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Abstract: Let {X(¢),t > 0} be a stationary Gaussian process with zero-mean and unit variance. A deep result derived
in Piterbarg (2004), which we refer to as Piterbarg’s max-discretisation theorem gives the joint asymptotic behaviour
(T — o) of the continuous time maximum M(T) = max;e[or) X (t), and the maximum M°(T) = maxiemn(s) X (£),
with :(4) C [0, 7] a uniform grid of points of distance § = 6(T). Under some asymptotic restrictions on the correlation
function Piterbarg’s max-discretisation theorem shows that for the limit result it is important to know the speed §(7")
approaches 0 as T — oo. The present contribution derives the aforementioned theorem for multivariate stationary
Gaussian processes.
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1 Introduction

Let {X(t),t > 0} be a standard (zero-mean, unit-variance) stationary Gaussian process with correlation function r(-)

and continuous sample paths. A tractable and very large class of correlation functions satisfy
r(t) =1—-Ct|* +o(|t|]*) as t—=0 (1)

for some positive constant C' and « € (0, 2], see e.g., Piterbarg (1996). If further, the Berman condition (see Berman
(1964) or Berman (1992))
lim r(T)InT =0 (2)

T—o0

holds, then it is well-known, see e.g., Leadbetter et al. (1983) that the maximum M (T) = max;cjo,7) X (t) obeys the

Gumbel law as T" — oo, namely

lim sup|P{ar(M(T)—br) <z} —A(z)|=0 (3)

T—00 zecR

is valid with A(x) = exp(—exp(—x)),z € R the cumulative distribution function of a Gumbel random variable and

normalising constants defined for all large T' by
ar =V2InT, br =ar+a;' ln((27r)_1/201/"Haa;1+2/°‘). (4)

Here H, denotes the well-known Pickands constant given by the limit relation

H, = lim 5—1]E{exp ( max (\/iBa/z(t) _ t"‘))} e (0,00),

S—o0 te[0,5]
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with B, a standard fractional Brownian motion with Hurst index «, see e.g., Mishura and Valkeila (2011) for recent
characterisations of B,,. For the main properties of Pickands and related constants, see for example Adler (1990),
Piterbarg (1996), Debicki (2002), Debicki et al. (2003), Wu (2007), Debicki and Kisowski (2009), Debicki and Tabis
(2011) and Hashorva et al. (2013a). We note in passing that the first correct proof of Pickands theorem where H,,
appears (see Pickands (1969)) is derived in Piterbarg (1972).

We say that X is weakly dependent if its correlation function satisfies the Berman condition (2). A natural generali-
sation of (2) is the following assumption

lim 7(T)InT =r € (0,00) (5)

T—o0

in which case we say that X is a strongly dependent Gaussian process. Mittal and Ylvisaker (1975) prove the limit
theorem for the normalised maximum of strongly dependent stationary Gaussian processes showing that the limiting
distribution is a mixture of Gumbel and Gaussian distribution. In fact, a similar result is shown therein also for the
extreme case that (5) holds with r = oo with the limiting distribution being Gaussian. For other related results on
extremes of strongly dependent Gaussian sequences and processes, we refer to McCormick and Qi (2000), James et al.
(2007), Tan and Wang (2012), Hashorva and Weng (2013), Hashorva et al. (2013b) and the references therein.
In this paper the random variable M (T') = supy< <7 X (t),T > 0 denotes the continuous-time maximum and M°(T) =
maxyesnno,7] X (t) stands for the maximum over the uniform grid NN [0,7]. Under the assumption (1) we need to
distinguish between three types of grids: A uniform grid of points JR(§) = N is called sparse if 6 = §(T) is such that
lim 6(T)(2InT)Y* = D, (6)

T—o0

with D = co. When (6) holds for some D € (0,00), then the grid is referred to as Pickands grid, whereas when (6)
holds with D = 0, it is called a dense grid. Throughout this paper we assume that « € (0, 2].

Piterbarg (2004) derived the joint asymptotic behaviour of M?(T) and M (T) for weakly dependent stationary Gaus-
sian processes. As shown therein, after a suitable normalisation (as in (3)) M°(T) and M(T) are asymptotically
independent, dependent or totally dependent if the grid is a sparse, a Pickands or a dense grid, respectively. We shall
refer to that result as Piterbarg’s max-discretisation theorem.

For a large class of locally stationary Gaussian processes Hiisler (2004) proved a similar result to Piterbarg (2004)
considering only sparse and dense grids. In another investigation concerning the storage process with fractional
Brownian motion as input, it was shown in Hiisler and Piterbarg (2004) that the continuous time maximum and
the discrete time maximum over the dense grid are asymptotically completely dependent. Tan and Tang (2012)
and Tan and Wang (2013) recently proved Piterbarg’s max-discretisation theorem for strongly dependent stationary
Gaussian processes, whereas Tan and Hashorva (2012) derives similar results for sparse and dense grids for standardised
maximum of stationary Gaussian processes. Novel and deep results concerning stationary non-Gaussian processes are
derived in Turkman (2012).

As noted in Piterbarg (2004) derivation of the joint asymptotic behaviour of M?(T) and M(T) is important for
theoretical problems and at the same time is crucial for applications, see Piterbarg (2004), Hiisler (2004) and Tan and
Hashorva (2012) for more details.

The main contribution of this paper is the derivation of Piterbarg’s max-discretisation theorem for multivariate sta-
tionary Gaussian processes. Our results show that, despite the high technical difficulties, it is possible to state
Piterbarg’s result in multidimensional settings allowing for asymptotic conditions and the two maxima are no longer

asymptotically independent.



Brief organisation of the paper: In Section 2 we present the principal results. Section 3 presents some auxiliary
results followed by Section 4 which is dedicated to the proofs of the our main theorems. Several technical lemmas and

the proof of Lemma 3.1 are displayed in Appendix.

2 Main Results

Consider (X1(¢),---,X,(t)),p € N a p-dimensional centered Gaussian vector process with covariance functions
ree(7) = Cov(Xg(t), Xk(t + 7)),k < p. Hereafter we shall assume that the components have continuous sample
paths and further Cov(Xy(t), X;(t + 7)) does not dependent on ¢ so we shall write

Tkl(’r) = COU(Xk(t),Xl(t —+ 7'))

for the cross-covariance function. Further we shall suppose that each component X; has a unit variance function;
in short we shall refer to such vector processes as standard stationary Gaussian vector process. Similarly to (1) we

suppose that for all indices k < p
ree(t) =1 = CJt|“ + o(|t|]*) as t — 0, (7)
with some positive constants C, and further

lim 7y (T)InT = rg € (0,00) (8)

T— o0
holds for 1 < k,1 < p. In order to exclude the possibility that X (¢) = £X;(t + o) for some k # [, and some choice of
to and + or —, we assume that

max sup |rg(t)] < 1. 9
pax, s (o) 9)

For any k < p and a given uniform grid of points R(4) we define the componentwise maximum (in continuous and
discrete time) by
(My(T), M(T)) := ( max Xp(t), max Xk(t)>.

t€[0,T) tEN(8)N[0,T]
Let Z = (Zn,. .., Zp) be a p-dimensional centered Gaussian random vector with covariances
T
COU(Zk, Zl) = K

NG

Further, let ¥ denote the survival function of a N(0, 1) random variable and put  := (z1,...,2p), ¥ := (Y1, -, Yp)-
In our theorem below we consider the case of sparse grids, followed then by two results on Pickands and dense grids.
Theorem 2.1. Let (Xi(t),---,X,(t)) be standard stationary Gaussian vector process with covariance functions

satistying (7), (8) and (9). If further Z has a positive-definite covariance matrix, then for any sparse grid 9R(9)

lim  sup P{aT<Mk<T>—bT>Sa:k,aﬂMi(T)—b"T)Syk,k—l,m,p}—E{exp<—f<x,y,Z>>}‘—07 (10)

T—00 pecRr, ycRP

where ap is defined in (4),

— —T—Tkk+V2Tkk Zk —Yk—Tkk+V2rkk Lk
f(z,y,2) e +e

k=1



and

by = ar +ag! ln((27r)_1/26_1a;1). (11)

Corollary 2.1. Under the assumptions of Theorem 2.1 we have

lim sup [P {ar(My(T) —br) <zp,k=1,--- ,p} — E{exp (—h(x, =, Z))}‘ =0, (12)
T—o0 xrERP
where
p
h(z,y,Z Zei min(ck,yx) ="k +V2rkk Zk (13)
k=1

and ar, by are defined in (4).
Before presenting the result for Pickands grids, we introduce the following constants which can be found in Leadbetter
et al. (1983). For any d > 0,A > 0, k € Z and z,y € R define

Hgo(N) = E{exp ( max (\fBa/g(kjd) (k‘d)a))}

kde[0,X

and

H7Y(N) = lim %/ ) Sp<max](fBa/2() >>s+x, max <\/§Ba/2(kd)—(kd)a) >S+y> ds.
sE

A—o00 te[0,A k:kde[0,)]
In view of Leadbetter et al. (1983) both constants Hg,, and Hy'? defined as

Hya®)

. Hd7a(A) x, .
Hyo = lim — and Hd’g = >\h—>n;o 5

A—00

are finite and positive.
Theorem 2.2. Let (Xq(t),---,Xp(t)) satisfy the assumptions of Theorem 2.1, and let ar be as in (4). For any
Pickands grid Eﬁ(daTz/a) with d > 0 we have

lim sup
T—00 geRrr,ycRP

P {ag(My(T) = br) < a, ar(M{(T) = bur) < gk = 1, ,p} — Efexp (~g(w,, Z))}‘ =0, (14)

where

p
w y E ( — Tk —Trk+V2rkx 2k 4 e*yk*TkkJerTkak _ HlnH atzr,In Ha oty *Tkk+\/2Tkak)
b) b)

d,«x
k=1
with

ba,r = ar + ar ln((27r)71/2C1/°‘Hd,aa;1+2/a>. (15)

Theorem 2.3. Under the assumptions of Theorem 2.1 for any dense grid ()

lim  sup [P {agp(Mp(T) = br) <z, ap(M{(T) — br) < yp, k=1,--- ,p} — E{GXP(*h(%y’ Z))}‘ =0, (16)

T—00 peRp,ycRP

with ar,br as defined in (4) and h defined in (13).



Remark 2.1. a) In condition (7) we can use different C’s and «'s, i.e., condition (7) can be replaced by
rrk(t) = 1 — Cilt|** + o(Jt|**) as t — 0.

In that case, the above results still hold with some obvious modifications of br, b‘ST7 by, and the grid SR(9).

b) If Z has a singular covariance matrix, then we still can derive the above results. To see that consider the simple case
Zy,=c1Z1+ -+ cp—1Zp—1 With ¢;,7 < p—1 some constants, and zZ" = (Zy,..., Z,_1) has a non-singular covariance
matrix. In the proofs below we need to condition on Z; = #1,...,Zp,_1 = 2,1, and then put c121 + -+ + cp_12p—1

instead of z, therein.

3 Auxiliary Results

In this section we present several lemmas needed for the proof of the main results, where Lemma 3.1 plays a crucial
role. In order to establish Piterbarg’s max-discretisation theorem for standard stationary vector Gaussian processes
we need to closely follow the steps of the proofs in Piterbarg (2004), and of course to strongly rely on the deep ideas
and techniques presented in Piterbarg (1996). First, for 1 < k,I < p define

pkl(T) = rkl/ln T.

Following the former reference, we divide the interval [0, T] onto intervals of length S alternating with shorter intervals
of length R. Let a > b be constants which will be determined in the proof of Lemma 3.1. We shall denote throughout
in the sequel

S=T% R=T" T>0.

Denote the long intervals by S, 1 = 1,2,--- ,ny = [T/(S + R)], and the short intervals by Ry, I = 1,2,--- ,np. It
will be seen from the proofs, that a possible remaining interval with length different than S or R plays no role in our
asymptotic considerations; we call also this interval a short interval. Define further S = U}'"; S;, R = U]} R; and thus
[0,T]=SUR.

Our proofs also rely on the main ideas of Mittal and Ylvisaker (1975) by constructing new Gaussian processes to
approximate the original Gaussian processes. For each index k < p we define a new Gaussian process 7 by taking
{Yk(j)(t),t >0}, 5 =1,2,--- ,np independent copies of {Xj(¢),t > 0} and setting n(t) = Yk(j)(t) fort e RjUS; =
[ —1)(S+ R),j(S+ R)). We construct the processes so that ng, k = 1,--- ,p are independent by taking Yk(j) to be

independent for any j and k£ two possible indices. The independence of two different processes 7, and 7; implies

(s, t) = E{m(s)m®) } =0, k £1,
whereas for any fixed k

E{Yk(i)(t),Yk(i)(s)} = rek(s, t), ift,se R; US;, for some i < nr;

Vek(s,t) = Eqme(s)m(t) p = i ;
{ } E{Yk()(t),Yk(])(s)}:O, iftERiUSi,SERJ' USj, for somei;éjgnT.

For k=1,2,--- ,p define
5(t) = (1— (D) Pi(t) + 2TV 2y 0<t<T,

where Z = (Z4,. .., Z,) is a p-dimensional centered Gaussian random vector defined in Section 2, which is independent
of {mx(t),t >0}, k=1,2,--- ,p. Denote by {o(s,t),1 <k, < p} the covariance functions of {¢} (t),0 <t < T,k =



1,2,--+ ,p}. We have

ouls,t) = E{& ()& (O} = pua(T), k#1

and
0 (S t) T’kk(&t)Jr(1*7’kk(57t)),0kk(T), tERZ‘USZ‘,SGRj USj,i:j;
kk =
pkk(T)7 tGRiUSZ',SERjUSj,Z'#j.

For notational simplicity we write for any =, yx € R

u,(cl) =br+x/ar, u,(f) = b:f + yx/ar,

where by, = b3 for a sparse grid and by, = by 7 for Pickands grid. Further, for any & > 0 set

B €
1= mm)t/a
We give first a crucial result which shows that the maximums of the original Gaussian processes (Xi(t), -, X,(t))

can be approximated by that of the Gaussian processes {¢7 (¢),0 <t < T,k = 1,2,---,p}. The proof of the next
Lemma, due to its complications, is relegated to the Appendix.

Lemma 3.1. Suppose that the grid R(0) is a sparse grid or a Pickands grid. For any B > 0 for all x, y, € [-B, B],k <
p we have

lim ‘P{ max Xy(¢) <u( ), max Xy(¢) <u§€2)7k: e ,p}
T— 00 teR(q)NS teR(H)NS

_p (1) Ty <o p=1.... -
Lt FO <ol o L0 < k=1

In order to deal with our multivariate framework in Lemmas 3.2 and 3.3 below we present the multivariate versions
of Lemmas 6 and 4 in Piterbarg (2004), respectively. Lemma 3.4 is a new result.

Lemma 3.2. Suppose that the grid R(0) is a sparse grid or a Pickands grid. For any B > 0 there exits a positive
constant K such that for all xy,y, € [—B, B] we have

’P{Mk(T) <ul MIT)<uP k=1, ,p}

-P X.(t) < (1) X < (2) k=1..-- < K(nT l/a—l/QTb—a
{rll;leaéx k( ) = uk tEQr?(%g(ﬂS k( ) uk 3 ) P = (H ) )

with 0 < b < a < 1 given constants and all T large.

Proof: In order to obtain the upper bound, we shall use the following inequality

‘ { w(T )<u§€1) M‘S(T)Su;2),k:1,~-~,p}
X( (1) X, (1) < =1,
p
<N\"p X.(t) > b P Xi(t) > b 17
_’; {Itréai{{ k(t) T+$Uk/aT}+]; {telr:{nmag(é) x(t) T+yk/aT} (17)

valid for any z; € R,y; € R, 7 < k. By Pickands theorem

teR

P {maxXk(t) > b + a:k/aT} = O(mes(R)(bp + 1 /ar)? )V (by + 21 /ar)



as T — oo, where mes(R) denotes the Lebesgue measure of R. In the light of (11) and (16) of Piterbarg (2004) for a
sparse grid and Pickands grid, respectively, we get the same order for the second probability in the right-hand side of

(17), hence the proof is complete.

O

Lemma 3.3. Suppose that the grid R(0) is a sparse grid or a Pickands grid. For any B > 0 for all x, y, € [-B, B],k <

p and for the Pickands grid R(q) = R(s/(InT)Y/*) we have

(1) () 4 _
P Xi(t) < Xi(t) < k=1,---
‘ {I?easx k( ) =Yk 7teirnp(%§(ms k( ) =Y ’ ,p}

-p X (1) < ulV X <u? k=1,
{t@rg(%s () <ul | max X0 <u k=10 pp [0

ase | 0.
Proof: In view of Lemma 4 of Piterbarg (2004)

P Xp(t) < ulV o) <uP k=1,
‘ {I?easx k()—uk 5teg(%§(ms k()—uk ) ) D

-p Xi(t) < ulP) Xot)<uP k=1,
{teg‘ﬁn(%iiﬂs k( ) = U 7t69r£1(%§(ﬂ5 k( ) = U, ) , D

< ZP: [P{ max X (t) < u;”} -P {maXXk.(t) < ug)H

teMR(q)NS tes
1 €NR(q)

p
< g(e) > neT () w(ufl) < Kg(e),
k=1

where g(g) — 0 as € | 0, hence the claim follows.

O

Lemma 3.4. Suppose that the grid R(0) is a sparse grid or a Pickands grid. For any B > 0 for all x, y, € [-B, B],k <

p and for the Pickands grid R(q) = R(¢/(InT)Y/*) we have

P Tty <ulM Tty <ul k=1,
’ {tegrg(%sfk()_uk ,teg(%§msék()_uk, ;D

nr
=L TP gttt e ) 01 e

as € | 0, where ®, is the distribution function of Z

. br+ap/ar — Piéz(T)Zk Tkt ThE — V2Tkk2k 1
Uy, = = +bT+0(a’T )a
(1 — pri(T))1/2 ar

* b/T + yi/ar — P/lcé2 (T2 Yk + ek — 27k 2k

g = = + by + ofag!
FT T U @) ar v +oler)

and by, = b, for a sparse grid and by, = by for a Pickands grid.

Proof: First, by the definition of ¢ and 7, we have

p Ty < o) Ty <u'® p=1....
{te%(%(nsgk()_uk 7teg(%§(msék()_uk ’ ’ P

= P t) < ul, H<u k=1, ,psdd
/ZERP {teggﬂsnk()_uk tegl(%%snk()_uk p} p(2)

teR(q)NS; teR(S)NS;

nr
:/ P{ T nk(t) SUZ7 max Uk(t) Su;l’kal,... ’p} d(I)p(z)
zERP ;4

—0

(18)

(19)

(20)



As for the discrete case, see p. 137 on Leadbetter et al. (1983) direct calculations lead to (18) and (19). Next, similarly
to the proof of Lemma 3.3, for all large T

nr
P t) < up, ma <l k=1,
z‘l;[l {tem(q))r%&: () < i tem((;))rﬂsi Me(t) < ug p}

— || P{max ) <wuf, max t <u*,,k::1,-~-7
H {tES m(t k tG%((;)ﬂSink()_ k p}’

nr

< g()T* Y (i)W (uf) < Kg(e)

i=1

holds for some constant K, thus the claim follows by applying the dominated convergence theorem and letting € | 0.
O

4 Proofs

Proof of Theorem 2.1. From Lemmas 3.1-3.4 and the dominated convergence theorem, we known that in order to

prove Theorem 2.1, it suffice to show that

li ) < ul, H<u k=1,
T:H;o {mn e igins, M) = i r}
p
— exp (_ Z(e_Ik_Tkk+V27‘kak + e—yk—mk-‘r\/?mkzk)) ‘ =0. (21)
k=1

Define next the events

A ={max mt) > ur}, Api={  max m@)>w}, i=1-p

te[0,S] teMR(5)NI0,S]

Using the stationarity of {nx(¢),k =1,2,--- ,p} (we write A¢ for the complimentary event of A;)

P ) < ul B <u k=1, = (P{nZ, ASH)"T
H {rtréiagxnk uk,tegz?%sink()_uk, ) ,p} ( { })

= exp (nT ln(P{ﬂfﬁlAf}))
= exp(— neP{UP A} + Wiy )-

Since limy o0 P{N? | A;} = 1 we get that the remainder W,,,. satisfies
Wy = o(np P{U | A;}), T — .

Next, by Bonferroni inequality

ZPIP{AJ > P{U?ilAi}zij{Az—}f Y P{ALA)}

1<i<j<2p

ZP{A}— Z P{A, A} — Z P{Ap ik, Apti} —2 Z P{A, Apt1}

1<k<i<p 1<k<I<p 1<k<I<p



P
_ZP{A“AP"!‘Z} =: Al—Ag—A3—2A4—A5. (22)

=1

Further, Lemma 2 of Piterbarg (2004) and (18), (19) imply

[~
U
~

A~ —1(e—$k—mk+\/2mkzk+e—yk—7"kk++\/27"kkzk)
k=1
p Ta
= Z 7(e_xk_"’kk:ﬁ'v 2rkK 2K + e—yk—Tkk+\/2Tkkzk)7 T 00,

b
I

1

For As, by the independence of 1 (t) and n;(t), k # I, Lemma 2 of Piterbarg (2004) and (18), (19), we have

Ay = P{ max ny(t) > up, max n(t) > ul*}
<

t€[0,5] te€[0,5]

M il

p{ max () > u;;}P{ max 7;(t) > uZ‘}

t€[0,S telo,S
1<k<l<p €[0,5] €[0,5]
~ E ST le=Zr—TretV2rinze g —1o—zi—ru+v2ruz _ O(Al).
1<k<I<p

Note that 93(d) is a sparse grid, similar arguments as for Az imply
Ak = 0(141)7 k= 2,3.

Further, Lemma 2 of Piterbarg (2004) implies A5 = o(A;). Consequently, as T'— oo

p
nTP{UfﬁlAi} ~ E (e—xk—rkk+\/2rkkzk + e—yk—mk-‘r\/%‘kkzk) ,
k=1

which completes the proof of (21). O
Proof of Theorem 2.2. In view of Lemmas 3.1-3.4 and the dominated convergence theorem in order to establish

the proof we need to show

ma. <wj, ma t <u*/,k:1,--~,
{teSXnk K LR (NS; M(t) < ui p}

d,«x

p
—exp ( § (E*Ik*?”kk+\/27”kkzk +e*yk*7“kk+v27“kkzk _ HlnHa"‘xkvlan,a"'ykeTkk+\/2?”kkzk>> ‘ N 0(23)

k=1
as T'— co. We proceed as for the proof of (21) using the lower bound (22); we have thus

P{UP A} = ZP{Ai}— S P{ALAY - > PlAne Ay} -2 Y P{An Ay}

1<k<I<p 1<k<I<p 1<k<I<p

p
= P{A Ayt + Y =i AL — Ay — A3 — 244 — As + A (24)

i=1 1<k<--<I<p

By Lemma 3 of Piterbarg (2004) and (18), (19) as T' — oo

71 (effﬂk*mk+\/27‘kk2k 4 e*yk*?”kkJr\/Q?”kkzk)

Pc?@

A~

>
Il
—

(e—fk—rkk"r\/QT’kkzk + e—yk—Tkk+\/2Tkkzk)_

I
R
ellF

>
Il
—



With similar arguments as for Ay, Az, A4 in the proof of Theorem 2.1, we conclude that
Ak ZO(A1), k=2,3,4.

For the sum Ag, it is easy to see that each term in Ag can be bounded by As or A4, and thus Ag = 0(A1). The claim
follows now easily borrowing the arguments in p. 176 of Piterbarg (2004). O
Proof of Theorem 2.3. First, recall that 2() is a dense grid in this case. By Lemma 5 of Piterbarg (2004) we have

‘P{GT(Mk(T) —by) <z ap(MY(T) —br) <y, k=1, - P}

—P{ar(My(T) = br) < wp, ar(My(T) = br) <y, k=1,---,p} '

<>

Plar(M(T) —br) < yr} — P{ar(My(T) — br) < yi} ‘ -0, T — 0.
k=1

Since

P{ar(Mg(T) — by) < g, ar(My(T) —br) < yg, k=1,--- ,p}
= P{ar(My(T) — br) < min(zy,yx), k=1, , p}

in order to complete the proof, we only need to show that
Jim P {ap(My(T) ~ br) < min(ae, i), k=1, p} = / exp (—h(x.y, 7)) dD, (2),
[eS) zERP

which follows from Corollary 2.1. O

5 Appendix

In this section, we give the detailed proof of Lemma 3.1 which is based on the results of six lemmas given below.
Let in the following C be constant whose value will change from place to place. Define further T](C?)(t, s) = hrgi(t, s) +
(1 = h)ow(t,s) for h € [0,1] and 1 < k,I < p and let Dy (t) = SUP;c|pg—mqg<ri@rk(ng, mq)}, Where w(ng, mq) =
max{rx(ngq, mq), orr(ng,mq)}. Assumption (7) implies that ¥ (¢) < 1 for all T and any € € (0,2~/%). Consequently,
we may choose some positive constant Sgx such that

1 — Ygx(e)

1+ 1916;.3(6) (25)

Brr <
for all sufficiently large T'. In the following we choose

O<a<b< min 6kk
ke{1,2,--,p}

and we set Ag;(ns, mt) := |rg(ns, mt) — or(ns, mt)| for all possible indices k, I.

Lemma 5.1. Under conditions of Lemma 3.1, we have

> Agr(ng,mg) /1

. . 0 (h)
ng€S;,mqes 1—r
GGl e kk (nq, mq

1

( (1))2
exp ( m;“)dh —0
) 1+ (ng, mq)

asT — oo.
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Proof: First, we consider the case t ng and mgq are in the same interval S which implies gix(ng, mq) = rir(ng, mq) +

(1 = ik (ng, mq)) prk(T) ~ rii(ng, mq) as T — oo. Split the sum in the lemma into two parts as

Z () + Z () =:Jr1+Jra.

ng,mqeS; nq,mqeS;
i=1,2--- ,np,|ng—mq|<e i=1,2--- ,np,|ng—mq|>e

For the term Jr; note that Assumption (7) implies for all |s —t| < e < 271/

1 (e [e3
5‘8 —t* <1 —rrr(s, t) < 2s — ™.
By the definition of u,(gl)
2
(ug))2 =2InT—InlnT+ —InlnT+ O(1), T — oc.
e

Consequently, since further ¢ = (InT) =1/

¢ Y Aulngme)—— ()"
ng, m exp| ————E
KA T 1 — rix(ng, mq) P 1+ 71k (ng, mq)

ng,mqeS;
i=1,2-- ,np,|ng—mq|<e

Jr1

IN

IN

ng,mqeS; ]' - Tk'k(nq7mq) 2

i=1,2--- ,np,|ng—mq|<e

Cprn(T) Z 1 — rgx(ng, mq) exp (_ (u,(:))2> - <_ (1 — rrr(ng, mq))(u 1

2(1 + rgr(ng, mq))

(1)\2
_ _ 1 —ree(ng, mq))(uy,”)
< Cpop(T)T (I T)/2- 1/ > - ’ _( K
< Cprr(T) (InT) 2 rix(ng, mq) exp 51+ 1o (g, 110)
i=1,2-~-,'an,\nqivnq\<5
1
< Corn(T)T ™! (InT)H/2 e > Ing — mg|®/? exp (_8|"q - mqlC“(uil))Q)
nqg,mqeS;

i=1,2--- ,np,|ng—mq|<e

1
< e S (e (~gn )
8
0<ng<e
1
< C(lnT)"'/? Z exp (—S(nq)alnT)
0<ng<e

- 1
< C(InT —-1/2 - @
< ey S e (g
< C(lnT)"'/?
implying thus limp_,o J7,1 = 0. Using the fact that u,(:) ~ (2log T)'/? as T — oo we obtain

1+ @ik (ng, mq)

(u(l))z
Jra < C Z Agr(ng, mq) exp S Sl B

ng,mqeS;
i=1,2-- ,np,|ng—mgq|>e

3 (uy”)”
< C Agr(ng,mq)exp | ———E——
- nqg,mqeS; kk( q Q) p ]‘ + ﬂkk(e)
i=1,2-. ,'r;T,\'quiTILq|25
(u))? 5
< Cexp| ———— 1
=~ p ( 1+ ﬂkk(G) nq.macs,;
i=1,2-.. ,nT,\nqinLq\ze
g CZT* 1+ﬂik(e) E 1

q e<ng<Te

11

(26)

(27)



1—9,, (e)

< CT* T (InT)¥e. (28)

Since a < mingeq12,... py Bex < Milgeqi 2. p} i;gi’;gg we have limr_, o Jr2 = 0. Second, we deal with the case that

ng € S; and mq € S, i # j. Note that in this case, the distance between any two intervals S; and §; is large than TP,

Split the sum into two parts as

Z () + Z (-+) =t Jrs + Jra.

nq€S;,mqeS; i#j nqES; mqESji#j
i,j=1,2-- ,np,|ng—mq|<TPkk i,j=1,2-- ,np,|ng—mq| >TPkk

Similarly to the derivation of (28), for large enough T' we have

(u(l))Q
Jrz < C Z Apx(ng, mq) exp —h

ngES; maES ;i 1+ wkk(”QamQ)

i,j=1,2-- ,np,|ng—mq|<TPkk

()’
3 Awi(na,ma)exp | =375~y

nqES;, maES;i£]

IN
[

i,j=1,2-- ,np,|ng—mgq|<TPkk

(Ug))z Z 1
1+ Pgr(e)

ngES;, maES ji#j

IN
A
@
i
o)

|

i,j=1,2-- ,np,|ng—mgq|<TPkk

CzT_Hvik(e) Z 1

<
q Tt <ng<TPkk
1—9p (€)
< CTPH T (InT)?/°. (29)

Consequently, by (25) Jr3 — 0 as T — co. By the Assumption (8) we have ¥y (t) Int < K for all sufficiently large ¢
and some constant K. Thus, wi(ng, mq) < 9xx(TP*) < K/In TP+ for |nq — mg| > T?*. Now using (26) again for

all large T' we obtain

2 (1)y2 2 (1)y2
T exp —7(% ) < T exp ——(uk )
@?InT 1+ g (TPrrk) - @#InT 1+ K/InTBwx
- T2 (T,Q 1nT(lnT)72/a> 1+K/11nTBkk (1 + 0(1))
- ¢@InT
. E_QT(QK/lnTBkk)/(1+K/lnTBk)(lnT)((Q/akk—l)](/lnTﬁkk)/(l—i-K/lnTﬁkk)

= 0(1). (30)

Further, we have

IN
a

> ()2
Jr,4 Agr(ng,mq)exp | ———"———
nq€S; mqeS;it] 1+ @ik (nq, mQ)
i,§=1,2-- ,np,|ng—mq|>TPkk

(US))2
Cexp —W Z Akk(nq,mq)

ngES;,mqES;i#£]
i,j=1,2-- ,np,|ng—mgq|>TPkk

T2 (u(l))2 ¢?InT
= C———exp|— k . Agk(ng, mq)
@?InT < 1+ Opp (T ) T2 nqesi;;esj#j
i.j=1,2--- ,np.|ng—mq|>TPkk

IA
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2
¢InT Tkk
< C T2 o ’rk:k(nqamQ) - InT
ngeS;,mqES; it]
i,j=1,2- ,np,|ng—mq|>TPkk
2
q
< CW Z |Tkk(77‘Qa mq) ln(|nq - mq|) - rk’kl
nqES;,mqES i#j
i,j=1,2-- ;np,|ng—maq|>TPkk
2
q InT
Tk ‘ - 1n(ln—m)‘
nq€S;,mqES;iF#j 4 q
i,j=1,2-- ,np,|ng—maq|>TPkk
q q IHT
< Comyp Y. Iren(ng)In(ng) = rik +Crizs Y 1= In(nq) ‘ (1)

TPk <ng<T TPrk <ng<T

By the Assumption (8) the first term on the right-hand-side of (31) tends to 0 as T'— oco. Furthermore, the second
term of the right-hand-side of (31) also tends to 0 by an integral estimate as in the proof of Lemma 6.4.1 of Leadbetter
et al. (1983). Now from (27)-(31), we get that the sum in the claim of the lemma tends to 0 as T' — co. O

Lemma 5.2. Under conditions of Lemma 3.1, we have

1 1 (u(2))2
Z Agk(nd, m5)/ exp ( (h;“)dh —0
nies, mses, 0 /1= 7" (ns mo) 1+ (nd, md)
iie12e g
as T — oo.
Proof: The claim is established by following very closely the proof of Lemma 5.1. |

Lemma 5.3. Under conditions of Lemma 3.1, we have

! 1
Z Agi(ng, mé)/
0 1 (h)

nq€S; ,msES; , ngAms —r na. mo
i,l/j=1,2~-~J,nT k‘k( q,

(1)y2 (2)y2
exp(— (, )(}: () )dh—>0
) 2(1 + 7, (ng, md))

as T — oo.
Proof: We only prove the case that JR(9) is a sparse grid, since the proof of the Pickands grid is the same.
First, we consider the case that ng, md in the same interval S. Note that in this case, ogx(ng, méd) = rigx(ng, md) +

(1 = rer(ng, mo)) prk(T) ~ rir(ng, md) for sufficiently large 7. Split the sum into two parts as

Z (o) + Z (---)=: 871+ Stp2.

nqg,m3sES; ng,m>sES;
i=1,2--+ ,np,|ng—md|<e i=1,2--- ,np,|ng—mé|>e

The definition of ugf) implies thus
W) =2InT —InlnT + 2§~ + O(1) (32)

for sparse grids. Consequently, since further ¢ = £(In7)~'/* and the definition of § we obtain (set uy, 12 := (u,(cl))2 +
(u”)?)

1 Uk, 12 >
S < C E Agi(ng, md exp | — :
S g MBS, uing )\/1 — 7k (ng, mo) P < 2(1 4 7xx(ng, md)
i=1,2--- ,nT,|nqlm,5\<e
1 — rx(ng, mo) Uk, 12 (1 — rr(ng, mo))ug 12
< _ R _ )
< Coi(T) E exp ( 1 ) exp

1 — rkr(ng, mod) 4(1 + ik (ng, md))

ng,m>sES;
i=1,2--- ,np,|ng—mé|<e

13



_ _ 1 — 7k (ng, mo))ug 12
< C TV (10 T)1/2—1/2a 51/2 m 7( ) ;
< Cou(T)T™(InT) ;5 rie(ng, mo) exp =)
i:1,2-4~,7;T,|7qum5\<e
1
< Cpi(T)T~*(In T)1/2_1/2a51/2 Z Ing — m‘ﬂw/2 exp <_16|nq - m5|auk,12>
1‘,:1‘2---7L,(17£;L,6|ifim,5\<e
1
< CT Y(InT) Y/2-1/2041/2 ex (— ng — mo O‘111T> . 33
< (InT) WZSGS p|—1glma | (33)

i=1,2- ,np,Ing—mé|<e

Since PR(6) is a sparse grid, 6(InT)*/® — co. A simple calculation shows that

1 «@ —1 1 « —1
Z exp (—16|nq—m(5 lnT) <CT$ Z exp (—m(nq) lnT> <CTé .

ng,ms€ES; 0<ng<e

i=1,2--- ,;np,|ng—mé|<e

Hence the assumption 6(In T)/* — oo implies Sy3 < C(InT)~Y/2-1/205-1/2 — o((InT)~1/2). Since u”) ~ (2log T)'/2,i =
1,2

UE,12
Sra < C Ak (ng, md) exp ( d >
nq’mzaesi 2(1 + wgk(ng, md))
i=1,2-- ,np,|ng—md|>e
Uk, 12
< C Ay (ng, md) exp (—)
nq.mzéesi 2(1 + ﬁkk(e))
i=1,2- ,np,|ng—mé|>e
Uk, 12
< Cexp (—) 1
2(1 + Vkr(e)) nq;:es.
i=1,2.-- ,7;T,|'7qu'rrL§\Ze
< cLpohe o
q 0<mé<Ta
0= TS 51 (1 7y /e
< CT* @ ¢~ H(InT)Ye, (34)

In view of (25) and the fact that 9R(J) is a sparse grid, limp_, o S72 = 0.
Second, we deal with the case that ng € S; and mq € S, i # j. Again we split the sum into two parts as

Z () + Z (--) =: Sr.3+ Sra.

nqui,m,JESj,i;ﬁj anSi,mJESji¢j
i,§=1,2- ,np,|ng—ms| <TPkk i,j=1,2-- ,np,|ng—ms|>TPkk

Similarly to the derivation of (34) for large enough T we have

Uk, 12
Stz < C Ay (ng, md) exp ( : >
nqesimzéesjz‘;éj 2(1 + Wik (nQ> mé))
i,j=1,2-- ,np,|ng—md| <TPkk
Uk, 12
< C Z Ay (ng, md) exp (b>
nqES; MEES iHk] 2(1 + ﬁkk(T ))
i,j=1,2-- ,np,|ng—md| <TPkk
Uk, 12
< Cexp () Z 1
2(1 + Vk(e)) N
i,j=1,2-- ,np,|ng—ms|<TPkk
< CZT_W Z 1

q 0<né<TPkk
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< TP TS 5 (InT) V. (35)

Consequently, by (25) limp_, S7,3 = 0. By the Assumption (8) we have ¥4 (¢) Int < K for all sufficiently large ¢ and
some constant K. Thus, wyi(ng, mé) < 9, (TP*) < K/InTP* for |ng —md| > TP, Now using (26) and (32) again
for all large T and |ng — md| > TP+ we obtain

2 oxp [ — Uk, 12 < T2 oxp [ — Uk, 12
ol “P\ 20 1 0 (TP)) ) = o T TP\ 201+ K/ In TPer)
T2 R S
= i (7T ) o) T (1 o))

= 0(1). (36)

Now, with similar arguments as in the proof of (31) we obtain

Uk,12
ST,4 < C Akl(nqﬂné) exp (_ B )
nqesi,mzsesji#j 2(1 + wgk(ng, mo))
i,§=1,2- ,np,|ng—ms| >TPkk
Uk,12
< Cexp (— ) ) Akz(ﬂ(],ﬂ”b&)
2(1 + ﬂkk(Tﬂkk)) anSi;&SJi#j
i,j=1,2- ,np,|ng—ms| >TPkk
T Uk, 12 qdInT
= C———exp|— ’ A (ng.md
qInT p< 2(1 + Vg, (TPrx)) T2 nqeswzé:es#j ki (ng )
i,j=1,2--- ,nT,|nq_m5‘2T/3kk
qInT -
< > e me) - 2%
ngeS; MSES;i#£]
i,j=1,2-- ,np,|ng—mé|>TPkk
)
< Coig Z [7kk (ng, md) In(jng — md|) — rikl

BERT?2
anSi,m.SESji#j

i,j=1,2 ,np,|ng—ms| >TPkk

qé InT

— 1l— . 37
ngES;,MEES i#£]

i,j=1,2-- ,np,|ng—mé|>TPkk
By the Assumption (8) the first term on the right-hand-side of (37) tends to 0 as T'— oco. Furthermore, the second
term of the right-hand-side of (37) also tends to 0 by an integral estimate as in the proof of Lemma 6.4.1 of Leadbetter
et al. (1983). Now the claim follows from (33)-(37). O

Lemma 5.4. Under conditions of Lemma 3.1, we have for k <[

1 (1)y2 (1)y2
1 U + (u
E Akl(nQamQ)/ exXp (_ ( . )(h) ( ! ) )dh =0
nqeS;,mgES; 0 1— Tl(c}ll) (nq7 mq) 2(1 + Tk;l (nqa mq))

i,j=1,2- ,np

as T — oo.
Proof: Let Vyi(t) = Sup,_mq|>t{@ri(ng, mq) }, where wy(ng, mq) = max{ry(ng, mq), oxi(ng, mq)}. From Assump-
tion (9) and the definition of gg;(ng, mq), we have ¥5;(0) < 1 for all T. Consequently, we may choose some positive

constant Bx; such that G < 1;3:;58; for all sufficiently large T'. Split the sum into two parts as

Z () + Z (--+)=: Rp1 + Rro.

nqesi,m,qesj anSi,quSj
i.j=1,2-- ,np,Ing—mq|<TPkl i.j=1,2-- ,np,|ng—mq|>TPkl
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Similarly to the derivation of (28), for large enough T' we have

(ul(cl))2+(“l(l)>2
Rrp < C Api(ng, mq)exp | —
anS,i,quESj 2(]‘ + wkl (nq7 mq))
i,j=1,2-- ,np,|ng—mq| <TPkl
(1)y2 (1)y2
(up")* + (w )
< C Api(ng,mq)exp | ——L-——t -
nqesiz,n;qesj 2(1 + 19kl(0))
i,j=1,2-- ,np,|ng—mq| <TPkl
(1)y2 (1)y2
(up ")+ (u )
< Cexp| ——L-0——r 1
() LE
i‘j:112---,nT,\nq—mq|<Tﬂlcl
S CIT_1+19?CL(0) Z 1
q 0<ng<TPkl
< CTPHT TG (In T2/,

1—9%; (0)
14+9,1(0)

By the Assumption (8) we have 9y (t) Int < K for all sufficiently large t. Thus, w;(ng, mq) < 9 (TP) < K/In TPk

for |[ng — mgq| > TP*. Now with the similar arguments as for (30) we obtain

2 (1) (1)
T exp< WW) =0(1).

Consequently, Ry 1 — 0 as T' — oo which follows by the fact that £ <

@ZInT 21+ g (TBw))

Thus, for Rt 2 we have

(1)y2 (1)y2
(uy, ") + (uy )
Ry, < C Ar(ng,mq)exp | —
anSi,ZWLqES]' ( ) 2(1 + Wkl (nq7 mq))
i,j=1,2-- ,np,|ng—mq|>TPkl
(1)\2 (1)\2
(up )2 + () )
< Cexp (‘ > Agi(ng, mq)
2(1 + ﬁkl(Tﬁkz)) rae s,
i,5=1,2-- ,np,|ng—mgq|>TPFkl
T2 (u(l))Q + (u(l))Q q2 InT
< Tk l . A
= Y@mT exp < 2(1 + Ogg (TBrr)) T2 nq@;qesj ki(ng, mq)
i,j=1,2-- ,np,|ng—mq|>TPkl
2
q InT TEkl
< C T3 Z ‘m(nq, mq) — Wl
ngeS;,mqeS;
i,j=1,2-- ,np,|ng—mq|>TPkl
By the same arguments as those in Lemma 5.1, we have limr_, R7 2 = 0 and thus the claim follows. O

Lemma 5.5. Under conditions of Lemma 3.1, we have for k <[

1 (2)\2 (2)\2
1
Z Api(nd, mé)/ exp ( G )(h—; () )dh -0
noE€Si mIES; 0 4/1- T,(flb)(ms, mo) 2(1 47y, (nd, md))
i,j=1,2--- ,np
as T — oo.
Proof: The claim follows with the same arguments as in the proof of Lemma 5.3. g

Lemma 5.6. Under conditions of Lemma 3.1, we have for k <[

1
Z Ak}l(nQam(S) /
0 1 (

nq€S;,mEES; ,ng#ms
i,j=1,2--- ,np

(up))? + (uf*)?

: (
exp | — -
_ Tk?)(nq, mé) 2(1+ 7",(€l)(nq7 mo))

)dh—>0
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as T — oo.
Proof: Asin Lemma 5.2, we also only prove the case that J3(0) is a sparse grid. Split the sum into two parts as (with

the same definition T7* as in Lemma 5.3.)

()+ E (~'~)::MT71+MT72.
nqES;,MIES; ng€S;,mSES;
i,j=1,2-- ,np.Ing—ms| < TPkl i.j=1,2- ,np,|ng—més|>TPFkl

Similarly to the derivation of (28), for large enough T" we have

(ul(gl))2 + (UZ(Q))2
M < C A ,mo —
o= ,,LQESZ:‘M_ a(ng,m )eXp< 2(1 + @y (ng, mo))
1 J
i,j=1,2- ,np,|ng—mé|<TPkL
(u)? + (u”)?
< C A (ng, md) exp (—
anSiZW;EESj 2(1 + ﬁkl(o))
i,j=1,2-- ,np,|ng—m8| <TPkl
(1)y2 (2)y2
< Coxp e )0 ) 5 .
2(1 + ﬂkl(o)) nqesinnéesj
'i,j:1.2-~-,nT.|nq—7n§\<Tﬁkl
T _ 2
< C=T 9a® Z 1

q 0<ms<TPki

—V,1(0)
< T TR0 (InT) Vs,

Thus, Mr;1 — 0 as T — oo from the facts that 8y < i_z:igg; and 6(InT)Y/® — co. As for (36) we have

r exp< (“’(fl))”(“l@))Q) — o).

@InT 21+ I (TBr))
Consequently
(ug))? + ()2
Mp, < C Agi(ng,md)exp | —
anSi,ZmJESj 2(1 + wkl(nq’ m5))
ij=1,2-- ,nT,\nq—rn.é\ZTBkl
(ul(cl))Q + (ul(2))2
< Cexp|—>2——+ Agi(ng, mé
> p < 2(1 i 19kl(T'BM)) nq€5;5€5j kl( q )
i,j=1,2-- ,np,|ng—m8|>TPkl
T2 (u(l))2 + (u(2))2 gdInT
< C xp [ —==& L : Agi(ng, mo)
q@dInT < 2(1 + 9p (TPr)) T2 MES;&ESJ_
i,§=1,2- ,np,|ng—m8| >TPkl
qgdInT Tl
< g > rii(ng,mé) — 3 75| -
ngeS; ,MIES;
i,j=1,2--- ,np,|ng—ms|>TPkl
By the same arguments as those in Lemma 5.3 we obtain limy_,. Mp 2 = 0, and thus the claim follows. O

Proof of Lemma 3.1: Using Berman’s inequality (see for example Piterbarg (1996, Theorem 1.2)) we have

P X (t) < ulV X)) <uP k=1,
‘ {tegl(%{ms k(1) < w e ()nS bt S e P

{tegrg(agms&k (t) < uy ,tegl(aé§<msfk (t) <up ' k=1,---,p
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Now,
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(1)\2

p 1
1 (uy,”)
<C Z { Z Akk(nq,mq)/ B exp ( - 1(}1))dh
k=1 | nqes; mqes; 0 1 -1 (ng,mq) + iy (ng, mq)
i,J=1,2--- ,np

1 1 (U(Q))2
+ Z Agg(nd, m&)/ exp ( — (h‘)’“>dh
nées; mées; 0 \/1— T;(le)(n& mad) 147 (nd, mo)

i,j=1,2--- ,np

" 2 Bui(ng, mé) /o1 <h1> P ( 9 (ug))?h;r uw ))>dh]

nqE€S; MOES ) ,natms — % (ng, mé) (1 + 7y, (ng, md

i,j=1,2--" ,np
(1)y2 (1)\2
exp( (up, )" + (u )

) 2

L<k<I<p b na€Si maes; 1— r l (ng, mq (1 +17," (ng,mq
i,j=1,2-+ ,np
2 2
( (())2+(())2 )dh
néesS; ,méeS; 1 + rk:l (mS mé))
i,j=1,2-- ,np
na€S; mées; naztms 1_ Tk}lL (ng, ms (1 + 7, (ng, md
i,j=1,2--- ,np

+20 ) [ > Aulng,mg / 0
+ ) Aw(nd,md) /
RV A SR

the claim of Lemma 3.1 follows from Lemma 5.5-5.6.
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