129, 130]. Some authors proposed to modify the CFT considering that along its own
trajectory a transported colloid would experience a given constant attachment rate k, but different colloids would experience different k due to chemical heterogeneities [129]. In this framework,
experimental data are typically fitted by ad-hoc attachment rate distributions without a clear connection to pore-scale properties. Moreover, to properly catch long tails and scale-free behaviors,
data should be collected over several orders of magnitude. These types of data, to the best of our
knowledge, are not available at the moment. In fact, experiments that investigate the spatial deposition profile a typically are performed in filtration column-beds which, after being flooded with a
colloidal suspension for a given period, are dissected into thin slices that are individually analyzed
to recover the average number of retained colloids within the considered slice [15]. This methodology, however, is not adequate to measure a deposition profile over several orders of magnitude in
the travel distance x.

Moreover, while models have been derived [70] to fit some experimental data set through a distribution of attachment rates, they do not account for physical heterogeneity associated to the pore
structure and the consequent flow and transport process. Pore structure and flow variability, however, play a central role in the dynamics of pore-scale processes such as particle dispersion and
reaction [131, 132, 133, 134, 110]. Pore-scale flows are organized in regions of fast and highly variable velocities and zones of stagnation [42, 111, 103, 135, 136]. While the high velocities are known to
control the overall transmission of fluid, the distribution of low velocities in zones of fluid stagnation
have been shown to control and characterize the late-time particle transport [103, 137, 42, 43, 110],
mixing and chemical reactivity [138, 139, 95, 24].

Here, we propose a model that accounts for the fundamental mechanisms driving filtration in
porous media, by explicitly taking into account the variability of colloid transport and attachment
rates. We focus on purely advective transport for which the flow field heterogeneity arises from
the complex path of streamlines, along which colloids move. As represented schematically in Figure 3.1b-e, we represent a porous medium as a collection of heterogeneously distributed grains
(represented by black disks in Figure 3.1) around which the trajectories of individual colloids are
organized. Thus, we develop a stochastic model that combines the heterogeneous host medium
structure, fluid velocity and attachment rate distributions. In particular, as represented in Fig. 3.1ce, we assume that in each pore of length l a transported colloid keeps a constant velocity v, a
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constant distance from the grain wall and, thus, a constant attachment rate k. Once it moves to the
next pore of different size, also v and k will change. This reflects the fact that flow and medium
structure may vary across a range of length scales.

3.3

Stochastic model

3.3.1

Model formulation

The basic mechanisms that drive the overall filtration phenomenon are i) the advective displacement
of suspended colloids through the pore space, ii) their individual attachment to the grain walls.
Purely advective particle motion in the flow field u(x) is governed by the advection equation
dx
= u[x(t)],
dt

(3.4)

where x represents the position of a transported particle, that can be measured using microscopy
and tracking techniques in units of [m]. The traveled distance s(t) from the inlet position of a
particle along a streamline is given by the integration of
ds(t)
= v[s(t)],
dt

(3.5)

where v(s) is the stream-wise velocity magnitude. The latter is the Lagrangian velocity of a transported particle along its own streamline that can be measured with microscopy and tracking techniques, in units of [m/s]. In order to project the stream-wise traveled distance along a trajectory
s(t) onto linear distance x (t) from the inlet, we use the concept of advective tortuosity c [136], a
macroscopic quantity which compares average streamline length to linear distance. Tortuosity can
be determined by the ratio of the mean absolute velocity and the mean velocity in x-direction [140].
Thus, we set x (t) = s(t)/c, which gives
dx (t)
v[s(t)]
=
.
dt
c

(3.6)

In the following, we set c = 1 for simplicity, but in an experimental framework it could be measured
in terms of the individual transported colloids trajectories (through microscopy and time lapse
imaging) and medium size. Colloids may attach as they move through the medium: we model this
process as a first-order kinetics, in analogy to CFT. Here, however, we account for spatial variability
of the attachment rate k = k ( x ) as colloids move through the heterogeneous pore space. This
variability is caused by the changing distance between a colloid and the grains surface, as discussed
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in more detail below. Moreover, we consider that the pore velocity is also a local function of space
v = v( x ) [42, 135] Thus, the distribution c( x, t) of suspended particles corresponding to (3.6) is
given by
∂c( x, t)
∂
+ v( x )c( x, t) =
∂t
∂x

k ( x )c( x, t),

(3.7)

where the right hand side accounts for colloid attachment at the grain surfaces. The steady state
profile c( x ) is given by:
c( x ) =

v (0)
exp
v( x )



Z x
0

dx 0

k( x0 )
,
v( x0 )

(3.8)

where the position x = 0 is the colloids injection point (inlet) where they are continuously injected
with constant concentration, as detailed in Appendix A. A. The steady state profile a( x ) of the
attached colloids is defined by:

a( x ) =

Z•

dt0 k ( x )c( x, t0 )

(3.9)

0

and it requires the transient solution of eq. (3.7) for c( x, t). In Appendix A, we derive the steady
state deposition profile
k( x)
a( x ) =
exp
v( x )



Z x
0

dx 0

k( x0 )
.
v( x0 )

(3.10)

Note that this expression differs from equation (3.3), since it explicitly accounts for the spatial
dependence of v and k. The fluid velocity in a porous material varies over length scales characteristic
of the medium geometry [133, 136]. Thus, we approximate each trajectory as composed by a number
of segments with different lengths ln during which the velocity vn is nearly constant. The length
ln is related to the correlation length of stream-wise velocity and of the order of a pore length,
typically measured in [m] [141, 142]. Within a pore, a colloid travels at a nearly constant distance
from the grain wall, like in a circular pipe (see 3.1 c-d-e). Therefore, we assume that also the
attachment rate k, of the transported colloid, remains constant within each pore, but it is variable
between pores. This piece-wise view of the pore-scale fluid velocity is consistent with previous
observations and assumptions that Lagrangian velocities decorrelate on distances of the order of
the pore lengths l [143, 42, 144, 43? , 110]. We assume that velocity v, attachment rate k and
pore size l are independent random variables and distributed according to the probability density
functions (PDFs) pv (v), pk (k ) and y(l) respectively. The macroscopic filtration phenomenon is,
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thus, the result of these microscopic displacement and attachment mechanisms. Expression (3.10)
denotes the density of attached particles along a single streamline. For a single realization of the
stochastic processes {ln , k n , vn } it reads as
kn
a( x ) = x exp
vnx

"

nx 1

Â

i =1

ki
li
vi

k nx
(x
vnx

#

xnx ) ,

(3.11)

where after n steps the position is given by
(3.12)

x n +1 = x n + l n
and the number n x of steps needed to get as close as possible to x is n x = max(n| xn  x ).

3.3.2

Ensemble average

The global profile of attached particles is obtained through the average of a( x ) over many realizations of {l, k, v},
a( x ) ⌘ h a( x )i =

Dk

nx

vnx

exp

h

nx 1

Â

i =1

h
ki i
li exp
vi

k nx
(x
vnx

xnx )

iE

,

(3.13)

where the angular brackets denote the ensemble average. In the following, we will split the contribution to the deposition profile provided by the first n x
segment of length x

1 steps, from the one provided by the last

xnx . Note that expression (3.13) depends on the ratio k n /vn rather than k n

and vn individually. Thus, we define the new stochastic variable rn = k n /vn , whose inverse denotes
a length, which is the characteristic filtration distance traveled by a colloid with velocity vn before
getting retained with an attachment rate k n along its own path. The PDF of this new quantity, pr (r),
can be expressed as

pr (r) =

Z•

dv pk (r v) pv (v).

(3.14)

0

Intuitively, eq. (3.13), expresses the probability that particles do not attach (in the previous n
steps) up the distance xn
x

1

1

times the probability that they get attached during the last step of length

xnx . The first term of eq. (3.13) is the Laplace transform of pr (r)
p̃r ( x ) =

Z•

dr exp( rx ) pr (r) = E[e

0
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which denotes the probability that a colloid is not attached at the distance x, and consists in the
expectation value of e

r x.

The second term is related to
d p̃r ( x )
=
dx

Z•

dr r exp( rx ) pr (r)

(3.16)

0

through multiplication by the probability Y( x )

Y( x ) =

Z•

(3.17)

dl y(l)

x

that the current segment of length l is longer than x. Thus, collecting all these terms, the ensemble
average in eq. (3.13) for the deposition profile can be computed explicitly as (see Appendix A for
the full derivation),

a( x ) =

Zx

dx 0 R( x 0 )

0

d p̃r ( x x 0 )
Y( x
dx

x 0 ),

(3.18)

where
R( x ) = d( x ) +

Zx

dx 0 R( x 0 ) p̃r ( x

x0 )y( x

x 0 ).

(3.19)

0

The quantity R( x ) denotes the joint probability that the particle is at position x and it is not attached.
Equation (3.19) represents the mass conservation: indeed, the right hand side denotes the probability that a colloid traveled up to the position x 0 times the probability that next segment length is
x

x 0 . In order to de-couple the system of eqs. (3.18), (3.19) and to obtain a closed solution for the

deposition profile a( x ), in the following, we will consider the Laplace transform of eqs. (3.18), (3.19).
In the appendix we provide the derivation to get the following expression for the Laplace transform
of the whole deposition profile:

ã(u) =

⌧

r (1

ỹ(u + r))
u+r

1

hỹ(u + r)ir

r

.

where u denotes the transformed variable of x, which has the same units of r = k/v, [m]

(3.20)
1.

In the

following we will explicit the deposition profile a( x ) for different small scale parameters {l, v, k }
distribution.
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Microscopic processes and their distributions

The introduced model is based on a piece-wise view of the pore-scale structure, transport and attachment mechanisms. We assume that a colloid moves through a pore of length li by the local
flow with a constant velocity vi and may attach at rate k i , which changes between transitions of
length li+1 . This length scale can be interpreted as the physical size of an individual pore, but it
may comprise also several pores over which the velocity of transported particles persists such as in
high velocities channels [42]. In this framework, the physical meaning of l refers to the medium
structures that are larger than individual pores, but consist of several pores that are well connected,
from an hydraulic point of view.

We consider two main cases, i) a strongly heterogeneous and ii) a weakly heterogeneous medium.
The weakly heterogeneous medium is characterized by a narrow disorder distribution as defined
below. The strongly heterogeneous medium is characterized by properties distributed across a wide
range of pore size and attachment rates.

3.4.1

Weak heterogeneity

Porous materials, whose structural properties do not display large spatial variability, have been
widely used in order to investigate the link between small scale fluid mechanics and the overall
transport phenomena, for instance packed beads [144, 145]. In these conditions, the pore size
distribution is typically narrow, spanning not much more than one order of magnitude about the
mean. According to [145, 146], we will consider a log-normal distribution of the pore size l
1
y(l) ⇠ exp
l

(log l µl )2
2 sl2

!

(3.21)

2

where the parameters µl and sl define the mean as eµl +sl /2 . The values adopted in the simulations
for v0 are described in the caption of Figure 3.2: we used µl = 2 and sl = 0.5 which corresponds
to a mean pore size of 8.4 lc , the smallest pore size, which is a reasonable value for a weakly heterogeneous medium (a material whose pore size distribution is not homogeneous, peaked about a
single value, with variability spanning over about one order of magnitude). For such approximately
uniform structures, the flow has been measured within microfluidics replica of a porous material
using video-microscopy and particle imaging velocimetry [144] and it has been shown to have a
narrow, exponential Eulerian velocity distribution. The proposed modeling approach is based on
particle velocities measured spatially along trajectories, see Eq. (3.11). Thus, the particle velocity is
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given by the flux-weighted Eulerian velocity distribution [117]
pv (v) ⇠ v exp

✓

v
v0

◆

(3.22)

where v0 represents the mean fluid velocity. The values adopted in the simulations for v0 are
described in the caption of Figure 3.2: they span the range [10

500] lc per second (lc is the smallest

pore size). This is a resonable range of values considering that a typical porous medium velocity is
v0 ⇠ 10 µm/s (about 1 m per day) and typical pore sizes range from 1 µm up to few mm. In these

conditions, we assume that the local attachment rate k is inversely proportional to the grain size,
k ⇠ 1/l, as discussed in more detail below for the heterogeneous case, thus

( log k µk )2
2 sk2

1
pk (k ) ⇠ exp
k

3.4.2

!

.

(3.23)

Strong heterogeneity

In complex and heterogeneous structures, even though pore size distributions are not easy to measure, recent research [142] has shown that the distribution of pore sizes and throats, measured in
clay and sandstone samples with different high-resolution and cutting-edge technologies (BIB-SEM,
X-ray µ-CT and FIB-SEM image-stacks), turn out to be power law distributed over a broad range
of length scales. Similarly, using small-angle neutron scattering and fluid-invasion methods it has
been shown [141] that also shale samples display a power law distribution of the pore sizes. Thus,
we choose, here, a Pareto distribution for the length l
g
y(l) =
lc

✓ ◆
l
lc

1 g

,

(3.24)

where lc represents the smallest, detectable, pore size (l > lc ). From now on we re-scale space in
terms of lc , but for simplicity we will not change the notation of the spatial variable x and l: in
this reference lc = 1. The local fluid velocity modulus through a power-law distributed pore spaces,
has been shown in 2d [35] and 3d [110] to follow also a power-law distribution with an exponential
cut-off. Thus, we choose a Gamma-distribution for the fluid velocity v,
pv (v) =

1
v0 G ( b )

✓

v
v0

◆b

1

exp

✓

v
v0

◆

,

(3.25)

where v0 denotes the cut-off velocity. Note that typical values for b for heterogeneous flows, characterized by broad distributions, are in the range [0, 2], [117], in Table I we list all the values adopted
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for our simulations. To define the statistical distribution of the attachment rate k, we assume that
the probability for an individual colloid to get attached and retained by a grain wall depends only
on the distance at which it is instantaneously located from a solid surface. Note that a pore is not
only characterized by its length, but also by the throat size r representing its smallest constriction.
We assume that the distance at which a colloid travels from the grain wall is represented by the
pore throat: the smaller the pore is, the closer it may be to a solid grain surface and, thus, the larger
its attachment rate k. It has been found for several materials [142, 141] that the distribution of pore
throat size r can also be approximated by a Pareto distribution
d
yr (r ) =
rc

✓

r
rc

◆

1 d

,

r < rc

(3.26)

which is characterized by the exponent d and the smallest detectable pore throat size rc . Thus,
assuming k ⇠ 1/r, the lower bounded Pareto-type PDF will results in a power-law distribution with
a cut-off for high values of k, which we model here by the Gamma distribution
1
pk (k ) =
k0 G(n)

✓

k
k0

◆n

1

exp

✓

k
k0

◆

,

(3.27)

where the cut-off k0 is associated to the smallest throat diameter rc . Note that in general, pore
length, pore diameter and fluid velocity may be correlated. Here, we assume for simplicity that
they are statistically independent. With the above choices for the distribution of velocities v and
attachment rates k, we obtain for the PDF pr (r) of r = k/v a Beta prime distribution
1
pr (r) =
r0 B( b, n)

✓

r
r0

◆n

1

✓

r
1+
r0

◆

b n

.

(3.28)

where B( b, n) is the Beta function and r0 = k0 /v0 . As we will discuss later, these particular
broad-type distributions reflect the medium heterogeneity and are responsible for the emergency of
anomalous behavior in the deposition profile a. Please note that the physical quantity r = k/v has
dimension the inverse of a length and the characteristic 1/r0 = v0 /k0 represents the distance traveled by a particle moving with velocity v0 before being attached while subjected to the attachment
rate k0 . In the following, we will discuss the predictions of our stochastic model, both analytical
and by numerical integration of eq. (3.13), for 11 sets of parameters b, g, n, k0 and v0 as detailed in
Table 3.1.
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Table 3.1: Parameters for the heterogeneous medium simulations. We run 11 simulations varying
the cut-off values v0 and k0 and the characteristic exponents b, g and n of the distribution for
velocity, attachment rate and pore size, respectively. For each simulation, we report the predicted
scaling for short (b 1) and large distances ( n g 1). Note that since the space has been rescaled
with respect to the minimum pore size lc , the characteristic velocity v0 is given in units of [s 1 ].
b - [-]
g - [-]
n - [-]
k0 - [s 1 ]
v0 - [s 1 ]
k0 /v0 - [-]
b 1
g n 1

#1
0.6
0.7
0.7
10 2
1
10 2
-0.4
-2.4

#2
0.6
0.6
0.4
10 1
10
10 2
-0.4
-2.0

3.5

Scaling behaviors

3.5.1

Weak heterogeneity

#3
0.6
0.4
0.3
1
102
10 2
-0.4
-1.7

#4
0.6
0.2
0.15
10
103
10 2
-0.4
-1.35

#5
0.2
0.5
0.3
10 4
1
10 4
-0.8
-1.8

#6
0.4
0.5
0.3
10 3
10
10 4
-0.6
-1.8

#7
0.6
0.5
0.3
10 2
102
10 4
-0.4
-1.8

#8
0.8
0.5
0.3
10 1
103
10 4
-0.2
-1.8

#9
0.6
0.5
0.3
10 1
102
10 3
-0.4
-1.8

# 10
0.6
0.5
0.3
10 2
103
10 5
-0.4
-1.8

# 11
0.6
0.4
0.4
1
102
10 2
- 0.4
- 1.8

As discussed in the previous section, weak medium heterogeneity is characterized by narrow pore
size, fluid velocity and attachment rate distributions characterized by finite mean and variance.
This is very important to compute the Laplace transforms involved in eq. (3.20): in fact, the Laplace
transform of the function f ( x ) is the expectation value L[ f ](u) = E[e
the inlet (x

ux ].

At large distances from

1/hri), this expectation value can be computed considering that the transformed

variable gets small values u + r ⌧ 1, thus, we expand the Laplace transform of the pore size
distribution ỹ(u + r) close to zero, to get ỹ(u + r) ⇠ 1

(u + r). This implies that eq. (3.20) can be

rewritten as

ã(u) =

hrir

hu + rir

(3.29)

that can be anti-transformed to get the deposition profile
a( x ) = hrir e

x hrir

(3.30)

that decay exponentially fast, as predicted by the classical framework proposed by CFT. This result
is confirmed by the numerical integration of eq. (3.13), as shown in Fig. 3.2.
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Figure 3.2: Deposition profile for a weakly heterogeneous medium. Symbols represent the numerical integration of eq.(3.3) for the following value of the parameters: b = 2, µl = 2 and sl = 0.5 for
all sets, set 1 (⇤), v0 = 10, µk = 0.5 and sk = 0.5, set 2 (⌃), v0 = 200, µk = 0.5 and sk = 0.5, set 3
(4), v0 = 100, µk = 0.01 and sk = 0.5 and set 4 ( ) v0 = 500, µk = 0.05 and sk = 0.5. The dashed
lines represent exp( x hri), where hri was computed numerically from the used distributions.

3.5.2

Strong heterogeneity

The defined microscopic process r for a heterogeneous medium is characterized by the characteristic
length scale 1/r0 , which defines the distinction between the portion of the system that we consider
close and far from the inlet location.

3.5.2.1

Deposition profiles at short distances from the inlet

A particle that is retained by the host medium at a distance closer than 1/r0 = v0 /k0 from the inlet
location, got attached before it could transition from its initial velocity v. The characteristic survival
time for such particles is of the order of 1/k0 , thus, the location of attachment is v/k0 and it depends
only on the initial velocity. In other words, particles experience only their own initial velocity for a
time 1/k0 after which they attach in a way that is independent on the specific shape of the k and
l distributions. This means that, close to the inlet, the spatial profile of attached particles can be
approximated as
a ( x ) ⇡ k 0 p v ( k 0 x ).
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which it is fully determined by the velocity distribution pv . The distributions of pore size l and
attachment rate k will not play any role since they have not being sampled. The deposition profile
scaling for short distances from the inlet location has been computed by the numerical integration
of eq. (3.13) sampling the stochastic variables from the distribution defined in eqs.(3.25-3.28).

In Figure 3.3 (left) is shown the integrated deposition profile for a heterogeneous medium: symbols
represent the numerical solution averaged over 2 · 105 independent realizations of k (s), v(s), l(s)

drawn from distributions eqs.(3.25-3.28) and solid lines our model prediction. Using a power law
distribution for the pore-scale fluid velocity pv (v), eq. (3.25), our our model (eq. (3.31)) results in
the power-law scaling
a( x ) ⇠ x b

1

.

(3.32)

The fitted exponents (see also Appendix D for the fitting procedure) are well matched by our prediction, eq. (3.32), as shown in Figure3.3. Different data sets are associated to different choices of
the distribution parameters, as described in Table 3.1.

3.5.2.2

Deposition profiles at large distances from the inlet

The deposition events that happen after traveling at least 1/r0 = v0 /k0 are mainly due to particles
that experience low attachment rates and high velocities, so that for each transition v/k > 1. This
imposes bounds for the sampled values of k and v. Roughly speaking, the range of low values of k
spans the entire power-law regime while only few, high, values of v > v0 are sampled to ensure the
condition v/k > 1. Physically, this means that particles sample a broad range of different transition
lengths l and attachment rates k, at high velocities. Thus we expect that the deposition profile at
large distances from the inlet will not depend on the velocity distribution.
As discussed in the appendix, the Laplace transforms of these equations deposition profile ã(u)
and of the function R̃:
ã(u) =

⌦

r(u + r)g

1

↵

r

h(u + r)g ir

.

(3.33)

and
R̃(u) =

1
.
h(u + r)g ir
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Figure 3.3: Deposition profile for heterogeneous medium. Symbols represent the numerical integration of eq. (3.3) for different values of the parameters that are described in table 3.1: set 5 (⇤), set 6
( ), set 7 (⌃) and set 8 (4). The dashed lines represent a power law fit for the numerical integration
of eq.(3.3), for short distances from inlet.

In Appendix A we show that, considering the defined pr and y and their expressions in the
Laplace space, we find that the profile a( x ) of attached particles scales for x
a( x ) µ x

g n 1

1/r0

.

