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V WXYZ[\]^Y_[X
`ab

St cadeba fd gdcahijkdl fmmab nhkoa fb bkp a t
fdc r > 0

bqa hkmriamm kdbahamb hfba s tqkoq t kii
u a fmmgpac be ua oedmbfdb v wqa nfjex ey fd fhkbqp abko z mkfd enbked t kbq mbhkra K

km bqad lk{ad
uj

(

1

n

n∑

i=1

Sti
− K

)+

,

tqaha
t1, . . . , tn

fha bqa ckmohaba pedkbehkdl bkp am fdc T
km bqa p fbghkbj ey bqa enbked |t vi ve vl v

ta t kii fmmgp a
tn = T } yeh mkpnikokbj ey debfbked Si

tkii mep abkpam ua thkbbad kdmbafc ey Sti ~ vwqa nhkokdl ey mgoq fhkbqpabko zmkfd enbkedm km kd ladahfi f oqfiiadlkdl bfmr s mkdoa bqakh nfjex
kd{ei{am f mgp ey can adcadb hfdcep {fhkfuiam tqema ckmbhkugbked km deb f{fkifu ia a{ad kd bqa� ifor��oqeiam p fhrab pecai v �ghkdl bqa ifmb jafhm f ieb ey hamafhoq fobk{ kbj tfm ca{ebac be uebqnhkokdl fdc qaclkdl ey bqama �dfdokfi nhecgobm v �d bahp m ey nhkokdl s dgp ahkofi p abqecm ufmac ednfhbkfi |kdbalhe�~ckxahadbkfi a�gfbkedm s p epadb p fboqkdl s �edba �fhie fdc �gfmk � edba �fhie
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fm taii fm yfmb �eghkah bhfdmyehp qf{a uaad ca{aienac |yeh f haoadb e{ah{kat maa yeh kd mbfdoa �g
�Ü�� s � ifmmad �Ü�� s `ehc ���� s 	a
a� ���� fdc 	a
a� � g ����~ v �eta{ah s p emb ey bqa eubfkdachamg ibm haij ed hfbqah hambhkobk{a pecai fmmgpnbkedm v�eh hkmr p fdflap adb nghnemam s kb tegic u a nhayahfuia be qf{a |fb iafmb~ uegdcm yeh cahk{fbk{anhkoam bqfb fha meiaij kpnikac uj kdyehp fbked f{fkifuia kd bqa p fhrab s bhjkdl be f{ekc pecai fm�mgpnbkedm |tqkoq fime ujnfmmam bqa nheuiap ey kcadbkyjkdl bqa fnnhenhkfba pfhbkdlfia p afmghabe nhkoa bqa enbked kd fd kdoepniaba p fhrab~ v �goq pecai�kdcan adcadb uegdcm fha mep abkpamkpnikac uj mbfbko |eh map k�mbfbko~ mgn ah� fdc mguhanikofbkdl mbhfbalkam ed bqa nhecgob |maa a vl v�eumed �Ü�� yeh ieerufor enbkedm s �hetd ab fi v ��� yeh ufhhkah enbkedm fdc �f{km ab fi v �Ü�� yehkd mbfiip adb enbkedm~ v�eh zmkfd ofii enbkedm |z�~ s gnnah nhkoa uegdcm kd bahp m ey �ghenafd ofii nhkoam ed bqa gdcahij�kdl qf{a uaad ca{aienac uj �kped ab fi v ���� yeh fhukbhfhj pecaim |maa fime � kaimad � �fdcp fdd���� yeh bqa � ifor��oqeiam pecai~ v wqa kdbahnhabfbked ey bqama uegdcm fm f mgnahhan ikofbkdl nehb�yeike ey bqa z mkfd ofii kd bahp m ey �ghenafd ofii enbkedm ofd ua yegdc kd z iuhaoqah ab fi v �Ü� v�d z iuhaoqah � �oqegbadm ��� s bqa kpniap adbfbked ey mgoq f mbfbko qacla nehbyeike tfm yghbqahkd{ambklfbac fdc a�badcac be f pecai�kdcan adcadb yhfp atehr s fmmgp kdl edij bqfb p fhrab nhkoamyeh �ghenafd ofii enbkedm ed bqa gdcahijkdl fha f{fkifuia yeh fdj mbhkra fdc p fbghkbjv�eh ietah uegdcm ed bqa z� nhkoa s �ghhfd ��� fdc �elahm � �qk ���� nkedaahac f �gkba fooghfbap abqec be cabahp kda ietah nhkoa uegdcm kd bqa � ifor��oqeiam pecai ufmac ed bqa yeiiet kdl kcaf ��admad �m kda�gfikbj lk{am

n∑

i=1

Si ≥cx

n∑

i=1

E [Si|Z] ,
|Ü~

tqaha
Z
km fd fhukbhfhj hfdcep {fhkfuia fdc ≥cx

km bqa oed{a� ehcahkdl haifbked s k va �
X ≥cx Y ⇔ E [g(X)] ≥ E [g(Y )]

yeh a{ahj oed{a� ygdobked
g
v �kdoa bqa ygdobked

g(x) = (x − K)+
km oed{a� s |Ü~ iafcm be fietah nhkoa uegdc yeh bqa zmkfd ofii |kd oedbhfmb be gnnah nhkoa uegdcm ufmac ed bqa oedoanb eyoepedebedkokbjs bqkm uegdc kd ladahfi ceam deb kpnij f mguhanikofbked mbhfbalj~ v�kdoa yeh bqa � ifor��oqeiam pecai bqa ckmbhkugbked ey bqa laep abhko p afd (
∏n

i=1 Si)
1
n
km a�nikokbij

f{fkifuia s bqa oqekoa ey
Z
fm bqa laepabhko pafd |eh f ygdobked ey kb~ km {ahj nengifh fdc iafcmbe bklqb ietah nhkoa uegdcm s mkdoa bqa fhkbqp abko fdc laep abhko f{ahfla fha mbhedlij oehhaifbac|maa a vl v �ghhfd ��� s �elahm � �qk ���� s � ka imad � �fdcp fdd ���� s wqepnmed ���� fdc 	fdp faia

ab fi v ����~ v�d bqa ebqah qfdc s kb km t kcaij flhaac bqfb bqa � ifor��oqeiam pecai km deb fd fnnhenhkfba pecaiyeh hafi p fhrabm |maa a vl v �oqegbadm ����~ s fdc kb km dfbghfi be ieer yeh a�badmkedm ey bqa fue{auegdcm be peha hafikmbko pecaim v wqkm s qeta{ah s bghdm egb be ua f caikofba kmmga kd ladahfi fdcbqa f{fkifuia ietah uegdcm yeh z� nhkoam fip emb a�oig mk{aij haij ed bqa fmmgpnbked ey f � ifor��oqeiam yhfpatehr v
�d bqkm nfnah s ta fkp fb �dckdl fhukbhfla�yhaa pecai�kdcan adcadb ietah uegdcm yeh z� nhkoam s k va vuegdcm tqkoq qeic gdkyehp ijs t kbqegb mnaokyj kdl fdj pecai |qadoa uakdl heugmb flfkdmb pecaip kmmn aok� ofbked ~ v wqa edij kdyehpfbked gmac fha bqa nhkoam ey bhfcac �ghenafd ofii nhkoam s tqkoq
ofd ua eumah{ac kd bqa pfhrab s ha�aobkdl kdyehp fbked ed p fhlkdfi ckmbhkugbkedm ey bqa gdcahijkdlfmmab v �d �aobked � s eda mgoq nhkoa uegdc ufmac ed oedckbkedkdl t kii u a ca{aienac fdc kb t kii
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fime u a mqetd bqfb bqaha km f yafmkuia mguhanikofbkdl mbhfbalj fmmeokfbac be kb vwqa hamgibkdl uegdc mkldk�ofdbij kpnhe{am gned bqa bhk{ kfi u egdc ufmac ed bqa zmkfd ofii�ngbnfhkbjv �y bqa enbked km yfh egb ey bqa pedajs qeta{ah s bqa n ahyehp fdoa ey bqa uegdc cabahkehfbamfdc ta kd{ambklfba kpnhe{ap adbm gdcah mep a p kic fcckbkedfi fmmgpnbkedm ed bqa p fhrab v
�d oedbhfmb be uegdcm cahk{ac uj oedckbkedkdl s �eumed ab fi v �Ü�� yegdc pecai�yhaa ietah uegdcmyeh ufmrab enbkedm |tqema nfjex canadcm ed f taklqbac mgp ey ckxahadb gdcahij kdlm~ thkbbaded a�fobij bte ckxahadb gdcahij kdlm s mqet kdl bqfb nahyaob dalfbk{a can adcadoa u abtaad bqa btefmmabm |bqa ietah �haoqab uegdc~ nhe{kcam bqa p kdkp fi {figa |me bqfb bqa ietah uegdc km kd yfobfbbfkdac fdc bqgm enbkp fi~ v wqkm hamgib oiafhij kpnikam f ietah nhkoa uegdc yeh zmkfd enbkedmt kbq bte pfbghkbj cfjm s ugb mkdoa bqaha km de pafdkdlygi pecai t kbq n ahyaob dalfbk{a can adcadoaey nhkoam ey bqa mfp a fmmab e{ah mep a bkp a nahkec s bq km ietah uegdc t kii deb u a fbbfkdac kd bqazmkfd ofma |maa �aobked � yeh cabfkim~ vzd a�badmked ey bq km p ecai�yhaa ietah uegdc yeh ufmrab |fdc fime zmkfd~ enbkedm t kbq peha bqfdbte fmmabm |f{ahflkdl cfjm s hamn aobk{aij ~ maap m qeta{ah egb ey hafoq s mkdoa bqa ietah �haoqab
uegdc km deb f oengif yeh peha bqfd bte hfdcep {fhkfuiam v wqa ietah uegdcm cahk{ac kd bqkmnfnah ofd ua maad fm f ladahfik�fbked ey �Ü�� bqfb km fnnikofuia yeh fhu kbhfhkij p fdj fmmabm |f{ah�
flkdl cfjm s hamn aobk{aij ~ v
wqa uegdcm ckmogmmac kd �aobked � fha cahk{ac gdcah bqa fmmgpnbked bqfb �ghenafd ofii nhkoamt kbq fhu kbhfhj mbhkram fdc pfbghkbkam fha f{fkifuia kd bqa p fhrab v wqkm fmmgpnbked t kii u a haif�ackd �aobked � fdc kb km mqetd qet be eubfkd nhkoa uegdcm ky edij f �dkba dgpuah ey mbhkram km f{fkifu iakd bqa p fhrab v �eh pecai�kdcan adcadb gnnah uegdcm ed bqa z� nhkoa bqfb fha fime ufmac edbqa adbkha enbked nhkoa mghyfoa s �eumed ab fi v �Ü�� cahk{ac bqa enbkp fi haif�fbked tqad kd yfobedij �dkbaij p fdj mbhkram fha f{fkifuia fdc bqkm tafrah uegdc km kcadbk�ac t kbq f nfhbkogifh
ckmohabkmfbked ey bqa fmmab nhkoa nhe oamm |kd �Ü�� bqa hamgib tfm yehpgifbac yeh ufmrab enbkedm~ v�eh fd aialfdb ha�cahk{fbked ey bqkm hamgib ufmac ed oepedebedkokbjs maa �qad ab fi v ��� v z m f
uj�nhecgob ey egh fnnhefoq s kd �aobked � ta t kii mbfba f mkpnia ckhaob filehkbqp yeh eubfkdkdlbqkm gnnah uegdc kd bqa mn khkb ey �Ü�� v�eba kd nfmmkdl bqfb oehhamnedckdl uegdcm yeh zmkfd ngb enbkedm ofd ua cahk{ac bqheglq bqazmkfd ofii�ngb nfhkbj |�~ v �ehae{ah s bqa ofma ey ckmohaba p fhlkdfi ckmbhkugbkedm ey bqa gdcahijkdlfmmab

St
ofd fime u a qfdciac |tqkoq km kd yfob p ahaij f pfbbah ey fnnhenhkfbaij ca�dkdl bqakd{ahma ckmbhkugbked ygdobked ~ v�aobked � lk{am mep a dgpahkofi kiigmbhfbkedm yeh bqa uegdcm eubfkdac kd bqa nfnah v �kdoa mep aey bqa uegdcm qeic gdkyehp ij yeh a{ahj fhukbhfla�yhaa pecai s bqaj t kii oahbfkdij u a tafrah bqfdbqema eubfkdac uj mn aokyj kdl f nfhbkogifh pecai v �a da{ahbqaiamm oepnfha bqap be bqa f{fkifu iapecai�mnaok�o ietah uegdcm yeh bqa � ifor��oqeiam s bqa 	fhkfdoa��fppf `�{j pecai fdc bqa�ambed pecai s fdc bqa heugmb uegdcm bghd egb be u a deb yfh ex bqa ifbbah yeh enbkedm kd bqapedaj |haofii bqfb uj mn aokyj kdl bqa pecai s eda kpnikokbij fmmgp am bqfb bqa ygii enbked mghyfoakm f{fkifu ia ~ v� kdfiijs ta lk{a f dgpahkofi kiigmbhfbked yeh f mkbgfbked s tqaha edij f �dkba dgpuah ey �gebac�ghenafd ofii enbkedm km f{fkifuia v � mkdl cfbf yhep bqa ��� ��� yhep f mnaok�ac bhfckdl cfjsp ecai�kdcanadcadb ietah uegdcm yeh mep a z� enbkedm fha cabahp kdac fdc oepnfhac t kbq �edba�fhie ambkp fbam yeh ma{ahfi oehhamnedckdl pecai nhkoam bqfb hamgib yhep ofikuhfbkdl afoq ey bqapecaim be bqa mfpa mab ey cfbf v
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� � [\��� _X\�� �X\�XY �[��Z � []X\� 	[Z 
�_�X [�Y_[X�
���� ����� �� ��������������

�adeba uj
AC(K, n)

bqa nhkoa ey fd z mkfd ofii enbked fb bkp a
0

AC(K, n) = E



e−rT

(

1

n

n∑

i=1

Si − K

)+




tkbq mbhkra
K
fdc n

f{ahflkdl cfjm s tqaha bqa a�naobfbked km bfrad t kbq hamn aob be fd fnnhenhkfbahkmr�dagbhfi nhkokdl p afmgha v �y bqa oedckbkedkdl {fhkfuia Z
km fmmgp ac be ua kdcan adcadb ey bqafmmab nhkoa nhe oamm s ta eubfkd yhep �admad �m kda�gfikbj |Ü~

AC(K, n) ≥ E



e−rT

(

1

n

n∑

i=1

E [Si|Z] − K

)+




= E



e−rT

(

1

n

n∑

i=1

E [Si] − K

)+




=

(

1

n

n∑

i=1

exp
(

−r(T − ti)
)

S0 − K exp(−rT )

)+

,
|�~

tqkoq km a�fobij bqa |{ahj heglq~ ietah uegdc yeh AC(K, n)
kp nikac uj bqa ofii�ngb nfhkbj yehzmkfd enbkedm

AC(K, n) + K exp(−r(T − t)) = AP(K, n) +
1

n

n∑

i=1

exp
(

−r(T − max(t, ti))
)

St∧ti
,

|� ~
|tqad fii kdyehp fbked gn be bkp a

t
km f{fkifuia~ fdc mabbkdl t = 0

fdc AP(K, n) = 0
v

wqkm uegdc p fj mepabkp am ua fooanbfuia yeh enbkedm caan kd bqa pedajs ugb cabahkehfbam fmbqa pedajdamm caohafmam |oy v �aobked � ~ v �b ofd ua kpnhe{ac oedmkcahfuij uj oqeemkdl fdebqahoedckbkedkdl hfdcep {fhkfu ia Z
bqfb mbkii iafcm be f bhfobfuia a�nhammked kd f pecai�kdcan adcadbmabgn v �d tqfb ye iiet m bqa oedoanb ey oepedebed kokbj ey f hfdcep {aobeh t kii u a gmac s tqkoq sheglqij mn afrkdl s p afdm bqfb bqa oepnedadbm ey bqa {aobeh fha n ahyaobij nemkbk{aij canadcadb stqkoq km a�gk{fiadb be bqa yfob bqfb afoq oepnedadb km f ded�caohafmkdl ygdobked ey f mkdliahfdcep {fhkfuia |yeh f cabfkiac kdbhecgobked be bq km oedoanb ta hayah be �qfada ab fi v �Ü��~ v wqanfhbkog ifh fc{fdbfla ey bq km fnnhefoq km bqa yfob bqfb bqa mben�iemm bhfdmyehp ey f oepedebed komgp ey hfdcep {fhkfuiam ofd ua a�nhammac fm bqa mgp ey fnnhenhkfba mben�iemm bhfdmyehp m ey bqakdck{kcgfi mgppfdcm v`ab gm oedmkcah bqa oqekoa Z = S1
s bqad

n∑

i=1

E [Si|S1] =

n∑

i=1

S1e
r(ti−t1) := Sl.

wqa hfdcep {aobeh (S1, e
r(t2−t1)S1, . . . , e

r(tn−t1)S1

) km oepedebeda s uaofgma
er(ti−t1)S1

km f ded�
caohafmkdl ygdobked ey S1

yeh a{ahj
i
s fdc qadoa mbfdcfhc oepedebedkokbj bqaehj |maa �Ü��~ kpnikam �

E

[(
1

n
Sl − K

)+
]

=
1

n

n∑

i=1

E

[(

er(ti−t1)S1 − F−1
er(ti−t1)S1

(FSl(nK))
)+
]

.

�



zibelabqah s ta eubfkd

AC(K, n) ≥ E

[

e−rT 1

n

(
Sl − nK

)+
]

= e−rT 1

n

n∑

i=1

E

[(

er(ti−t1)S1 − F−1
er(ti−t1)S1

(FSl(nK))
)+
]

= e−rT 1

n

n∑

i=1

E





(

er(ti−t1)S1 − F−1
er(ti−t1)S1

(

FS1

(

nK
∑n

j=1 er(tj−t1)

)))+




= e−rT 1

n

n∑

i=1

E





(

er(ti−t1)S1 − er(ti−t1) nK
∑n

j=1 er(tj−t1)

)+




=
1

n
C

(

nK
∑n

j=1 er(tj−t1)
, t1

)
n∑

i=1

e−r(T−ti) =: LB1,
|� ~

tqaha
C(K, t1) cadebam bqa nhkoa ey f �ghenafd ofii |fb bkp a �~ t kbq mbhkra K

s p fbghkbj
t1
s

oghhadb fmmab nhkoa
S0
fdc km ca�dac uj C(K, t1) = e−rt1E [(S1 − K)+]

v
LB1

nhe{kcam f ietah nhkoa uegdc yeh bqa z� kd bahp m ey f ofii t kbq p fbghkbj t1
fdc mbhkra fb

n K/
∑n

j=1 er(tj−t1)
v �da mqegic raan kd p kdc bqfb |kd oedbhfmb be ebqah f{fkifuia ietah nhkoauegdcm~ bqkm uegdc qeicm yeh fdj fhu kbhfla�yhaa p fhrab pecai fdc mkldk�ofdbij kpnhe{am gnedbqa bhk{ kfi uegdc |�~ s kd nfhbkog ifh ky bqa z mkfd enbked km kd eh fb bqa pedajv�y bqa ofii enbked kd bqa fue{a ietah uegdc km bhfcac kd bqa p fhrab s bqkm fime kpnikam f mkpniamgu�han ikofbkdl bhfckdl mbhfbalj �zb bkp a

t1
bqa {figa

V1
ey bqa nehbye ike mn aok�ac kd a�gfbked |� ~ km l k{ad uj �

V1 =
1

n

n∑

i=1

e−r(T−ti)

(

S1 −
nK

∑n
j=1 er(tj−t1)

)+

=

(

S1

n

n∑

i=1

e−r(T−ti) − Ke−r(T−t1)

)+

,

tqkoq km a�fobij bqa uegdc eubfkdac uj bqa zmkfd ofii�ngb nfhkbj |�~ a{figfbac fb bkp a t = t1
v

wqa mguhanikofbkdl mbhfbalj km bqad be ce debqkdl s tqad S1 ≤ n K/
∑n

i=1 er(ti−t1)
eh be ugj

1
n

∑n
i=1 e−r(T−ti)

fmmabm kd bqa ofma bqfb
S1 > n K/

∑n
i=1 er(ti−t1)

v wqa oemb yeh bqkm bhfca kma�fobij bqa nfjex ey bqa enbkedm kd bqa nehbyeike nigm
Ke−r(T−t1)

s tqkoq eda mqegic uehhet v zbafoq pedkbehkdl bkp a
ti
maii

e−r(T−ti)/n
fmmabm fdc kd{amb bqa lfkd kd bqa hkmriamm ufdr fooegdb vwqad fb p fbghkbj

T
ey bqa zmkfd ofii bqa nfjex ey bqa bhfckdl mbhfbalj t kii u a �

(

1

n

n∑

i=1

Si − K

)

1{P

n
i=1 er(ti−t1)S1>nK},

tqaha
1A
mbfdcm yeh bqa kdckofbeh ygdobked ey a{adb A

v
�iafhij bqa nfjex ey bqa z mkfd ofii cep kdfbam bqa nfjex ey bqkm bhfckdl mbhfbalj fdc qadoa bqkmkm kdcaac f mgu�hanikofbkdl mbhfbaljv

�



� ��������� ��� ���� �����

wqa yeiiet kdl kda�gfikbj eu{kegmij qeicm yeh a{ahj hfdcep {fhkfuia Y
�

E





(

1

n

n∑

i=1

Si − K

)+


 ≥ E

[(

1

n

n∑

i=1

Si − K

)

1{Y ≥c}

]

.
|�~

�eh
Y =

∏n
i=1 Si

s bqa a{figfbked ey bqa fue{a uegdc uekim cetd be nhkokdl bqa nfjex Si1{
Q

n
i=1 Si>c}

v
�d f� da `�{j p fhrab pecaim bqkm ofd ua ceda uj yehpgifm ca{aien ac kd �g� a ab fi v kd �Ü�� v
�kdoa kd bqkm nfnah ta fha kdbahambac kd f heugmb uegdc s ta t kii kd{ambklfba bqa uegdc |�~ t kbqegbfmmgp kdl f mnaok�o pecai yeh bqa gdcahijkdl p fhrab v we bqfb adc s mab Y = St

kd kda�gfikbj |�~yeh
t
be ua oqemad ifbah ed v zm kd bqa ma�gai ta t kii gma ofiim mbhgor fb

c
s ta fmmgp a

c ≥ 0
v wqkm

iafcm be

AC(K, n) ≥ e−rT
E

[(

1

n

n∑

i=1

Si − K

)

1{St≥c}

]

= e−rT 1

n





j(t)−1
∑

i=1

E
[
Si1{St≥c}

]
+

n∑

i=j(t)

E
[
1{St≥c}E [Si| Ft]

]
− E

[
nK1{St≥c}

]





= e−rT 1

n





j(t)−1
∑

i=1

E
[
Si1{St≥c}

]
+

n∑

i=j(t)

E

[

1{St≥c}e
r(ti−t)St

]

− P [St ≥ c] nK




|�~

= e−rT 1

n





j(t)−1
∑

i=1

E
[
Si1{St≥c}

]
+

n∑

i=j(t)

erti C(c, t) − P [St ≥ c]



nK − c

n∑

i=j(t)

er(ti−t)







 ,

tqaha
j(t) = min{i : ti ≥ t} v�y ta fmmgpa bqfb

Sti

fdc 1{St≥c}
fha ded�dalfbk{aij oehhaifbac yeh t > ti

fdc yeh fii c ≥ 0
s |�~

ta ofd uegdc bqa �hmb bahp kd bqa ifmb a�gfikbj yhep uaiet uj
E
[
Si 1{St≥c}

]
≥ S0 exp(rti) P [St ≥ c]

fdc mguma�gadbij

AC(K, n) ≥ e−rT 1

n





n∑

i=j(t)

erti C(c, t) − P [St ≥ c]



nK −
j(t)−1
∑

i=1

ertiS0 − c

n∑

i=j(t)

er(ti−t)







 .

|� ~�kdoa bqa bfki ey bqa fmmab nhkoa ckmbhkugbked km lk{ad uj P [St ≥ c] = −ert ∂C(K,t)
∂K

∣
∣
∣
K=c

:= −ert CK(c, t)
s

bqa hklqb qfdc mkca ey |�~ ofd ua hathkbbad fm

AC(K, n) ≥ e−rT 1

n

n∑

i=j(t)

erti

(

C(c, t) + CK(c, t)

(

nK −∑j(t)−1
i=1 ertiS0

∑n
i=j(t) er(ti−t)

− c

))

.

�



�aofiikdl bqfb bqa de�fhukbhfla oedckbked kpnikam oed{a� kbj ey bqa ofii nhkoa ygdobked t kbq hamnaobbe bqa mbhkra s kb u aoep am oiafh bqfb bqa enbkp fi oqekoa yeh
c
|k va v bqa {figa yeh tqkoq bqa hklqb�qfdcmkca u aoep am p f� kp fi~ km lk{ad uj

c̃
(1)
t =

nK −∑j(t)−1
i=1 ertiS0

∑n
i=j(t) er(ti−t)

.
|� ~

�adoa bqa uamb ietah uegdc t kbq bqa yehp ey kda�gfikbj |�~ km lk{ad uj �

AC(K, n) ≥ e−rT

n
max

0≤t≤T
C(c̃

(1)
t , t)

n∑

i=j(t)

erti =: LB
(1)
t ,

|Ü�~
fdc bqkm uegdc qeicm tqada{ah |�~ km �gmbk�ac kd fd fhu kbhfla�yhaa p fhrab |ky bqa nfhbkfi cahk{fbk{a
∂C(K,t)

∂K ceam deb a� kmb s tqkoq yeh kdmbfdoa km bqa ofma yeh ckmohaba fmmab nhkoa ckmbhkugbkedm s edaofd mkpnij han ifoa bqa nfhbkfi cahk{fbk{a uj bqa iayb�qfdc cahk{fbk{a~ vwqa enbkp k�fbked nheuiap fue{a ofd yghbqah ua mkpnik�ac uj bqa eumah{fbked

c̃
(1)
t =

c̃
(1)
tj

exp (r(tj − t))fdc oedma�gadbij
C(c̃

(1)
tj

, tj) = e−rtjE

[(

Stj
− c̃

(1)
tj

)+
]

≥ e−rtjE

[(

E
[
Stj

|St

]
− c̃

(1)
tj

)+
]

= e−rt
E





(

St −
c̃
(1)
tj

exp (r(tj − t))

)+


 = C(c̃
(1)
t , t),

tqaha ta theba
j
kd mbafc ey j(t)

v
�adoa bqa p f� kpgp kd |Ü�~ pgmb u a fbbfkdac fb f pedkbehkdl bkp a s tqkoq p fram bqa a{figfbkedey bqa uegdc oepngbfbkedfiij mkpnia v
wqa nahyehp fdoa ey

LB
(1)
t

km ey oeghma fb iafmb fm leec fm LB1
yeh fii mbhkram s mkdoa

LB
(1)
1 = LB1

s
fdc kd p fdj ofmam mgnahkeh s kd nfhbkogifh yeh enbkedm fb fdc egb ey bqa pedaj |oy v �aobked � ~ vwqkm mbap m yhep bqa yfob bqfb amn aokfiij kd bqkm mbhkra halked bqa mien a ey bqa ofii enbked nhkoa
t kbq hamn aob be bqa p fbghkbj km ifhla kpnijkdl bqfb kb ofd ua tehbq peha be etd f mp fiiah fpegdb
ey ofiim t kbq f iedlah pfbghkbj bqfd peha ofiim t kbq mqehbah p fbghkbjv wqkm km fime bqa hafmed
tqj

maxi LB
(1)
i

km
LB1

yeh mp fii mbhkram v
`ab gm det oedmkcah fdebqah fmmgpnbked ed bqa fmmab nhkoa nheoamm �

E
[
Si1{St≥c}

]
= E

[
1{St≥c}E [Si|St]

]
≥ E

[

S
1−ti/t
0 S

ti/t
t 1{St≥c}

] yeh
0 ≤ ti ≤ t

s
c ≥ 0

|ÜÜ~�dbgkbk{aij bqkm fmmgpnbked p afdm bqfb bqa a�naobfbked ey
Si
s l k{ad

S0
fdc St

s mqegic ua uegdcacuj mep a mehb ey taklqbac laep abhko f{ahfla ey S0
fdc St

|tqaha bqa taklqbm can adc ed bqa
ckmbfdoa ey ti be � fdc t

s hamnaobk{aij ~ v`ab gm det lk{a f mg� okadb |ugb deb daoammfhj ~ ohkbahked yeh bqa {fikc kbj ey fmmgpnbked |ÜÜ~ v
�



���� ������� � 	
 ��  ������ ���� ���� � ���� � �� ���������  � ������� !"#� � ���� $ ��� ����
� ��% � ��%��

St = S0 exp (Xt)&
$� �

(Xt)t≥0 & X0 = 0
�� � !"#� � ��%��'

����( ) �ga be �admad �m kda�gfikbj ta �dc yeh fdj t ≥ ti
�

E
[
Sti

1{St≥c}

]
= E

[
E [S0 exp(Xti

)|Xt = ln(St/S0)] 1{St≥c}

]

≥ S0E
[
exp (E [Xti

|Xti
+ (Xt − Xti

) = ln(St/S0)]) 1{St≥c}

]

= E

[

S0 exp

(
ti
t

ln(St/S0)

)

1{St≥c}

]

= E

[

S0

(
St

S0

)ti/t

1{St≥c}

]

,

tqaha bqa �hmb a�gfikbj kd bqa ifmb ikda fue{a km cga be bqa mbfbkedfhkbj fdc kdcanadcadoa eykdohap adbm fdc bqa hklqb�oedbkdgkbj ey bqa nfbqm ey f `�{j nhe oamm |maa yeh kdmbfdoa �foec �
� hebbah �Ü� s nn v ���� yeh f cabfkiac ckmogmmked ~ v �

�eba bqfb

E

[

S0

(
St

S0

)ti/t

1{St≥c}

]

= E



S0

((
St

S0

)ti/t

−
(

c

S0

)ti/t
)+


+ S0P [St ≥ c]

(
c

S0

)ti/t

.

�adoa t kbq |ÜÜ~ ta �dc yeh |� ~ �

AC(K, n) ≥ e−rT 1

n



f(c) − P [St ≥ c]



nK −
j(t)−1
∑

i=1

(
c

S0

)ti/t

S0 − c
n∑

i=j(t)

er(ti−t)







 ,
|Ü�~

tqaha
f(c) =

j(t)−1
∑

i=1

E



S0

((
St

S0

)ti/t

−
(

c

S0

)ti/t
)+


+

n∑

i=j(t)

erti C(c, t).

zm yeh fdj
t
ta tfdb be �dc bqa ifhlamb nemmkuia uegdc s ta qf{a be pf� kp k�a e{ah c

v
�edmkcah c̃

(2)
t

s tqkoq mei{am �

nK −
j(t)−1
∑

i=1

S0

(

c̃
(2)
t

S0

)ti/t

− c̃
(2)
t

n∑

i=j(t)

er(ti−t) = 0.
|Ü�~

wqad kda�gfikbj |Ü�~ ofd ua hathkbbad fm �
n erT AC(K, n)

≥ f(c) − P [St ≥ c]





j(t)−1
∑

i=1

S0





(

c̃
(2)
t

S0

)ti/t

−
(

c

S0

)ti/t


+ (c̃
(2)
t − c)

n∑

i=j(t)

er(ti−t)





=

j(t)−1
∑

i=1

E



S0





(
St

S0

)ti/t

−
(

c̃
(2)
t

S0

)ti/t


 1{St≥c}



+

n∑

i=j(t)

erti
(
C(c, t) + CK(c, t)(c̃

(2)
t − c)

)

︸ ︷︷ ︸

=: g(c)

�



�gb mkdoa yeh fhukbhfhj
c > 0

g(c) ≤
j(t)−1
∑

i=1

E



S0





(
St

S0

)ti/t

−
(

c̃
(2)
t

S0

)ti/t




+

+
n∑

i=j(t)

erti C(c̃
(2)
t , t) = g(c̃

(2)
t ) = f(c̃

(2)
t ),

bqa ietah uegdc |Ü�~ s yeh afoq t
s km p f� kp k�ac uj bqa oqekoa c = c̃

(2)
t

|deba bqfb bqa iayb qfdcmkca ey |Ü� ~ km mbhkobij caohafmkdl kd c̃
(2)
t

fdc qadoa bqa dgpahkofi oepngbfbked ey c̃
(2)
t

km bhk{ kfi~ vz ibelabqah ta fhhk{a fb

AC(K, n) ≥ e−rT

n
f(c̃

(2)
t ) =: LB

(2)
t .

|Ü� ~
�kdoa

LB
(2)
t

km f ietah uegdc yeh fii t bqa enbkp fi ietah uegdc fiedl bq km fnnhefoq km lk{ad uj �
AC(K, n) ≥ max

0≤t≤T
LB

(2)
t

|Ü�~

=
e−rT

n
max

0≤t≤T





j(t)−1
∑

i=1

E



S0





(
St

S0

)ti/t

−
(

c̃
(2)
t

S0

)ti/t




+

+
n∑

i=j(t)

erti C(c̃
(2)
t , t)



 ,

tqaha
c̃
(2)
t

mei{am |Ü� ~ v �d bqa a�fpniam oedmkcahac kd �aobked � s
LB

(2)
t

bghdm egb be fbbfkd kbm
p f� kpgp fitfjm fb f pedkbehkdl bkp a

t = ti
v

� qahafm bqa maoedc mgppfdc ey |Ü�~ km a�nhammac kd bahp m ey �ghenafd ofii nhkoam tqkoq fha fm�mgpac be ua f{fkifuia s yeh bqa �hmb mgppfdc ta daac be a{figfba nhkoam ey oedbkdladb oifkp m t kbqnfjex (
S

ti/t
t − M

)+ yeh mepa oedmbfdb
M
s tqkoq ofd ua ceda gmkdl bqa �fhh�� fcfd yehpgif ��� s

tqada{ah bqa oqfhfobahkmbko ygdobked ey bqa fmmab nhkoa fb bkp a
t
km f{fkifuia |fibahdfbk{aijs eda

ofd gma bqa fnnhefoq egbikdac kd �fhh � �qeg ��� be nhkoa oedbkdladb oifkp m yhep bqa �ghenafdenbked mghyfoa~ v �adoa bqama netah enbkedm ofd ua nhkoac gmkdl edij bqa kdyehp fbked ey bqa ofiinhkoam fdc LB
(2)
t

nhe{kcam f oepngbfbkedfiij bhfobfuia ietah nhkoa uegdc yeh bqa z mkfd ofii gdcahfmmgpnbked |ÜÜ~ v
� � ��� � '� � �akbqah ey bqa fmmgpnbkedm |�~ fdc |ÜÜ~ km kpnikac uj bqa ebqah |yeh kdmbfdoa edaofd oedmbhgob mkpnia ckmohaba�bkp a pecaim kd tqkoq edij eda ey bqap km ygi� iiac~ v �a{ahbqaiamm s
LB

(2)
t

tkii qf{a f uabbah nahyehp fdoa bqfd
LB

(1)
t

yeh deb bee mp fii mbhkram
K
v we maa bqkm s eumah{a

bqfb yeh fdj ��ac t
s
c̃
(1)
t ≥ c̃

(2)
t

s ky
nK ≥∑n

i=1 ertiS0
s kd tqkoq ofma

c̃
(1)
t ≥ c̃

(2)
t ≥ S0e

rt fdc

E

[

S0

(
St

S0

)ti/t

1
{St≥c̃

(2)
t }

]

− S0 exp(rti) P

[

St ≥ c̃
(1)
t

]

≥

≥ E







S0

(
St

S0

)ti/t

− S0

(

c̃
(2)
t

S0

)ti/t




+

+ P

[

St ≥ c̃
(2)
t

]



S0

(

c̃
(2)
t

S0

)ti/t

− ertiS0



 > 0.

�e yeh
nK ≥ ∑n

i=1 ertiS0
bqa ha�gkhac nhenahbkam yeh bqa maoedc ietah uegdc fha mbhedlah bqfdbqema yeh bqa �hmb eda s tqkoq kppackfbaij kpnikam fd ehcahkdl ey bqa eubfkdac uegdcm v�d bqa a�fpniam kd �aobked � kb ofd ua maad s bqfb

nK ≥ ∑n
i=1 ertiS0

km deb fb fii f daoammfhj
oedckbked yeh f u abbah n ahyehp fdoa ey LB

(2)
t

v
�



�d bqa ebqah qfdc s yeh mp fii K kb ofd qfnnad bqfb
LB

(1)
t < LB

(2)
t

yeh fii
t > t1

|yeh a�fpnia gma
�admad �m kda�gfikbj yeh

K = 0~ v
� � ��� � '�� z oiema ieer kdbe bqa fue{a cahk{fbkedm mqet m bqfb bqa fmmgpnbkedm |�~ fdc |ÜÜ~be qeic fha deb daoammfhj yeh LB(1) fdc LB(2) s hamnaobk{aijv wqa yeiiet kdl tafrah oedckbkedm fhamg� okadb |fibqeglq nahqfnm iamm kdbgkbk{a~ �

1

n

n∑

i=1

Si ≥sl
1

n





j(t)−1
∑

i=1

S0e
rti +

n∑

i=j(t)

er(ti−t)St



 =: Sl1
fdc |Ü�~

1

n

n∑

i=1

Si ≥sl
1

n





j(t)−1
∑

i=1

S
(1−ti/t)
0 S

ti/t
t +

n∑

i=j(t)

er(ti−t)St



 =: Sl2 ,
hamnaobk{aijs |Ü�~

tqaha yeh fdj
0 ≤ t ≤ T

s flfkd
j(t) = min{i : ti ≥ t} fdc ≥sl cadebam bqa mben�iemm ehcahkdl eybte hfdcep {fhkfuiam X, Y ≥ 0 ca�dac uj �

X ≥sl Y ⇔ E[(X − d)+] ≥ E[(Y − d)+] ∀d ≥ 0.

� � ��� � '� � �eumed ab fi v �Ü�� kiigmbhfba bqfb bqakh p ecai�kdcanadcadb gnnah uegdc yeh bqaufmrab enbked km kd yfob fbbfkdac yeh oepedebed ko fmmab nhkoam v �kp kifhijs bqa ietah uegdc LB1yeh bqa z mkfd enbked tegic ua fbbfkdac yeh oepedebedkokbj fpedl bqa nhkoam ey bqa gdcahijkdlfmmab e{ah bkp a v wqkm can adcadoa mbhgobgha ofd qeta{ah deb u a oedokikfbac t kbq bqa p fhbkdlfianhen ahbj ey bqa ckmoegdbac fmmab nhkoa |tqkoq km kpnikac uj bqa de�fhukbhfla fmmgpnbked~ v we maabqkm s fmmgp a bqa
Si
be u a oepedebeda fdc be �b bqa eumah{fuia enbked nhkoa mghyfoa v wqad bqayeiiet kdl qeicm �

E [Si|Sk = s] = F−1
Si

(FSk
(s)) i > k.

�d bqa ebqah qfdc s bqa p fhbkdlfia nhen ahbj kpnikam
E [Si|Sk = s] = ser(ti−tk) i > k.

�adoa s
F−1

Si
(FSk

(s)) = ser(ti−tk) i > kqfm be qeic s tqkoq km a�gk{fiadb be
CK(s, tk) = er(ti−tk) CK(er(ti−tk)s, ti),

|Ü�~
ngbbkdl f hambhkobked ed bqa enbked nhkoa mghyfoa s ugb bqa ifbbah km fobgfiij fd kdngb nfhfp abah
yeh bqa uegdc LB1

v � adoa
LB1

km kd yfob deb fbbfkdac uj mep a p fhrab pecai v�eba bqfb bqa ifmb ikda fime mqet m bqfb kd bqa ofma ey oepedebedkokbj bqa yeiiet kdl qeicm �

C(K, tk) = C

(
K

er(tk−t1)
, t1

)

,

tqkoq fime a�nifkdm s tqj kd bqkm ofma bqa ietah uegdc LB1
tegic ua a�gfi be bqa gnnah oepede�bedkokbj uegdc v

Ü�



� � ��� � '� � �d ladahfi kb km deb nemmku ia be oqaor tqabqah oedckbkedm |�~ eh |ÜÜ~ s hamnaobk{aijsfha ygi� iiac uj bqa p fhrab s ky edij �ghenafd ofii nhkoam fha f{fkifuia s mkdoa bqa ifbbah edij lk{a
kdyehpfbked ed bqa p fhlkdfi ckmbhkugbkedm fdc deb ed nfbq nhenahbkam ey bqa gdcahijkdl fmmabnhkoa nhe oamm v �eta{ah s bqaha p klqb u a mkbgfbkedm kd tqkoq s kd fcckbked be �ghenafd enbked
nhkoam s mep a nhkoam ey cahk{fbk{am bqfb can adc ed uebq s Sti

fdc St
s fha f{fkifu ia |yeh kdmbfdoa

oehhaifbked cahk{fbk{am~ s tqkoq oegic bqad lk{a mep a oed�cadoa kdbe bqa {fikckbj ey |�~ eh |ÜÜ~ v�ehae{ah fdc peha kpnehbfdbijs p fhrab fdfijmbm eybad qf{a fd kdbgkbked ed nhenahbkam ey bqap fhrab fdc LB(1) fdc LB(2) nhe{kca kpnhe{apadbm ey ngha de�fhukbhfla uegdcm kd ofma eda qfmleec hafmedm be uaika{a bqfb bqa oehhaifbked nhenahbkam |�~ eh |ÜÜ~ s hamn aobk{aijs fha fnnhenhkfba v�d nfhbkogifh s fm mqetd fue{a s a�nedadbkfi `�{j pecaim nhe{kca f ifhla mab ey pecaim s yeh tqkoquebq fmmgpnbkedm s |�~ fdc |ÜÜ~ s qeic v

� ��� �X_Y� �YZ_�� ^���
�n be det ta qf{a fmmgpac bqfb �ghenafd ofii enbked nhkoam fha f{fkifuia yeh fii mbhkram fb f
mn aok�ac pfbghkbjv �d bqa yeiiet kdl ta t kii haif� bq km fmmgpnbked be bqa ofma ey qf{kdl edij f�dkba dgpuah ey eumah{fuia enbked nhkoam f{fkifuia kd bqa pfhrab v �u{kegmij bqa ifor ey oepniaba
rdet iacla ey bqa enbked mghyfoa |qadoa iamm kdyehpfbked fuegb bqa nhkoa nhe oamm~ t kii tafrad bqaca{aien ac uegdcm s fm eda qfm be ieer yeh bqa da�b�u amb fibahdfbk{a v
�eh oepniabadamm s ta �hmb lk{a f haif�fbked ey bqa oepedebeda gnnah uegdc ca{aienac uj �kpedab fi v ���� be bqa ofma ey �dkbaij pfdj mbhkram v �eba bqfb bqkm nheu iap tfm mei{ac uj �eumed ab
fi v �Ü�� |yehpgifbac yeh ufmrab enbkedm~ } qaha ta mbfba f mkpnia fdc ckhaob filehkbqp be hanhamadbbqa meigbked v
����� �����

�aofii yhep ���� bqfb fd gnnah uegdc kd bahp m ey f nehbyeike ey �ghenafd enbkedm km l k{ad uj

AC(K, n) ≤ 1

n

n∑

i=1

exp(−r(T − ti))C (κi, i) ,
|Ü�~

tqaha
κi = F−1

Xi
(FSc(nK))

|��~fdc Sc = Xc
1 + Xc

2 + · · ·+ Xc
n cadebam bqa oepedebeda mgp ey bqa hfdcep {fhkfuiam X1, . . . , Xn

v
�d nfhbkogifh s∑n

i=1 κi = nK
v

�d nhfobkoa bqa enbkp fi oqekoa |�� ~ ey mbhkram t kii deb daoammfhkij ua f{fkifuia kd bqa p fhrab v�ehae{ah yeh bqa cabahp kdfbked ey bqa κi
eda daacm f mn aok�ofbked ey bqa gdcahijkdl pecai eh fbiafmb bqa rdet iacla ey bqa oepniaba enbked nhkoa mghyfoa |oy v ���~ v � k{ad f mab ey bhfcac �ghenafd

enbkedm s kb km dfbghfi be bhj be �dc bqa u amb oqekoa ey mbhkram mgoq bqfb |Ü�~ km p kdkp k�ac t kbqegbyghbqah mn aok�ofbked ey bqa pecai |tqkoq t kii g mgfiij iafc be f tafrah uegdc bqfd kd bqa mkbgfbkedey f mn aok�ac pecai~ v �d �qad ab fi v ��� kb km mqetd qet bqkm ofd ua ceda gmkdl oepedebedkokbjfhlgp adbm v z ibahdfbk{aijs �eumed ab fi v �Ü�� cahk{ac bqa enbkp fi {figa ey bqa κi
kd bqkm mkbgfbked

gmkdl `flhfdlkfd enbkp kmfbked v wqa yeiiet kdl filehkbqp nhe{kcam f mkpnia hanhamadbfbked ey bqfb

ÜÜ



ifbbah fnnhefoq v
zmmgpa t vi ve vl v

tn = T
fdc bqfb yeh p fbghkbj ti

bqaha fha
m(i)

�ghenafd ofii nhkoam f{fkifu ia kd
bqa p fhrab v wqa mbhkram ey bqama ofiim p fj ua ehcahac uj mk�a fdc cadebac uj Ki,j , j = 0, . . .m(i)

s
tqaha

Ki,0 = 0
|cga be bqa p fhbkdlfia nhen ahbj kd fd fhukbhfla�yhaa p fhrab bqa nhkoa ey fd enbkedt kbq mbhkra � km bqa oghhadb {figa

S0
ey bqa fmmab nhkoa~ fdc Ki,m(i) = maxj(Ki,j)

v
���� 
) �kdoa enbked nhkoam fha oed{a� fdc ded�kdohafmkdl ygdobkedm ey bqa mbhkra nhkoa s fd gnnahuegdc yeh bqa nhkoa ey f �ghenafd enbked t kbq pfbghkbj

ti
fdc mbhkra K

kd bahp m ey bqa f{fkifu ia
nhkoam

C(Ki,j , ti) = ci,j
km oahbfkdij lk{ad uj

fi(K) = max {g(K)|g(K)
oed{a� s ded�kdohafmkdl fdc g(Ki,j) = ci,j ∀j ∈ {0, . . . , m(i)}} .

|� Ü~
wqa pf� kpgp kd |�Ü~ km eubfkdac uj oeddaobkdl bqa lk{ad nekdbm (Ki,j , ci,j)

s
j = 0, . . . , m(i)ikdafhij fdc mabbkdl fi(K) = ci,m(i)

yeh
K > Ki,m(i)

v
�eba bqfb bq km uegdc km deb mqfhn s k va v bqaha km de pecai oedmkmbadb t kbq bqa enbked nhkoa ygdobkedm
fi(K)

s mkdoa yeh fdj p fbghkbj
ti
s
limK→∞ C(K, ti) = 0 6= ci,m(i)

v � a{ahbqaiamm s
fi(K)

km bqa u amb
|mp fiiamb ~ gnnah de�fhukbhfla uegdc yeh C(K, ti)

rdet kdl edij
ci,j
v � adoa kd ehcah be lab fuegdc yeh bqa zmkfd ofii s tqkoq km ufmac ed bqa de�fhukbhfla nhkdoknia edijs ta qf{a be gma

C(K, ti) = fi(K)
yeh fii

K ≥ 0
kd |Ü� ~ v wqa uamb uegdc kd bqa madma ey |Ü�~ km bqad bqa meigbkedbe bqa yeiiet kdl nheuiap �

min
κi

n∑

i=1

exp(−r(T − ti))fi (κi) ,
mgoq bqfb n∑

i=1

κi ≤ nK.
|��~

���� � ) wqa mien a
∆f

ey bqa ofii nhkoa uegdc fi(K)
tkbq p fbghkbj

ti
fb afoq nekdb

K 6= Ki,j , j =

0, . . . , m(i)
fdc 0 < K < Ki,m(i)

km lk{ad uj �

∆fi(K) =
ci,j − ci,j−1

Ki,j − Ki,j−1
, Ki,j−1 < K < Ki,j;

tqahafm fb bhfcac mbhkra {figam Ki,j
s bqa iayb� fdc bqa hklqb�qfdc mien a fha kd ladahfi ckxahadb ��eh

1 ≤ j ≤ m(i) − 1

∆f−
i (Ki,j) :=

ci,j − ci,j−1

Ki,j − Ki,j−1
6= ci,j+1 − ci,j

Ki,j+1 − Ki,j
:= ∆f+

i (Ki,j).

�ghbqahpeha ta qf{a
∆f+

i (Ki,m(i)) = 0
fdc ∆fi(K) = 0

yeh
K > Ki,m(i)

v
wqa meigbked ey |��~ ofd det ua yegdc uj bqa yeiiet kdl mbhfklqb�yehtfhc lhaacj filehkbqp �
zil� Ü �y ∑n

i=1 Ki,m(i) ≤ nK
s bqad bqa meigbked km lk{ad uj

κi = Ki,m(i)
s aima mab

κi = K
v

z il�� �abahp kda
∆f+

i (κi)
fdc ∆f−

i (κi)
yeh fii

i = 1, . . . n
v

z il�� �ab
I = argmini e−r(T−ti)∆f+

i (κi), ∆ = e−r(T−tI)∆f+
I (κI)

fdc
J = argmaxi e−r(T−ti)∆f−

i (κi), ∆ = e−r(T−tJ)∆f−
J (κJ).

Ü�



�eba bqfb yeh fii
i
uebq

∆f+
i (κi)

fdc ∆f−
i (κi)

fha dalfbk{a s gdiamm
κi > Ki,m(i)

|kd tqkoq
ofma bqaj fha a�gfi be �ahe~ v�y

∆ < ∆
bqad mab

uI = KI,j+1 − κI ,
tqaha

KI,j ≤ κI < KI,j+1fdc uJ = κJ − KJ,j̃ ,
tqaha

KJ,j̃ < κJ ≤ KJ,j̃+1

fdc
κI = κI + min {uI , uJ} , κJ = κJ − min {uI , uJ} .�y

∆ ≥ ∆
s le be z il�� v

� ima gncfba ∆f+
i (κi)

fdc ∆f−
i (κi)

yeh
i = I, J

fdc habghd be bqa mbfhb ey z il�� v
z il�� �ab

M = {i | κi 6= Ki,j ∀j = 1, . . . , m(i)} v �y |M | = 1
�ben v

� ima oqeema fdj nfkh {m1, m2} ∈ M × M
s
m1 6= m2

fdc ofiog ifba
u1 = Km1,j+1 − κm1 ,

tqaha
Km1,j < κm1 < Km1,j+1,

u2 = κm2 − Km2,j̃ ,
tqaha

Km2,j̃ < κm2 < Km2,j̃+1,

κm1 = κm1 + min {u1, u2}
fdc κm2 = κm2 − min {u1, u2} .

wqad habghd be bqa mbfhb ey z il�� v
zybah bqa mban zil�� qfm bahp kdfbac s bqaha t kii u a fb pemb eda kdca� i ∈ {1, 2, . . . , n} s yeh tqkoq
κi ceam deb a�gfi f bhfcac mbhkra Ki,j

yeh mepa
j ∈ {1, . . . , m(i)} v �eh bqkm mbhkra s fi(κi)

ofd ua
a�nhammac fm yeiiet m �

fi(κi) =
Ki,j+1 − κi

Ki,j+1 − Ki,j
ci,j +

κi − Ki,j

Ki,j+1 − Ki,j
ci,j+1,

yeh
Ki,j ≤ κi < Ki,j+1.

�eba bqfb bqa filehkbqp t kbqegb z il�� tegic fime iafc be f meigbked ey |��~ s ugb nemmkuij t kbqpeha bqfd eda ded�ik�gkc mbhkra κi
v

wqa kcaf ey bqa filehkbqp km be fglp adb bqa oghhadb mbhkra fb bqa p fbghkbj bkp a tI
ey bqa yfmbamb

nhkoa caohafma fdc � kd ehcah be raan ∑n
i=1 κi = nK

gdoqfdlac � be hacgoa bqa mbhkra fb bqap fbghkbj bkp a
tJ
ey bqa mietamb nhkoa kdohafma v wqkm km ceda fm iedl fm bqa caohafma km deb mp fiiahbqfd bqa kdohafma fdc qadoa kd a{ahj mban bqa nhkoa yeh bqa nehbye ike ceam deb kdohafma fdc bqagnnah uegdc km kpnhe{ac v

���� ������� � 	
 ��  ��� ������ � ����� ���# %��#�� � ��� ���#� |��~ '
����( ) �ga be bqa oed{a� kbj ey bqa �ghenafd enbked nhkoa ygdobked s

∆f+
i (K)

fdc ∆f−
i (K)fha ded�caohafmkdl kd K

v �adoa kd z il��
∆ = maxi e−r(T−ti)∆f−

i (K)
km ietahac eh�fdc ∆ =

mini e−r(T−ti)∆f+
i (K)

km hfkmac v �ghbqahpeha akbqah κI
eh

κJ
km mab be f dat bhfcac mbhkra fdcbqa filehkbqp qfm be oed{ahla s mkdoa bqaha fha edij �dkbaij p fdj mbhkram kd bqa pfhrab v

we mqet bqa enbkp fikbjs fmmgp a bqfb
κ̃i, i = 1, . . . , n

km fdebqah oepukdfbked ygi� iikdl ∑n
i=1 κ̃i =

Ü�



nK
v wqad cga be bqa oed{a� kbj ey bqa ofii nhkoa �

1

n

n∑

i=1

e−r(T−ti)fi(κ̃i) −
1

n

n∑

i=1

e−r(T−ti)fi(κi)

≥ 1

n

n∑

i=1

e−r(T−ti)
(
fi(κi) − ∆f−

i (κi)(κi − κ̃i)
+ + ∆f+

i (κi)(κ̃i − κi)
+ − fi(κi)

)

≥ 1

n

(

min
i

(

e−r(T−ti)∆f+
i (κi)

) n∑

i=1

(κ̃i − κi)
+ − max

i

(

e−r(T−ti)∆f−
i (κi)

) n∑

i=1

(κi − κ̃i)
+

)

≥ 1

n
min

i

(

e−r(T−ti)∆f+
i (κi)

) n∑

i=1

(κ̃i − κi) = 0,

tqaha bqa ifmb kda�gfikbj qeicm cga be bqa bahp kdfbkdl oedckbked ey bqa filehkbqp |∆ ≥ ∆~ v�adoa ∑n
i=1 fi(κi)

km kdcaac f meigbked be |��~ v �

�umah{a bqfb ky ∑n
i=1 Ki,m(i) > nK

s bqa enbkp fi mgn ah hanikofbkdl nehbye ike ofiogifbac uj bqafilehkbqp ceam deb kd{ei{a ofiim mbhgor fb κi > Ki,m(i)
eh

κi < 0
v wqkm qeicm u aofgma � �y bqahataha mep a

κi > Ki,m(i)
s bqad

maxi ∆f−
i (κi) = 0

v �d bqa ebqah qfdc s fm ∑n
i=1 Ki,m(i) > nK

s
bqaha km f

κ̃j < Kj,m(j)
fdc cga be bqa oed{a� kbj ey bqa ofii nhkoam ∆f+

i (κ̃j) < 0
fdc qadoa

mini ∆f+
i (κ̃i) < 0 = maxi ∆f−

i (κi)
v wqgm bqa mbennkdl oedckbked ey bqa filehkbqp km deb yg i� iiacfdc kb tegic deb qf{a bahp kdfbac v

���� �����

�eh uebq ietah uegdcm LB1
fdc LB

(1)
t

edij eda �ghenafd ofii km daacac s dfpaij bqa ofii mbhgorfb nK
P

n
i=1 e−r(ti−t1)

fdc nK−
Pj(t)−1

i=1 erti S0
P

n
i=j(t) er(ti−t)

hamnaobk{aijv �d nhfobkoa s bqkm nfhbkogifh mbhkra p klqb deb
ua bhfcac fdc ta daac be uegdc kbm nhkoa yhep uaiet t kbq bhfcac mbhkram v we oe{ah fime bqkm ofmata gma f oed{a� enbkp k�fbked hamgib ey �ahbmkp fm � �enamog ��� �

���� ������� � 	� ��  ��� � �������� ���� ��$ � ����� � �� ��  � ��% �� � � ���� �� %�� � ����%�
��

K̃i ≤ Ki,m(i) & Ki,j∗−1 ≤ K̃i ≤ Ki,j∗
��� � ������� ��

ti
�� � �#� ��

C(K̃i, ti) ≥ max
{

ci,j∗−1 + ∆f−
i (Ki,j∗−1)(K̃i − Ki,j∗−1), ci,j∗ − ∆f+

i (Ki,j∗)(Ki,j∗ − K̃i)
}

,|��~$���
∆f−

i (0) = −e−rti & ��� ��

C(K̃i, ti) ≥ max
{

ci,m(i) + ∆f−
i (Ki,m(i))(K̃i − Ki,m(i)), 0

} |�� ~
� ��

K̃i > Ki,m(i)

'

�aha ta t kii l k{a fd fibahdfbk{a nheey ey kda�gfikb kam |��~ fdc |�� ~ s tqkoq mkpnik�am bqa eda lk{adkd ��� �

����( ) �da�gfikbkam |��~ fdc |�� ~ ye iiet kd yfob ckhaobij yhep bqa oed{a� kbj ey C(K̃i, ti)
v �e kb

�gmb hapfkdm be mqet bqfb bqaha a� kmb fhukbhfla�yhaa fmmab nhkoa pecaim oedmkmbadb t kbq bqa eu�mah{ac ofii nhkoam yeh tqkoq kda�gfikbkam |��~ fdc |�� ~ u aoep a a�gfikb kam v �eba bqfb kd bqa ofma
Ü�



K̃i = Ki,j
yeh mep a

j
s bqa kda�gfikb kam fha eu{kegmij a�gfikbkam fdc qadoa ta edij qf{a be oedmkcah

K̃i 6= Ki,j ∀j
v �a ckmbkdlgkmq bqhaa ofmam �

(i) Ki,j∗−1 < K̃i < Ki,j∗ ≤ Ki,m(i)−1
� �d bqkm ofma eda nemmkuia oqekoa km bqa fhukbhfla�yhaa ckmohabafmmab nhkoa pecai camohku ac uj �

P [Si = s] =







erti
(
∆f+

i (Ki,j∗) − ∆f−
i (Ki,j∗−1)

) yeh
s = K̄i

−erti∆f−
i (Ki,m(i))

yeh
s = M(i)

erti
(
∆f+

i (Ki,j) − ∆f−
i (Ki,j)

) yeh
s = Ki,j , j /∈ {j∗ − 1, j∗, m(i)}

0
aima

,

tqaha
K̄i
km mgoq bqfb

ci,j∗−1 + ∆f−
i (Ki,j∗−1)(K̄i − Ki,j∗−1) = ci,j∗ − ∆f+

i (Ki,j∗)(Ki,j∗ − K̄i)

fdc M(i)
mei{am

ci,m(i) + ∆f−
i (Ki,m(i))(M(i) − Ki,m(i)) = 0.

(ii) K̃i > Ki,m(i)
� � aha f nemmkuia fhukbhfla�yhaa ckmohaba fmmab nhkoa pecai km

P [Si = s] =







−erti∆f−
i (Ki,m(i))

yeh
s = M(i)

erti
(
∆f+

i (Ki,j) − ∆f−
i (Ki,j)

) yeh
s = Ki,j , j 6= m(i)

0
aima

.

(iii) Ki,m(i)−1 < K̃i < Ki,m(i)

� �d bqkm ofma ta ca�da yeh fdj n ∈ N

P
(n) [Si = s] =







erti

(
∆f−

i
(Ki,m(i))

n − ∆f−
i (Ki,m(i)−1)

) yeh
s = K̄

(n)
i

− erti

n ∆f−
i (Ki,m(i))

yeh
s = Ki,m(i) + n(M(i) − Ki,m(i))

erti
(
∆f+

i (Ki,j) − ∆f−
i (Ki,j)

) yeh
s = Ki,j , j /∈ {m(i), m(i) − 1}

0
aima

,

tqaha
K̄

(n)
i

mei{am

ci,m(i)−1 + ∆f−
i (Ki,m(i)−1)(K̄

(n)
i − Ki,m(i)−1) = ci,m(i) −

∆f−
i (Ki,m(i))

n
(Ki,m(i) − K̄

(n)
i ).

wqad bqa nhkoa
C(n) ey f �ghenafd ofii enbked mbhgor fb

K̃i
kd bqa pecai camohku ac uj P

(n) kmlk{ad uj

C(n)(K̃i, ti) =

{

ci,m(i)−1 + ∆f−
i (Ki,m(i)−1)(K̃i − Ki,j∗−1)

yeh
K̃i ≤ K̄

(n)
i

ci,m(i) − erti

n ∆f−
i (Ki,m(i))(Ki,m(i) − K̃i)

yeh
Ki > K̄

(n)
i ,

tqkoq km a�gk{fiadb be �
C(n)(K̃i, ti) = max

{

ci,m(i)−1 + ∆f−
i (Ki,m(i)−1)(K̃i − Ki,m(i)−1),

ci,m(i) −
erti

n
∆f−

i (Ki,m(i))(Ki,m(i) − K̃i)
}

Ü�
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� klgha Ü � �fjex ey bqa mguhanikofbkdl nehbye ike fdc bqa oedbkdladb oifkp (S
1/3
t − 1001/3)+

ha�
mn aobk{aijv
�et iabbkdl

n
lhet fhu kbhfhkij ifhla s eda maam bqfb fdj ietah uegdc ed bqa nhkoa ey f �ghenafd

ofii mbhgor fb
K̃i
pfbghkdl fb

ti
km uegdcac fue{a uj

max
{

ci,m(i)−1 + ∆f−
i (Ki,m(i)−1)(K̃i − Ki,m(i)−1), ci,m(i)

}

,

tqkoq km bqa uegdc oifkp ac kd |��~ |haofii bqfb ∆f+
i (Ki,m(i)) = 0~ v �

�eba bqfb bqa uegdc kd � henemkbked � v� ofd fime u a cahk{ac gmkdl bqa de�fhu kbhfla nhkdoknia
ckhaobijs k va v bqa hklqb qfdc mkca ey kda�gfikbkam |�� ~ fdc |�� ~ s hamnaobk{aijs hanhamadb mbfbko mgu�hanikofbkdl nehbyeikem v
�d ehcah be fcfnb LB

(2)
t

be bqa �dkba mbhkra ofma ta qf{a be �dc f uegdc yeh f oedbkdladb oifkpey bqa yehp
(Sx

t − K̃)+
yeh

0 < x < 1
v wqa nfjex ygdobked km oiafhij oedof{a s tqad bqa netah

enbked �dkmqam kd bqa pedaj |maa iayb nfhb ey � klgha Ü~ v�adoa f mkpnia ietah uegdc ed bqa nfjex ey bqkm oedbkdladb oifkp km lk{ad uj bqa yeiiet kdl �zmmgpa bqa mbhkram
K1 < K2 < · · · < Kn

be ua ik�g kc yeh bqa �ghenafd ofiim t kbq p fbghkbj
t|tqaha

Kx
1 ≥ K̃ ~ s bqad bqa nfjex (Sx

t − K̃)+
oiafhij cep kdfbam bqa nfjex

Kx
2 − K̃

K2 − K1
(St −K1)

+1{St≤K2} +

n∑

i=2

(

(Kx
i − K̃) +

Kx
i+1 − Kx

i

Ki+1 − Ki
(St − Ki)

+

)

1{Ki<St≤Ki+1},
|��~

tqaha
Kn+1

km mab be bqa p f� kpgp ey nemmkuia egboep am ey
St
v �y

St
km gduegdcac s bqad mkpnijbqa ifmb bahp kd bqa mgp uaoep am

(Kx
n − K̃)

|maa hklqb nfhb kd � klgha Ü yeh fd a�fpnia t kbqde �dkba p f� kpgp fdc bhfcac mbhkram Ü�� sÜÜ� sÜ�� sÜ�� s���~ v wqa nfjex kd a�gfbked |��~ ofd uaeubfkdac uj bhfckdl �ghenafd bjna ofiim ed ijs dfp aij uj bqa nehbyeike lk{ad kd wfuia Üv
� �]� �Z_^�� _��]�YZ�Y_[X
�eh f lk{ad enbked mghyfoa s bqa uegdcm ca{aien ac kd bqkm nfnah nhe{kca f pecai�kdcan adcadbietah uegdc yeh bqa z mkfd enbked nhkoa fdc s yeh mep a p kic fcckbkedfi p ecai fmmgpnbkedm s kp �nhe{ap adbm ey bqkm uegdc v �iafhijs bqama uegdcm ofddeb ua oepnfhac be bqa fobgfi |p ecai~ nhkoaey bqa enbked s mkdoa bqa ifbbah ofd edij ua cabahp kdac uj ygiij mnaokyj kdl fd gdcahijkdl pecai

Ü�



mbhkra dgpuah
K1

Kx
2 −K̃

K2−K1

K2
Kx

3 −Kx
2

K3−K2
− Kx

2 −K̃
K2−K1v v v v v v

Ki
Kx

i+1−Kx
i

Ki+1−Ki
− Kx

i −Kx
i−1

Ki−Ki−1v v v v v v
Kn −Kx

n−Kx
n−1

Kn−Kn−1

wfuia Ü � �bhkram fdc dgpuah ey ofiim t kbq p fbghkbj t
daacac yeh nfjex |��~ kd bqa gduegdcacofma

|fdc yeh kdoepniaba pecaim a{ad bqad bqa nhkoa km deb gdk�ga~ v �ab s kd ehcah be lab mep a kiigm�bhfbked ey bqa dgpahkofi n ahyehp fdoa ey bqa uegdc s ta t kii � hmb ieer fb f � ifor��oqeiam pecait kbq mn aok�ac nfhfpabahm fdc oepnfha bqa ietah uegdcm f{fkifu ia yeh bqfb mkbgfbked t kbq bqapecai�kdcanadcadb edam ey bqkm nfnah |tqaha bqa daoammfhj ofii nhkoam fha bqad fime ofiogifbacfm � ifor��oqeiam nhkoam~ v �da mqegic qeta{ah raan kd p kdc bqfb bqa mbhadlbq ey bqa uegdcm kdbqkm nfnah km kbm t kcah fnnikofukikbj u ajedc pecai mn aok�ofbkedm |fdc s oiafhijs yeh f ygiij mn aok�acpecai eda ofd kpnhe{a bqa uegdcm oedmkcahfu ij ~ v
�d � klgham � fdc � fd z� tkbq

S0 = 100
s hkmr iamm kdbahamb hfba

r = 0.05
s {eifbkikbj

σ = 0.1812fdc a�nkhj � jafhm km oedmkcahac s tqkia kd �lgham � fdc � bqa a�nkhj km oqfdlac be Ü� jafhm |t kbqjafhij f{ahflkdl kd afoq ofma~ v wqa niebm cankob bqa ckxahadoa u abtaad bqa � ifor �oqeiam nhkoafdc bqa ca{aien ac ietah uegdcm LB
(1)
t

fdc LB
(2)
t

s k va v
AC(K, T ) − LB

(i)
t , (i = 1, 2)

tqaha fii daoammfhj oedbkdladb oifkp m yeh bqa uegdcm fha nhkoac kd bqa �ifor��oqeiam pecai v �ebabqfb yeh afoq f{ahflkdl bkp a
t
s
LB

(i)
t

nhe{kcam f ietah uegdc fdc bqa uamb fpedl fii bqa t
bqad

cabahp kdam bqa fobgfi ietah uegdc yeh bqa zmkfd enbked nhkoa v
�d wfuia � s mgoq f oepnfhkmed km lk{ad yeh f � ifor��oqeiam pecai fdc fd zmkfd enbked t kbqp fbghkbj

T = 120 cfjm fdc f{ahflkdl fb bkp am t1 = 91, t2 = 92 . . . , t30 = 120
|cfkij oepnegdcackdbahamb hfba

r = ln(1+0.09/365)~ v wqa ebqah ietah uegdcm kd bqa bfu ia fha bfrad yhep 	fdp faia
ab fi v ���� v �b ofd ua maad bqfb bqa enbkp fi

t
yeh

LB
(1)
t

km
t = 91

yeh fii oedmkcahac mbhkram fdcqadoa bqaha km de kpnhe{ap adb ey bqa uegdc uj fmmgp kdl bqfb Si
fdc 1{Sj≥c}

fha ded�dalfbk{aij
oehhaifbac v �ghnhkmkdlij bqa n ahyehp fdoa ey bqa pecai�kdcan adcadb LB1

km dafhij fm leec fm`�
BT

|tqkoq km bqa uegdc ey ���� eubfkdac uj oedckbked kdl ed bqa {figa fb bqa pfbghkbj cfba eybqa �hetdkfd pebked le{ahdkdl bqa fmmab nhkoa nhe oamm~ fdc LB
(2)
t

km a{ad bklqbah bqfd `�
BT
v

� � cadebam bqa �edba �fhie fnnhe� kp fbked ey bqa fobgfi pecai nhkoa fdc km fip emb kcadbkofi be`�
GA
s tqkoq km bqa u amb uegdc lk{ad kd ���� fdc eubfkdac uj oedckbkedkdl ed bqa mbfdcfhck�acielfhkbqp ey bqa laepabhko f{ahfla v �da ofd maa bqfb fibqeglq

LB
(2)
t

km deb camkldac be iafc bebklqb uegdcm kd bq km ofma s kb mbkii j kaicm �gkba mfbkmyj kdl hamg ibm vwfuiam � � � oepnfha bqa ietah uegdcm yeh f � ifor��oqeiam pecai fdc zmkfd enbked t kbq pedbqijf{ahflkdl fdc pfbghkbj T = 3
fdc T = 10

jafhm s hamn aobk{aij t kbq bqema ey ebqah fnnhefoqam
Ü�



|bfrad yhep � ka imad � �fdcp fdd ���� fdc ofiiac � k � �f~ fdc bqa nfhfpabahm fha lk{ad kd bqa�lgham v �z hayahm be bqa nhkoa ey f laepabhko zmkfd enbked t kbq bqa mfp a mbhkra |tqkoq km fitfjm
f ietah uegdc fdc ofd ua oepngbac afmkij kd bqa � ifor��oqeiam pecai s maa 	ehmb ����~ v �ehae{ah s� � km bqa �edba �fhie nhkoa ey bqa z� fdc ��� hayahm be bqa oepedebedko gnnah uegdc tqkoqlk{am f pecai�kdcanadcadb gnnah uegdc v �eba bqfb s flfkd s bqa uegdc � k � �f ohgokfiij haikam ed
bqa mbhgobgha ey bqa �ifor��oqeiam pecai v wqa nahyehp fdoa ey LB

(2)
t

maap m mfbkmyj kdl flfkd |fdcbqa ckxahadoa be bqa fobgfi nhkoa km iamm bqfd yeh bqa pecai�kdcanadcadb gnnah uegdc ���~ vwfuiam � fdc � oepnfha bqa uegdcm ey bqkm nfnah yeh {fhkegm p fbghkbkam yeh bqa � ambed pecai
dS/S = r dt +

√
v dW1

dv = κ(θ − v(t)) dt + σv

√
v dW2,

tkbq
v0 = 0.0175

s
κ = 1.5768

s
θ = 0.0398

s
σv = 0.5751

fdc yeh bqa oehhaifbked uabtaad bqa�hetdkfd pebkedm
W1

fdc W2
ta oqeema

ρ = −0.5711
v z ibqeglq kb km f nhkehk deb oiafh tqabqah

fmmgpnbkedm |�~ fdc |ÜÜ~ s hamn aobk{aijs fha ygi� iiac kd bqa � ambed pecai s dgp ahkofi a�nahkp adbmlk{a mbhedl kdckofbkedm bqfb uebq ey bqap fha p ab s fb iafmb yeh bqkm nfhfp abah mab vwfuiam � fdc � oepnfha bqa ckxahadb uegdcm yeh f 	fhkfdoa �fppf pecai s tqaha bqa oqfhfo�bahkmbko ygdobked ey
ln(ST )

km lk{ad uj

φT (u) = exp (ln(S0) + (r + ω)T )

(

1 − iθνu +
1

2
σ2νu

)−T/ν

,

tkbq
ω = 1

ν ln
(
1 − θν − 1

2σ2ν
)−T/ν |maa � fcfd ab fi v ��Ü�~ v wqa nfhfp abahm g mac fha σ = 0.2684

s
ν = 1.1737

s
θ = −0.1280

v
wqa {figam mqet bqfb bqa haifbk{a ahhehm ey bqa uegdcm fha oepnfhfu ia be bqa edam ey bqa � ifor��oqeiam pecai v wqa nhkoam yeh bqa nifkd {fdkiifm fdc daacac oedbkdladb oifkp m taha kd bq km ofmaeubfkdac uj bqa �fmb �eghkah whfdmyehp fnnhefoq ey �fhh � �fcfd ��� v
�eba bqfb bqa ietah uegdcm fha mqfhn ah ky bqa f{ahflkdl mbfhbm fb f ifbah nekdb cghkdl bqa ikyabkp aey bqa enbked |yehtfhc�mbfhb enbkedm~ v zb bqa mfpa bkpa s bqa nahyehp fdoa ey bqa uegdcm labmtafrah ky bqa dgpuah ey f{ahflkdl cfjm kdohafmam v
� kdfiijs ta oedmkcah fd kiig mbhfbked ey bqa uegdc ey �aobked � s tqaha ed ij f �dkba dgpuah ey enbked
nhkoam km f{fkifuia kd bqa pfhrab |tqkoq km f p fkd �aic ey fnnikofbked ey bqa uegdcm ca{aien ac kdbqkm nfnah~ v wfuia � mqet m bqa uegdcm yeh fd zmkfd enbked ed bqa ��� ��� kdca� tkbq pedbqijf{ahflkdl s p fbghkbj

T = 1
jafh fdc S0 = 1124.47

v wqa uegdcm fha ufmac ed bqa �� �ghenafd ofii
nhkoam f{fkifu ia ed znhki Ü� s ���� |maa �oqegbadm ����~ v LB1

nhe{kcam bqa ietah uegdc meiaij ufmaced de�fhukbhfla v �y bqaha km a{kcadoa be u aika{a bqfb fmmgpnbkedm |�~ s |ÜÜ~ |eh fmmgpnbkedm |Ü�~ s|Ü�~~ qeic s bqad bqa uegdcm LB(1) s LB(2) fnnij hamn aobk{aijv wqa oeigpdm kd bqa bfuia lk{a LB
(1)
tyeh fii f{ahflkdl cfjm t

v z m ofd ua maad yhep bqa bfuia s yeh
LB(1) bqa u amb ietah uegdc |ueic�yfoac kd bqa bfuia~ km foq ka{ac yeh t = 5

s tqkia yeh
LB(2) kb km foqka{ac yeh akbqah t = 5

eh
t = 8

v
� kdfiijs bqa bqhaa oeigpdm ed bqa hklqb lk{a �edba �fhie ambkp fbam yeh bqa fobgfi z� nhkoa ufmaced f pecai mnaok�ofbked |�ifor �oqeiam s 	fhkfdoa �fppf fdc � ambed pecai~ fdc ofikuhfbked eyafoq pecai be bqa f{fkifuia ofii nhkoam gmkdl f iafmb�m�gfha fnnhefoq |maa ����~ v � mnaokfiij tqadbqa enbked km deb yfh egb ey bqa pedajs bqa ietah uegdcm maap be ua �gkba mfbkmyj kdl s raankdl kdp kdc bqfb bqama uegdcm fha pecai�kdcan adcadb fdc nghaij ufmac ed �gebac �ghenafd ofii nhkoam v

Ü�



������ ������ ��� 	 wqa fgbqehm tegic ikra be bqfdr bte fdedjpegm hayahaam yeh p fdj qainyg ihap fhrm be kpnhe{a bqa nhamadbfbked ey bqa nfnah v
� �	�Z�X^��
�Ü� � v z iuhaoqah s � v �qfada s � v �ee{fahbm s fdc � v �oqegbadm v �bfbko qaclkdl ey z mkfd enbkedmgdcah `�{j pecaim v 	������ �� 
 ��#���#� s Ü� ���� �� s ���� v
��� � v z iuhaoqah fdc � v �oqegbadm v �bfbko qaclkdl ey z mkfd enbkedm gdcah mbe oqfmbko {eifbkikbjpecaim g mkdl yfmb �eghkah bhfdmyehp v �d z v �jnhkfdeg ab fi vs ackbeh s � ���% �� ����� ���

 �#��%� !"#� � ���� s nflam Ü��� Ü�� v � kiajs �qkoqambah s ���� v
��� � v �ahbmkp fm fdc � v �enamog v �d bqa haifbked uabtaad enbked fdc mbe or nhkoam � f oed{a�enbkp k�fbked fnnhefoq v �� ������� � ���%� s �� |�~ �������� s ���� v
��� � vw v �haacad fdc � v � v ` kb�aduahlah v � hkoam ey mbfba�oedbkdladb oifkp m kpnikokb kd enbkednhkoam v 	������ �� � ������ s � Ü|� ~ ��� Ü���Üs Ü��� v
��� � v �hetd s � v �eumed s fdc ` v � v � v �elahm v �eugmb qaclkdl ey ufhhkah enbkedm v � ��� � ���%��

� ����%s nflam ����� Ü� s ��� Üv
��� � v �fhh fdc z v �qeg v �hafrkdl ufhhkahm v � ��� s Ü� �Ü��� Ü�� s Ü��� v
��� � v �fhh fdc � v � v � fcfd v �nbked {figfbked gmkdl bqa yfmb �eghkah bhfdmyehp v 	������ ��

���� ��������� � �� ��%s � �� Ü� �� s Ü��� v
���  v �qad s � v �aaimbhf s � v �qfada fdc � v 	fdp faia v �bfbko �gnah��anikofbkdl �bhfbalkam yeh��ebko �nbkedm v ���� ��� � �� � s ���� v
��� � v �ghhfd v 	figkdl zmkfd fdc nehbyeike enbkedm uj oedckbkedkdl ed bqa laepabhko pafdnhkoa v � ���� � �� � %��%s �� |Ü�~ �Ü���� Ü�ÜