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Abstract: Let x,,(t) = (3.1, X2(t))/2, t > 0 be a chi-process with n degrees of freedom where X;’s are independent

copies of some generic centred Gaussian process X. This paper derives the exact asymptotic behaviour of

IP’{ sup](xn(t)—g(t)) >u} as u — 0o,

tel0,T

where T is a given positive constant, and g(-) is some non-negative bounded measurable function. The case g(t) =0
has been investigated in numerous contributions by V.I. Piterbarg. Our novel asymptotic results, for both stationary
and non-stationary X, are referred to as Piterbarg theorems for chi-processes with trend.
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1 Introduction

Two fundamental results for the study of asymptotic behaviour of the supremum of non-smooth Gaussian processes
and Gaussian random fields are Pickands theorem and Piterbarg theorem, see Pickands (1969a,b), Piterbarg (1972,
1996), and Piterbarg and Prisyazhnyuk (1978). For any fixed T € (0,00), J. Pickands III obtained the exact tail
asymptotics of sup,¢jo 7 X (f) for a centered stationary Gaussian process {X(t),¢ > 0} with a.s. continuous sample
paths and covariance function r(-) satisfying the following assumptions:

Assumption I: r(t) =1 — [¢|*(1 4+ o(1)) as t — 0, with « € (0,2];

Assumption II: r(¢) < 1 for all ¢t > 0.

More precisely, Pickands theorem states that

1 2 u2
P<{ sup X(t) >up =HoT——u="texp () 1+o0(1 as u — 00, 1.1
{tem 0 } N > ) (1+o(1) (11)

where H,, is the Pickands constant defined by
1
Ho = lim =E exp( sup (\/iBa(t) —t")) € (0,00),
S—o00 S t€[0,S]

with {B,(t),t € R} a standard fractional Brownian motion (fBm) defined on R with Hurst index /2 € (0,1]. J.
Pickands IIT proved (1.1) using the double sum method and the following asymptotics (set S € (0, 00))

1
V21

P{ sup X (t) > u} = H,[0,5] exp (—U;> (14+0(1)) as u— oo, (1.2)

te[0,u—2/29]

where

Hal0,S]=E {exp( sup (\/iBa(t) - ta)>} € (0, 00).

t€lo0,S]

Piterbarg (1972, 1996) obtained a similar result for non-stationary Gaussian processes, namely

P su X(t) > pd [0, 5] 1 e ( u2> (140(1)) as u— (13)
= , - ur | |
tE[O,u}z/aS] 1+ dt~ a,a mu P 5



where X is the centered stationary Gaussian process as above, d > 0, and

Pls0,S]=E {exp( sup (\/iBa(t) — |t~ — d|t|ﬁ)> } € (0,00), d,3,S € (0,00).

t€0,5]

For a centered non-stationary Gaussian process {X (¢),t > 0} with a.s. continuous sample paths the next two assump-
tions are crucial:
Assumption III: The standard deviation function ox(-) of X attains its maximum (assumed to be 1) over [0,T] at

the unique point ¢ = T'. Further, there exist some positive constants v € (0, 2], u, A, D such that
ox(t) = 1-AT-t)*+o(T-t)"), t1T, (1.4)
and
rx(s,t) = Corr(X(s),X(¢t)) =1—D|t —s|” +o(|t — s|"), s,t1T. (1.5)
Assumption IV: There exist positive constants G and ~ such that
E{(X(t) - X(s)’} < Glt—s] (1.6)

holds for all s,t € [0, 7).
For such a centered non-stationary Gaussian process {X(t),¢ > 0} it is known that (see e.g., Debicki and Sikora
(2011), Theorem D.3 in Piterbarg (1996) or Theorem 2.1 in Dgbicki et al. (2014))

Pl sup X(f)> Dy (8 ( “2>(1+ (1)) as u—
up U =Dy —F—u " Xp | —— o u o0,
te[0,T) o 2

where (x)4 = max(0,x), and D, , is a positive constant, which, when p = v is commonly referred to as the Piterbarg

constant defined by
A A
PL, = lim P2,[0,5] € (0,00).
S—o0

It is worth pointing out that in Theorem D.3 in Piterbarg (1996) it is assumed that the unique maximum point of o x (+)
_A A
is attained at some inner point of (0,7"); in that case the Piterbarg constant is given by P2, = limg_, o P.2,[—S, S].

Let {xn(t),t > 0} be a chi-process with n € N degrees of freedom defined by

where {X;(t),t > 0}, 1 < i < n, are independent copies of a centered Gaussian process {X (¢),t > 0} with a.s.

continuous sample paths. The investigation of

IP’{ sup xn(t) >u} as u — 00 (1.7)
te[0,7]

was initiated by an envelope of a Gaussian process over a high level, see e.g., Belyaev and Nosko (1969), Lindgren
(1980a,b, 1989). The tail asymptotic behaviour of chi-processes is crucial for numerous statistical applications, see
e.g., Aronowich and Adler (1985), Albin and Jaruskova (2003), Jaruskova (2010), Jaruskova and Piterbarg (2011),
and the references therein. We mention in passing that the limit behaviour of maximum of chi-processes is the same
as that for Gaussian processes (Kabluchko (2011), Hashorva et al. (2012)); in the limit the Brown-Resnick process
appears.

Albin (1990) studied the exact asymptotics of (1.7) for a centered stationary generalized chi-process using Berman’s



approach (see Berman (1992) and Albin (1998) for self-similar chi-processes), whereas Piterbarg (1994a) obtained a
generalization of Albin’s result by resorting to the double sum method. In Piterbarg (1994b), the author investigated
the exact asymptotics of (1.7) for a centered non-stationary generalized chi-process where the generic Gaussian process
is differentiable and with variance attaining its global maximum at only one inner point of the interval [0,T]. Through-
out the paper, a chi-process generated by centered (non-)stationary Gaussian processes is called a (non-)stationary

chi-process.

Let g(-) be a non-negative bounded measurable function satisfying one of the following two conditions:
Assumption V: g(-) attains its minimum 0 over [0,7] at the unique point 0, and further there exist some positive
constants ¢, 8 such that

g(t) = ct? (1 4+ 0(1)), t—0;

Assumption VI: There exist some constants ¢ € R and E > 0 such that
g(t) = g(T) —&T =)’ (1 + 0(1)), t—T.

In this paper, we derive the exact asymptotics of
P< sup (Xn(t) - g(t)) >up  asu— 00 (1.8)
t€[0,T

for i) stationary chi-processes with a trend function g(-) satisfying Assumption V; ii) non-stationary chi-processes with
a trend function g(-) satisfying Assumption VI.

The investigation of the tail asymptotics of the maximum of chi-processes with trend is motivated by the problem
of the exit of a vector Gaussian load process in engineering sciences, see, e.g., Lindgren (1980a) and the references
therein. More precisely, let X (¢) = (X1(¢),---, Xn(t)),t > 0 be a vector Gaussian load process. Of interest is the
probability of exit

P{X(t) & Sy(t), forsomet € [0,T]},

with a time-dependent safety region

Su(t) = {(x1,~-~ ,Tn) ER™:

The model where h(t,u) = u was considered extensively in the literature as mentioned above; the model where
h(t,u) = u x d(t), with d(-) a positive measurable function, was mentioned in Kozachenko and Moklyachuk (1999)
where the authors mainly focused on the exit problem of a class of square-Gaussian processes. In this paper we shall
consider a tractable case that h(t,u) = u+ g(t), with g(-) defined as above. The obtained results might also be useful
in reliability theory and mathematical statistics applications. The analysis of (1.8) is based on a tailored double sum
method for chi-processes. Surprisingly, a generalized Piterbarg constant Pg, 5, with a € (0,2],8 = «/2,d > 0, defined
by

Pag = Jim Pg 5[0, 5] € (0,00)

appears in the asymptotics of the stationary chi-process with trend (we do not observe a generalized Pickands constant
as in Degbicki (2002)).

Organization of the paper: The main results for the stationary and non-stationary chi-processes with trend are given

in Section 2. The proofs are relegated to Section 3 which is followed then by an Appendix.



2 Main Results

In order to avoid repetitions we shall consider below a chi-process {x»(t),t > 0} as defined above by taking independent
copies of a generic centered Gaussian processes X with a.s. continuous sample paths. Our asymptotic results will
thus depend on the properties of the Gaussian process X. As expected, the stationary case is completely different
compared with the non-stationary one. Throughout this paper denote

2(2—71,)/2 w2
To(u) = ——u"2 ——
W)= Ty eXp( > )

which is the asymptotic expansion of the survival function of x,(0) i.e.,
P{xn(0) > u} = Tp(u)(1+0(1)) asu— oo,

provided that X (0) is standard normal (i.e., an N(0, 1) random variable).
We first present two preliminary results on the tail asymptotics of the maximum of stationary chi-processes without

trend. The next result can be found in Corollary 7.3 in Piterbarg (1996).

Proposition 2.1 Let {X(t),t > 0} be a stationary Gaussian process with covariance function r(-) satisfying Assump-
tion I and Assumption IT with o € (0,2]. Then, for any constant T € (0, 00)

t€[0,T)

IP’{ sup Y (t) >u} = THous Yo (u)(1+ o(1)) (2.9)

holds as u — 00.

An implication of is the following proposition which will play an important role in the proof of our main results; it

can be derived by examining the arguments in Piterbarg (1996).

Proposition 2.2 Let f(-) be a positive function defined in [0,00) such that lim,_, f(u)/u =1 and let S € (0,00) be

a constant. Under the assumptions of Proposition 2.1 we have that

P{t o Xn(t)>f(U)} = Ha[0, ST (F () (1 + 0(1)) (2.10)

0,u—2/«39]

holds as u — 0.

It is worth mentioning that Propositions 2.1 and 2.2 are parallel results of Pickands for chi-processes; see (1.1) and
(1.2).
Next, we give our first result concerning the exact tail asymptotics of the supremum of stationary chi-processes with

trend.

Theorem 2.3 Suppose that the covariance function r(-) of the centered stationary Gaussian process {X(t),t > 0}
satisfies Assumption I and Assumption II with o € (0,2]. Assume further that g(-) satisfies Assumption V with the

parameters therein. Then

1

IP{ sup (x”(t) - g(t)) > u} = M pulE TR, () (1 + o(1)) (2.11)

t€[0,T)
as u — oo, where
VPT84 D Ha, if a < 2B,
g,ﬁ = P;’a/27 ZfO[ = 267
1 if a > 20.



Remarks 2.4 a) For any d > 0

d
1 vz 22 1 a?
pd :7/ —%d T,
2,1 /727T e € T+ dﬁe

In general Pg a2 is an unknown positive constant which can be eventually calculated by simulations. We mention in

passing the paper of Dieker and Yakir (2013) where a new approach is introduced for estimating the Pickands constants.
b) We see from the proof of last theorem that the minimum of the trend function g(-) taking on [0,T] plays a crucial
role. If we assume that to = argmin.epo,rg(t) € (0,T) which is unique and further there exist some positive constants
¢, B such that

g(t) = glto) + ¢t —tol’(1 + o(1)), t— to,
then (2.11) still holds with u replaced by u+ g(to), I'(-) replaced by 2I'(), and Py, , replaced by
752,@/2 = limg o0 Pg,a/z[*sa S
¢) In view of our proofs and the key results of Piterbarg (1994a) it is possible to obtain additional results for generalized

chi-processes. For instance, if {xn(t),t > 0} is a generalized stationary chi-process defined by

with 1 =01 = -+ =bg, > biy1 > bia > -+ > by, for some 1 < k < n, then under assumptions of Theorem 2.3

n
2_

]P’{ sup (xn(t)—g(t)> >u} = I @67 2ME guls =54 Th(u)(1 + o(1))

te[0,T] imkt1

as u — oo. In order to keep a suitable length of the paper and to avoid extra notation we do not consider here general

chi-processes.

Examples of X: Numerous important Gaussian processes satisfy the assumptions of Theorem 2.3. We present next
two interesting cases:

Fractional Gaussian noise: Consider X to be the fractional Gaussian noise, i.e.,

X(t) = Ba(t +1) — Ba(t), t>0,

with B, a fBm with Hurst index «/2 € (0,1). For a« = 1, X is also known as Slepian process. Clearly X is stationary

for any o € (0,2) and further the covariance function satisfies
r(t)=1—[t*(1+o0(1)), t—0; and r(t) <1 forall t>0.

Lamperti transformation of fBm: Define the Gaussian process X via Lamperti transform of a fBm, i.e., X(t) =

e /2B, (e?), which is again a stationary Gaussian process. For the covariance function we have

1
r(t)=1-— §|t|°‘(1 +0(1)), t—0; and r(t)<1forallt>O0.

Next, we deal with a large class of non-stationary chi-processes presenting first the result for chi-processes without

trend.

Theorem 2.5 Assume that the centered Gaussian process {X(t),t > 0} satisfies Assumption III and Assumption IV
with the constants therein. Then, for any Ty € [0,T) we have

]P{ sup Xn(t)>u} = My TR (W) (1 4 0(1)) (2.12)
te[Th,T]



as u — oo, where

Dl/”%?{y, ifv<p,
A
Mu,# = PV?D) Zfl/ = /J,7

1 ifv> .

We state below an extension of the Piterbarg theorem allowing the non-stationary chi-processes to have a non-zero

trend.

Theorem 2.6 Assume that g(-) is a positive bounded measurable function satisfying Assumption VI. Under the as-
sumptions of Theorem 2.5, if u < B, then (set uy, :=u—+ g(T))
(3-2)
P osup (xalt) = g(6) > wp = My’ 0T () (1+0(1)) (2.13)

te[0,T)

as u — 0Q.

Remarks 2.7 a) As it can be seen from the last two theorems that the only difference between the cases with and
without trend is g(T') in w..

b) We conclude from the proof of Theorem 2.5 that the Assumption IV can be relazed where it can be assumed that
there is some Ty € (T1,T) such that (1.6) holds for all s,t € [To,T].

Examples of X: Several important Gaussian processes satisfy the assumptions of Theorems 2.5 and 2.6. We present
below three interesting Gaussian processes (discussed in Houdré and Villa (2003), Bojdecki et al. (2004) and Debicki
and Tabis (2011), respectively).

Bi-fractional Brownian motion: Consider By, with K, H € (0,1) to be a bi-fBm, i.e., a self-similar Gaussian process

with covariance function given by

1
Cov(Br,u(t), Br,u(s)) = oK (7 4+ 2E — |t — 52K |t s> 0.

It follows that the standard deviation o of By g attaints its maximum over [0, 7] at the unique point 7" and
o(t)=TKH - KHTSH-Y(T —t)(1 4 0(1)), t—T.

Further
1

1—Corr(Bg,u(t), Bi,u(s))

and for all s,t € [0, T] there exists some constant G > 0 such that
E{(Bru(t) - Br.u(s)?} < Gt —s>KH.

Sub-fractional Brownian motion: The sub-fBm Sy with H € (0,1) is a self-similar Gaussian process with covariance

given by

1
Cov(Sk(t), Su(s)) = 2 + 21 — 5 ((s+ 027 41t — s27) | 5> 0.

The standard deviation o of Sy attaints its maximum over [0, 7] at the unique point T and
o(t) =2 —22H-17H _\/9 _ 02H-1gTH=1(T _1)(1+0(1)), t—T.

Moreover
1

2(2 — 92H-1)T2H |
and, for all s,¢ € [0,T], there exists some constant G > 0, such that

1—Corr(Sg(t),Su(s)) = t—s*(1+0(1), t,s—T

E{(Su(t) - Su(s)?} < Glt—s/"2.



Mean integrated fBm: Consider a Gaussian process Xy given by

Xa(® { V2H 121 [T Bop(s)ds, t>0,
H =
0, t=0,

with H € (0,1). In view of Debicki and Tabi$ (2011), we conclude that the standard deviation o of Xy attaints its

maximum over [0, 7] at the unique point 7" and
o(t)=T" — HTH=Y(T —t)(1 +0(1)), t—T.

Further
1

= o72
and, for all s,t € [§, T] with some § € (0,T), there exists some constant G > 0, such that

1—Corr(Xg(t), Xu(s)) L—H?)[t—s>(1+o(1), t,s—T

E{(Xu(t)— Xu(s)?} < G&2t—s|.

3 Further Results and Proofs

In what follows, we give proofs of all the theorems in this paper. Hereafter the positive constant Q may be different
from line to line.
Let {&,(t,v),t > 0,v € R*71} 4 > 0 be a family of centered stationary Gaussian random fields with a.s. continuous

sample paths, and covariance function r¢, (¢, v) given by

n—1
re, (t,v) = exp (—u_QDot"‘0 — Z Di|vi|°”> , t>0,veR"!
i=1
for some positive constants D;,0 <i<n—1,and o; € (0,2[,0<:<n—1.

Theorem 3.1 Let f(-) be a positive function defined in [0,00) such that lim,_, f(u)/u =1. For any ¢, 3,S51,S2 >0

we have

_B8 n—1
Eult,v) Dy 0 [ = } { a ]
P sup ———— > f(u = P, % 0,Dy° Sy Ha, [0,D; Sy
+€[0,51] 1+ ctbu—2 (w) 0,8 0 11;[1 a;
vel [ [0,u2/i8,]
1 (f(U))2>
x———exp | ——— ] (1+0(1
as u — 00.
PROOF OF THEOREM 3.1 Set (u(t,v) = &, (t,u=2/*1wy, - ju=2/® =1y, 1)t > 0,0 € R* ! 4 > 0 with covariance
function

n—1
re, (t,v) = exp (uzDoto“’ —u 2 Z D;|v; ai) , t>0,veR"™ u>0.
i=1

Denote further

Rgu(t,’v,t/,'v’) = CO’U( Cu(t,v) Cu(t',v") ) _ i re, (Jt —t'],v —v')

, , Lt >0,v,0 e R L
14 ctPu=2" 1+ ct’'Pu—2 + ctBu=2)(1 + ct’Pu—2) -

Using the classical approach (see e.g., Lemma 6.1 in Piterbarg (1996)) we have (set 0 = (0,...,0) € R*~1)

Eult,v) _ 1 (f(w)?
P tes[glgl] 1+ ctBu—2 > flu) p = \/%f(u) exp <— 5 )

vellrsy [07u—2/a,152]



00 2
X / eV T2 P sup % > f(u)
e t€[0,51]wef0,5,)m 1 1+ ctPu
Further, it follows that

{ Cu(t, v)

W‘ (CU(O,O) = f(u) — L),t €0,8],ve [O,Sg]"_l}

f(u)
has the same distribution as

{ Cult,v)

Tries — R (1,0.0.0),(0,0) + Re, (t..0,0) (f(u) - “’) tel.slve, 521"‘1} .

f(u)

Thus, the integrand in (3.14) can be rewritten as

Cu(t,v) w
P sup — 55 — B¢, (6,v,0,0)¢.(0,0) + R, (t,v,0,0) | f(u) — > f(u)
{tE[O,Sl],vE[O,Sg]"11+Ct6u 2 f(u)
=P sup g’U«<t’v> - (f(u))2(1—Rcu(t,v,O,O))+w(1—R¢u(t,v,O,0)) >w o,
tE[O,Sl],’UE[O,SQ]n_l
where
C’U«(t7 ’U) n—1
§u(t, ’U) = f(u) (Hctﬁu_z - RCu (t?’U,O7 O)Cu(07 0) s t Z 0,’0 eR ,u > 0.
Next, the following convergence
n—1
(f(u)*(1 = Re, (t,0,0,0)) —w(l = Re, (t,v,0,0)) — ct? + Dt™ + >~ Divf*,  u— oo
i=1

holds for any w € R uniformly with respect to ¢ € [0, 5], € [0,55]""". Furthermore,
9 n—1
E { (qu(t,'v) — gu(t’,'u’)) } — 2Dg|t — t'|* 4 2 Z D;lv; —vj|*,  u— oo
i=1
holds uniformly with respect to t,t" € [0, S1],v,v" € [0, Sg]"_l. It follows thus that

n—1
E { (gu(tw) - gu(t’w’))Q} <Q <|t —t'|* + Z |vi — v§|‘“>
i=1

holds for all u sufficiently large and (¢,v), (#/,v') in any bounded subset of [0, 00) x R"~1. Therefore, the family of the
random fields {s,(t,v),t € [0,S1],v € [0, S2]" "'}, u > 0 is tight, and thus it converges weakly to {v/2Ba, (Dé/aot) +
\/52?2_11 Bai(D.l/aivi),t € [0,5],v € [0,5]" "'} as u — oo, where Bq,,i = 0,--- ,n — 1 are independent fBm’s

K2

with Hurst indexes «; /2, respectively. Further using similar arguments as in Lemma 6.1 of Piterbarg (1996) (see also
Michna (2009)) we can show that the limit (letting u — 00) can be passed under the integral sign in (3.14), and thus
the proof is complete. O
Hereafter the diameter of a set A C R™,n € N is defined by

diam(A) = sup ||t — s,
t,seA

where || - || is the Euclidean norm in R™. We write V,,(A) for the n-dimensional volume of A.

Theorem 3.2 Assume that the conditions of Theorem 3.1 are satisfied. Then there exists some small 6o > 0 such

that for any A C R"~1 n > 2, with positive volume V,,_1(A)

&ult,v) g "

- 1
g 1
P ~ _suh¥) — V,.(A 0,D20 S
{te[ oAl tcthu? ~ u} {(A)Pa [ ’ 1}

— 1
cD o
0 He, D)
0,51],v€A i=1

2

1 Srot 2 ( u >
X ——u~=1 @ “exp|—— | (1+o0(1
N p (=5 ) @+o)

holds as u — o0.



PROOF OF THEOREM 3.2 The proof follows by similar arguments as in the proof of Lemma 7.1 in Piterbarg (1996)
or Lemma 6 in Piterbarg (1994b). It is mainly based on the double sum method by splitting the set A into rectangles
and then using Bonferroni’s inequality with the aid of Theorem 3.1. Since it is lengthy and somehow classical, we

shall omit the details. O

3.1 Proof of Theorem 2.3

1/8
Set in the following §(u) = (M) ,u > 0, with some p > max(1/(cf), 2/(ca)). First note that, for any sufficiently

u

small € > 0

mo(u) = P{ SupT](xn(t)—g(t)>>U}

te[d(u)

1
< Pq sup xn(t) >u+(c— s)pH
te[0,T] u

u2
_ (unz+<2/a1/5>+ exp <_2>>

as u — 0o, where the last equality follows from (2) and the Assumption V. Next, we analyze

IP’{ supu)] (Xn(t) — g(t)) > u} , U —> 00.

te[0,5(
Since lim,, o 6(u) = 0 and we are focusing on the asymptotics, by Assumption V the above is asymptotically equivalent
with

mi(u) :=P{ sup (xn(t) —ct?)>up, u— occ.
t€[0,6(u)]

It follows from our results below that mg(u) = o(m1(u)) as u — co. The proof is then established by showing further
that 1 (u) is asymptotically the same as the right-hand side of (2.11). To this end, we need to analyze three cases,
namely

i) a <28, i)a=28 ii)a>23.

Case 1) a < 28: Since a < 243, for any positive constant S7, we can divide the interval [0, §(u)] into several sub-intervals

of length Syu=2/. Specifically, let for fixed u > 0

No=u"2?0,8,], Ap=u"YkS), (k+1)S1], keN.

It follows from Bonferroni’s inequality that (set h(u) = {WL—T/:WJ +1)

h(u)
m(u) < Z IP’{ sup (xn(t) — ct?) > u}
k=0

teEN

h(u)
< Z IP’{ sup xn(t) > u+ c(lcSlug/"‘)’@}
teENg

h(u)
= Z ]P’{ sup xn(t) > u+ c(kSluz/o‘)ﬁ} =: mo(u).

In view of (2.10)

9(2-n)/2 h(w)

mo(u) = —————Hal0,51 u+ c(kSiu=2/*)P) " 2exp | —
@) = gy Hald: 51 0o+ elisi™)?) ex (

(u + c(kSiu=2/*)P)?
2

) (o)



10

9(2-n)/2 2 00
_ /Ha[oysl]u2/a—1/,3+n—2 exp (_U) / exp(—cw’B) d.’lﬁ(l + O(l))
0

['(n/2) S1 2
= F(l({lﬁ/; 2, HQE; Sul 2101187, () (1 1 o(1) (3.15)

as u — oo, where in the second equality we used the fact that

h(u) 00
ulg{.lo kz exp (—c(kSlul/’B_wa)’@) (Syut/P=2/e) = /0 exp(—cz?) dx.
=0

Similarly, using Bonferroni’s inequality we obtain

h(u)—1
m(u) > IP’{ bup (xn(t) —ct?) > u} — 3 (u),

O

where

E(u) = Z ]P’{ sup (xn(t) — ct?) > u, sup (xn(t) — ct?) > u} .

0<k<j<h(u)—1 teAy teEN;

Along the lines of the proof of (3.15), we obtain

h(u)—1
Z IP’{ sup (xn(t) — ct?) > u} > LA/8+1) Hal0, Sl]uz/o‘fl/ﬁ’rn(u)(l +0(1)) (3.16)

teN c/B S

as u — oo. Furthermore, we have

: : Ey(w) _ : . 2/a—1/B+n—2 _“72
lim sup lim sup =0, with Ax(u) :=u exp , u>0. (3.17)
Si1—oco  u—o00 A2(U) 2

Consequently, the claim for the case o < 28 follows from (3.15)-(3.17). Since the rigorous proof of (3.17) is lengthy,
we display it in Appendix.
Case ii) a = 28: Clearly, Sju=2/® < §(u) for S; > 0,7 = 1,2, when u is sufficiently large. Hence, we have that

h(u)
P{ [ sup (Xn(t)—ctﬁ)>u}Sm(u)gp{sup(xn(t)—ctﬁ >u}—|— ]P’{Sup )—ct5)>u}.

te O,Szu*2/a] teENg k=1 teEN

We give next a technical lemma.

Lemma 3.3 Assume that « = 23. We have

IP’{ sup (xn(t) — ct?) > u} =Pg 510,51] Trn(u)(1+ o(1))

teENg

as u — 0Q.

PROOF OF LEMMA 3.3 Since a = 23, by a time scaling we see that for u > 0

]P’{ sup (xn(t) — ct?) > u} = IP’{ sup (Xn(tu_Q/o‘) —ctPut > u)}
teNg tG[O,Sl]
n t —2/a
= P{ sup Xn(tu”1%) > u} . (3.18)

t€[0,51] 1+ ctBu—2

Introduce the Gaussian random field

:Zlel(t), tZO,S:(Sl,"‘ ,Sn)ERn.
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In the light of Piterbarg (1996) (see page 155 or page 139)

sup xn(t) = sup Y(ts),
t€[0,91] (t,8)€Gs,

where Gg, = [0, .51] X Sp—1, with S,,—1 being the unit sphere (with respect to Le-norm) in R™. Therefore, continuing
(3.18) for u > 0 we have

P { sup (xn(t) — ct?) > u} =P {( sup  ny(t, 8) > u} , (3.19)

telo t,5)€gs,
where Y (tu-2/, 5)
Ny (t, s) = W, t>0, seR"™
Further, it follows that
1

2
Var(n(t,s)) = < ) 420 8€8 1us0

1+ ctPu—?
and, for t,t' > 0,s,8' € S,,_1

Corr(ny(t,8),mu(t',8')) = 1= (1 —r(u™/ |t = 1)) - %T(U_Q/aﬁ —t'Dlls — s[>
We split the sphere S,,—; into sets of small diameters {00;,0 < i < Q}, where

Q = ${00;} < .

Note that when n = 1 the sphere Sy consists of two points {1, —1}, and thus in this case the partition {00;,0 < < 1}

consists of two single points. The assertions below are valid for this case as well. We have by Bonferroni’s inequality

Z IP’{ [ sup nu(t,s)>u}2P{ sup nu(t,s)>u}

0<i<Q O,Sl],sea(’)i (t,S)Ggsl
> Z P sup Nu(t,s) >up — Z P sup Nu(t,s) > u, sup Nu(t,s) >up.
0<i<Q t€(0,51],8€00; 0<i<I<Q t€(0,51],8€00; t€[0,51],8€00;
We focus next on d0q which includes (1,0,---,0). When diam(90y) is small enough, we can find a one-to-one
projection g from 90 to the corresponding points where the first component is 1, i.e., gv = (1,vq,--- ,v,) for all

v = (1]1,1}27"’ 7vn) € 800. Thus

P sup Nu(t,s) >up =P sup Nu(t,v) >uy.
t€[0,51],8€00¢ t€[0,51],v€990¢

Further, in the light of Lemma 10 of Piterbarg (1994b) we have that, for any € > 0 small enough there exist positive
constants 0, ug such that, for diam(900g) < ¢ and u > ug

BT PR & SR < Y
1 (1 2)u It — 1| (2 4>Z|sz |

=2

Y

Corr(nu(t, s),n.(t',s"))

n

€\ -2 a 1 e /2
17<1+§)u It — 1| (2+4)Z|sisi

=2

Y

uniformly in ¢, > 0, s, s’ € 00p. Define two centered stationary Gaussian processes {£F(t,v),t > 0,v € R"~!} with

covariance functions given by (set e =1+ ¢)

_ e+ _
rgg(t,v):exp <5iu 2ta22v?>, t>0veR"
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respectively. In view of Slepian’s Lemma (see e.g., Falk et al. (2010)) we have

. (t S (t
P sup %>u <P sup Nu(t,v) >up <P sup %>u .
t€[0,5:],0€g80, 1 + ctPu t€[0,51],0€990 t€[0,51],0€g80, 1 + ctPu

Recall at this point that V;,(A) denotes the n-dimensional volume of ACR™. Applying Theorem 3.2 to both sides of

the last inequality we conclude that

cle_ g 1 n— u2
Vi—1(9000)P,, 5 (e-)" [ (e_)= 5’1} o7 Y Zexp <—) (I+0(1) <P sup Ny (t,v) > u
(27T) 2 t€(0,S1],v€900¢

{0, (5+)$Sl] 5:;1 Wu”ﬁ exp <_u;> (14 0(1))

as u — oo, where we used the fact that Hs = 1/y/m. Note that for any sufficiently small positive 1, when

fw

< anl(gaoo)P;E?)i

ming<;<g diam(90;) is chosen sufficiently small, we have
Vn,l(ga(’)i)(l — 61) S anl(aoz) S Vn,l(g(?@l)(l +€1)

for any 0 < ¢ < Q. Consequently, by the stationarity in s of the process {n,(t,s), (t,s) € Gg, }, and then letting

e,e1 — 0, we conclude that

WU exp (_“2) (1+0(1)

as u — 0o. Moreover, using similar argumentations as in Appendix we show that

2
Z P sup Nu(t, 8) > u, sup Nu(t,8) >up=o0 <u”2 exp (u))
o<icico  Ltel.s1).s€00; €[0,51],5€00; 2

as u — 0o, and Sy — 0o. Since Vi, _1(S,_1) = 27"/ /T'(n/2) the proof is complete. O

2 P{ o "u<f»s>>u}=vn1<sn1)7>;ﬁ 0.5]
0<i<Q t€[0,51],8€00;

Furthermore, we obtain the following asymptotic upper bound

h(u) o
ZIP’{ sup (xn(t) — ct?) >u} < ZIP’{ sup xn(t >u+c(k51u_2/a)’8}
1

teNy teNg

(2.10)

2 0 5
<’ QSu"Zexp (u2> S e (14 0(1)) (3.20)
k=1

as u — 0o, which together with Lemma 3.3 yields that, for S; > 0

Pas10,8] < hmlnf m ()

u—oo T (u)

. 7T1(U) T e(kS1)?
< E 1, .
- llzrfi»solip Tn(u) [0’ Sl] - QSI k=1 ‘ (3 21)

Letting S5 — oo, we have the finiteness of the generalized Piterbarg constant, i.e. s Pa o /

5 < oo. Similarly, letting
S1 — oo we obtain P¢ a2 > 0. Consequently, the claim for the case o = 23 follows by letting 57, .S — oc.

Case iii) o > 28: The lower bound follows immediately since

m(w) > P{xa(0) > u} = To(w)(1+o(1)).

In view of Lemma 3.3 we derive an upper bound as follows

) P {Supte[o,d(u)](Xn(t) —ctf) > u} ) P {supteA (xXn(t) — ct?) > u}
lim sup < limsup 2

=P s [0,5].

The proof is completed by letting S; — 0.
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3.2 Proof of Theorem 2.5

In this subsection, we give the skeleton of the proof of Theorem 2.5 which is based on the double sum method. Again,

we introduce a Gaussian random field
Y(t,s) =Y siXi(t), t>0,8=(s1,~--,5,) €R".
i=1

Since

sup xn(t) = sup Y(t,s)
te[Ty,T) (t,8)€[T1,TIXSn—-1
for any Ty € [0,T). For t,s > 0,v,w € S;,_1
1
Var(Y (t,v)) = 6% (t), and Corr(Y(t,v),Y (s,w)) = rx(s,t) — irx(s,t)Hv — w2

Consequently, by (1.4)—(1.6) there is some ¢ € (0,T") close to T such that

nu 2/p
Var(Y(t,v)) <1— Ag"(w), with g(u) = <1u>

holds for all t € [§,T — g(u)] and v € S,,—1 when u is sufficiently large, and further for ¢, s € [0, T] and v,w € S,,—1
E{(Y(t,v) = Y(s,w)*} <Q(Jt — 5" +[|v —wl]?).

Therefore, by Piterbarg inequality (cf. Theorem 8.1 of Piterbarg (1996) or Theorem 8.1 in the seminal paper Piterbarg
(2001))
(W (0 2/t - 5.22)
I (u) =P sup xn(t)>up, <Qu "t exp <> . 3.22
te[6,T—q(u)] 2(1 = Agt(u))

Furthermore, we have from the Borell-TIS inequality (e.g., Theorem 2.1.1 in Adler and Taylor (2007))

I (u) ::IP{ sup xn(t)>u} < IP{ sup Y(t,'u)>u}

te([T1,9] (t,v)€Gs
(u—C)?
< ——— . .
< exp ( 207 (0) (3.23)

Next, we focus on the asymptotics of

3(u) := ]P’{ sup ]Xn(t) > u} = ]P’{ sup  Xn(t) > u}, u — 00,

te[T—q(u),T t€[0,q(u)]

where Xp(t) = xn(T — 1), for ¢t € [0, g(u)]. From the results below we conclude that
I (w) = o (Ilg(w)), Ia(u)=o(Ilz(u)) (3.24)

as u — o0o. The proof is thus established by showing further that II3(u) is asymptotically the same as the right-hand
side of (2.12).
Similar to the proof of Theorem 2.3 we need to distinguish between the following three cases:
Dr<p, i)v=p, ii)v>p
Let, for S1 >0
No=u"2"0,81], Ap=u"2"[kSy,(k+1)S1], k€N,

and define 6(u) = {MJ +1

Siu2/m
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Case i) v < u: Since v < p, using Bonferroni’s inequality, we have

6(u) 6(u)
Z]P’{ sup Z(t,v)>u} Z]P’{bup Xn(t }

k=0 (t,D)EAkXSn_l teEN

P sup  Xn(t) >u
t€[0,q(w)]

0(u)—
> Z P{ sup Xn(t) > U} — X5, (u),

-0 teEN

Y

where Z(t,v) =Y (T —t,v), for (t,v) € [0,q(u)] X Sp—1, and

Yg, (u) = Z IP’{ sup Xn(t) > u, sup xn(t) > u} .
)

0<k<<0(u)— teEA, teA;

For any € € (0,1) and all u large
1—A(l —e)th > Var(Z(t,v)"? > 1 — A(1 4 e)t*
and

2D(1 — )t — s|” + (1~ &)|[v — wl |’

IN

E{(Z(t,v) — Z(s,w))*}
< 2D(1+e)|t —s]” + (1 +¢)|lv —w]?.

Next we introduce a centered stationary Gaussian process {£(t),t > 0} with covariance function
re(t) =exp(—Dt”), t>0

and set
n

Z2(tav) = szgl(t)a t > Oa CAS an

i=1
with {&(¢),t > 0},1 < i < n, being independent copies of {£(¢),¢ > 0}. Thus for (¢,v) € [0, ¢(u)] x S,—1 and all u
large
2D~ o)t — s + (1 - e)llo—w|? < E{(Za(t, ) — Zo(s, w))?}
< 2D(1+e)|t—s|" + (1 +&)||v — wl||.

Since € can be arbitrary small, using Slepian’s Lemma we conclude that

]P’{ sup Z(t,v) > u} = ]P’{ sup Zsy(t,v)(1 — AtH) > u} (14 0(1)) (3.25)
(

t,0)ENLXSn_1 (t,w)EALXSn—1

as u — oo. Consequently, as u — 0o

0(u)
Z P { sup Xn(t }

teN,

MA

{ sup Zs(t,v) > T A(k:;lu—w”)“} (14 0(1)) =: m3(u).

(t,v)EARLXSn—1

Utilising further (2.10), we obtain

(2—n)/2 0(u) " n—2 u 1u72/1/ I 2
m = Gl 0vs)Y 2)ew (— L+ AGS ))>(1+0<1))
k=0

T(n/2) — A(kSiu-2/v)m 2

1/v o8
= Wuwyd/“Tn (u)/ exp (—Az") dz(1+ o(1))
1 0
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l/r 1//’6_'_1)7{11 Ole/VS v— 4
pY (Al/u [D1/V51 1]“2/ 2T, (u) (14 o(1)) (3.26)

as u — 0o. Using the same argumentations as (3.26) the following asymptotic lower bound

0(u)—1
T(1/p+1) H,[0,DV"S] ),
1/v ) 2/v—2/p
Z {tselg)k Xn(t) > } > D Al/n Dl/v S, u Ty (u) (14 0(1)) (3.27)
=0
holds as ©u — oo. Furthermore, we have
E 2
lim sup lim sup () =0, with As(u):=u?/""2/mn"2exp (_u) , u>0 (3.28)
S1—o0  u—00 AS( ) 2

the proof of which is omitted since it is similar to (3.17). Consequently, the claim for the case v < p follows from
(3.26)-(3.28).
Case ii) v = p: Since S;u=2/" < g(u) = (1“7“)2/” for S; > 0,7 = 1,2, when wu is sufficiently large. Hence, we have that

0(u)
IP’{ [ sup  Xn(t) > u} < mi(u) < ]P’{ sup Xn(t) > u} + ZP{ sup Xn(t) > u} :

t€[0,S2u—2/7] teNg =1 teEN
From (3.25) we obtain further

]P’{sup Xn(t) >u} = ]P’{ sup Zs(t,v)(1 — At") >u}(1+0(1))

teNo (t,w)EAGXSn—1

ZZ(tav)
=P sup —— >y, (1+o0o(1
{(t1v)€AO><Snl (]‘ + At“) } ( ( ))

as u — oo. In view of Theorem 3.1 and Theorem 3.2, and the derivation of the case @ = 23 in the last subsection, we

conclude that

P { sup Xn(t) > u} = PAPT0, D7 8,)T,, (u) (1 + o(1)) (3.29)

teNg

as u — 00. Now, the claim follows using the same argumentation as (3.21).

Case iii) v > u: By (3.29) the upper bound is derived as

lim su ’ {SUPte[o,q(u)] Xnlt) > u} < limsu F {SuptGAO Xn(t) > u}

<PAL[0, D7 8.
Since further
t€[0,q(u)]

1}»{ sup gn(t)>u} > P{Xn(0) > u} = Ty (u) (14 o(1))

the proof of this case is established by letting S; — 0. Consequently, it follows that (3.24) is valid, and thus the proof

is complete. O

3.3 Proof of Theorem 2.6

For 6 € (0,T), set

tels, T

IM(u) := ]P’{ sup]<xn(t) - g(t)) > u} )

Thus for any u > 0

IM(u) < ]P’{ sup (X”(t) - g(t)) > u} < ]P’{ sup (xn(t) - g(t)) > u} + I(u). (3.30)

te[0,T] te[0,9]
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It follows that

M(u) = IP’{ sup Xn(t) >1}

te[o,T) U+ g(t)

_ HD{ qup Xm0 ()

te[8,T) OX (t) mu(t)

mu(T)} ., with my,(¢) :

For any t € [0, 7]
1 - M) _ox(T) —ox(t)  ox(®)g(t) —g(T))
My (t) ox(T) (u+tg)ox(T)

Further, in view of (1.4) and Assumption VI, and noting that u < E, & can be chosen close enough to 7" such that

9(T) —g(t)] < Q (ox(T) — ox(t))
for all ¢ € [, T]. Hence for any ¢ € (0,1), when w is sufficiently large, we have, uniformly in [d, T

ox(T) —ox(t) _ mu(T) ox(T) —ox(t)
ox (M) = ma(® o (T)

1—(1+¢) <1—-(1-¢) (3.31)

Therefore, for u sufficiently large

Tie(u) == P{ sup Yic(t) > mu(T)} <II(w) < 7_c(u) := P{ sup Y__(t) > mu(T)} )
te[8,T] te[8,T]

where

with
Xi(t)

Ox(t)

ox(T) —ox(t)

Y:I:E,i(t) = Ux(T)

(1—(1is)

Since the analysis of 74.(u) and m_.(u) are the same, next we only discuss 7. (u) for fixed € € (0,1). The variance

), t>0,1<i<n.

function oy (t) of Y. 1(¢) attains its maximum over [0, 7] at the unique point 7' with
oy(t)=1-A(1+¢e)(T -t)*(1+0(1)), ast—T.
Further, by (1.5)
ry(s,t) = Corr(Yiea1(s),Y4e1(t)) =1 —DJt —s|” +o(|t —s|”), t,s1T. (3.32)
Moreover, in view of Assumption IV for s,t € [§,T]
E{(Vies(t) = Viea(s)?} < Qls—1|".
Consequently, by Theorem 2.5

Tre(u) = Wi, (ma (1)) 72150y (mu(T)) (14 0(1)),  u— oo,

where
Vo D gy iy <,
Wi = Plﬁ(}+5)D_l, if v=up,
1 ifv>p.

Letting € — 0, we conclude that

I(u) = WY, (m (1)) 29+ X, (m,(T)) (1 + 0(1))
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as u — oo. In addition, by the Borell-TIS inequality, for u sufficiently large

P{ sup (Xn(t) —g(t)) >U} < JP’{ sup Xn (t) >U}
t€[0,0]

t€[0,6]
= Pq sup Y(t,v)>u
(t,v)€Fs
< o O
= P 20%0)

and thus the claim follows from the last two formulas.

4 Appendix

This section is dedicated to the proof of (3.17). Let

B(k,S1,u) = u+ c(kS1u™2/*)P keN, S >0, u>0.
The double sum 3, (u) can be divided into two parts, i.e.,

Ly (u) = Z ]P{ sup (xn(t) — ct?) > u, sup (xn(t) — t?) > u} = Yy (u) + Dy 2 (u),
0<k<j<h(u)-1 1€k ted;

where 3, 1(u) is the sum for j = k+ 1, and X, o(u) is the sum for j > k 4+ 1. We first give the estimation of the first

sum. It follows that

h(u)
Z ]P’{ sup xn(t) > B(k,S1,u), sup xn(t) > B(l@Sl,u)} . (4.33)

teENg tEA R4
Further, we have that

P{ sup Xn(t) > B(k’,Sl,U), sup Xn(t) > B(kﬂslvu)}
teN tEN L1

= IP{ sup xn(t) > B(k‘,Sl,u)} —HP’{ sup  xn(t) > B(k,Sl,u)}

teEN tEN K41

—]P’{ sup  xa(t) > B(k75’1,u)} ,

teENLUAN 11

which in view of (3.15) implies

( ) H(X[O7Sﬂ - HO&[05251] — O

<
S’}gnoo 11}}1_}3;{) AQ( ) Q S}l—r)noo Sl

In order to estimate X, 2(u), we introduce a Gaussian random field

v) = ZviXi(t), t>0, v= (v, - ,v,) € R™.

In the light of Piterbarg (1996)
sup xn(t) = sup Y(tv),
te[0,51] (t,v)egs,

where Gg, = [0,51] X Sp—1, with S,,_; being the unit sphere in R™. Consequently,

h(u)—1h(u)—1
Z Z ]P’{ sup Y (t,v) > B(k, S1,u), sup Y(t,v) > B(k,Sl,u)} ) (4.34)

k=0 j=k+2 (t,v)EARLXSn—1 (t,w)eEA; XSn—1
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We split the sphere S,,_1 into sets of small diameters {9S;,0 < i < N.}, where

Further, we see that the summand on the right-hand side of (4.34) is not greater than %7 (u) + ©57 (u), with

Ofiw) = >oop sup  Y(t,v) > B(k,S1,u), sup Y (t,v) > B(k,Sy,u)
OS’L',ISN* (t,v)GAkx&Si (t,’U)GA]‘XBSZ
08;N9S;=0

057 (u)

Z P sup Y (t,v) > B(k,S1,u), sup Y (t,v) > B(k, S1,u) ¢,
0<iIoN. (t,0)ENL XBS; (t,0)EA; XS

0S;NOS,£0
where 9S; N 08S; # ) means 9S;, dS; are identical or adjacent, and 9S; N 0S; = B means JS;, IS, are neither identical
nor adjacent. Denote the distance of two sets A, B € R",n € N, as

A B)= inf —qll.
p(A, B) meg}yeBl\w yl|

If 0S; N dS; = () then there exists some small positive constant pg (independent of ¢,1) such that p(9S;,dS;) > po-

Next, we estimate G)]f’j (u). For any u >0

P sup Y (t,v) > B(k, S1,u), sup  Y(t,v) > B(k,S1,u)
(t,v)EAL XIS, (t,w)eA; x0S;

< P sup  Z(t,v,s,w) > 2u p,
(t,s)EALXA;
vEIS; ,WEDS;
where
Z(t,v,s,w) =Y (t,v) +Y(s,w), t,s >0, v,w € R™.

When w is sufficiently large for (¢,s) € Apx A; C [0,1]%,v € 8S; C [-2,2]",w € IS, C [—2,2]", with p(8S;,0S)) > po

we have

Var(Z(t,v,s,w)) = 44— (2(1 —r(s=1t)+r(s—1t)||lv— 'w||2)
< 4(1 o),

for some dg > 0. Therefore, it follows from the Borell-TIS inequality (see e.g., Adler and Taylor (2007)) that

‘ 2
@]1” (u) < QN exp (—M) , witha =E sup Z(t,v,s,w) p < 0.
2(1 —do) (,5)€[0,1]2
(v,w)€[—2,2]2"
Consequently,
h(u)—1 h(u)—1 ~k,j
. k=0 Zj:k+2 O7 (u)
lim su =0. 4.35
u—>oop AZ(U) ( )
Next, we estimate Zzgo)fl PR ©%7(u). The stationarity of {Y (t,v),t > 0,v € S,_1} implies
h(u)—1 . h(u)—1
dYoo>d 6w < Q) Z]P’{ sup Y (t,v) > B(k,S1,u), sup Y(t,v)> B(k:,Sl,u)}
k=0 j>k+2 k=0 j>2 (t,’u)EAgx&Si (t,’U)EAJ‘ x9S

for some fixed 9S;, S, satisfying 9S; N 0S; # 0. Additionally, diam(9S; U dS;) can be chosen sufficiently small such
that 0S;,08; are in 90y, which is a subset of S,,_; and includes (1,0,---,0), and further on 90y we can find a
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one-to-one projection g from it to the corresponding points where the first component is 1, i.e., gv = (1,v9, - ,v,)
for all v = (v1,v2,- - ,v,) € 00,.
Let

_ S. n—1 _ n—1 S S
Doy = [0, 2] ngo0,, Ak =] [kiz,(ki +1)=2| N gd0,, k ez
u (%

u
i=1

and

Ki={k:AkngdS # 0}, Ki={k:L,ngdS #0}.

With these notation, we have that

h(u)—1 ‘ h(u)—1
PRI MO DD I
k=0 j>k+2 k=0 j>2ieK;leK,

]P’{ sup Y (t,v) > B(k,S1,u), sup Y (t,v)> B(k75'1,u)} .
(t,’v)GAQXAi (t,v)eijﬁl

The last sums on the right-hand side can be divided into two terms I;(u),7 = 1,2, according to whether Az N &l #

or not. We derive that

]P’{ sup  Y(t,v) > B(k,S1,u), sup Y (t,v) > B(k,Sl,u)}
(t,v)EDgX A (t,w)el;xD

< P sup  Z(t,v,s,w) > 2B(k,S1,u) ;,
(t,s)EAoXA]’
veﬁi,we&
where
Z(t,v,s,w) =Y (t,v) + Y (s,w), t,s >0, v,w € R" 1.

It follows that, for (¢t,s) € Ao x Aj, v € &i,w € ﬁl, diam(0Qy) sufficiently small, and u sufficiently large

2 < Var(Z(t,v,s,w)) < 4 (1 - i((j - 1)51)%2) . (4.36)

Further, set Z(t,v,s,w) = Z(t,v,s,w)/\/Var(Z(t,v,s,w)). Borrowing the arguments of the proof of Lemma 6.3 in
Piterbarg (1996) we show that

E{(Z(t,v,5,w) — Z( v, s w')?} < 4(1E {(Y(t,0) = Y(#,0)?} + E{(Y(s,w) — Y (s, w')2}).
Moreover, as in Lemma 10 of Piterbarg (1994b), for diam(0Q) sufficiently small, and all u large
E{(Y(t,v) - Y (¢, v)} < 4t—¢|*+ 2i(vi —vh)2.
=2
Therefore

E{(Z(t,v,s,w) — Z(t',v', s/, w'))*} < 16|t —t'|* +16|s — s'|* + SZ(’UZ' —vl)? + SZ(UH —w})?
i=2 i=2
21 —re(jt =), s = &', v — v, w —w")), (4.37)

IN

where

n n
re(t, s, v,w) = exp (—Qto‘ —9s% — 521}? — 521012) , t,s>0,v,we R
i=2 i=2



20

is the covariance function of a stationary Gaussian random field {((¢,s,v,w),t,s > 0,v,w € R""'}. Consequently,

in view of (4.36) and (4.37), and thanks to Slepian’s Lemma, we obtain

IP’{ sup  Y(t,v) > B(k, S1,u), sup Y (t,v) > B(k,Sl,u)}

(t,w)EDX A (tw)en; x D
2B(k, S
< P sup  ((t,s,v,w) > (k, 51, )
(t,8)ED0XA; V4= (G —1)S1)u
vE&i,weﬁl

Since, for any cube Az in R"~! there are 3"~! cubes having non-empty intersection with it, we have

h(u)—
QB(k S1,u)
[1(“) S P sup g(t7 S,U,’LU
1;) ;zezlc: lezlc: (t.s)€Dox A, \/4 (5 —1)S1)eu—2
RiNA#£0 vel;,wel,
h(u)—1
- 2B(k Sl )
= Po, . ow  cltsvw) > ’ : (4.38)
;) _QZQ‘LEZICZ (t7S)EAUXA]‘ \/4 j _]_ Sl)

véﬁi,weﬁl

with some Al adjacent or identical with A, It follows further from Theorem 3.1 that

QB(k' Sl ) 1 2 2(n—1)
P su t,s,v,w) > ’ < (Ha]0,958 H2[0,V/5S8
(t,s)GAFU)XAjC( \/4 j — 1 Sl)(’u—z ( [ 1]) ( 2[ 2})
'UEAi,’LUEAl

. ( 4B(k, Sy, u)?
Varu P\ 2E (- DS)eu?)

as u — 0o. Inserting the last formula into (4.38) and noting that

) o)

(K} = Voo 1(908:) Sy " Pur= (1 + 0(1)), as u — oo

we derive that

1 2 1
Li(u) < QS?sy~! Z ——u""?exp v c(kSluéfg)ﬁ —=(G-1)S)).
; 27 2 8
k=0 j>2
Thus, in the light of the reasoning of (3.15), we conclude that
1w e
lim sup lim sup < Qlimsup $; 85 texp (=S¢ ) =0. (4.39)
S1—o0  u—o0 A2( ) S1—o0 8

Moreover, in view of the reasoning of (4.36), when Az N Al = (), we obtain
2 < Var(Z(t,v,s,w)) <4—((j - 1)S1)*u™ — ||l — i||*SFu?
and thus
2B(k, S
sup  ((t,8,v,w) > (k, S1,w)

k=0 j>2iek;lek, | (b5)EL0xA, Va—((G—1)S1)*u2 —[|i — 1][2S3u—2
AinDy=0 VEA;,WEL,

IQ(U)

7

QB(k:,Sl,u)
Sup C(t, S’ 'U,UJ) > B 2 2 2 2
k=0 j>24ck; leRn—1 (t78)~€on§j \/4 = ((7 = 1)S1)*u=2 — [|1][2S5u~
140 vER,WEL,

(]
(]
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Similar to (4.39), we conclude that

. . Ir(u)
lim sup lim su =0,
S1 —>oop u—>oop Ay (’LL)

hence (3.17) follows.
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