(3.35)

where the exponent g + n + 1 characterizes the particles deposition and reflects the information
contained in the pore size and attachment rate distributions. Note that this scaling behavior is valid
for any parameter distributions y(l) and pk (k ) that show the power-law behaviors y(l) µ l
l smaller than a characteristic length scale `c and pk (k ) µ kn

1

1 g

for

for k smaller than a characteristic rate

k0 , independent from the distribution of velocities. In Figure 3.4, the symbols represent numerical
integration of eq. (3.13) for different values of the exponents g, n and b, for given k0 and v0 and
the solid lines represent a power law fit on the asymptotic scaling. The fitted exponents are well
matched by our prediction, eq. (3.35), as shown in Figure 3.4 right.
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Figure 3.4: Left. Deposition profile,symbols represent the numerical integration of eq.(3.3) for different values of the parameters, as described in table 3.1: set 1 (⇤), set 2 ( ), set 3 (⌃) and set 4
(4). The dashed lines represent a power law fit of the numerical integration of eq.(3.3), for large
distances from inlet. Right. Plot of the fitted values of the exponent A, eq.(A.37) for the large scaling
of the deposition profile. The errors are provided by eq.(A.38).
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Figure 3.5: Deposition profile. Symbols represent the numerical integration of eq. (3.3) for different
values of the parameters, as described in table I: set 11 (⇤), set 7 ( ), set 9 (⌃) and set 10 (4). The
dashed lines represent the short and large distance scaling predicted by eq. (3.32) and eq. (3.35),
respectively.
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Regime transitions

Figure 3.5 shows the deposition profile associated to the parameters sets 3, 7, 9, and 10 (as described
in Table 3.1) for which the exponents b, g and n are kept constant while the characteristic attachment
rate k0 and v0 , that determine the cut-off for r, vary as: 10

5,

10

4,

10

3

and 10

2.

The transition

between these two regimes is well predicted by the characteristic filtration scale 1/r0 = 102 , 103 , 104
and 105 (note that space has been normalized with respect to the smallest pore size lc ).

3.6

Conclusions

We addressed the problem of anomalous deposition profiles resulting from the colloids filtration
by heterogeneous porous material proposing a novel stochastic model. We predict the Lagrangian
steady state deposition profile a as function of traveled distance from the inlet, taking explicitly
into account the physical heterogeneity of the host medium structure and velocity distribution in
advective dominated regime (neglecting dispersive effects).

In particular, we assumed that each colloid trajectory is composed of a number of segments (the
path traveled within each individual pore) of length li characterized by a velocity vi and attachment rate k i constant. Every time a colloid leaves the pore i to enter the i + 1 pore of length li+1 ,
it changes its velocity to vi+1 and attachment rate to k i+1 . By averaging the final position of traveling colloids over all possible l, v and k, we predict the stationary deposition profile for, weakly
heterogeneous and strongly heterogeneous media, as function of the characteristic parameters of
the distributions y, pv and pk , whose definition is consistent with many microscopic observations
on real media. The numerical integration of the stationary deposition profile eq.(3.10), takes into
account the random variability of the three processes l, v and k. Our model recovers the classical results of the CFT for weakly heterogeneous media (exponential deposition profile) and for the
strongly heterogeneous ones it predicts a power law profile that it is well fitted by our analytical
solution for short, eq. (3.32), and large distances, eq. (3.35), from the inlet.

The proposed model of filtration, though simple, is the first one that, to the best of our knowledge,
brings together the fundamental processes of velocity and correlation length (pore size) to couple
them with a first order kinetics. This model can be easily extended to incorporate more realistic,
and complex, attachment kinetics including transient attachment-detachment process. In particular, including diffusion and reversible attachment (e.g. with the introduction of a detachment rate
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or the classical Langmuirian adsorption dynamics) within the main ADE equation, the equivalent
Lagrangian formulation can be formulated and numerically integrated within the same solution
strategy proposed in our manuscript. Moreover, higher order kinetic rates, leading to non-linear
terms in the ADE formulation, can be analytically treated in terms of perturbative techniques only
for a restricted range of parameter values for which the whole system can be reduced to a set of
linear equations whose solution can be found following the proposed strategy [147].

Finally, we emphasize that we focused our study on the emergence of anomalous steady state deposition profiles, providing an analytical solution for the scaling behavior in the two observed regimes
for a strongly heterogeneous medium. Moreover the proposed model can be extended by considering conditional pdf once the inner relations between local velocity field, colloid-surface adhesion
force and relative distance are known. This can be addressed by performing single colloid-grain and
colloid-grains cluster attachment observations with microscopy techniques. In this case, the size of
the particle will also be relevant. Furthermore, other possible extensions include complex timedependent dynamics emerging from the breakdown of the clean bed assumption (e.g. changing
permeability and clogging effect). In this case, an aging Continuous Time Random Walk (CTRW)
model can be implemented.
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Chapter 4

Microfluidics experiments for colloids
filtration
In this chapter are presented and discussed the results of novel experiments on filtration of a monodispersed colloidal suspension by an heterogeneous porous medium: the developed setup allows us
to visualize and quantify macroscopic transport and deposition, in terms of BreakThrough Curves
(BTC) and Deposition Profiles (DP), and microscopic transport by means of Particle Tracking (PT).
We consider suspensions of low Ionic strength, to avoid clogging events during the entire experiment, in order to validate the models presented in the previous chapters that rely on the clean bed
assumption. Indeed, in this scenario, also referred as unfavorable condition [15], the electrostatic
charges coating the colloids hinder them from getting very close to the grain surfaces very often,
reducing their probabilty of attaching and getting retained. We show that, even in this unfavorable
scenario, attachment occurs and results in macroscopic anomalous BTC and DP.
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Diagnostic quantities for filtration by porous media

We developed the setup described in the following to study the multi-scale nature of filtration by
heterogeneous porous media as the result of the combination of particle transport and retention
that takes place at the scale where they can experience the attractive interaction with solid surfaces
of the filter.

4.1.1

Macroscopic diagnostic quantities

In many practical scenarios, understanding the mechanisms that govern transport and retention
of colloids and microorganisms is fundamental for controlling the removal of such particles from
the suspended phase. Macroscopic quantities that describe the extent of penetration through the
medium and removal efficiency at a given distance from the inlet location are Deposition Profiles
(DP) and distribution of the arrival times or BreakThrough Curves (BTC). The former quantifies
spatial distribution (from inlet to outlet) of the retained particles by the host medium after a given
time. The latter, describes the temporal dynamics of particles transport that survived the filtration
phenomenon and reach the medium outlet.

4.1.2

Microscopic processes and their quantification

The microscopic processes that mediate the macroscopic phenomenon of filtration are fundamentally adsorption to the solid surfaces of the host medium matrix (the filter) and the transport of
individual colloids towards these solid surfaces. As discussed in chapter 1, adsorption of colloids
to solid surfaces is governed by the competition of attractive forces (Van der Waals) and repulsive
forces (of electrostatic nature) [15, 118]: the net effect happens at scales below the micron: in other
words, a colloid experiences the interaction with solid structure host medium only when extremely
close to it. The description of this interaction is provided by DLVO theory: a potential barrier due
to electrostatic forces hinders the attraction between colloid and medium surfaces. Thus, in order to
make the event of a colloid attachment to a solid wall possible, by molecular diffusion a colloid must
get enough energy to overcome this potential barrier and experience the medium surface attraction.
This is possible only if a suspended colloid is, first, transported by the fluid motion close to a
medium wall surface (like a grain of the porous medium), then, diffusion can play its role [125, 65].
Transport by advection in a heterogeneous medium is controlled by the distribution of velocities that
can vary over a broad range of values (several orders of magnitude) and, thus, in order to understand the rate at which colloids can come close enough to experience the surface presence we must
PhD thesis - Filippo Miele

Homogeneous porous medium - 12/2018
w = 3 mm L = 982 mm
λ = 50 μm - R = 75 μm

4.2. NOVEL EXPERIMENTAL SETUP FOR FILTRATION BY POROUS MEDIA

57

investigate directly the motion of colloids in such heterogeneous flows withdrawing information
from their trajectories, in a Lagrangian framework.

4.2

Novel experimental setup for filtration by porous media

Heterogeneous

In the past decades, microfluidics devices has been used to investigate attachment properties [148]

and are useful tools to control surface chemistry and local velocity [68, 86]. In particular, Cejas et.

w = 3 mm - L

al. observed and modeled the dynamics of micro-scale hindered diffusion for favorable attachment

conditions in a straight channel, designing the experiment to neglect colloid transport near the

attachment sites (microfluidics solid walls) since particles are injected in a controlled way near the
chip walls. A detailed observation and description of the transport mechanism that mediates the
particles approach to the regions where attachment is possible in porous media is still missing. Here,
we propose
a novel experimental
that takes explicitly into account the complex dynamics
Heterogeneous
porous mediumset-up
- 12/2018
w =the
3 mm
- L = 982
- λ = 90
μm potential collectors (grain walls) to quantify the overall
that govern
transport
ofmm
colloids
toward

filtration.
Inlet

a.

b.
l=
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Figure 4.1: Microfluidics design and pore-throat size distribution. a) top view of the overall folded
shape. b.) Details of the pore structure. The grains outer perimeter appears as a white circles. c.)
Binary mask superposed to a Delaunay triangulation used to measure the pore throat (inter-grain
distance) l. d) The measured pore throat size distribution pl ⇠ (l/l ) 0.55 is a power law over more
than an order of magnitude and has average value l = 0.07 mm.
Typical laboratory-scale experiments consists of continuous or pulsed injection of a colloidal suspension in column packed bed that do not allow for the simultaneous measurement BTC and DP.
Our novel setup allows us to i) measure BTC over a broad range of temporal scales (from second to
days), ii) measure the DP across a broad range of length scales (from 5 to 20,000 pore throat sizes),
iii) characterize the pore-scale transport in terms of Lagrangian trajectories, whose statistics will
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feed the stochastic model for up-scaling filtration presented in chapter 3.

4.2.1

Suspension preparation

We prepared a colloidal suspension composed of a 2 ml solution of 56% UV treated MilliQ water
and 46% D2O (Sigma-Aldrich) to which we add 6 µl of the mono-disperse fluorescent carbonxylatemodified polystyrene particles FLUOROMAX B0100 (Thermo Fisher Scientific) of 1µm diameter.
The heavy water is added to the suspension so that we match the colloids density, which is 1.05
g/ml, and we avoid their sedimentation. Before starting each flow experiment, the used suspension
has been sonicated for 20 minutes in a bath with ultrasound waves, in order to breakdown any
eventual clusters into individual colloids.

4.2.2

Microfluidics design

We designed a two dimensional porous medium geometry, to be printed into a microfluidics device, with two main goals: i) to investigate the impact of flow heterogeneity on filtration and ii) to
measure deposition profiles across several length scales. These goals allow us to test the models
discussed previously and determine whether the filtration process has a multi-scale nature.

To achieve the first goal, we follow the recent publication [35] that introduces the concept of porelet:
we produced a series of disks with random radius r in the range [0.06 mm < r < 0.12 mm] placed
uniformly at random locations so that they have a distance l between them, which is power law distributed pl (l ) ⇠ l

0.55

(see figure 5.1). In analogy with pore-network modeling, we assume that the

overall flow is composed by several flows passing through each individual pore throat of different
size l, that is a Hagen-Poiseuille flow with a well defined stochastic distribution (the porelet). This
grains geometry is expected to produce an overall heterogeneous, power law, distribution of low
Eulerian velocities as pv (v) ⇠ v

0.55/2

[35] (see figure 4.1 b).

To achieve the second goal and investigate filtration across several spatial scales, we need to generate a porous material with an overall length which is a few orders of magnitude the size of an
individual pore. Thus, we fix the average pore throat size at l = 0.07 mm and we design a folded
strip of width w = 3 mm equivalent to 60 l and length L = 990 mm equivalent to 19, 800 l (see figure 4.1). In order to avoid the Hele-Shaw approximation for the flow within the pores (that would
result in a flat velocity profile in each pore), we must fabricate the described geometry such that the
microfluidics thickness is of the same order of the average pore throat l. As discussed below, we
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perform the fabrication so that the microfluidics thickness is h = 0.05, mm which is very close to
the average pore throat size l = 0.07 mm.

4.2.3

Microfluidics fabrication
Master mold fabrication

PDMS replication

Spin-coating of photoresist on a silicon wafer

Pour the master with a PDMS and curing agent mixture

Expose photoresist to UV light trhough a photomask
of the designed chip

Cut and peel-off the chip. After created the inlet-outlet
holes. Make the plasma treatment and bond the device
on a glass slide

Develop exposed wafer with photoresist

Figure 4.2: a) Standard scheme for mold and microfluidics scheme fabrication. After spin coating
a silicon wafer with a photoresistant glue, UV light irradiates homogeneously the glue through a
black-and-white mask where the design of our geometry has been printed: the glue hardens where
light is allowed for passing through the mask. Then, with the help of a developer the liquid glue
is removed and the solid relief with the negative of our geometry persists. Finally, liquid PDMS is
poured on top of the wafer (previously placed in a plastic Petri dish) and left 5 hours at 60 ° C: we
then cut and peel-off the hard PDMS to plasma-bond it to a soda-lime glass slide.
Polydimethylsiloxane (PDMS) channels were designed, as described above, using an in-house software generating obstacles with round shape, random position and distributed size. A single white
cluster, containing black disks, represents the pore space (see figure 4.1 a). This geometry was
printed onto glass at super high resolution (JD Photodata) in chrome. Micro-channels were fabricated by prototyping against a silicon master (Electro-Technic products) with positive relief features
using standard soft lithography techniques. Liquid Polydimethylsiloxane (PDMS, Sylgard 184 Silicone Elastomer kit, Dow Corning, Midland, MI) was mixed with the curing agent provided by the
Sylgard 184 kit of ratio 1:10 and placed at 60 °C for 5 hours to harden.
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The PDMS layer was 50 mm wide and 75 mm wide in order to fit onto a glass slide 3 ⇥ 2 inches.

The PDMS channel (engraved into the PDMS layer) has thickness h = 0.05 mm (as the relief of the
silicon master). We plasma-bond it to a soda-lime glass slide (75 mm long, 50 mm wide, and 1
mm thick): this plasma treatment yields the PDMS surface temporarily hydrophilic facilitating their
subsequent saturation with the saturation medium. The glass slide was previously coated with a
thin layer (about 50 µm) of PDMS by spin-coating: thus, the microfluidics channel is composed of
PDMS only (the suspension injected into the channel is never in contact with the glass), thus the
colloids-surfaces interaction is homogeneous, avoiding any bias in the attachment process between
the PDMS walls and the glass.

4.2.4

Time-lapse video-microscopy

The chosen set up allowed us to directly measure within the same experiment, the BTC and DP. By
time-lapse imaging with a fully automated optical microscope (Nikon TiE2) equipped with a CMOS
camera (Hamamatsu ORCA Flash 4), controlled by Nis-Elements software (provided by Nikon), we
automatically acquired time series of large images (stitching 2⇥2 individual pictures). Individual

picture of 4 megapixels resolution (2048 ⇥ 2048 pixels) were recorded at 6X magnification, focusing
the image in the middle plane of the channel. The objective chosen (Nikon CFI Plan Fluor DL 4XF)
has a small numerical aperture of 0.13 so that the deep field of view allows us to detect colloids
within the whole channel depth (moving or attached). The image acquisition setup is showed in
figure 4.4: after collecting a time series of large images for BTC at the outlet, we collect two spatial
series at 28 locations for the DP.

Images are recorded with a fluorescence optical configuration using a LED white illumination source
and a DAPI filter cube (excitation wavelength 375 nm, emission wavelength 460 nm). The deposition profile is reconstructed by acquiring large images at 28 different locations distributed along
the path from microfluidics inlet to its outlet (see figure 4.4). To better characterize the slope of
the deposition profile we need distributed samples across the investigated length scales: thus, we
choose 4 positions for the first branch of the chip (from 1 to 60 mm) and two for the rest of it.

After a first spatial series over all the 28 positions, a second one is acquired immediately (with delay
of about 2 minutes due to the time needed to collect the whole 28 large images): we do that in order
to distinguish permanently attached particles from the ones that are suspended in the fluid phase
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and, thus, moving (see also below). Before the continuous injection of colloids begins, we run a
full loop of image acquisition with a phase contrast optical configuration to observe the grain walls
position and reconstruct a mask of the medium structure. To increase the contrast between dark
background of the pore space and grains surface, we mismatch the phase ring in the illumination
condenser and the one located within the objective: the latter is equipped with a phase ring of type
PhL and we place in the condenser a larger phase ring Ph 3. The final results is a dark image with
bright borders of the grains since light passing through the large phase ring 3 hits the sample almost
laterally. The camera exposure time texp has been set to 20 ms for image acquisition of the BTC and
to 40 ms for image acquisition of DP.

To measure the BTC we count the number of flowing colloids at the channel outlet to convert it into
a concentration (see the section on image processing below): thus, it is fundamental to distinguish
particles in suspension that are moving with average fluid velocity q = Q/A = 0.08 mm/s at the
outlet location outside the porous part, where pictures are collected(Q = 0.012 µL/s is the injected
flow rate and A = 0.15 mm2 the channel cross sectional area). Therefore, we chose an exposure time
that allow us to detect the fluorescent signal of each individual colloid as a Gaussian (the image of
a point-like light source), resulting into very few elongated streaks.

To measure the deposition profile we must distinguish between suspended colloids and attached
ones: we assume that suspended colloids move because of the fluid flow (in the pore bodies) or
Brownian motion (in stagnation zones). Thus, for the DP we collected pictures at slightly longer
exposure time so that each colloid image becomes elongated and less bright than for slowly (or
non) moving ones. After removing the less bright signals associated to fast moving objects, by
subtraction from two consecutive pictures (separated by about 2 minutes) we can recognize the non
moving colloids that are present in both pictures a the exact same location and we define them as
attached.

4.2.5

Flow control

Flow is imposed by continuously injecting the prepared colloidal suspension with a syringe pump
at rate Q = 0.012 µL/s, see Figure ??. Before injection, we saturated the chip with a water (H2 O)
and heavy water (D2 O) solution that matches the density of the prepared colloidal suspension (1.05
g/mL). This imposed flow rate Q results in an average fluid velocity within the porous medium
q = Q/( Af) = 0.160 mm/s, corresponding to a Reynolds number of Re = q l/n = 0.008 (f = 0.5 is
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the medium porosity, A = h w its cross sectional area and nu = 1 mm2 /s is water viscosity in our
experimental conditions): thus, the pore-scale flow is dominated by viscous forces and described by
Stokes flow equations.

Q
Colloidal suspension

68 mm

Syringe pump
Trash

Glass slide

Spot for deposition
profile

50 um

6X

Figure 4.3: a) Scheme of the flow system: a syringe pump constantly injects the prepared suspension
through the inlet hole within the microfluidics device. While passing through the confined pore
space defined by the solid grains (vertical and cylindrical pillars) we observe flow and attachment
with a 6X magnification objective: finally, the injected suspension is collected at the outlet.

4.3

Experimental procedure

The setup described above is composed of i) colloidal suspension, ii) microfluidic device, iii) flow
system and iv) optical system to detect colloids arrival at the outlet and their deposition within the
chip. Each replica of the filtration experiment is performed as follows.
• The microfluidics chip is paced for at least 30 minutes within a vacuum chamber (i.e. a
desiccator, with pressure below 0.1 bar) to remove air from the porous structure of the solid
PDMS of the chip.
• The microfluidics is placed on the microscope stage: in the inlet hole is plugged a Tygon
tube (Palmer, 0.02 inches inner diameter, 0.04 inches outer diameter) and the channel outlet is
connected with a similar tube to a syringe used to saturate the microfluidics.
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• The mentioned syringe was filled with the same solution of water and heavy water used for
the suspension (without colloids) and it is used to saturate the chip at constant flow rate
Q = 0.1 µL/s for about 20 minutes.
• Once the chip is saturated and a small drop rises from the chip inlet, we disconnect the outlet
pipe from the syringe and we place it into a reservoir that will collect the outlet flow (i.e.
waste reservoir); the inlet pipe is, then, connected to a glass syringe (Brand Hamilton Gastight
Syringe Model 1005 TLL of volume 5 mL) filled with the colloidal suspension and placed on
the pump (see figure 5.4).
• The pump flow rate is set to Q = 0.012 µL/s and we start injecting the colloidal suspension.
• The software Nikon Elements (provided with the scope) is set to automatically periodically
collect once per minute (1/60 fps) a time series of large images composed of 2 ⇥ 2 pictures at
the channel outlet: these pictures will be used to measure the suspension BTC.

• After 30 hours corresponding to 17 pore volumes t PV = L/q = 103 minutes we stop pump and
image collection. Finally, two consecutive spatial series of pictures are collected to measure
the colloids deposition profile (DP). In figure 4.4 we summarize the image collection scheme.

4.4

Data analysis

Below is described the image analysis procedure we developed to analyze the pictures collected at
the chip outlet to measure BTC and the spatial series collected across the channel to measure DP.

4.4.1

Deposition Profiles

The deposition profile is defined as the number of particles that get retained by the solid grains
along the longitudinal (main flow) medium direction. We measure this quantity by counting the
number of fluorescent colloids that we observe not moving between two consecutive pictures separated by about 2 minutes. This is a challenging task since i) our medium spans over about 20,000
characteristic pore throat sizes l, ii) each large image covers about 40 l ⇥ 40 l and iii) in our system
we have colloids that are attached to the solid chip surfaces, but most of them are suspended in the

fluid phase and are transported with velocities ranging over a broad range of scales so that many
of them are wondering about by Brownian motion in zones of stagnation.

PhD thesis - Filippo Miele

4.4. DATA ANALYSIS

64

To overcome these challenges, first, we designed our experimental procedure to collect pictures not
along the whole medium (the information would be too large to be stored and processed) but we
take pictures sampling the longitudinal medium direction at 28 locations (about 5 % of the whole
medium). As introduced, these locations are not equally spaced but we sample more the zone close
to the inlet more often and we gradually decrease the number of sampling points towards the outlet:
in this way, we can plot our spatial measure with a logarithmic scale honoring every decade of the
axis. Second, at each location we collect two pictures with a two minutes of time lag: the difference
between these two pictures will inform us about what particle are flowing (the large majority) and
what particles has the exact same location in both pictures, so that we consider them attached. To
do that, we designed our image processing algorithm as follows. From now on, we assume that a
point-like light source (a fluorescent colloid) produces a Gaussian image through our optical system.

We load the gray scale pictures as matrices of real numbers (double floating) with values ranging
from 0 to 2bit

1, where bit = 8 is the color depth that we have chosen to store the pictures (camera

acquires at 16 bit). The core of our image processing algorithm consists of loading each acquired
image, converting it into a matrix and determining the cluster of pixels corresponding to attached
particles. Thus, for each location where we collected a large image I we define: i) a mask matrix
M and ii) a background matrix B. The first is a binary matrix with value 0 in the pixels associated to the grains and 1 in the pixels associated to the pore space. The second one is defined as
the value that the camera would record in absence of fluorescent colloids, thus it is given by collecting a picture before we begin the colloidal suspension injection, but after the medium saturation.

For a given location, we load the two large images (I1 and I2 ), collected with two minutes of time difference, and we subtract from them the corresponding background. With this operation we remove
the effect of dust or other systematic signals (which can be present in each image) not associated to
colloids. Then, from the resulting matrices, we remove the signal associated to fast moving particles:
in fact, these ones leave a weak signal, compared to non moving (or very slowly moving) particles,
since the light they emit during the camera exposure time texp is spread across the portion of trajectory the traveled during texp . The resulting two matrices Im1 and Im2 have a dark background
(values close to zero in the associated matrix) and the remaining bright spots are particles that are
not moving or that are moving slowly: the latter must be removed. We now apply a Gaussian
filter to the two images with a smoothing window of size s, in pixel, corresponding to the diameter
d = 1 µm of a colloid. This operation will remove the camera noise.
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The used polystyrene colloids of 1 µm diameter have a diffusion coefficient D ⇠ 10 7 mm2 /s [149],
p
thus over a time lag t a = 120 s they will move and explore an area of size 2Dt a = 5 µm. We evaluate as very unlikely the event of a diffusing particle wondering about to come back at the exact
same location after a time t a = 120 s. Thus, we consider as not moving the particles that are found
at the same location after 120 seconds, the time separating two acquired images. Particles that did
not move are, thus, assumed to be attached at the solid surface of a grain or at the top/bottom of
the microfluidics. To do that, we multiply pixel by pixel the two processed matrices Im1 and Im2:
in the resulting matrix Ic = Im1 Im2 , clusters of non zero pixels correspond to particles that did not
move and that we consider as attached.

In the resulting matrix Ic are present several clusters of bright pixels over a dark background. These
clusters have an individual area that is given by the number of colloids that compose them: most
of them has an area equivalent to the one of a single colloid, some of them have an area equivalent to few colloids (2 to 4), but only in a few cases are these clusters large and composed by tens
of colloids. These cases happen because the attachment of a single colloid represent an hot-spot
for attachment of newly arriving colloids. This has been reported [148] in microfluidics channels
designed to have a single obstacle (single collector). We assume here to be in the so-called clean
bed assumption corresponding to the case in which a flowing colloid will experience a solid grain
wall which is free of other attached colloids. We remark that removing clusters much larger than a
few colloids do not impact the DP. Moreover, we noticed that the effect of considering only clusters
attached to the surrounding area of each grains instead of the whole chip have had the effect of
slightly smooth the DP. Thus, a posteriori, the clean bed assumption seems reasonable in this context, as discussed below.

The clean bed assumption. This assumption means that the flowing colloids always see a surface to
attach to that is clean from other, and previously attached, colloids. For our experimental setup this
seems to be reasonable since the overall surface of the grain walls available to colloids attachment
is much larger than the area that would be occupied on the grain walls if all colloids would attach:
in this paragraph we provide quantitative argumentation about that assumption.
The number of grains in our microfluidics is n g ⇠ 2.37 105 times the average grain surface s g =

h 2p r g = 0.0198 mm2 (r g = 0.063 mm is the average grain radius and h = 0.05 mm is the mi-

crofluidics thickness) is Sg ⇠ 4691 mm2 . The surface that a single colloid occupies on a grain wall

is a disk of the same radius as the colloid itself. The total number nc of colloids that are passPhD thesis - Filippo Miele
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Heterogeneous porous medium - 12/2018
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Figure 4.4: Acquisition scheme for BTC and deposition profile. On the top left, the red squares
represents the location along the microfliudics channel where images have been acquired to measure
the DP, while yellow square represent the locations (distributed from inlet to outlet) where images
have been acquired to measure the BTC. On the bottom left panel: a raw picture, as acquired, a
processed picture for the DP (removing flowing tracks) and for BTC (removing bright non moving
tracks). On the right panel the picture collection scheme: before suspension injection a deposition
profile is acquired, then BTC pictures are collected, finally another DP is collected.
ing through the microfluidics is given by the injected concentration c0 times the injected volume:
nc = c0 17 V = 107 #/mL ⇥ 7.4mL = 7.42 106 since the experiment last for 17 t PV and the chip volume

is V = 0.074 mL). Being the surface of a disk with same radius as a colloid prc2 , the total surface
theoretically occupied by all colloids on the grain walls is Sc = nc sc = 5.8 mm2 (note that in our
experiments about 90 % of colloids are recovered at later times in the BTC 4.6), which is about 1,000
times smaller than the overall grains surface available 4691 mm2 . Thus, the clean bed assumption is
reasonable in this context.

Finally, we count the number a of deposited colloids per unit length after a time t by dividing the
matrix Ic collected at time t in vertical stripes S of given width ws and height z (the transverse Ic
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size) and we count the number n( x, t) of local peaks per stripe in the matrix Ic located at position
x, that we identified using the Matlab function pkfnd. Then, we divide this number by the available surface of the mentioned stripe S which is the overall sum of the defined mask in the stripe:
Âij2S Mij dx2 , where dx is the size of each pixel in mm, and we assign this number to the middle

location x of the stripe S itself a( x, t) = n( x, t)/(ws z). We verified that if we were measuring the
number n of colloids in the image as total light intensity stored in Ic (sum over the whole matrix,

Âi Â j Icij ) divided by the average light intensity detected for a single colloid, we would get the same
count.

The concentration of attached particles in each location x after a time t that the suspension is flowing,
is normalized by the total number of colloids that have flown up the time t in the microfluidics. This
number is given by the injected concentration c0 (that could be slightly different from experiment
to experiment and it is measured with a picture taken at the microfluidics inlet) times the injected
volume that is Q t: the measured deposition profile is
a( x ) =

n( x, t)
.
( w s z ) c0 Q t

(4.1)

Attachments on the microfluidics ground-ceiling. We also counted the number of colloids that
resulted attached considering only the matrix Ic portion within a ring of 5 µm thickness around
each grain, thus, distinguishing the colloids attached at the grain walls or at the top/bottom of the
microfluidics (we recall that the whole chip is made or coated by PDMS). The two counts (walls
only or chip ceiling/ground) leads to the same deposition profiles (just shifted vertically). This
means that the deposition happening on the grains walls or on the microfluidics ceiling/ground are
driven by the same transport, as expected since we designed the chip to get a thickness h = 0.05
mm comparable with the average throat size l = 0.07 mm.

4.4.2

Breakthrough curves

The BTC for each experiment is computed by counting the flowing particles that reach the outlet
where pictures were periodically collected. We periodically collect pictures in the region of the
microfluidics between the last grains and the outlet hole we drilled to plug the tygon tube. To identify the flowing particles, we adopted a similar scheme used to count deposited particles, but we
consider only the pixel clusters that are present in the matrix Ic1 and not in Ic2 for a given location.
Indeed, only the clusters that were detected in one frame and not in the next one correspond to
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flowing particles.

Also for the BTC the particle count has been done exploiting the pkfnd routine of Matlab: we took
care to look for clusters of pixels slightly larger than the one chosen for the deposited particles
since moving particles leave a larger image, as previously discussed. Here, the flowing particles are
detected as slightly elongated bright ellipsoids rather than circular objects due to the local velocity
they are experiencing when the picture is collected.

We measured the injected concentration c0 analyzing pictures taken in the microfluidics region between the inlet hole and the first line of the grains. Finally, the BTC are measured as the number of
colloids detected after a time t of injection per unit volume c(t), divided by the injected number of
colloids per unit volume c/c0 .

4.4.3

Pore-scale particle tracking (PT)

We track in total 100,000 particles for each Field Of View (FOV). The PT algorithm is basically
divided in two main steps: i) particles are first detected by image analysis which generates a list
of coordinates at each frame and ii) we reconstruct Lagrangian trajectories by linking coordinates
between two consecutive frames and assign a particles identity to the list of coordinates. Below, we
describe in detail the philosophy behind this algorithm that is relevant to highlight its own inner
limits and, thus, to design the optimal experimental conditions (in terms of camera exposure time,
acquisition frame rate, colloids concentration, flow rate etc...) to measure long trajectories.

4.4.3.1

Image processing and location detection

We acquired 6000 frames at 30 fps covering a time windows of around 180 s. Given a mean velocity
of about u = 0.16 mm/s and the FOV length of about lx = 2 mm the average, the acquisition duration corresponds to almost 14 times the colloids resident time t R = lx /u = 13.3 s (the time that a
particle needs to cross the whole FOV with average velocity).

To track particles, we acquired pictures with a phase contrast optical configuration that allows us to
set the exposure time to 3 ms, thus, the particles appear as dark objects on a light gray background:
they all produce a Gaussian image (and not an elongated streak). We detect the coordinates of each
particle by removing the background from each picture, smoothing it with a 2D Gaussian filter (to
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a.

b.

d.

c.

e.

Figure 4.5: Detail of PT scheme. a.) Inset of one image taken in phase contrast. White circle are
the boundaries of the grains. Dark spots are colloids in the fluid space. b.) background of the
same region computed by averaging over 1000 frames. c.) Binary mask extrapolated of the same
region. Black circles are the grains and are set to 0 while the void space (in white ground) is set to
1. d) Example of particle detection. Green spot are the coordinates of recognized particles. The red
spots are spurious particles that will be removed by applying the mask. e.) For the same inset of d)
example of trajectories reconstructed (each color represent a different trajectory).

remove camera noise) and searching for local peaks (we used the Matlab routine pkfnd). Since we
observe the whole depth of the FOV, trajectories of particles moving at different velocities and at different depths can be superposed. Thus, if two or more particles get too close, the overlap between
their Gaussian images makes it impossible for pkfnd to distinguish the two. Thus, we overcame
this problem by using the Matlab routine watershed that recognizes the two superposing Gaussian
shapes and helps to identify the multiple local peaks that will be added to the whole particles list.
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Tracking particles among consecutive frames

From the saved list of all coordinates, frame by frame, it is possible to reconstruct the path over
time of each single particle (i.e. Lagrangian trajectories) by assigning an identification number (id)
to the each pair of coordinates within the frame n, ( x n , yn , id1 ) and to their corresponding one into
the next frame n + 1, ( x n+1 , yn+1 , id1 ). The criterion to establish this assignment is the core of any
Particle Tracking (PT) code. Standard PT codes, adopt the nearest-neighborhood criterion. For each
detected particle of identity number id p of coordinates ( x p , y p ) in frame n, a search is done in an
area of a radius R in the next frame n + 1 around the position ( x p , y p ). To the closest particle found
in that area it is assigned the same identification number id p . If no particles are found, the trajectory
is considered to be over.

The larger is radius R, the higher is the probability to find different candidates. An issue of choosing
R too large is that it increases the probability to have multiples candidates creating wrong pairings:
it is important that R is chosen as large enough to find a candidate, but smaller than the average
inter-particle distance that can be easily computed from the suspension concentration. While this
criterion can be a valid option for systems with velocities relatively similar, i.e. homogeneous, in
p
a given area (for turbulence around the Kolmogorov scale or diffusive systems around 2Dt aq ,
where t aq is the time lag between two pictures), it fails when particles can move with very different
velocities over a small region (i.e. a few microns), like in small pore throats or superposing particles
moving at different depth.

We solved that problem considering that: i) in this experiment the flow is stationary, ii) laminar and
iii) smooth. Thus, for each pair of coordinates ( x p , y p ) in frame n, given the track p previous velocity

(v xp , vyp ) we make a projection of its position in the next frame n + 1 as (x p + v xp dt, y p + vyp dt):
then, we look for the closest particle in a small area or radius R set to 3 r p , where r p = 0.5 µm is the
used colloids radius. We performed 4 PT experiments in 3 consecutive and adjacent zones (Field Of
View, FOV) that are superposed by a few microns, close to the medium inlet. After tracking particles in each FOV, we stitch together tracks of FOV k that end in the superposing zone with FOV
k + 1 with tracks in k + 1 starting in the superposing zone that match the final location and velocity
of the track in FOV k. Thus, we reconstruct longer tracks (up to 3 FOV, about 6 mm, corresponding
to 85 l) that are not real ones, but that represent their Lagrangian statistics.

PhD thesis - Filippo Miele

4.5. RESULTS

4.5

71

Results

4.5.1

Macroscopic quantities I: breakthrough curves

This novel methodology of measuring the BTC have been also validated with experiments involving bacterial suspension, as described in the following chapter. In figure 4.6 (a) we show
with three different colors the BTC c/c0 (effluent concentration c normalized by the injected one
c0 ) of three replicates versus time re-scaled by the so-called pore volume, the characteristic time
t PV = L/q = LAf/Q = 103 min (A is the channel transverse cross sectional area, and phi = 0.5
the medium porosity) needed for the average fluid velocity q = 0.16 mm/s to cover the distance
between medium inlet and outlet L = 990 mm ⇠ 2 104 l. The whole duration of the experiment is 17
a.

b.
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Figure 4.6: Measured BTC versus time rescaled by pore volume t PV = 103 min: a) the superposition
of the raw data for three replicas (different colors), b) the blue solid line represents the average of
the three replicates and the shaded gray area represents the standard deviation about it (the average
standard deviation represents the 6 % of the BTC). The experiments are for a suspension of zero
ionic strength.
t PV which corresponds to about 30 hours. More than 90% of the colloids was recovered at the outlet
(passing through 20,000 pores). The long tailing in the BTC spans over several orders of magnitude:
this is a classical signature of the so-called anomalous transport that is not captured by classical
Advection-Dispersion models. In figure 4.6 (b) we plot as a blue solid line the average BTC among
the three replicates superposed to a gray area representing the standard deviation among the three
replicates, used as a uncertainty estimation: the three replicas are consistent within 6 %.

We also show the complementary BTC in figure 4.7 (a all replicas and b the average), defined as
cf

c/c0 , where c f = c(t f )/c0 is the BTC value at the end of the experiment t f = 30 hours, to better
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Figure 4.7: Measured complementary BreakThrough Curves (1 c/c0 ) versus time rescaled by pore
volume t PV = 103 minutes; the blue solid line represents the average of the three replicates and the
shaded gray area represents the standard deviation about it. The experiments are for the case of
ionic strength zero, IS0 (pure water).
observe the large times behavior of the BTC as approaching to its plateau value. As the rescaled
time t/t PV approaches the value 1, the complementary BTC start to slowly decay as a power law
t/t PV0.63 , signature of anomalous transport [2].

4.5.2

Macroscopic quantities II: deposition profiles

DP were sampled just before (to get the background noise information) and after BTC acquisition.
After 30 hours of continuous injection, both BTC and DP reach their steady state. Despite the low
(zero) ionic strength and the associated unfavorable condition for attachment, particles got attached
(about 10 % of the ones injected) to the solid medium surfaces. As shown in figure 4.8 (a), the DP
of the three replicas exhibits a well defined power-law decay for short distances from the medium
inlet and it displays a increase towards the medium outlet. This behavior deviate significantly from
the classical exponential decay predicted by CFT. In figure 4.8 (b) we plot as a blue solid line the
average DP among the three replicas superposed on a gray area representing the standard deviation, used as a uncertainty estimation: the three replicas are consistent within 25 % which is a much
higher uncertainty compared to the BTC measurement. This is due to the much smaller number of
attached particle, with respect to the suspended ones.

As pointed out by several authors (e.g. [72, 67]), this anomalous behavior of both BTC and DP cannot
be explained in terms of CFT without invoking ad hoc stochastic formulation of the attachment rate.
Therefore, we took advantage of our novel model (chapter 3) and our set-up that allowed us to
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directly investigate the dynamics and fate of single colloids by tracking them on scale between 1 µm
up to 8 mm (4 FOV) in order to quantify which is the effective probability that colloids reach a
zone close to the grains surfaces. We now investigate, through a Lagrangian analysis of the tracked
trajectories, the microscopic quantities that could affect the anomalous behavior of BTC and DP.
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Figure 4.8: Deposition profile of retained colloids for IS0 sampled over the distance rescaled by the
average pore size. Left panel: results of the three replicates. Right panel: in blue line the average
over the replicates and gray area represents the standard deviation.

4.5.3

Microscopic quantities: statistics of Lagrangian properties

We analyzed the Lagrangian trajectories obtained from the PT by following the same method described in Chapter 2. The PT analysis showed similar non Markovian properties of transport as the
one observed from the 2D simulations, when sampling the trajectories at equidistant temporal and
also spatial increments. As discussed below, this persistent anomalous transport is related, in this
context, to the designed medium heterogeneity and it is responsible for the observed macroscopic
filtration, leading to significant deviations from what expected with classical filtration theories.

Individual trajectories
Figure 4.9 a shows a sample of trajectories, out of all the 87, 196 we tracked with our code described
above. In the same figure, b, c display a closer look at these trajectories showing advection in the
pore bodies (smooth tracks) and diffusive motion (little variations about a mean path) in zones of
fluid stagnation. In Figure 4.9 d we plot the number of tracks versus time: for at least 10 times the
advection time t A = l/u (needed by a colloid with average velocity u to move across a average pore
throat l), we track all the detected 87, 196 trajectories, then this number decreases, but we track more
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than 10,000 tracks for at least 30 t A . In the following we propose the same statistical analysis we did
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Figure 4.9: a) A few measured trajectories among the solid grains (gray disks). b) A zoom of the
trajectories in a pore and c the closer view showing the impact of Brownian motion in zones of
stagnant fluid (close to the grain walls). d) The number of tracked particles versus time rescaled by
the characteristic advection time t A = u/l.

on the particle tracking simulations discussed in chapter 2.
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Figure 4.10: a the solid blue line represents the first spatial moment of the measured trajectories,
rescaled by the average pore throat size l versus time rescaled with respect to the characteristic
advection time t A = l/u. b The square root of the second spatial moment, measuring the particles
spreading, rescaled by the average pore throat size l and plotted versus the rescaled time t/t A . The
red solid line represents the scaling predicted by a CTRW model assuming l as the support scale
for the description.
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Spatial moments of displacement

After a time t, the distance traveled by a particle p is measured by the curvilinear coordinate s p
along its own trajectory of Cartesian coordinates (x p , y p ), that is defined as:
s p (t) =

Z t
0

ds p ,

ds p =

q

dx2p + dy2p .

(4.2)

The first and second ensemble moments of s p over the Np (t) (see figure 4.9 d) measured with our
microfluidics experiment are:
1
µ(t) =
Np

Np

Â s p ( t ),

p =1

1
s (t) =
Np
2

Np

Â

p =1

⇣

s p (t)

hsi(t)

⌘2

.

(4.3)

In Fig. 4.10 a we show the temporal evolution of particle first moment of displacement (motion of
the center of mass) as a function of time rescaled by the characteristic advective time across a pore,
t A = l/u: as expected, it scales linearly with the average velocity u. In the same figure b, we show
p
the spreading ss2 .
The particle dispersion measured in our microfluidics experiment exhibits two power-law regimes
p
s2 ⇠ ta . For t/t A < 1, the fluid dispersion is ballistic (a = 1), as expected since individual fluid
particles have not yet explored enough space to significantly alter their velocity. For t/t A > 1,
the dispersion of fluid particles along their trajectories slows down, but it retains a super-diffusive
behavior (a > 1/2). The transition time between these two regimes, t/t A ⇠ 1, corresponds to
the transition between pores, where they sample different velocities. Following [42] we consider

a correlated Continuous Time Random Walk (CTRW) model that is known to reproduce late-time
anomalous spreading from broad velocity distributions [88], as we observe in these experiments.
CTRW theory predicts the asymptotic scaling of tracer particle dispersion in Eq. (A.3) [88]:

hsi(t) ⇠ t,

q

ss2 (t) ⇠ t(1

g)/2

,

where g is the characteristic exponent of the velocity distribution g =

(4.4)
b/2, which leads to

p

s2 ⇠

t1/2+ b/4 , and is therefore super-diffusive (non Fickian) for b > 0. Here, the CTRW theory does not
agree with the experimental observations since the late time behavior of the second spatial moment
that scales faster than this prediction (Fig. 4.10).
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Velocities and accelerations sampled at constant time interval dt
We want to characterize the transport of colloids through our microfluidics replica of heterogeneous
porous medium: is it Markovian over some temporal or spatial scale? To answer this question we
will perform the same statistical analysis on the measured Lagrangian data, as presented in chapter
2: we will analyze distribution and correlation of velocities and accelerations.

For each particle we denote with vt the instantaneous velocity defined as the spatial to temporal
increment ratio vt = (s p (t + Dt)

s p (t))/Dt. Their PDF, computed as the normalized histogram

of the vt series for all particles at all times, is shown in fig. 4.11 a as a function of the measured
velocity rescaled by the average one u = 0.156 mm/s. The distribution results scale as a power
law v0.2
t different from the vt

b/2

0.27

⇠ vt

predicted for low velocities by the porelet model [35]. It is

possible that our PT method underestimated the low velocities. Note that low velocities are more
difficult to track: their tracks are often fragmented due to the passage of faster particles very close by.

We also consider the Lagrangian accelerations associated to the same temporal lag Dt, as at =
Dvt /Dt, where the velocity increment Dvt is defined as vt (t + Dt)

vt (t). The variance sa2 of at is

used to normalize the probability density function (PDF) of these Lagrangian accelerations. In 4.11
p
b it is shown PDF( at / sa2 ). As observed also in other media [42], the distribution of Lagrangian

accelerations is characterized by a sharp peak close to zero and exponential tails. The first behavior
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Figure 4.11: a PDF of measured Lagrangian velocities sampled at constant temporal intervals dt:
the scaling v0.2
is faster than the one expected vt 0.27 , as predicted by the porelet model [35]. b
t
Lagrangian accelerations distribution, PDF, normalized by the acceleration standard deviation: a
strong peak at as = 0 characterizes zones of stagnation while heavy, exponential, tails indicates the
events of strong accelerations.
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corresponds to low flow regions, where Lagrangian longitudinal velocities and accelerations are
small and strongly correlated. The second behavior corresponds to high velocities in flow channels,
where acceleration fluctuations are larger.
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Figure 4.12: a Correlation cvt of Lagrangian velocities slowly decay as a power law. Also the correlation c at of Lagrangian accelerations, b, shows the same behavior, indicates a strong correlation
over time
.
Then, we compute the autocorrelation function cvt of the Lagrangian velocities:
c vt ( t ) =

[hvt (t + t )

hvt ii] [hvt (t)
sv2

hvt ii]

.

(4.5)

where sv2 denotes the variance of the velocity distribution and the angular brackets denotes ensemble average over all particles and over all times t. Figure 4.12 a displays cvt , which scales slowly
with the time lag, as the power law (t/t A )

2/3

(black solid line in Figure 4.12 a), indicating a long

range correlation (long as the whole tracking duration). Moreover, we compute the Lagrangian
accelerations auto-correlation function c at , defined as
c at ( t ) =

[h at (t + t )

h at ii] [h at (t)
sa2

h at ii]

.

(4.6)

where sa2 denotes the variance of accelerations distribution and the angular brackets denote ensemble average over all particles and over all times t. Figure 4.12 b displays c at of the Lagrangian
acceleration amplitude | at |, which scales slowly with the time lag, as the power law (t/t A )

1/3

(black solid line in Figure 4.12 b), indicating a long temporal correlation of the accelerations (or the
forces) experienced by the particles along their journey within the porous material. As for the transPhD thesis - Filippo Miele
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Figure 4.13: a) PDF of measured Lagrangian velocities sampled at constant spatial intervals ds: as
for the velocities sampled over constant temporal intervals, the scaling v1.2
s is faster than the one
expected v1t 0.27 , as predicted by the porelet model [35]. b) Lagrangian accelerations distribution,
PDF, normalized by the acceleration standard deviation: a strong peak at as = 0 characterizes zones
of stagnation while heavy, exponential, tails indicate events of strong accelerations.
port simulated in chapter 2, we conclude that there is no time scale over which we can represent the
system as a Markovian stochastic process.

Velocities and accelerations sampled at constant spatial interval ds
We, now, investigate the same Lagrangian statistics sampling along the trajectories not at equidistant temporal intervals dt, but at equidistant spatial intervals ds. This avoids the oversampling of
small velocities in zones of fluid stagnation that leads to the observed breakdown of the Markovian
property of velocities and acceleration series. Figure 4.13 a shows the PDF of the Lagrangian velocities sampled at equidistant spatial increments ds = 1/20 l = 3.5 µm along the trajectories.

The observed scaling of low velocities is the one expected by the flux weighted assumption proposed
by [117, 110] and also verified by the porelet model proposed by [35]. If the pore throats are characterized by a PDF pl (l ) ⇠ l

b,

then the Eulerian velocities are scaled as p E (v) ⇠ v

b/2 ,

thus, the
1 b/2

Lagrangian velocities sampled over equidistant spatial increments are distributed as p L (vs ) ⇠ vs

because they sample more where velocity is higher and, thus, the mass flux is higher. The measured
scaling vs /u0.72 is consistent with the medium design for which b = 0.55. Velocities close and above
the average are exponentially distributed, as expected [35].
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Figure 4.14: a Correlation cvs of Lagrangian velocities sampled in space slowly decay as a power
law. Also the correlation c at of Lagrangian accelerations, b, shows the same behavior, indicates a
strong correlation over space.: this means that there is not a single support spatial scale to describe
transport in this medium.
Figure 4.13 b shows the PDF of Lagrangian accelerations sampled over the defined ds. As observed
for the accelerations sampled over equidistant temporal increments at , PDF ( as ) distribution is characterized by a strong peak about as = 0 and heavy, exponential, tails that deviate significantly from a
Gaussian distribution (red solid line in figure 4.13 b) that would be expected in a classical Langevin
formulation.

As suggested in [116, 42, 88], sampling over space ds and not over time dt increments, the correlation
c of velocities and accelerations should decay exponentially: the exponential scaling e

x/x

defines

a spatial scale x over which the system can be assumed to be uncorrelated and, thus, Markovian
(independent on its own history). Figure 4.14 a and b show the slow spatial decay of the velocities
and acceleration auto-correlation, respectively, over the whole system size (about 50 average pore
throats l = 3.5 mm, about 2 complete FOV), with double logarithmic (a) and semi-logarithmic (b)
plots, to highlight the power law, and not exponential, scaling. This implies that even sampling over
space, there is no scale over which the transport can be assumed to be Markovian.

Retention length l and correlated velocities vl
The novel model for filtration that we developed and presented in chapter 3, is based on the point
of view of a suspended colloid while flowing through a porous medium. It experiences motion
within pores flowing in close proximity to grains with variable velocities, with an intermittent
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Figure 4.15: Schematic view of the definition of the retention length l for simulated trajectories
(same as in chapter 2). a a few trajectories, b a zoom in the red rectangle of a, c a zoom in the
yellow rectangle of b. Blue solid lines represent trajectories, while red dots denote the portion of
the trajectories closer than 2 µm to a grain wall. d For a single trajectory, the distance d from the
closest grain wall as function of the curvilinear coordinate s: the yellow area in the plot denote the
retention length.
behavior oscillating between high velocity channels and zones of stagnation. We model transport
and filtration as a sequence of three stochastic processes: i) the length l over which are kept constant
ii) transport rate (velocity v) and iii) attachment rate k. The model predicts deposition profiles a
that are power law distributed through two regimes: a short distance regime controlled by the
velocity distribution pv and a large distances regime controlled by the length and attachment rate
distributions pl and pk .
Thus, since we defined the length scale l as the segment of a trajectory over which the attachment
rate k is constant, we measure it as described in following. According to microscopic colloidal
forces, DLVO theory, if a colloid travels through the host medium a distance d larger than a few
hundreds of nm, there is no possibility for it to experience the attractive force towards the medium
walls that could make an attachment event. Only once a colloid is close enough to a grain wall,
it will have a chance to get retained. Thus, the attachment phenomenology depends on the local
distance of flowing colloids from the grain walls.

In figure ?? a the blue solid line shows a simulated trajectory (data from chapter 2) at a spatial scale similar to the one of our experiment. Knowing the center and radius of each grain,
we compute the distance d of each trajectory point from the closest grain outer surface: d =
q
min[ ( x p xc )2 + (y p xc )2 Rc ] where the minimum value is computed over all grains of center
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Figure 4.16: Experiments. a Retention length l has a power law PDF scaling as (l/l ) 0.4 covering
a broad range of scales, almost 3 orders of magnitude. b the PDF of the velocities over each l also
displays a power law scaling as (vl /u)0.8 .

( xc , yc ) and radius Rc for all points ( x p , y p ) of trajectory p. As red dots in figure ?? a and b (a
closer look) are reported the locations, along each trajectory, that are closer than a critical threshold
d < dc = 3 µm to a grain surface (gray disks). The distance d from the closest wall along the trajectory itself is plotted in figure ?? c as function of its curvilinear coordinate s: only at a few locations
(red dots), compared to the whole trajectory length, the advected particle was closer than dc to a
grain wall. In other words, the blue line representing the particle trajectory is populated by some
cluster of points (red dots in figure) representing locations where d < dc .

Inspired by this pore-scale picture of transport we define l as the length of segments, along a trajectory, connecting the first point of the trajectory after a red dot cluster (d < dc ) to the first point
within the next (see yellow area in figure ?? c). We interpret l as an effective retention length over
which a flowing colloid has a single, effective, attachment rate (defined by diffusion during the time
spent close to the grain) and is characterized by the average velocity vl = l/t, where t is the time
needed by the colloid to move along the whole trajectory segment of length l.

Thus, we performed a systematic analysis of the relative colloid-grain distance and we measured the
distribution of the effective retention length l (p(l)) and the associated velocity vl (pl (vl )), shown
in figure 4.16 a and b, respectively. Since the colloids we used have a diameter of 1 µm, when their
center of coordinates ( x p , y p ) pass less than 2 µm from a grain wall, the distances between surfaces is
less than 1 µm, which we evaluated to be close enough for molecular diffusion to provide the extra
energy to get close enough to experience attractive forces. Thus, the value for this critical distance
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Figure 4.17: Simulations (data from chapter 2). a Retention length l has a power law PDF scaling
as (l/l ) 0.4 covering a broad range of scales, almost 3 orders of magnitude
dc chosen in our analysis has been set to 2µm.
The distribution p(l) exhibits a clear power law behavior over more than two order of magnitudes
(the whole spatial window we could investigate). In figure 4.17 a and b are shown p(l) and pl (vl )
measured with the same criterion from the PT simulations discussed in chapter 2 (for a slightly
different geometry): the effective retention length and the associated velocity are distributed in a
very similar way. But while the effective retention length ranges over slightly more than two orders
of magnitude reflecting the limits of our PT performed over only 3 FOVs, the associated velocity
pdf pvl (vl ) of vl shows a power law with positive slope for low velocity and a predominant pick
around it’s mean value. This velocity pdf may be not representative of the real pdf experienced by
particles, particularly it tends to underestimate the low velocities: this will affect the model’s results
as we will explain in the following section.

4.6

Discussion and results

The model we introduced in chapter 3 proposed a framework for anomalous transport and filtration
as controlled by three stochastic Markov processes: a length scale l over which the associated
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Figure 4.18: a) Correlation cvl of the Lagrangian velocities sampled over each retention length vl as
function of the step n: it decay exponentially with characteristic exponent of 1 step, indicating the
fast de-correlation of such velocities that, thus, are a Markovian process. b) The number of tracks
having at least n retention lengths.
velocity vl and attachment rate k are constant. We defined the retention length so that for each
segment l we have a different and uncorrelated attachment rate k. The trajectory velocities sample
over these segments result a posteriori to be uncorrelated: figure 4.18 a shows the auto-correlation
cvl of the measured vl as function of the retention length sample n (i.e. steps) detected along the
trajectory itself: it decays exponentially fast with slope

1, meaning that after one step (at the next

retention length) the velocity can be considered un-correlated and, thus, a Markov process. As
shown in figure 4.18 b the number n of retention lengths detected along a single trajectory decays:
most of trajectories are long enough to get 3 ls while only a few trajectories get to have 10 ls.

4.6.1

Stochastic model: from pore to porous medium scale

We now feed the model presented in chapter 3 with the measured distributions pl and pvl . Unfortunately, our optical set-up does not allow us to observe sub-micron dynamics that could lead
to measurement of the distribution of the attachment rate k. However, a recent publication [68]
reported observations on the attachment of colloids flowing at a constant distance from a solid wall
(as if they were in a given retention length): the retention phenomenon is resolved as a stochastic
process and the retained colloids are spatially distributed at a distance x from the inlet that scales as
x

1/2 .

Therefore, assuming that colloids are transported at a constant velocity along the solid wall,

they spend there the same amount of time during which molecular diffusion can provide enough
energy to overcome the electrostatic barrier hindering the attractive (Van der Waals) force leading
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Figure 4.19: a) The solid blue line and the gray area represent the average and standard deviation of
the BTC measured over three replicates. The red solid line the prediction of our CTRW model that
we feed with the retention length and velocity PDFs measured with our PT. b) The complementary
BTC defined as 1 c/c0 for the same data as in a: it highlight the mismatch of the defined model to
capture the slow, power law, approach to the asymptotic plateau. We believe that our PT experiment
is not able to properly capture the slow velocities that control this asymptotic behavior.
to the attachment event. We, then, interpret this scaling as if the attachment rate was a stochastic
process distributed according to:
p(k) ⇠ k

b

k
k
e 0

(4.7)

where k0 represents a scale parameter of an exponential cut-off for high attachment rate and b =
1/2.
We model the observed filtration (transport and retention) within a Continuous Time Random Walk
(CTRW) scheme for which N = 105 random walkers move through a one-dimensional space x
according to:

8
< xn = x
n 1 + ln
: t =t
n
n 1 + ln /vn ,

(4.8)

where the advective flight time tn = ln /vn is defined by the two random variables ln and vn that
are withdrawn from the measured pl and pvl , respectively. At each simulation step n we compare
the generated tn with a survival time tn which is drawn from an exponential distribution e(

k n t)

where k n is the stochastic attachment rate, also drawn from eq. (4.8). If the survival time is shorter
than the transport time, the tracer gets retained and its final position recorded to compute the deposition profile, otherwise the simulation continues to the next step n + 1. The simulation for a tracer
continues until it is retained or its position reaches the medium outlet L = 990 mm. Every time a
tracer gets to x = L the arrival time is recorded to compute the BTC.
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In figure 4.19 we compare the results of the CTRW described by the eq. (4.8) adopting the velocity
and correlation length distributions that we measured from the particle tracking (figure 4.16, with
the experimental data. In this case, only one parameter (k0 = 1.7 ⇥ 10

4s 1)

was fitted in order

to get the same concentration of attached particles. By comparison with the simulated data, the
simulation captures only the first arrival times, time below t/t PV < 10

1,

which is affected by par-

ticles that sampled mostly high velocity. The model cannot describe the long tailing behavior of the
BTC as showed in figure 4.19 b) where the major contribution is given by the bulk of particles that
experience low velocities (typical scenario of anomalous transport).

The sampled velocity distributions showed in figure 4.16, b, is peaked around the mean velocity,
therefore the probability to draw low velocity is really low. Indeed it is shown in the plot of
complementary BTC, for long times, the simulated BTC decay exponentially fast as predicted in
the classical up-scaled formulation of the ADE equation where the velocity is associated with the
Darcy velocity and thus assumed constant. The comparison with the simulated deposition profile
and the experimental data figure 4.21 a), shows that the model fails in predicting the concentration
of attached particle at a distance close to the outlet exhibiting, instead an inverse trend. After 104
pores, which corresponds to a characteristic length scale defined as v0 /k0 (e.g. [150]) indeed, it starts
to decay exponentially fast. As showed in chapter 3, this happens specifically when the correlation
length is a fixed quantity or it is distributed within a short range of values (as in the case where
CFT predictions are correct). Therefore, the discrepancy between the simulated BTC and deposition
profile reflects the experimental limits of the PT we performed.

On the one hand, the correlation length that we sampled over three FOV has a cutoff related to
the longest trajectories that we can track. On the other hand, the sampled velocity vl probably
under-samples low velocities, as we mentioned earlier. This is mostly associated to the acquisition
of a 2D projection of particle track flowing in a 3D channel: in 2D images, very slow particles often
overlaps with fast ones, moving at a different channel depth, thus, slow trajectories are continuously
fragmented. Therefore, we also ran our stochastic model using a velocity PDF that has a power law
distribution of extremely low velocities.

As I showed in Chapter 3, anomalous deposition profile, when sampled over many orders of magnitudes, exhibits two regimes: short and long distances. If we interpret the peak at 5000 pore distance
of the DP as a signal of changing regime we can assume that the slope of the early distance is the
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Figure 4.20: a The solid blue line and the gray area represent the average and standard deviation of
the BTC measured over three replicates. The red solid line the prediction of our CTRW model that
we feed with the retention length PDFs measured with our PT and velocities PDF as the power law
scaling as (vl /u) 0.2 . b. The complementary BTC defined as 1 c/c0 for the same data as in a: it
highlight the excellent match of the CTRW model to capture the slow, power law, approach to the
asymptotic plateau.
one directly affected by the velocity pdf as proved by Miele et. al. in [151]. Thus, we can employ
a new negative slope power law velocity pdf with the same slope (pvl ⇠ (vl /u)

0.2 ),

to feed the

stochastic model. With the new ingredients, in figure 4.20 a and b, I show the results of a second
set of simulations of our model, superposed to our experimental data. The model fits very well the
measured BTC (the plot is in logarithmic scale, we acknowledge a little discrepancy for early times)
and in particular, it captures very well the long tailing behavior which is affected by the characteristic exponent ov the velocity distribution. The comparison between the simulated and measured
deposition profile is showed in figure 4.21 b. The model predicts a decreasing profile following
the same slope of the experimental data and it keeps the trend for the entire length of the porous
medium, thus, it fails to predict the increase close to the outlet.

4.7

Final remarks

We developed a new experimental setup that allows, for the first time, the observations of BTC and
DP simultaneously over several temporal and spatial scales to unravel the impact of medium and
flow heterogeneity on the overall filtration phenomenon. Experiments consisted of the continuous
injection of a colloidal suspension within a saturated PDMS-made microfluidic replica of porous
medium, characterized by a specific geometrical topology defined in terms of a broad distribution
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Figure 4.21: a Blue line and gray area represent the average and standard deviation of the measured
deposition profiles. The red solid line is the prediction of the CTRW model that we feed with the
retention length and velocity PDFs measured with our PT. b is the same as in a but shown in semilogarithmic plot to highlight the non exponential deposition profile measured. c Same as in a, but
the red line is the CTRW model that we feed with the retention length PDFs measured with our PT
and velocities PDF as the power law scaling as (vl /u) 0.2 .
for pore throats size. For the chosen geometry, BTC and deposition profile (over 3 consistent replicates) exhibit anomalous behavior with respect to CFT predictions. We interpreted these behaviors
in terms of our stochastic model (presented in chapter 3) based on three microscopic random variables: i) local retention length l over which the colloid-collector distance is small enough for colloids
to experience surface attraction, ii) local velocity over that length vl and iii) local attachment rate k.

The microfluidics device we designed allowed us to directly measure by PT the retention length
l and velocity vl . We used the attachment rate distribution following [68] that measured it with
microfluidics experiments. Since existing PT codes are designed for different systems (e.g. diffusive
or turbulent) that have a defined support spatial scale over which very close particles are moving at
very similar velocities, they were not able to track for long distances transported colloids in confined
heterogeneous porous media. In fact, in such media very close particles (a few microns) can move
with velocities ranging over several orders of magnitude. We, then, developed our own PT scheme
based on the prediction of where a particle should be found in the next frame based on its current
velocity. However, while this method has shown an ability to track particles much better than existing codes, it needs to be improved to characterize small velocities (below 5µm/s) that seem to be, a
posteriori, under represented in the measured statistics.

In principle, we could investigate these Lagrangian properties over a larger range of spatial scales,
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but we did not get enough statistics since several trajectories end after about 50l. It is the objective
of current research to improve the particle tracking algorithm (e.g. improving its ability to keep
following particles that disappear for a few frames) and the experimental set up (e.g. using a faster
camera for acquisition), to track individual trajectories over longer paths. Thus, a novel version of
the PT scheme is object of current investigation.

We verified our model of chapter 3 through the stochastic simulation. The PT limitations reflected
the discrepancy between models prediction, based on velocities distribution directly measured, and
macroscopic experimental data. To overcome this issue, we also performed our stochastic CTRW
model using a power law distribution for extremely low velocities (not yet measurable with our PT
scheme), showing that our model is able to capture the anomalous behavior of measured BTC and
DP.
We plan to complement the work presented here with experiments (to be done) using a higher
ionic strength of the prepared colloidal suspension to change the attachment conditions. Beside the
further experiments with higher ionic strength, we need to improve the PT scheme we developed in
order to detect and measure the distribution of extremely low velocities. The results presented here
will be summarized in a manuscript that will be submitted before the end of 2020: this work is done
in collaboration with prof. Veronica Morales (University of California at Davis) who co-supervised
my work for the experimental setup design, the particle tracking code development and the results
analysis.
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Chapter 5

Filtering bacteria: the role of motility
The work described in this chapter has been published by the Journal of Royal Society Interface
as a manuscript entitled Trait-specific dispersal of bacteria in heterogeneous porous environments: from
pore to porous medium scale. I explicitly contributed to this work that has been done in collaboration
with David Scheidweiler, Hannes Peter and Tom J. Battin from the Stream Biofilm and Ecosystem
Research (SBER) Laboratory, of the Ecole Polytechnique Fd́ŕale de Lausanne in i) developing the
model and providing a physical interpretation of the experimental results, ii) performing particle
tracking simulations and stochastic numerical simulations and iii) analyzing the images to measure
the deposition profile. This work, indeed, represents a validation of the novel model I developed
and described in chapter # 3, in a way that the different nature of the transported objects is reflected
by a different set of parameters in the pdfs of l, v, k that the model needs.
The dispersal of organisms controls structure and dynamics of populations and communities, regulating ecosystem functioning. Predicting dispersal across scales is important to understand microbial life in heterogeneous porous environments. We developed a multi-scale approach, combining experiments with microfluidic devices to track individual bacterial trajectories and measure
the overall breakthrough curves and bacterial deposition profiles. We show that motile cells of
Pseudomonas putida disperse more efficiently, than non-motile mutant, through a designed heterogeneous porous system. Motile cells can evade flow-imposed trajectories, enabling them to explore
larger pore areas than non-motile cells. We also found, in a separate set of experiments, that if
the suspension flows through a porous system already colonized by a biofilm, P. putida cells are
channelized in preferential flow paths and cell attachment rate is increased. These two effects were
more pronounced for non-motile than for motile cells. Our findings suggest that motility coupled
with heterogeneous flows can be beneficial to motile bacteria in confined environments as it enables
them to actively explore space for resources or evade from regions with unfavorable conditions.
89
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Transport of microorganisms in the subsurface

The movement of organisms is a fundamental property of life [152]. Movement serves organisms
to explore space and other resources, to forage or disperse, and can have consequences for competition, predation and mating. Organisms can move actively or passively, or by a combination thereof,
with implications for exploration, foraging or dispersal range. Transport, therefore, encapsulates
processes that act across multiple spatial and temporal scales, and that are relevant for the fitness of
individuals, the structure and function of populations, communities and even ecosystems [152, 153].

5.1.1

Microorganisms dispersal

Many bacteria are actively swimming propelled by a flagellum, or they are twitching or gliding
over surfaces. Irrespective of the way they move, most motile bacteria use various sensory systems
to explore their environment, typically patchy in natural conditions, and direct their navigation towards resources [154, 155, 156] [3-5]. This behavior, known as chemotaxis, allows bacteria to exploit
transient resource gradients and to overcome constraints imposed by diffusion boundaries [156].
The recognition of microbial small-scale behaviour as a response to their surrounding physical and
chemical heterogeneity has changed the way microbial ecologists now perceive the ocean [156, 157].

Similarly, the advent of microfluidics devices combined with real-time microscopy and modeling
is now shedding new light on the physics of the microbial life in confined environments, as they
prevail within soils, groundwater and streambeds, e.g. [158, 159, 160, 161]. Owing to their physical
and chemical heterogeneity, these porous environments harbor most of the microbial biomass and
diversity on Earth, that greatly contribute to biogeochemical cycles [159, 162]. Although much
progress has been achieved in the understanding of microbial behavior in heterogeneous flows
within porous systems [163, 164, 165, 166] the multi-scale complexity driving transport through
these systems still poses unsolved fundamental questions precluding the prediction of microbial
dispersal under realistic conditions where the flow is typically heterogeneous and the host medium
colonized by a native biofilm. This is surprising given the recognition that biofilms alter porous
flow, such as local clogging and the generation of preferential flow paths [167, 168].
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Microorganisms transport and filtration by heterogeneous porous media

Subsurface environments are inherently heterogeneous, with structures (e.g., pore length and throat)
and networks of fluid paths spanning over several orders of magnitude [169]. However, transport
and deposition properties within porous environments are typically described by classical macroscopic colloid filtration theory [163, 170], which neglects flow heterogeneity. Experimentally, transport and filtration of particles, including bacterial cells, are typically studied using breakthrough
curves (BTC) (i.e., times series of particle concentration at a fixed location) and deposition profiles
(i.e., spatial distribution of attached particles at a given time) [171, 172, 173, 174]. Scales of observation typically range from the sub-meter scale in sediment columns, e.g. [175] to the micrometer
scale of individual grains or pores, e.g. [176, 177, 178]. However, these approaches generally do not
couple fine-scale processes, for instance at the level of single cells or pores, to the overall transport
behavior captured by BTC. Classical transport models, which are often rooted in mass balance and
macro-dispersion theories, assume that transported particles are well mixed, at some support scale
typically much larger than the single pore, and make use of averaged quantities to describe and predict filtration in porous systems [172]. However, the associated dispersion coefficients and average
fluid velocities depend on the observation scale and while they represent average measurements,
they do not represent the real, microscopic, environment that is experienced by any entity, such as
bacteria, transported through pores [179, 180, 181, 182, 183, 184]. In this context, the deviation of
direct observations from classical models is known as anomalous behavior and has been reported
from natural systems, ranging from turbulent and chaotic flows [185] to transport in porous and
fractured systems [179]. Such behavior, arising from the high flow variability, its intermittency and
spatial correlation [186], is characterized by non-linear particle spreading (non-Fickian dispersion),
early arrival times and long tailing that are not captured by classical models [179, 187].

Here, we studied the multi-scale processes involved in dispersal of motile and non-motile bacteria
in a porous system. Based on recent studies showing that motile cells exhibit different transport
dynamics at the pore-scale [166, 176, 177] compared to passive dispersal, we hypothesize that
in porous systems trait-specific dispersal (i.e., motile versus non-motile) controls macro-scale (i.e.
the porous landscape) dispersal patterns. More specifically, we anticipated that motility confers
a benefit to actively dispersing cells as they may explore more space locally while, at the same
time, they are transported faster through the porous system. To test our hypotheses, we combined
microfluidics with optical microscopy to study transport and bacterial behavior at pore scale and
concomitantly measured macroscopic quantities (i.e., BTC and deposition profiles). Furthermore,
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Figure 5.1: Conceptual diagram of the experimental set-up (A), highlighting the two configurations
adopted: a straight channel without obstacles (B) and porous channel filled with impermeable
obstacles (C). Both channels have a width w = 5 mm, a length L = 27 mm and a height h1 = 0.05
mm. The channel was coupled to an observation channel, of height h2 = 0.5 mm where fluorescent
particles were counted. Particle tracking of non-motile and motile cells (D). BTCâĂŹs of fluorescent
microspheres (E). Measurement (points) and standard deviation (shaded area) are shown for particle
transported through a straight channel (magenta) and a porous channel (green). The analytical
solution c( x, t) of the one dimensional advection-dispersion-equation (plotted as a black solid line),
evaluated at x = 200 mm (the outlet of the connecting pipe of radius R = 0.25 mm) well represents
the measured BTC. The average velocity is provided by the imposed flow Q, q = Q/(pR)2 and the
dispersion coefficient is the one of Taylor dispersion in a pipe, with a molecular diffusion Dm , is
D = Dm (1 + 1/48(qR/Dm )2).

we directly observed how the presence of a resident biofilm on grain surfaces affects the dispersal
of motile and non-motile cells. We coupled observations at micro and macro-scales with a recently
proposed stochastic model [150] that takes into account both, the physical heterogeneity and transport dynamics, within a Continuous Time Random Walk (CTRW) framework. This novel approach
allowed us to shed new light on the bacterial dispersal behavior and its consequences for ecological
processes in porous environments.
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Material and Methods
Experimental design

We investigated the dispersal of motile and non-motile bacteria in porous systems engineered in
microfluidics devices (Figure 5.1) in the presence and absence of native biofilm. Using time-lapsed
microscopy, we quantified the dispersal of wild-type P. putida and a non-flagellated mutant thereof,
which we contrasted to the transport of microspheres that served as a conservative tracer. For
each treatment (i.e., presence/absence of biofilm), we performed four independent experiments
with each cell type. Experiments were conducted at low nutrient concentrations to avoid cellular
division during the experiments and to better reflect bacterial behavior in natural environments that
are often nutrient depleted.

5.2.2

Microfluidics

We designed planar microfluidic devices to simulate environments with simple parabolic flow profiles (width, w = 5 mm; height, h1 = 0.05 mm; length, L = 27 mm). Microfluidic devices of the
same size with a matrix of pillars (that is, the grains) throughout the channel and characterized by
a porosity f of 0.5 (Figure 5.1) served as porous media. The geometry chosen for the pore throat
size (lm ) distribution p(lm ) is the same as the one used by [182] such that p(lm ) simlm 0.08 . We
scaled the geometry in a way that the average throat is lm = 0.05 mm. This choice avoided a shear
domination on the horizontal or vertical plane of the pore. Molds were fabricated by depositing
a layer of SU-8 2150 (MicroChem Corp., Newton, MA) with controlled thickness on silicon wafers
via spin-coating and the desired geometry was engraved via photolithography. Polydimethylsiloxane (PDMS; Sylgard 184 Silicone Elastomer Kit, Dow Corning, Midland, MI) was prepared with
addition of 10% by weight of curing agent and casted on the molds. PDMS microchannels were
plasma-sealed onto 25 mm ⇥ 75 mm glass slides. To measure BTCs, we connected the microfluidic
chamber outlet to a second PDMS channel, that we refer to as the observation channel, devoid of

obstacles but 10 times thicker (width w2 = 5 mm, height h2 = 0.5 mm, length L2 = 10 mm) so that
transported bacteria and microspheres would move 10 times slower. Shear in the observation channel was 0.01 s

1

and thus much smaller than shear leading to cell trapping (> 1 s

1)

[188, 189].

We focused the epifluorescence microscope to the center plane of the observation channel to record
pictures from which we counted the number of cells or microspheres per unit of time. Before each
experiment, the prepared solution was imaged in a separate observation channel to record cell and
microsphere concentrations (C0). Flow was controlled by a syringe pump (NE-4000, New Era syPhD thesis - Filippo Miele
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ringe pumps Inc., USA) by withdrawing fluid via Tygon tubing from the observation channel outlet,
at a constant flow rate (Q) of 1 mul/min and eluting one pore volume (i.e. the volume of the entire
porous channel) every 3.4 min. The channel inlet was connected via Tygon tubing to the bacterial
suspension.

5.2.3

Bacterial strains and cultivation

We used the motile wild type (WT) P. putida KT2440 and a non-flagellated (DfliM) mutant [189],
both expressing the green fluorescent protein (GFP). Frozen cells were inoculated in 5 mL LuriaBertani (LB) broth and incubated at 30°C while shaking at 250 rpm overnight. Subsequently, 100
µL of the culture were resuspended in 5 ml LB, and incubated under the same conditions until
exponential phase (⇠ 5 hr) was reached. An aliquot was then centrifuged (2300 g, 5 min), the
supernatant was removed, the pellet resuspended in a cultivation medium, and diluted to a final
cell concentration of ⇠ 1 ⇥ 106 ml

1.

Prior to use, the bacterial solution was kept for 4 h on a

shaker (250 rpm) until reaching motility steady state. The cultivation medium consisted of a 1:1
mixture of filtered (0.2 µm) and autoclaved lake water and deuterium oxide (Sigma-Aldrich, USA).
The density of deuterium oxide (1.10 g ml

1)

matches the density of bacterial cells (1.05 g mL-1),

thus reducing gravitational settling. The low nutrient concentration of the medium allows P. putida
KT2440 to swim but not to divide over the experimental duration. Along with the cell suspension,
we added fluorescent microspheres (1 µm; Thermofisher Fluoromax B0100) at a concentration of
1:10 (⇠ 5⇥ 104 ml

1 ).

For the porous system with biofilms, we grew biofilms by injecting over 24 h

the wild type P. putida KT2440 (106 cells ml

1)

but not expressing GFP and contained in the same

cultivation medium as above. Prior to experiments, cells remaining in suspension within the porous
space were washed out by gently pumping sterile cultivation medium (0.01 ml/min) through the
system.

5.2.4

Time-lapse video-microscopy

Time-lapse imaging was performed with an automated transmission light microscope (Zeiss Axio
Imager.2, Carl Zeiss, Germany) equipped with a CCD camera (Axiocam 506 mono, Zeiss, 14-bit) and
controlled by the Zen 2011 software that allowed us to automatically capture a time series of large
images composed by tiling of pictures. All individual pictures (2752 ⇥ 2208, 6 megapixels) were
recorded at 10X magnification (0.45 µm/pixel) focusing the optics on the middle horizontal plane

of the observation channel. Microspheres were imaged by fluorescence microscopy (excitation = 375
nm; emission = 460 nm) with an exposure time of 20 ms, while images of GFP-expressing cells were
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acquired with at an exposure time of 100 ms. Every 2 minutes, we recorded 5 individual pictures
along the transverse flow direction to cover the entire cross section of the observation channel.
Deposition profiles of bacterial cells were recorded via fluorescence imaging at the end of each
experiment as a single image of the entire porous channel, tiling 148 individual images acquired
with an exposure time of 100 ms. Prior to the filtration experiments, the non-fluorescent resident
biofilm was imaged using bright-field microscopy. Cell velocities were derived by tracking cells
in phase-contrast configuration with an exposure time of 2 ms for 150 s (3000 pictures recorded
at a frequency of 20 Hz) over three different zones of the system each spanning about 20 ⇥ 20

average pore throats µm (see Figure 5.1,D). The velocity probability density function (PDF) resulting
from particle tracking experiments performed over the three different zones were consistent and
reproducible (see Figure 5.3 A and B).

5.2.5

Data analysis

In order to count the bacterial cells in the observation channel, we applied a Gaussian filter with a
kernel defined by a standard deviation of 3 pixels to every recorded image to smoothen electronic
noise associated with the camera acquisition. Then, we generated a thresholding mask to delete
background via an adaptive thresholding algorithm which chooses a threshold value based on the
local mean intensity over an area of 100 ⇥ 100 pixels (adaptthresh in Matlab). Clusters of connected

pixels larger than 4 ⇥ 4 pixels were considered as a particle passing through the observation channel
and counted proportionally to its surface coverage. Knowing the depth of the field of view (i.e., 50

µm) and area of investigation, counts were converted into concentrations (particles mL-1). The BTCs
of effluent concentration profiles (c) were normalized to the injected solution concentration (c0 ) and
plotted versus time in log-log space (Figure 5.2). Time t was rescaled by the residence time of one
pore volume, defined as T = L/q = LAf/Q = 27 mm / (1 mm3 /min) ⇥ (0.05 mm ⇥ 5 mm) ⇥ 0.5 =

3.4 min, where f = 0.5 is the system porosity, A is the microfluidics chamber transverse cross section
(0.05 mm thickness and 5 mm width) and L = 32 mm is the longitudinal length of the porous system.

We validated this methodology by measuring BTCs of fluorescent microspheres in a straight microfluidic channel (see also Figure 5.1B) where no attachment or settlement is expected to take
place. For this case an exact solution is given in terms of Taylor dispersion:
∂c
+ r q · c = D r2 c
∂t

(5.1)

where c represents the suspension concentration, q the averaged (Darcy) fluid velocity and D the
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macroscopic dispersion coefficient provided by Taylor dispersion theory adapted to a planar fracture.

Our experimentally measured BTC are well matched by the above analytical solution of the advection dispersion equation (ADE). However, BTCs obtained from transport through a heterogeneous
porous channel are expected to be quantitatively and qualitatively different [174] due to the flow
heterogeneity and the particle filtration mechanism. Measuring BTCs of microspheres injected into
the porous channel showed a clearly different, also called anomalous, transport behavior characterized by lower concentrations at first time arrival, an elongated tail of late arriving microspheres and
reduced overall recovery (Figure 5.2 A and B).

Deposition profiles were acquired at the end of each experiment as the fluorescence signal of the
bacterial cells, normalized by the average individual cell fluorescence (motile 0.0030 ± 1.4 ⇥ 10-4,
non-motile 0.0026 ± 1.4 ⇥ 10-4), that were retained by the pillars within the entire porous system.
A threshold of 3% the pixel depth was used to remove background noise. Then, the integral of flu-

orescence signal along transversal slices of 10 µm thickness was used to compute overall deposition
profiles. Thus, the deposition profile is a count (the florescent signal in arbitrary units) per unit
length (the thickness of the system slice over which we compute the vertical integral).

Prior to the filtration experiments, the fraction of pore space occupied by the resident biofilm was
computed from the biofilm coverage in the porous channel. To study bacterial transport within the
system pores, we tracked ⇠ 5000 trajectories of cells per investigation spot and over three different
areas. The average of all recorded images for each tracking experiment was subtracted from each
image to remove background noise. From the resulting image, the modulus of the intensity gradient was computed, normalized by its maximum value and, then, binarized with a 20% threshold.
For each time point, cell and microsphere position was identified as the peak of a 2D-Gaussian
distribution, following the particle tracking algorithm [190] implemented in Matlab (track). Further, we computed the tortuosity of the trajectory as the ratio between actual trajectory length and
the Euclidean distance between initial and final trajectory coordinates. The bacterial density has
been computed from the counts (n) of the coordinates of motile and non-motile cells across all time
points, binned every 8 ⇥ 8 pixels, and normalized by the average count per binning (N) across the
whole image.

For each trajectory, with a tortuosity < 2 and a minimum of 30 time points, we analyzed the rotaPhD thesis - Filippo Miele
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tional motion of the rod-shaped P. putida cells. First, we detected the ellipsoidal cell shapes using
MatlabâĂŹs function regionprops. For cells whose aspect ratio was larger than 1.5 (96% of all cases),
we recorded the instantaneous angle µ between the cell trajectory and the cell ’s major axis. From
these angles, which were positive if the cell rotated clockwise and negative otherwise, the angular
variation was computed at each time point. Finally, the total cell rotation (a) was measured as
the sum of the angular variations (Dµ) along each trajectory, and the angular velocity w has been
expressed as Dµ/Dt.

5.2.6

Stochastic model for bacterial cell filtration in porous systems

We adopted a recently published model that accounts for the fundamental mechanisms driving colloid filtration by porous systems, by explicitly taking into account the variability of particle transport
and attachment rate, which describes the individual attachment events per time [150]. This physical
model is similar to pore-network models that represent the flow through the entire porous system
as the one through a network of connected tubes (pipes): each pore is a tube of given radius and
characterized by a given velocity and connectivity. We, here, replace the concept of pore with the
one of the flow correlation length: the distance along each trajectory where a transported particle is maintaining its velocity (small acceleration magnitude). Thus, bacterial transport through a
porous system (here a collection of heterogeneously distributed grains as represented by gray disks
in Figure 5.1 C and D) is modeled as the one through a sequence of stream tubes of different length
within which the bacterial trajectories are confined: within each tube of length li a transported
microbe keeps a constant velocity vi, an averaged distance from the grain wall and, thus, a constant
attachment rate k i .

Once it moves to the next pore of different size li+1 , also vi+1 and k i+1 will change. This reflects
the fact that flow and matrix structure in natural conditions may vary across a broad range of
length scales. The length scale l can be interpreted as the physical size of an individual pore,
but it may comprise also several pores over which the velocity of transported particles persists
such as in high velocities channels [150]. In this framework, the physical meaning of l refers to
system structures that are larger than individual pores, but consist of several pores that are well
connected, from a hydraulic point of view. The three stochastic processes l, v and k are statistically
distributed and depend on pore-scale transport (flow correlation length and velocity distributions)
and suspension (attachment rate distribution) properties. Based on this physical model we build a
numerical solution based on Continuous Time Random Walk [150]: a number N = 500, 000 tracers
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are tracked through their walk, defined as follows, and BTC are computed as probability density
functions of arrival times and deposition profiles are computed as averaged position of attachment.
Each tracer trajectory is independent on the others and all start from the same position x = 0. At
each simulation step n the tracer position and time are updated as:
8
< xn = x
n 1 + ln
: t =t
n
n 1 + ln /v,

(5.2)

where l and v are drawn from the distribution that characterize them, as discussed below. The
characteristic transport time tT = l/v is, then, compared with the survival time ts which is drawn
from the exponential distribution e(

kt) where k is the stochastic attachment rate drawn from its

own distribution, discussed below. If survival time is shorter than transport time, the tracer got
filtered and its final position recorded to compute the deposition profile, otherwise the simulation
continues until the tracer position reaches the position L = 27 mm. In case the tracer gets to x = L
without being retained, the simulation stops, the arrival time is recorded to compute the BTC and
another tracer walk is simulated.

The distribution of the introduced correlation length l cannot be directly measured with our experimental setup since the measurement of l must be done by tracking individual trajectories over
distances that are much larger than the individual pore and our experimental set-up allows us to
measure such quantities over 20 pore sizes. However, we used the numerical solution of the flow
field for the adopted geometry following [182] to compute individual trajectories (Figure 5.4 A and
B) and from them (50,000) we computed the distribution of the correlation length l. The latter is
defined by moving along each trajectory over about 540 average pore throat sizes (0.05 mm) and
computing the time series of the Lagrangian accelerations experienced by the transported particles:
every time that the absolute value of the Lagrangian acceleration magnitude exceeds its average
value the considered trajectory is marked. The average acceleration does not change among trajectories, since the particles cover enough space and sample the whole flow velocity heterogeneity
across the 540 pore throats. Time series of the absolute values of Lagrangian accelerations displayed
an intermittent behavior between highly fluctuating velocities and strongly correlated ones, as reported earlier for heterogeneous porous systems [174, 186]. The correlation lengths, measured as
the distance (l) over which a particle travels with constant velocity (Figure 5.4 C and D), result to
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be power-law (Pareto) distributed as
y(l) ⇠ l

1 g

,

(5.3)

where l spans over three orders of magnitude (from 0.02 mm to 30 mm), with a characteristic exponent g = 0.6. We note that the segment of length l of cell trajectories over which they keep the same
velocity is a purely hydraulic property imposed by the host medium structure and fluid hydrodynamics. Hence it does not depend on bacterial motility. In fact, changing between close streamlines
in laminar flow (due to active motion) is not significantly affecting the acceleration experienced by
the transported cells and, thus, their correlation length, but just the time t spent by the flowing cell
within l and, therefore, the average velocity v = l/t distribution.

The local fluid velocity modulus through a power-law distributed pore space, has been shown in 2d
[182] and 3d [191] to follow also a power-law distribution with an exponential cut-off. Thus, we
choose a Gamma-like distribution for the fluid velocity v,
p(v) ⇠ v b

1

e

v/v0

,

(5.4)

where v0 represents the cut-off velocity and the shape parameter b describe the small velocity
distribution. Typical values of the parameter b for heterogeneous flows, characterized by broad
distributions, are in the range [0,2], [192]. To define the statistical distribution of the attachment
rate k, we assume that the attachment probability for an individual cell and retained by the porous
matrix depends only on the distance at which it is instantaneously located from a solid surface. Note
that a pore is not only characterized by its length, but also by the throat size representing its smallest
constriction. We assumed that the distance determining the attachment rate k is represented by the
pore throat: the smaller a pore throat is, the closer a passing cell may be to the surface and, thus,
the larger the attachment rate k will be. It has been found for several materials [193, 194] that the
distribution of pore throat size r can also be approximated by a Pareto distribution. Thus, assuming
k ⇠ 1/r, the lower bounded Pareto-type PDF will result in a power-law distribution with a cut-off

for high values of k, which can be represented by the Gamma-like distribution
p(k ) ⇠ vn

1

e

k/k0

,

(5.5)

characterized by the shape parameter n and the cut-off value k0 . Assuming the correlation length
is a purely hydraulic property, we used the measured values for both, motile and non-motile cells.
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As our experimental set-up did not allow to track trajectories longer than about 20 characteristic
pore lengths, the shape parameter b of the velocity distribution was fitted. However, the cutoff
value v0 was estimated from the particle tracking as the cut-off value of the velocity distribution
that has been measured to be 0.1 mm/s for both motile and non-motile cells (Figure ref3A). For the
distribution of the attachment rate, we fitted both the shape parameter (n) and the cut-off value (k0).

5.3
5.3.1

Results
BTC and deposition profiles of bacterial cells

From the analysis of the BTCs, we found that motile cells exhibited earlier arrival times (motile: 53

± 5 min; non-motile: 86 ± 10 min; t-test, p<0.05), higher C/C0 values at all times, and a larger final

cell recovery compared to the non-motile cells (motile: 0.31 ± 0.05; non-motile: 0.14 ± 0.02; t-test,

p<0.01) (Fig. 2A). This indicates that motile P. putida travelled on average faster through the porous
system and were less retained compared to the non-motile cells. This is corroborated by the fact
that BTC of co-injected microspheres showed no differences in terms of arrival times, mass recovery
and BTC slopes (Supp. Fig. S1), removing the possibility of hydrodynamic variance between experiments. Therefore, the observed differences in bacterial BTCs are driven by the different dispersal
strategies associated to their motility.

Figure 2B shows the averaged deposition profile over the 4 replicates for the motile and non-motile
cells. Consistently with BTCs results, the deposition profiles of motile cells are significantly lower
than for the non-motile counterpart (two-way repeated measures ANOVA, F=5273, p<0.01), indicating that fewer motile cells were retained over the entire length of the porous system compared
to the non-motile ones, as appreciable also from the images of the deposited cells (Fig. S2). Both
deposition profiles decreased monotonically from the in- to the outlet, reflecting the fact that while
transported and deposited, local cell concentrations decreased, effectively decreasing attachment
events. Note that all the deposition profiles are not exponentially decreasing, as it would be expected from classical filtration theory [66, 195]: they all display a power-law decay, signature of the
impact of anomalous transport on the overall filtration phenomenon.
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Figure 5.2: BTCs of motile and non-motile P. putida KT2440 cells, through a porous channel in
absence (A) and presence of a biofilm (C). Deposition profiles of motile and non-motile cells along
the porous channel length, in absence (B) and presence of a biofilm (D). Dots represent averages of
four replicated experiments, shaded areas represent standard deviation, solid lines represent model
simulations.

5.3.2

Influence of biofilm on BTC and deposition profiles of bacterial cells

To determine the effect of biofilms on bacterial dispersal in porous systems, the same experiments
were repeated in the presence of a resident P. putida biofilm (Fig. S3). The resident biofilm occupied
around 5% of the pore space, however it dramatically changed the transport dynamics and filtration
of P. putida cells in the porous system. Unlike in the porous system without biofilm, all BTC âĂŹs
revealed earlier arrival times of the cells independent of their motility traits (Figure reffig2 C; motile:
41 ± 15 min; non-motile: 38 ± 3 min; t-test, p=0.8). BTC slopes of microspheres, motile, and
non-motile cells did not show significant differences between them (Fig. S1; t-test, p>0.05). Mass
recovery was similar between motile (29 % ± 7 %) and non-motile cells (32 % ± 5 %). In accordance

with BTC analyses, deposition profiles did not show differences between motile and non-motile
cells (two-way repeated measures ANOVA, F=0.7482, p>0.05) (Figure 5.2D). Overall, the presence of
a resident biofilm reduces the differences in transport and filtration behaviors between motile and
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non-motile cells.

5.3.3

Pore-scale bacterial transport of bacterial cells

From the analysis of cell trajectories we determined the velocity distributions of transported cells
(Figure 5.3A). The largest differences in the velocity PDF between motile and non-motile cells lie
between 2 and 60 µm sec-1, (Figure 5.3A). This is within the range of velocities of motile cells as
quantified in absence of flow (Supp. Fig. S4): the average swimming velocity is 17 µm sec-1 with a
standard deviation of 11 µm sec-1 which is about 10 times slower than the average fluid velocity (u
= 170 µm sec-1).

Motile cells were able to evade the flow-imposed trajectories thereby exploring a larger area within
the porous system. This notion is supported by the larger tortuosity of the trajectory (Fig. 3 B-D)
of motile as compared to non-motile cells (Kolmogorov-Smirnov Test for differences in distributions, p < 0.01). Analyzing trajectories, characterized by same length distribution (Fig. S5), we
observed that cells exhibited a rotational behavior while being transported (Supp. Video S1-2). Both
phenotypes were more likely to be aligned to the trajectory, as shown by the distribution of the
instantaneous angle between the cell trajectory and the cell âĂŹs major axis (µ = 0 rad). This effect
was more pronounced for motile cells, compared to non-motile cells (Fig. S6A, B). Moreover, the
angular velocity w was slightly higher for motile cells (4.0 ± 5.2, and 3.4 ± 4.4 rad/sec, respec-

tively), while the distribution of the total cell rotation a along each trajectory (Fig. 3E and F) for
motile cells was narrower than the one detected for non-motile cells (Kolmogorov-Smirnov Test for
differences in distributions, p < 0.05). For motile cells, average a was 0 ± 1.7 rad, whereas average
a of non-motile cells was 0 ± 2.5 rad, reflecting a higher propensity of non-motile cells to rotate in

response to flow shear as qualitatively shown in Fig. 3G.

5.4

Model predictions

Through a Continuous Time Random Walk (CTRW) numerical scheme, the physical model predicts
the BTC and the deposition profile (Fig. 2A-B) with a single set of fitting parameters for motile { b =
0.32, n =

0.13, k0 = 0.017s

1}

M

and non-motile cells { b = 0.08, n =

respectively. The characteristic exponents of velocity distribution, b
bution, n

0.27, k0 = 0.017s

1}

NM,

1 and attachment rate distri-

1, are shown in Fig. S7. The parameters are estimated as the ones that provide the best

fit for the BTC and deposition profile simultaneously, while imposing some physical constraints.
First, the distribution of the correlation length is measured through numerical flow simulations.
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Second, the value of the velocity cut-off value v0 is measured from the bacterial velocity distribution
and the cut-off value k0 is measured from deposition profiles (as v0 /k0 is the transition between two
deposition regimes [150]). A smaller value of the exponent b

1 implies that the distribution of low

velocities (the ones below the cut-off value) is broader. This means that the motile cells have a higher
probability to be transported at higher velocities (b
(b

1 =

1=

0.68), compared to the non-motile ones

0.92). The broader distribution of the attachment rate for motile cells (n

shows a higher propensity to become attached compared to non-motile cells (n

1=

1 =

1.13)

1.27).

The physical model was also applied to describe BTC and deposition profiles acquired in presence of
a resident biofilm coating the porous system (Figure 5.2 C-D), by means of the following parameters,
for motile cells { b = 0.6, n = 0.25, k0 = 0.0023s
0.0015s

1}

M,

1}

M

and non-motile cells { b = 0.9, n = 0.65, k0 =

respectively. The motile cells exhibited a 4 times steeper velocity distribution (b

1 = 0.4), implying a higher probability to experience low velocities. In contrast, the predicted
velocity distribution (b

1=

0.1) was broader for non-motile cells, implying that non-motile cells

experienced a higher displacement than motile cells. Motile cells had a two-fold steeper attachment
rate distribution (n

1 =

0.75) than the non-motile phenotype (n

1 =

0.35), indicating that

motile cells had a lower probability to attach. Remarkably, the change in these probabilities in the
presence of a resident biofilm was more pronounced for non-motile cells. Comparing the modeled
transport parameters for the porous system without and with biofilm, the characteristic exponent
n

1 shifted from

1.27 to

0.35, leading to a 3.6-fold change for the non-motile cells and a 1.5-

fold variation for the motile cells. Similarly, the exponent b

1 changed by 9.2 and 1.7 times for

non-motile and motile cells, respectively.

5.5

Discussion

Our experimental design allowed us to directly assess in a multi-scale approach the bacterial transport and filtration through porous systems. We were able to explain cell dispersal at the level of
the entire porous landscape (i.e., BTC and deposition profiles) contained within the microfluidic
devices by pore-scale trajectory analysis. We show that the cell-level transport velocities (v), the
length scale (l) over which transported cells keep the same velocity and their propensity to attach
to surfaces (k) within the porous system are relevant microscopic processes that control bacterial
dispersal at the larger scale. The coupling of these three micro-scale processes, incorporated in our
stochastic model, allowed us to unravel how bacteria with different dispersal traits, interact with
the flow heterogeneity across temporal (more than two orders of magnitude in pore volume) and
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spatial (more than two orders of magnitude in average pore size) scales.

Hence our findings shed new light on the biophysics underlying the dispersal of different phenotypes of P. putida through a porous system. The motile phenotype disperses more efficiently, thereby
exploring more space per unit of time, through a porous system than the non-motile phenotype. In
fact, from the analysis of individual cell trajectories, we observed that motile cells were transported
faster leading to earlier arrival times, steeper BTC, higher mass recovery and less deposition. The
largest differences in the velocity distribution of motile and non-motile cells ranged between 2 and
60 µm sec-1. This is within the range of average velocities (17 ± 11 µm sec-1) that motile cells can

achieve in the absence of flow and which is 10 times lower than the average fluid velocity (u = 170
µm sec-1). Such a discrepancy between the transport of motile and non-motile cells has recently
been reported from homogeneous porous systems [177] and attributed to hydrodynamic gradients
that hinders transverse dispersion and thus enhancing stream-wise transport [166].

Further dissecting the individual trajectories, we observed that P. putida cells exhibited a rotation
while being advected. This phenomenon is known to occur because of hydrodynamic torque imparted by shear rate ġ on an elongated object, whose rotational period T is a function of the cell
aspect ratio q, as T = 2p ġ

1

(q + q

1)

[177]. Both phenotypes showed a clear tendency to be aligned

with the local trajectory, however, this effect was more pronounced for the motile phenotype (Fig.
S6). While non-motile cells passively experienced this rotation, motile cells actively reoriented themselves along the trajectory; they rotate also in the direction against the one that would result from
shear alone on their elongated body (see video S1-2). Despite the fact that the non-motile cells have
a smaller aspect ratio, because they are flagella deficient, the two traits are characterized by a similar
angular velocity w (4.0 ± 5.2 rad/sec and 3.4 ± 4.4 rad/sec, respectively). This result suggests that
the difference in cell rotation (Fig. 3E-F) cannot be explained solely by the difference in body aspect
ratio. Rather it is also driven by cell motility.

We suggest that this phenomenon shifts the velocity distribution of the motile phenotype towards
higher values. In experiments with linear channels, characterized by linearly varying shear conditions, it was shown that high-shear segregates motile cells in near-wall regions [196]. In homogeneous porous systems, it was reported that flow-induced cell alignment drives suspension
densification [166, 84]. Here, while non-motile cells exhibited a densification pattern towards the
center of some pore (see figure S8 a), we did not observe a similar behavior for motile cells (Fig. S8
b).
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Figure 5.3: Trajectories of motile (A) and non-motile (B) P. putida KT2440 cells across a few pores.
Probability density functions of measured velocities (C) and trajectory tortuosity (D) of motile (red)
and non-motile (blue) cells transported through the porous channel. The dotted lines represent the
velocity range in which motile cells move faster than non-motile cells. Trajectories of a motile (red
box) and a non-motile P. putida cell (blue box) highlighting their local orientation (white arrow)
compared to the local trajectory (line), time difference between frames is 50 ms (E). Whereas motile
cells align with the flow as reflected by the narrow distribution of a around 0 (F), non-motile cells
tumble more (G).

Our results have several implications for our understanding of the bacterial ecology in porous systems. For instance, the dispersal trajectories of motile cells exhibited a higher tortuosity than those
of non-motile cells. This would imply that the motile phenotype has a higher likelihood to interact with the grain surfaces within the porous system. A similar behavior has been reported for
motile Escherichia coli transported around a single obstacle [176]. At the same time, it is known
that self-propelled movement allows active foraging [197], facilitates the escape from unfavorable
circumstances [198, 199] and colonization of new habitats [200]. This behavior seems particularly
relevant in heterogeneous environment of porous systems, such as in the hyporheic zone of streams
or in soils, where space for bacterial growth and particularly resources (e.g., inorganic nutrients,
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bioavailable organic carbon) are often limited in space and time. Our results indicate that cell dispersal is coupled with the local transport and filtration in heterogeneous porous systems. Moreover,
motility allows cells to actively explore new habitats, often inaccessible to passive dispersers, and
to select where to settle and form a colony. This trait is beneficial to cells leaving a mature biofilms
because of nutrient depletion [201], for instance. It also allows cells to evade from sites with unfavorable conditions where non-motile cells would have to reside longer. In porous systems, such
conditions may be found in stagnant zones where diffusion governs mass transfer and often limits
the delivery of resources, including oxygen [165]. On the other hand, flagellar motility represents
also a potential metabolic cost: hence, a tradeoff is involved in acquiring environmental advantages
at the price of metabolic expenses. It is therefore tempting to speculate that non-motile cells are potentially able to cope over prolonged periods with unfavorable conditions. This may be facilitated
by entering a transient dormancy as it is frequently observed in natural bacterial communities [202].

It is known that biofilm growth within porous systems induces channelization through preferential
flow paths [203]. In our work, this phenomenon led to a strong physical constraint on the dispersal
patterns of P. putida cells. We show that the resident biofilm dramatically reduces the ability of
the porous system to filter bacterial cells in transport. This is evident from the lower amount of
deposited cells in presence of a resident biofilm, compared to the experiments without it (Figure
5.2 B, D). Our novel model reproduces simultaneously BTC and deposition profiles in presence of
biofilm predicting narrower velocity and attachment rate distributions, reflecting, on the one hand,
the flow channelization [203] and, on the other hand, the higher propensity of individual cells to
stick on the biofilm coating grain surfaces. Specifically, the results indicate that cells have a less
steep distribution of the attachment rates k, which means that they are more likely to sample larger
values of k. This result should not be taken alone: this is combined with the velocity distribution
(larger probability for higher velocities), resulting in an overall shorter residence time close to the
grain surfaces and thus reducing their availability to be filtered. Even though a reduction in filtration is evident for both phenotypes, the motile one is more resilient to this effect: considering
the variation in velocity distribution between the experiments in absence and presence of a resident
biofilm, motile cells show a variation in velocity distribution that is less important compared to the
non-motile cells. This is understood as the ability of swimmers to actively evade the flow-imposed
trajectories, or dwelling into the resident biofilm [204, 205] thus increasing the overall residence
time in the colonized system. Note that our stochastic model for bacterial filtration, while capturing
the effects of physical heterogeneity and motility of bacteria, does not take into consideration their
growth by cell division, a phenomenon that in many environmental situations should be taken into
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Figure 5.4: Pore-scale hydrodynamic properties of transport. A. Pore-scale 2-dimensional velocity
field as simulated in [31]: the magnitude of the velocity field normalized by the average fluid
velocity. B. A close view of the green rectangle in subplot A, the velocity field normalized by the
average fluid velocity is displayed on logarithmic scale. Dark red represents velocities about 10
times larger than the average while dark blue represents velocities 10,000 times smaller than the
average. C. Trajectories of purely advected particles by the simulated flow field: each trajectory is
locally colored proportionally to the length of the correlation length l. D. A closer view of subplot
C. E. The probability density function of the correlation length, computed over 50,000 simulated
trajectories.

account.

In summary, combining experiments with microfluidics, time-lapse imaging and stochastic modeling, we studied the dispersal patterns of P. putida in heterogeneous porous systems. We linked
pore-scale transport mechanisms, bacterial velocity, correlation length and attachment rate distributions, to spatio-temporal dispersal patterns at the macro-scale (i.e., BTC, deposition profiles). Our
results indicate that the motile phenotype of P. putida dispersed faster through the porous system
and that it was able to evade flow-imposed trajectories, thus exploring more space. Our findings
further suggest that active cell dispersal through porous systems is beneficial to bacterial cells as
PhD thesis - Filippo Miele

10 -1

5.5. DISCUSSION

109

they can more efficiently explore space for resources while, at the same time, they can more easily
evade regions of unfavorable conditions compared to the non-motile phenotype. The developed
approach underlines the importance of multi-scale methods to capture bacterial transport in heterogeneous porous systems. We show how macro-scale dispersal patterns result from the coupling
between transport and motility mechanisms occurring at the pore scale. Focusing at a single scale
may result in an incomplete picture of the mechanisms underlying dispersal of bacteria.
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Figure S.1. BTCs of motile and non-motile P. putida KT2440 cells, through a porous channel
in absence (top left) and presence of a resident biofilm (bottom left). BTCs of polystyrene
fluorescent microspheres of 1 µm diameter, that were mixed with motile and non-motile P.
putida KT2440 cells, in absence (top right) and presence of a biofilm (bottom right). Dots
represent experimental data and solid line represents power law fits.
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Figure S.2. A) Geometry patterned into the microfluidic replica representing a porous
material. B) Pictures obtained with fluorescence microscopy, using a 10 × magnification in
the GFP filter cube, recorded at 3 different locations, represented by the red squares in A, for
motile (B, top) and non-motile (B bottom) in a clean porous medium and motile (C top) and
non-motile (C bottom) in presence of a resident biofilm made of P. putida wild type (non
fluorescent cells).
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Figure S.3. A) Geometry patterned into the microfluidic replica representing a porous
material. B) Pictures obtained, before filtration experiments, with bright-field microscopy of
the resident biofilm composed of P.putida wild type (non fluorescent cells). C) Postprocessed images: in white the visible biomass.
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Figure S.4. Trajectories of motile and non-motile P. putida KT2440 cells, in absence of flow,
color bar code represent local velocity (left). Mean square displacement of the analyzed
trajectories (red points) versus time, black dashed line represent fit of the three replicates
(right), from which we determined the microbial diffusivity, D = 2 10-5 mm2 sec-1.

Figure S.5. Probability density function (PDF) of the length of the analyzed trajectory, red
solid line for motile, blue solid line for non-motile.
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Chapter 6

Bacteria aggregation in well mixed
suspensions
In the previous chapter we presented a novel set of microfluidics-based experiments to investigate
transport and filtration of bacteria suspended in a flowing fluid. In particular, motile species exhibits tendency to swim and explore wider areas, and thus a broader range of velocities, compared
to passive colloids and non motile species. To reduce the complexity of the system we removed the
possibility of microbes to reproduce by preparing their suspension without any source of nutrient
(suspending them in phosphate buffered solution). However, in these active suspensions the bacterial population can grow, by nutrients uptake and cell division, occupying more and more space.
The classical understanding we have of such growing populations is that of a plethora of individual cells that float in the liquid nutrient solution and, when dividing, mother and daughter cells
separate becoming individual suspended agents. However, this is often not the case and planktonic
suspensions are composed by bacterial aggregates.

In this chapter, we present a novel method to directly measure the distribution of planktonic bacterial aggregates in liquid cultures and their temporal evolution. The results are, then, discussed with
the help of a novel model that incorporate the well-known coagulation model of Smoluchowski
together with a logistic model for growth of bacteria at the aggregates surface. The model was developed by Lisa Blum Moise during her master thesis under the supervision of prof. Duccio Fanelli
(university of Florence, IT) and my supervisor, prof. Pietro de Anna, during the spring 2019. I
personally performed the experiments of aggregation dynamics and I identified the target model ’s
framwork that has been successively develope by the others collaborators.
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General considerations on bacterial suspensions
Suspension stability

As also discussed in chapter 4, the state of a colloidal suspension can change over time due to aggregation of colloids into larger clusters: when this happens, the suspension is said to be unstable.
Aggregation and the associated sedimentation are driven by the colloid’s tendency to reduce surface energy: thus, decreasing the interface tension will stabilize the colloidal system. Aggregation
is, thus, due to the sum of interaction forces between particles. If attractive forces (i.e. Van der
Waals forces) prevail over the repulsive ones (i.e. electrostatic) particles aggregate in clusters [206].
Therefore, it is possible to make a suspension stable by the addition of surfactants, compounds that
lower the surface tension, that coats the colloids surface, preventing their aggregation.

However, even with the addition of such chemicals, colloidal aggregates can arise when colloids are
subjected to local forces (like shear) that can overcomes the microscopic DLVO repulsive forces [207].
For a bacterial suspension, its ability to form clusters is difficult to control since bacteria can produce, depending on their own physiological state, different metabolic byproducts (including the
EPS) that can favor or not their aggregation.

For two main reasons, the presence of aggregates with distributed size in a suspension is expected
to be filtered in a way that is different from CFT models and also from what is predicted by our
model (chapter 3). First, aggregates of different sizes will experience velocities that depend on their
size. Second, larger aggregates could be filtered by the smaller pore throats due physical straining,
instead of adsorption to the grain walls. Moreover, for a flowing bacterial suspension there is
another phenomenon, the formation of streamers (elongated biofilm structures that protrude within
the pore space, see figure 6.1), that impact the suspension filtration by a porous medium. Thus, to
understand bacterial growth in porous media it is important tot take into consideration: i) cell
division while suspended in the liquid phase or when attached to the solid walls of grains or ii)
filtration of bacteria that add new individuals to the sessile communities, also called a biofilm [208].

6.1.2

Microbial growth under confinement: coating biofilm and streamers

The growing dynamics of bacterial populations in confined media under flow of nutrients, has recently been highlighted as controlled by the formation of two distinct biofilm architectures: base
biofilm, that coats the available solid surfaces, and streamers, elongated filamentous structures anPhD thesis - Filippo Miele
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d.

Figure 6.1: Adapted from Scheidweiler et. al. [211]. a) Fluorescent biofilm: a solid round grain is
homogeneously coated with a biofilm and two streamers are visible on its north pole. b) Trajectory
of transported fluorescent beads, shown in purple, prior to this biofilm establishment. c) Trajectory
of transported fluorescent beads, shown in purple, on top of the fluorescent biofilm, in yellow. d)
Close up, showing area where the streamer is permeable to the flow (i), and a denser spot where
the flow get deviated by the biomass (ii).
chored to a solid surface that protrude (see figure 6.1) into the liquid phase [209, 210, 211, 212].
The relevance of these streamers is connected to a wide range of applications, as they are directly
responsible of critical events such as clogging of biomedical devices (heart stents, catheters...) or
water filtration systems.

In porous media, characterized by flow confinement and by a huge amount of available surfaces,
the fundamental mechanism behind the onset of such streamers structures at low Re (viscosity
dominated flow) is still a matter of debate. In particular, streamers have been observed at two time
scales that differ of several order of magnitude ranging from few second after the injection of the
bacterial solution, referred as floc-mediated [213], to many hours after the injection, as biofilm mediated, [196, 188, 209] (see also figure 6.8).

Currently, there are two main arguments that explain the formation of streamers. On the one hand,
injecting a bacterial suspension that has been left to grow for a while (several hours), streamer formation is almost instantaneous after the injection: it is associated with the filtration of big slender
bodies composed by aggregates of bacteria, also called floc, that, as soon as they collide against
PhD thesis - Filippo Miele

6.2. METHODS

122

a solid grain, instantaneously deform to become filamentous/elongated structures (the streamers).
On the other hand, streamers are also observed after around 10 hours since injection at the corners
of curved s-shaped channel geometry and their formation has been interpreted as the result of an
hydrodynamic effect of secondary flows that act by convection perpendicularly to the main flow direction inducing a stress on the biofilm that grew previously coating inner pipe surface, detaching
part of it, and stretching it within the middle channel zone [214, 209, 196].

These two scenarios are commonly considered separately as they are driven by completely different
mechanisms. However, in both cases the lack of information on the stability of injected suspension
(and, thus, on the presence of aggregates) during the entire experiment duration is significant to
understand the streamers formation mechanisms and the consequent filtration.

In the following we present a novel experiment of flowing suspension through a porous medium,
supporting our hypothesis (but without fully validating it) that suspension stability and aggregate
distribution induce streamers formation. Motivated by that observation, we present a detailed study
of the aggregation dynamics of a bacterial suspension which we model by incorporating to the well
known coagulation model of Smoluchowsky a logistic model for growth.

6.2

Methods

In this section we describe two experimental setups and protocols. The first has been developed to
observe the streamers formation in porous media: we used two bacterial strains one that is an Extra
Polymeric Substance (EPS) producer and another one that is deficient of the gene encoding for EPS
production. The second has been designed to measure the bacterial aggregates size distribution and
its dynamics for a planktonic population of bacteria during their exponential and early stationary
growth phase in a well mixed suspension.

6.2.1
6.2.1.1

Streamer formation
Bacterial culture preparation

We used the non-flagelled (D f liM) mutant strain P. putida KT2440 and the non-eps version (DEPS),
both expressing the green fluorescent protein (GFP). Frozen cell were inoculated in 4 ml Lysogeny
broth (LB) solution and incubated at 30 ° C overnight while shaking at 180 r.p.m. . We, then, filtered
the overnight culture with a 5 µm filter and then we re-suspended 100 µL of the bacterial suspension
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in 4 mL of fresh LB broth. Prior the injection, we shook the suspension for different incubation times
at 200 r.p.m. at same temperature as the overnight culture.
6.2.1.2

Microfluidics replicas of porous media

The microfluidics device employed consists of a matrix of pillars built following the protocol described in chapters 4 and 5. The designed geometry (width, w = 5mm; height, h = 0.05; length,
L = 27mm) is characterized by a pore throat size (l) distribution p(l ) µ l

0.08

and a mean value

l = 0.05mm. The molds were fabricated by depositing a layer of Su-8 2150 (MicroChem Corp., Newton, MA) with controlled thickness on silicon wafers via spin-coating, and the desired geometry was
engraved via photo-lithography. The mold has been the poured with a mixture of Polydimethylsiloxane (PDMS; Sylgard 184 Silicone Elastomer Kit, Dow Corning, Midland, MI) and 10% of curing
agent. The PDMS chip has been then plasma treated and attached to a 25 ⇥ 75 mm glass slide.
6.2.1.3

Medium infection and nutrient injection system

In order to investigate the role of bacterial filtration in streamers formation, we performed two different experiments that differ principally in the initial conditions and in the injected suspension. In
all experiments, we imposed a constant flow rate Q = 1 µL / min with a syringe pump (Standard
PHD ULTRA, Harvard Apparatus). In the first experiment, we infected the microfluidics with our
bacterial culture by directly inoculating it with a micro-pipette, then, we injected only fresh and
sterile nutrients (no flowing bacteria). In the second experiment, we infected the microfluidics by
inoculating the microbial suspension with a micro-pipette, then, we continuously injected the same
bacterial suspension.

We repeated this second experiment varying the incubation times, tinc = [3, 7, 10, 24, 48] hours, of
the injected microbial suspension before starting the injection.
6.2.1.4

Image acquisition

We collected large images (2 ⇥ 2) at 4 locations (equispaced between inlet and outlet) with fluorescent optical microscopy (fully automated Nikon Ti-E2 with a GFP filter-cube) to which we added
some diascopic white light (LED) to get some contrast at the grains boundaries and detect with a
single picture biodfilm and host medium structure. We collected pictures every 5 minutes for about
48 hours: 2304 large images per experiment. For these preliminary experiments, the pictures have
been analyzed qualitatively to determine whether or not streamers occur and, in case of presence,
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Figure 6.2: Left panel: averaged OD over time. Right panel: in green line, total biomass (in unit
of volume) over time calculateb by integration of the volume clusters pdf. The black line is the
equivalent total biomass extrapolated from the OD measurements.
what time after injection.

6.2.2
6.2.2.1

Distribution of bacterial clusters sizes
Bacterial culture preparation

We studied the growth and aggregation of the Pseudomonas putidas GB-1 strain genetically modified
MCherry version that expresses a red fluorescent protein. From a frozen stock culture the bacterium
was inoculated in 4mL of fresh LB medium and placed overnight at 30 °in an orbital shaker at 180
rpm. The overnight culture, 60 mL, was filtrated by a 5 µm and 1.2 µm filter subsequently. This
procedure guaranteed that the prepared culture was free of aggregates and only individual bacteria
were suspended. We, thus, measured Optical Density (OD) of the filtrated suspensions and we
diluted it with a LB solution in order to begin each experiment with OD of 0.01 (± 0.01) and a

nutrient concentration of 10% LB. Then, we equally partitioned the prepared suspension into three
Erlenmeyer flasks in the incubator at the 30 °, shaking at 180 rpm, to get three independent cultures
(of 20 mL each) starting at the same OD and same nutrients concentration, for replicas. With this
nutrients concentration, preliminary calibration of the growth curve (Fig. 6.2, right panel) showed
that the plateau is reached after about 6 hours.

6.2.2.2

Aggregates size measurements

To measure the aggregates size of a planktonic suspension of bacteria at different times during their growing phase, we let the described suspensions grow at 30 ° C at 180 rpm in orbital
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shaker/incubator (3 flasks with 20 mL for 3 replicates re-suspended from the same overnight culture): every 105 minutes we collected 1.2 mL from each culture to measure optical density (OD)
with a spectro-photometer. After having measured the OD for each replicate we, then, inoculate
each sample, separately, within three different and new microfluidics straight channel (w = 2.5 mm,
L = 50 mm, h = 0.05 mm) to collect pictures with an optical microscope to, then, process the collected images and measure the size of each detected bacterial aggregate. We collected 7 temporal
measurements during the bacteria growth, from early exponential to stationary phase. The three
replicates pictures are collected simultaneously (time lag of a few seconds).

The microfluidics channels were previously saturated with MilliQ water to reduce the attachment
of bacteria on the top-bottom sides of the chip during inoculation. The microfluidics were promptly
placed on a microscope stage (a fully automated Nikon TiE2 equipped with a Nikon DS-Qi2 B/W
camera) that we used to collect a large image (4 ⇥ 3 individual pictures stitched together) at 4
different locations along the channel (see figure 6.3) with an objective 10 X (Nikon CFI Plan Fluor
DLL) and the internal scope magnification of 2.5 X.

In this way we covered a surface corresponding to 4 ⇥ 4 = 48 individual pictures. The camera
sensor is a full frame of size 36 mm ⇥ 24 mm that, with the objective 10X and the internal extra

magnification of 2.5 X, corresponds to 1.44 mm ⇥ 0.96 mm, thus 1.38 mm2 . The 48 images collected

correspond to a surface of 66.3 mm2 . For each of the 4 locations, we acquired a large image twice
with two different optical configurations, a Phase Contrast (PhC) and fluorescent (FL) one (with a
mCherry filter cube) with a time delay of about 10 seconds to switch between optical configurations,
to get two optical measurements (a posteriori, the results resulted to be the same). At each temporal
measurement step, a new microfluidics chip was used . After we finished to acquire images for a
given temporal measurement, we flushed the channel with 5 times its volume with MilliQ to acquire
an image of the empty channel used for image processing, as a background noise estimate, before
disposing the microfluidics.

6.2.2.3

Image processing: measuring aggregates sizes distribution

The illumination of each acquired picture is not homogeneous across the field of view, due to optical
aberration that leads (for both the optical configurations used) to a variability of about 10% of the
images brightness between the center and their edges (see figure 6.4, a). The optical aberration is
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1. Saturation medium

2. Bacterial suspension

3. Saturation medium

10X

Figure 6.3: Experimental setup for clusters sampling. For each replicates we (1)firstly saturate
one channel with MilliQ water. Then, (2) the bacterial suspension is injected and a large image
is acquired in four different position (close to inlet - two centrals - close to outlet). We finally (3)
injected 5 times the pore volume of MilliQ water and to acquire the background images in the same
location.
the same since we always used the same objective that is the main source of optical aberration in
the image.

Phase contrast (PhC). The images acquired with PhC are characterized by a light gray background
and bacteria appear as dark objects that scatter light. We developed and used a code written in
Matlab language so that, for a given time, the four large images (48 individual pictures) are loaded
as matrices M of double floating values ranging from 0 to 28

1 = 255, being the pictures saved at

8 bit, that are normalized to 1 (0 being a dark pixel and 1 a bright one, see also figure 6.4). We now
consider the additive inverse A = 1

M to get a dark background and bright spots for bacteria

and their aggregates. Finally, to distinguish individual bacteria and aggregates from the darker
background, that is non-uniform due to the optical aberration, we used the adaptive threshold routine
of Matlab that returns a matrix tr of the same size as the original one, with the local average value
over a squared window of linear size n pixels: we set n = 501 to be large enough to overcome the
size of the largest aggregate and small enough o capture the optical aberration. We, then, subtract
to each computed matrix A the local threshold tr: pixels above zero are considered bacteria, while
the rest is removed (see also figure 6.4 c).
Fluorescence (FL). The images acquired with fluorescent optical configuration have a dark background and a bright signal corresponding to bacteria. We analyzed the images as described above,
skipping the second step (we do not consider the additive inverse matrix).
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Figure 6.4: Large image in Phase contrast configuration for cluster sampling: a) clusters are characterised by amorphous black spots suspended in the saturated channel space (gray background).
b) Detail of clusters ranging from single bacteria (⇠ 10µm2 ) to bigger aggregates (⇠ 100µm2 ). c)
Binary image from obtained by image processing: cluster’s area is computed by summing over all
the connected white pixels.
The matrices obtained from both described protocols is composed of pixels with value zero, the
background, or one, the bacteria that are suspended in the fluid inoculated into the chip a few
second (a minute at worst) earlier. Using the Matlab routine bwareopen we remove clusters of pixels
of value one with area smaller than the one of a bacterium (which are assumed to be noise). From
this cleaned matrix, we identify bacterial aggregates as cluster of connected pixels with value one:
for each cluster we measure its area A (number of pixels composing the cluster) that is converted
into mm2 knowing the physical size of each pixel: a pixel of our Nikon camera is 7.3 µm, thus in
the images collected with M = 25X magnification, a pixel represents 7.3 µm/25 = 0.292 µm.

Assuming that the bacterial aggregates have a spherical shape, we measure the equivalent radius
p
of each cluster as R = A/p and equivalent volume V = 4/3 p R3 , that are all stored into three
vectors, v A , v R and vV , with the same size (each vector element represent a detected cluster): for
each temporal measurement (48 pictures) we detect between 103 to 105 bacterial aggregates. We,
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now, compute the probability density functions (PDFs) p A ( A) p R ( R) and pV (V ) of the area, radius
and volume, respectively, of the detected aggregates as the density of probability to measure a value
between the i and i + di for i = A, R, V:
pi (i ) =< d(i

i0 ) > ⇠

Z

itot

di0 c(i0 )d(i

i 0 ) = c (i )

i = A, R, V.

(6.1)

In practice, we compute the normalized histogram of the three defined vectors v A , v R and vV using
the Matlab routine histc at the edges of a pre-defined vector X that goes from the minimum to the
maximum value of the vector vi (i = A, R, V) dividing each count by the bin size dX = gradient( X )
and normalizing this density frequency to unity to get a PDF.

Remark. We computed the area, radius and volume PDFs defined in (6.1) using the images acquired in PhC and FL obtaining the same results. We also obtained the same results analyzing the
acquired images in a different way: we subtract from each picture the background (image collected
with only water into the chip) and we set to zero every pixel with value below 1 % the maximum
detected, and to one the rest. This shows that the method and protocol used to measure the aggregates size is robust.

Finally, having measured the size of each detected bacterial cluster for each time step, we compute
the total biomass volume as
Vb (t) =

n

Â Vk

(6.2)

k =1

where n is the number of detected aggregates at a given time step t, Vk is the volume of the k-th
aggregate.

6.3
6.3.1

Results
Streamer formation

Injecting only sterile nutrients in a previously infected porous medium, after 24 hours no streamers
occurred. As shown in figure 6.5, sparse colonies appears at first and, later, they colonize the
chip with a homogeneous cell distribution coating the grains boundaries but also the host medium
ground. In that figure it is shown a time series of images acquired (with fluorescent microscopy
with a small amount of light irradiated almost laterally via a large phase ring to detect grains
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boundaries) at the same location for different times after nutrient injection: bacteria (brighter spots)
grow covering homogeneously more and more the whole pore space among grain surfaces (white
circles).

t = 15

t = 110

t = 325

t = 620

Figure 6.5: Time evolution of basal biofilm (gray shadow) for the experiment of only nutrients injected and the microfluidics previous infected. The images are taken in phase contrast configuration:
white disks are the grains and the dark background is the void space (t = 15min). From t = 100min
bigger colonies are visible (small grey amorph shadows) and they will grow forming biofilm (white
carpet) that covers the entire space available t = 620min.

With a careful look, we note that at some location we recovered bacteria accumulation as thin
elongated stripes starting from a unique position downstream a grain surface, as shown in figure 6.6.
We verified that this accumulation of biomass happens only at the bottom of the chip: we believe that
this is just sedimentation of bacteria (that are heavier than water) that got accumulated on the chip
ground following some flow structures. We believe they are not streamers: in fact, their morphology
is different from the typical streamers that usually are anchored at the surface’s grain at least at two
locations around the grain at the mid-depth of the medium (e.g. [165]). These qualitative result
is confirmed over 4 replicates, showing that if we inject only fresh nutrients, without suspended
bacteria, in a previous infected chip, sparse colonies appear at first and, then, they colonize the host
medium homogeneously without any streamer formation.

A different scenario arose when we continuously injected a suspension of bacteria and nutrients
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Figure 6.6: Biofilm accumulation downstream the grain surface. The topology of this accumulation patterns differs from standard streamers structures since they are not properly anchored to
the neighbors grains but rather they are mainly driven by the flow srtuctures (no perpendicular
direction to the main flow).
in a previous infected chip: as expected, streamers occurred with their typical morphology and
at different times that depend on the bacterial incubation time before their injection. In left panel
of figure 6.7, it is a picture of our porous medium replica after 600min of continuous injection of
a bacterial suspension cultured for 3h: thin elongated structures appeared connecting the grains
with the typical streamers morphology. In the right panel of 6.7, we show a similar picture for
an experiment where the bacterial suspension was injected 48h after its incubation: streamers are
observed to occur after a few minutes (even tens of seconds) of continuous injection. Moreover, in
this second case, the morphology of such streamers (thicker than the previous one) and the short
time scale of appearance clearly indicate that these structures arose from filtration of big slender
bodies by the medium grains.

These two results indicate that i) streamers occur only if a bacterial suspension is continuously
injected and ii) the incubation time (the age of the suspension) play a major role in the streamers
formation and morphology. In figure 6.8 we show the plot of the first time where streamers are
observed in the the described experiments as function of the incubation time of the suspension before starting the injection: the more time bacteria spend growing in the suspension (before being
injected), the sooner the streamers onset is observed.

These results indicate that probably the state of a susppension, in terms of aggregates presence
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Figure 6.7: Streamers formed by continuously injection of bacteria and nutrients. Bacteria have
been cultered with different incubation time. Right panel, incubation time 3h.: streamers occur after
⇠ 600min of injection at Q = 1µl/min. Left panel, incubation time 48h.: streamers occur after few
seconds from the injection.
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Figure 6.8: Time of streamers onset versus incubation time of the injected bacterial solution. The
black cross top left refers to Rusconi et.al. experiments usually defined as biofilm-metiated streamers formation. The red cross bottom rigth refers to Kumar et. al. experiments, defined as flocmedieted streamers formation. The black square are data from our preliminary experiments.

and size, plays a major role in the formation in these elongated biofilm structures called streamers.
Our results indicate that probably the filtration of a single large aggregate of bacteria is the main
physical mechanism by which a streamer get formed to, then, grow by filtration of other aggregates
(including individual cells) flowing in suspension.
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Figure 6.9: Left: Averaged concentrations distribution of clusters area c( A) (average over 3 replicates) of bacterial aggregates area A, plotted with a log-log plot. Different colours (from dark red
to light yellow) denote different times: black t = 5 minutes, dark red t = 65 minutes, red t = 125
minutes, orange t = 335 minutes and yellow t = 695 minutes. The black dashed line is a fit which
corresponds to a power law fit Aa , a = 2.5. Right: averaged distribution of cluster volume c(V )
plotted with the same color-code as for the left panel. The black dashed line is a power law fit V b ,
with b = 2

6.3.2

Aggregates size

In figure 6.9, the time evolution of aggregates size distribution (area on the left and volume on the
right), measured as a normalized histogram of the detected aggregates from our image processing,
is showed for 5 different time steps (t = [5, 65, 125, 335, 695] minutes). At early times the aggregate
size distribution is peaked around the size of a monomer (a single bacterium) and, as time goes
on, the distribution broadens assuming the shape of a clearly developed power law at later times
(note that data are shown in double logarithmic plot). We fit the power law c( A) = c1 Aa and
c(V ) = c2 V b to the asymptotic distribution of the aggregates area A and volume V, respectively,
obtaining b =

2.5 and b =

2

These result show that the considered growing bacteria are, from very early times (scale of minutes
after planktonic culture inoculation), suspensions composed of cells aggregates of different size
that are distributed according to a power law. This has an important impact on bacteria-mediated
processes (like mineralization or denitrification) for which classical predictions are based on massaction law like-models, assuming that bacteria are homogeneously suspended as individual cells
having, thus, equally access to the dissolved substances (as nutrients or reactants). In order to
understand the underlying mechanisms for the formation of these microbial aggregates, we will
implement a well-known aggregation model, coupling it with bacterial growth dynamics.

PhD thesis - Filippo Miele

6.4. DISCUSSION: A THEORETICAL MODEL FOR AGGREGATION

6.4

133

Discussion: A theoretical model for aggregation

In the following, we will refer to concentration distribution of aggregates as a function of their
volume. We name r the number of bacteria constituting an aggregate of volume V and we consider the average volume of a bacterium as V0 . Thus, we get the volume of an aggregate of size r:
Vr = r V0 = r. From now on we will refer to r as to the volume of a cluster of r monomers.

6.4.1

Smoluchowski coagulation model

The Smoluchowski coagulation model describes the kinetics of a binary aggregation between clusters of different size: in other words, the probability of collision and coagulation of more than two
aggregates at the same time is considered negligible with respect of the event of two aggregates
merging to form a larger one. Let’s consider a well-stirred vessel in which aggregates with a wide
range of size occasionally collide and coalesce with each other. Smoluchowski [215] formulated the
problem defining as state variable the number of clusters in each in class of size r and wrote a set
of coupled ordinary differential equations, one for each cluster-class.

6.4.1.1

Formulation

We considered the process of coagulation between two aggregates respectively composed of r and s
fundamental units (r and s are the number of monomers in the two clusters): the coagulation results
in the addition of the two volumes. We denote the aggregation rate of this event as ar,s , also referred
as kernel. We apply the law of mass action, which yields the following equations:
dcr
1r 1
= Â as,r s cs (t)cr s (t)
dt
2 s =1

nc r

Â

s =1

ar,s cr (t)cs (t)

(r

2)

(6.3)

where nc is the maximum cluster’s size. Since monomers cannot be created by aggregation (they
are present in the system from the beginning), we derive the equation for the monomer, aggregate
of a single bacterium, by ignoring the first sum in eq. (6.3)
dc1
=
dt

nc 1

Â

s =1

a1,s c1 (t)cs (t)

Note that in case of a finite maximum cluster’s size nc , these equations conserve the mass.
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Figure 6.10: Diagram showing the physical meaning of each term of the Smoluchowski equations.
A refers to the aggregation process. The aggregation process is represented from left to right: two
clusters Cr s and Cs can coagulate to form a cluster Cr , which also can aggregate with an other
cluster of size s, Cs , to become a cluster Cr+s . cr (t) refers to the concentration of clusters of r
monomers. ar is the aggregation rate, or kernel. The first sum corresponds to all the aggregation
processes which form a cluster of volume r. The second sum corresponds to all the aggregation
processes which form a cluster of volume r + s. The variation of cr (t) is a balance between processes
which increase or decrease the concentration of clusters of size r.
The first sum corresponds to all the aggregation processes which result in an aggregate of volume
r: this increases the number of the population Cr of aggregates of size r. The 1/2 factor takes into
account that 2 clusters form 1 cluster in the aggregation process. The second sum corresponds to all
the aggregation processes which form a cluster of volume r + s contributing to decrease the number
of cluster in the class r.
6.4.1.2

Implementation of an analytical solution

A solution for this set of Smoluchowski equations is, in general, not known. However in some
special case, they admit analytical solutions [216]. This is the case of a multiplicative kernel for
which
(6.5)

ar,s = a0 rs

where a0 is a constant. The analytical solution predicts for the aggregates volume distribution
Cr follows asymptotically (after a temporal transient) a power law that scale as Cr ⇠ r

5/2 .

This

model assumed a fixed number of individuals (initially monomers), in other words a constant mass
M (t) = M0 where:
M(t) =

nc 1

Â

r =1

r cr ( t ).

This coagulation model does not predict the scaling Cr ⇠ r

(6.6)
2

observed in our experiments.

Nevertheless, bacteria are not passive particles and they grow when in a suitable environment,
which is the case in our experiments. Thus, we implemented the introduced model by taking into
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account the ability of bacterial population to grow by cell division, as observed. The classical model
for a bacterial population growth is the well-known logistic model [5] that, after an initial transient
of adaptation of bacteria to a new environment, it predicts an exponential growth (binary division
at constant rate) at early times and a slow down to a plateau, or carrying capacity, representing the
maximum size of the population that the system can sustain in terms of nutrients, oxygen or space,
as shown in figure 6.11. In our experiments we do not observe the lag phase or the death phase, since

Figure 6.11: Logistic model modelling bacterial growth (in classical case of separated bacteria).
When bacteria are injected in a suitable medium, after a latency period they multiply until a maximum value (stationary state) and finally die because of the lack of nutrients.
our experiment started with a bacterial population re-suspended in his early exponential phase and
the experiments stop during the stationary phase. The logistic model, thus, is formally expressed
in terms of the following equations:
dM
= K M(t)
dt

✓

1

M(t)
M•

◆

(6.7)

Where M denotes the mass of bacteria, K the constant growth rate, which is the inverse of the
average doubling time td = 1/K (the characteristic time at which a bacterium divides). M• is the
carrying capacity of the system, or the maximum biomass that the system can sustain: once it is
reached, the growth stops due to depletion of nutrients/oxygen or space availability.

6.4.1.3

Coupling a logistic model to bacterial aggregation

We take into account the binary division of individual cells for every cluster’s class while aggregating and we add a new growth term in the set of equations (6.3):
dCr
= Ar ( t ) + G
dt
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with Ar lumping all the aggregation terms in eqs. (6.3) and G represents the growth term that has
a positive contribution (increasing Cr ) from the growth of aggregates of size smaller than r and a
negative contribution from the growth of aggregates of size r.

To define the term G by taking into consideration that i) the system has a maximum size nc (fixed
by the carrying capacity), thus, only clusters smaller than nc /2 can divide to grow and ii) due to the
binary nature of cell division, the population of aggregates composed of a odd number of cluster
cannot increase as result of bacterial growth. Moreover, we assume that monomers, single bacteria,
divide and lead to two separated bacteria, increasing only their own populationc1 (consequently,
the population C2 does not increase by microbial growth).
Thus, all aggregate populations of size r < nc /2 decrease due to cell division assuming that
within all the r bacteria divide at the same time, leading to an aggregate of size 2r. This process
Cr ! C2r is expressed by a term

K Cr in G. Furthermore, for aggregates of size even, Cr increases

du to the division of bacteria in an aggregate of size r/2. This process Cr/2 ! Cr is expressed by a
term +K Cr/2 in G.

Moreover, in G we also include a term proportional to 1

M(t)/M• to take into consideration nu-

trient/space depletion, as prescribed by the logistic model: in other words, the bacterial growth in
each aggregates class of size r is hindered by the nutrient/space availability at system scale. When
the entire mass of the system approaches the value M• the growth slows down for all aggregates.
Numerical simulations for coagulation with/without bacterial growth by cell division is shown in
figure 6.12: as blue dots the solution of the coagulation model (no growth) at stationary state, as red
dots the solution of the same model including bacterial growth. The addition of microbial growth
slow down the asymptotic law scaling from

5/2 (blue dashed line) to

1.89 (red dashed line). We

also observe that for the overall mass M, while for early times M is controlled by small clusters,
while at later times, the contribution of biggest aggregates to M becomes relevant.

So far we have considered that all the bacteria in a aggregates divide, however, for a more realistic
scenario we consider that bacteria inside large aggregates do not have the same access to nutrients/oxygen as the one on the aggregates surface. We implemented this by imposing that above a
certain critical cluster’s size rc only bacteria at the surface of the clusters can divide.
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Figure 6.12: Numerical simulations for the Smoluchowski model without (blue) or with (red) the
logistic model equation eq. (6.8). Asymptotic clusters concentrations. The straight behaviour with a
log-log scale highlights a power law. In the classical model cr follows the law r 5/2 . The addition of
the logistic model for clusters changes this law as cr ⇠ r 1.89 , which is nearer the law we are looking
for: r 2 .
To determine the number of bacteria at the surface of a cluster, we consider spherical-shape aggregates: this implies that the outer surface of an aggregate composed of r monomers scales as r2/3 . We
modified the coagulation-logistic model by considering that for the clusters bigger than rc only the
bacteria at the surface can divide. However, for smaller aggregates (r < rc ) division happens for all
bacteria and not only for those at the surface. By numerical simulation we observed that the steady
state is affected by the choice of rc and in case we set rc as the highest value admitted (rc = bnc /2c)
we finally got a power

1.93, which is nearer the one we search to model:

2.

In Fig. 6.13 we compared the time evolution of the volume’s cluster distribution measured from the
experiments with the numerical solution at the same time interval of the surface-limited growth
Smoluchowski model (parameters: aggregation rate [min

[min

1 ],

K = 10

3

1]

a0 = 0.1/C0 ⇤ 60 and growth rate

[s 1] ⇠ 1/20min. As we can see, the model shows a narrower distribution

for the early transient time, but then collapses to the experimental data for longer times. The

initial discrepancy came from the initial condition of the system (ideally, only single size bacterial
population) which can be easily defined at the level of simulations but hardly satisfied in the lab.

6.5

Final remarks

We investigated the statistics of aggregation dynamics of bacteria in well stirred suspension motivated by preliminary observations indicating that clusters of bacteria flowing through a porous
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Figure 6.13: Comparison between numerical integration of surface-limited growth Smoluchowski
model (dashed line) with the experimental data (continuous line). Different colours refers to different time intervals (time increasing from darker to lighter colour). Model parameters: aggregation
rate [min 1 ], a0 = 0.1/C0 ⇤ 60 and growth rate [min 1 ], K = 10 3 . The initial discrepancy between
the simulated and measured black lines comes from the different initial conditions. Since in the
numerical integration the initial cluster population is set as a delta function centered in r = 1,
in laboratory conditions this cannot be achieved due to the time needed to prepare the chip and
acquiring images during which bacteria already start to divide and aggregate.
material could be filtered and originate streamers, elongate and filamentous biofilm structures.

In a first set of experiments we let bacteria, previously injected in a microfluidics replica of a porous
medium, grow under flow conditions. In experiments injecting only a nutrient solution we observed
no streamers formation, while injecting a bacterial suspension we observed formation of streamers
at times that depend on the suspension age: the more the suspension grew before injection, the
earlier the streamers appear. This indicates that streamers formation is probably the effect of the
filtration of large bacterial aggregates that collide against grain walls and get deformed into filamentous structures that keep growing by filtering smaller flowing aggregates.

Motivated by these observations, we carefully investigated the aggregation dynamics of a bacterial
suspension in well mixed conditions. We observed that bacterial suspensions are not composed by
a collection of monomers (individual bacteria) but by aggregates of distributed size r, as r

2.

To

understand the mechanisms controlling the observed aggregates distribution (verified over 3 replicates), we considered the coagulation process described by the well-known Smoluchowski model: it
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predicts for large enough times a aggregates size scaling of r
r

5/2

that is different from the observed

2.

Thus, we implemented in the coagulation model the logistic growth of bacteria considering two
possible scenarios: i) all bacteria in each aggregate can grow and ii) only those at the aggregate
surface grow. Our model depends on two parameters: the aggregation constant a0 and the growth
rate K: while the first is fitted to our data, K = 1/20 minutes

1

is directly measured from growth

curves. In both cases the aggregates size distribution scales as power law, but with characteristic
exponents that are smaller than
of

5/2. While for volume growth we find a characteristic exponent

1.89, the model with surface growth predicts a characteristic exponent of

close to the observed

1.95 that is very

2.

As perspective, we plan to perform new experiment with the same bacterial strains suspended in
Phosphate Buffered Solution (PBS) in order to remove any source of nutrients and remove growth:
in this way we will be able to directly measure (fit) the aggregation constant a0 and compare our
novel model for coagulation/growth without any fitting parameter.
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Chapter 7

Conclusions
This Ph.D. thesis proposes a novel theoretical framework for filtration by porous media characterized by heterogeneity. The Classical Filtration Theory (CFT) is formulated adopting a macroscopic
point of view in which filtration is described in terms of two main processes: transport and retention. The former is formulated at the scale of the porous medium, where its real structure is
replaced with a virtual/effective system (a collector or a pipe) whose average flow properties match
the average porous medium ones. The latter is formulated in terms of the outlet to inlet concentration ratio and, a posteriori, related to the product of particles probability to get close to the solid
walls of the filter (collector or pipe walls) times the particles probability to finally attach. Thus,
CFT provides a description of filtration that, through a simple and macroscopic formulation, allows
to overcomes the difficulties associated with the complex nature of filtration that rises due to the
coupling of i) the process of attachment via colloidal forces (formulated in terms of DLVO theory)
and ii) transport within a porous material.

However, observations via laboratory experiments showed that the macroscopic diagnostic quantities that are typically defined to describe filtration, breakthrough curves and deposition profiles,
deviates quantitatively and qualitatively from the predictions of CFT. While, these deviations have
been justified in terms of the complex chemistry of the attachment process (in particular to the
presence of a secondary minimum in the colloids-surfaces interaction energy profile), recent experiments reported the deviation from CFT also in absence of such secondary energy minimum.
Thus, we hypothesized that the anomalous filtration observed (anomalous with respect to the CFT
predictions) is to be associated to the physical heterogeneity of the structure of the host medium
that is also reflected in the flow through it. This thesis focuses on two main axes.

On the one hand we propose a novel theoretical framework for filtration by heterogeneous porous
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media that adopts the point of view of the individual particle (a colloid or a microorganism) that
is flowing through the confined space of a heterogeneous porous medium. First, in chapter 2, we
consider a porous material that has a broad distribution of the pore throat size (the smallest opening
through which fluid has to pass that control the flow): we observe that for such medium transport
cannot be described in terms of a single length scale over which we can consider averaged quantities (the scale of an REV). We conclude that the support scale through which we describe transport
should not be a single one, but a set of distributed scales. Inspired by this observation, we note
that CFT, based on the existence of a single support scale to describe transport, cannot properly describe transport and filtration through such heterogeneous and multi-scale media. Thus, in chapter
3 we formulate the filtration problem in terms of transport and attachment directly experienced by
individual particles: we decompose each particle trajectory in segments of distributed size l, that
we call retention length, over which they keep a constant velocity v and a constant attachment rate
k. We hypothesize that filtration is controlled by these three processes, l, v and k that we assume
to be stochastic and Markovian. The prediction of this novel model reproduce qualitatively the
anomalous behavior observed in filtration experiments.

On the other hand, we develop a novel experimental setup, based on microfluidics and time-lapse
video-microscopy that allows us to i) validate the theoretical model proposed and ii) investigate
the multi-scale nature of the filtration phenomenon for colloids (chapter 4) and microorganisms
(chapter 5). With our novel setup we measure BreakThrough Curves (BTC) and Deposition Profiles
(DP) across several temporal (from second to days) and spatial scale (from the average pore throat
l ⇠ 0.05 mm to tens of thousands of l, about 1 m). In chapter 4, we observe anomalous filtration of

1 µm colloids in terms of very long tails of the BTC and power law decaying DP (from inlet towards
the outlet). By measuring via particle tracking experiments the statistical properties of colloidal
transport, in a Lagrangian framework, we explain the observations in terms of our novel model
discussed in chapter 3: the retention length l and the associated velocity vl distributions shape the
macroscopic DP and BTC.

Then, in chapter 5, we report on filtration experiments with bacterial suspensions: we show that
motile cells of Pseudomonas putida disperse more efficiently, than their non-motile mutant. Motile
cells can evade flow-imposed trajectories, enabling them to explore larger pore areas than nonmotile cells. Moreover, while transported, in response to hydrodynamic shear, cells exhibited a
rotation: however, motile cells are less susceptible to the torque, maintaining their body oriented
towards flow direction and thus changing the population velocity distribution with a significant
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impact on the overall transport properties. Our findings suggest that motility coupled with heterogeneous flows can be beneficial to motile bacteria in confined environments as it enables them to
actively explore space for resources or evade from regions with unfavorable conditions. Our study
also underlines the benefit of a multi-scale approach to the study of bacterial dispersal in porous
systems.

Finally, in chapter 6, we investigated another phenomenon that impacts filtration of bacterial suspensions: their aggregation. We exploit microfluidics and video-microscopy to investigate the processes
by which bacteria, in planktonic and well mixed suspensions, can form larger aggregates: this phenomenon is key since we observe that it is responsible for the onset of streamer formation, biofilm
structures that protrude within the pore space and that grow by filtration of a flowing suspension
and cell division. We, first, verify that streamers arise for only due to the injection of relatively
old bacterial suspensions. To do that, we infect a microfluidics replica of a porous medium with
a bacterial community, then we start flowing a nutrient (LB) solution: we observe biofilm growth
only around the porous medium grain (no streamers are observed). If, instead, we keep injecting
the bacterial suspension, after a few hours we observe the onset and growth of streamers. Motivated by these observation, we hypothesize that bacterial accumulation in the reservoir controls
streamers formation due to the impact of a larger bacterial aggregate against solid grains: changing
shape, getting elongated, filtering other flowing bacteria. To verify this, we observe and measure
the size distribution of bacterial aggregates by growing a well-mixed planktonic culture: we sample
the culture periodically and we collect pictures of the sampled that has been inoculated within a
straight microfluidics channel. The resulting aggregates size distributions (a power law) are, then,
successfully described by a novel framework that incorporate the well-known coagulation model of
Smoluchowski together with a logistic model for growth of bacteria at the aggregates surface.

Perspectives
The conclusions reported in chapter 2 indicate that transport through heterogeneous media cannot
be described in terms of a single spatial support scale over which compute statistics of fluid velocities: the latter result to be correlated and, thus, not Markovian, for the whole size of the porous
medium considered: about 300 average pore throats l. This observation contrasts with classical and
recent transport models that assume the existence of a single support scale (the average pore size or
the flow correlation length). Thus, we plan to finalize this work by defining a stochastic model for
transport within the framework of Continuous Time Random Walk by defining stochastic jumps of
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distributed size over which particles move with distributed velocity.

In chapter 4 we present a novel experimental setup that allowed us to investigate transport and
retention of colloids across several spatial and temporal scales revealing the multi-scale nature of
the overall filtration that reflects the multi-scale nature of a heterogeneous porous medium. As perspective, we plan to investigate the filtration of a suspensions of colloids of distributed size that we
argue, will experience different Lagrangian velocities: larger colloids have smaller access to zones of
low velocities and are expected to travel faster through the considered medium. Moreover, we plan
to repeat the experiments discussed with suspensions with higher Ionic Strength (IS) to observe the
role played by the charge screening that increases the strength of interaction between colloids and
grain walls. Finally, by printing different geometries into microfluidics replica of porous media, we
could investigate the role played by dead end pores (absent in our design) where Brownian motion
dominates transport.
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Appendix I: steady state profile
We calculate the steady state profiles of the distributions of the suspended and attached colloids.
Thus, we write equation (3.7) as
∂c( x, t)
∂c( x, t)
+ v( x )
=
∂t
∂x



k( x) +

dv( x )
c( x, t).
dx

(A.1)

We consider the initial condition c( x, t = 0) = d( x ). The equation for the steady state distribution
c( x ) is given by
∂c( x )
=
∂x



k ( x ) d ln v( x )
+
c ( x ).
v( x )
dx

(A.2)

It can be solved by separation of variables, which gives:
2
v (0)
c( x ) =
exp 4
v( x )

Zx
0

3
dx 0
k( x0 )5 .
v( x0 )

(A.3)

The concentration a( x, t) of the attached particles is obtained by mass conservation from
∂a( x, t)
= k( x )c( x, t),
∂t

(A.4)

whose temporal integration gives eq. (3.9), by setting the initial condition a( x, t = 0) = 0: this means
that initially there are no attached particles. We focus here on the steady state profile of attached
particles, which is given by (3.9). Thus, we need to solve the transient equation (A.1) for c( x, t). To
do so, we use the method of characteristics. The characteristic equation for (A.1) is
dx (t, x0 )
= v[ x (t; x0 )]
dt
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where x (t = 0, x0 ) = x0 is the initial value. We define now g( x0 , t) = c[ x (t; x0 ), t] which obeys the
following equation
∂g( x0 , t)
=
∂t

k [ x (t, x0 )] g( x0 , t),

(A.6)

dv( x )
dx

(A.7)

where we defined
k ( x) = k( x) +

The initial condition is g( x0 , t = 0) = d( x0 ) Separation of variables gives for g( x0 , t)
2

g( x0 , t) = d( x0 ) exp 4

Zt
0

3

dt0 k [ x (t0 , x0 )]5 .

(A.8)

We perform now the variable change t ! x (t; x0 ) in the integral in the exponent, which gives
2

g( x0 , t) = d( x0 ) exp 4

x (Zt;x0 )
x0

3
dx 0
k ( x0 )5
v( x0 )

(A.9)

Note that we can set the lower integration limit in the exponent to 0 because of the Dirac delta. We
note that x0 = x0 (t, x ) is a function of x and t, thus, we transform back and we obtain for c( x, t),
0

c( x, t) = d( x0 ) exp @

Zx
0

dx 0



k( x0 )
v( x0 )

+

d ln v( x 0 )
dx 0

1

A,

(A.10)

This expression can be further simplified to

c( x, t) = d( x0 )

2

v (0)
exp 4
v( x )

Zx

dx 0

0

k( x0 )
v( x0 )

3

5,

(A.11)

where we used definition (A.7). We obtain now the steady state distribution of the attached colloids
by inserting (A.11) into (3.9), which gives

a( x ) = k( x )

Z•
0

2

dt0 d[ x0 (t0 , x )] exp 4

Zx
0

3
dx 0
k( x0 )5 .
v( x0 )
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In order to simplify this expression, we note that
d[ x0 (t, x )] =

d(t

t0 )
dx0 (t,x )
| dt |

=

d ( t t0 )
d ( t t0 )
=
,
v[ x0 (t; x )]
v (0)

(A.13)

since t0 is the solution of x0 (t; x ) = x. Thus, we obtain

a( x ) =

2

Zx

k( x)
exp 4
v( x )

0

dx 0
v( x0 )

3

k( x0 )5 .

(A.14)

Stochastic model
To compute the expectation value in eq. (3.13), we need to remove the dependence on the index
n x , representing the number of steps required to get as close as possible to the location x without
exceeding it, that is different for each trajectory. Therefore, we make use of the Kronecker delta dn,nx
a( x ) =

•

Â

n =1

*

kn
exp
vn

"

n 1

ki
li
vi

Â

i =1

#

kn
(x
vn

xn ) dn,nx

+

,

(A.15)

so that dn,nx partitions the probability space into disjoint sets and the expectation value in (3.13)
became the sum of expectation values. The last path of size x

xn traveled by a colloid before

getting attached, must be smaller or equal to the length of the last segment ln . Then, we express
the Kronecker delta in terms of the Indicator Function I(·) that is equal to 1 if the argument is true,
0 otherwise:

a( x ) =

•

Â

n =1

*

kn
exp
vn

"

n 1

Â

i =1

ki
li
vi

kn
(x
vn

Finally, we introduce the Dirac delta function d( xn

#

xn ) I(0 < x

xn < ln )

+

(A.16)

x 0 ) and we integrate overall possible values for

x 0 to eliminate the dependence on xn which is different for each considered colloid. Thus,
a( x ) =

•

Â

Z x

n =1 0

dx 0 d( xn

x0 )

*

kn
exp
vn

"

n 1

Â

i =1

ki
li
vi

kn
(x
vn

#

x 0 ) I(0 < x

x 0 < ln )

+

.

(A.17)

Since the random variables k and v always appear coupled as k/v, we simplify the notation by the
introduction of a new stochastic variable r = k/v, as discussed in the main manuscript. Please note
that, since the stochastic processes at each step are independent, the term that depends only on the
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index n can be re-written without the n-dependence, as ln = l and rn = r.
a( x ) =

•

Â

Z x

n =1 0

0

0

dx d( xn

x)

*

exp

"

n 1

Â

ri li

i =1

#+

D

r( x x0 )

re

E
x0 < l) .

I(0 < x

(A.18)

Following [217] we, now, exchange the integration over x 0 with summation over n since the two
variables are independent and we break the expectation value in two terms, one averaging over all
indices up to n

1 and the one averaging over the last index n:
a( x ) =

Z x
0

dx 0

•

Â Rn ( x 0 )

n =1

D

re

r( x x0 )

x0  l)

I (0  x

E

(A.19)

where we have defined
Rn ( x ) =

*

0

x ) exp

d( x

"

n 1

Â ri li

i =1

#+

.

(A.20)

which represents the probability for a colloid of not being attached after n

1 steps and getting to

the distance xn from the injection point. To derive an expression for R that does not depend on the
index n, we consider that xn+1 = xn + ln :
R n +1 ( x ) =

*

d( x

xn

ln ) exp

"

n

Â ri li

i =1

Moving the variable xn into x 0 , by the introduction of d( xn
Z

R n +1 ( x ) =

dx 0

*

x 0 ) exp

d( xn

"

n 1

Â ri li

i =1

#

exp [ rl]

+

.

(A.21)

x 0 ) we get:

#+

⌦

x0

d( x

l) exp [ rl]

↵

(A.22)

Please note that the two expectation values that appear in the previous expression have to be computed over all possible values for the two independent stochastic variables r and l, in other words

h·i = h·ir,l . Therefore, we can explicitly calculate the average over the random jumps l, as
⌦

d( x

x

0

l) exp [ rl]

↵

r,l

=

⌧Z

dly(l)d( x

x0

l) exp [ rl]

D
= y( x

x0 )e

r( x x0 )

(A.23)
E

r
r

(A.24)

where h·ir denotes the expectation value over the stochastic variable r alone, from which we obtain:
R n +1 =

Z •

•

D
dx 0 Rn ( x 0 ) e

r( x x0 )

y( x
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We can now define
R( x ) =

•

•

n =1

n =1

Â R n ( x ) = R 1 + Â R n +1 ( x )

(A.26)

and we note that R1 = d( x ), so that from the previous expression we can derive (3.19).

Scaling of the spatial profile of attached colloids
To compute the dependence of the deposition profile a( x ) from the distribution of the stochastic
processes r and l, we compute the Laplace transform eq. (3.19) ã(u) = L{ a}(u), where u denotes
the transformed variable x ! u. Noting that a( x ) in eq.(3.18) is expressed as a convolution product,

its spatial Laplace transform (with respect to the variable x) is the product between the Laplace
transforms of the two functions:
ã(u) = L{ R}(u) = L

(⌧

re

rx

✓

1

Z x
0

dly(l)

◆

r

)

.

(A.27)

We now consider the Laplace transform properties i) L{d}(u) = 1 and ii) L{erx f ( x )} = F (r + u),

where F = L{ f } is the Laplace transform of the function f ( x ). Therefore, the Laplace transform of
R is

L{ R}(u) =

1
L{y}(r + u)

1

(A.28)

where ỹ(u + r) = L{y}(r + u) is the Laplace transform of the pore size distribution. Please note
that the transformed variable u has units as [ x

1]

which is the inverse of a length, like r = k/v.

Considering the Laplace transform of the second term in eq. (A.27), we get

L

(⌧

re

rx

✓

1

Z s
0

dly(l)

◆

r

)

=

⌧

r (1

ỹ(u + r))
u+r

(A.29)
r

where, due to the independence of l and r, we exchanged the order of computation for the expectation value and Laplace transformation, then, we exploit the Laplace transform property

L

⇢Z

x
0

dx 0 f ( x 0 )

=

F (u)
.
u

(A.30)

Finally, substituting eq.(A.28) and eq.(A.30) into eq.(A.27) we get the following expression for the
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Laplace transform of the whole deposition profile:
⌧

ã(u) =

r (1
1

ỹ(u + r))
u+r

r

hỹ(u + r)ir

.

(A.31)

Heterogeneous medium
The inverse transform of the previous expression a( x ) = L

1 { ã ( u )}

is the deposition profile we are

looking for. Please note that that the overall deposition profile directly depends on the distributions
of the stochastic processes governing the micro-scale attachment and transport mechanisms. Thus,
to obtain an explicit expression for the deposited particle eq. (A.31) in this regime, we have to
calculate the Laplace transform of the pore size distribution y(l). It is possible to show [218]
that the Laplace transform of the power law defined in eq. (3.24) can be expressed as the series
ỹ(u) ⇡ 1

(lc u)g + o ((lc u)g ). Substituting this expression into (A.31) we find:
ã(u) =

⌦

r(u + r)g

1

↵

h(u + r)g ir

r

.

(A.32)

To evaluate the Laplace inverse transform of the previous expression, it has been shown [217]
(in the framework of a reactive-diffusive system) that the behavior of eq.(A.32) is dominated by the
numerator alone. Therefore, to compute the expectation value over the stochastic variable r we
make use of eq.(3.28) and we obtain
D

r(u + r)

g 1

E

r

=

Z

dr rn (r0 + r)

b n

(u + r)g 1 .

(A.33)

Since we are interested in the particles deposition at distances larger than the characteristic
length 1/r0 , we consider eq. (A.33) in the limit r ⌧ r0 , obtaining:
D

r(u + r)g

1

E

r

⇠ ug+n .

(A.34)

To compute the inverse Laplace transform of the previous expression, we exploit the two properties of the Laplace transform

L

1

u

a

G( a) = x a

1

, for a > 0
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and

L

1

n

o
f˜(k) (u) = ( 1)k x k f (s),

(A.36)

where f˜(k) is the k-th derivative and we, finally, get eq. (3.35).

Data fitting procedure
To fit a power law f ( x ) = A + x B we look for the values of A and B that minimize the distance
between the model, f ( x ), and the data set. To do that, we consider g( x ) = log[ f ( x )] = log( A) +
Blog( x ) and we minimize this function performing a linear regression procedure with respect to the
variable y = log( x ). Minimizing the squared discrepancy between a data set and a linear model,
we get [219]:
A=

Âi Xi2 Âk Yk
N

Âi Xi2

Âi Xi Âi Xi Yi

( Â i Xi )

2

,

B=

N Âi Xi Yi
N

Âi Xi2

Âi Xi Âk Yk
,
( Â i Xi ) 2

(A.37)

where Xi = log( xi ) and Yi = log( gi ). The error on the estimation of the fitted parameter B,
representing the characteristic power-law scaling, is computed following [219]:

dB = sy

s

N

Â xi2
Âi xi2 (Âi

xi )

,
2

v
u
u
sy = t

1
N

N

( yi
2Â
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[203] Maxence Carrel, VerÃşnica L. Morales, Mario A. Beltran, Nicolas Derlon, Rolf Kaufmann,
Eberhard Morgenroth, and Markus Holzner. Biofilms in 3d porous media: Delineating the
influence of the pore network geometry, flow and mass transfer on biofilm development.
Water Research, 134:280–291, 5 2018.
[204] Ali Houry, Michel Gohar, Julien Deschamps, Ekaterina Tischenko, StÃl’phane Aymerich,
Alexandra Gruss, and Romain Briandet. Bacterial swimmers that infiltrate and take over
the biofilm matrix. Proceedings of the National Academy of Sciences, 109(32):13088–13093, 8 2012.
PMID: 22773813.
[205] Carey D. Nadell, Knut Drescher, Ned S. Wingreen, and Bonnie L. Bassler. Extracellular matrix
structure governs invasion resistance in bacterial biofilms. The ISME Journal, 9(8):1700–1709, 8
2015.
[206] Elisabeth Guazzelli, Jeffrey F. Morris, and Sylvie Pic. A Physical Introduction to Suspension
Dynamics. Cambridge University Press.
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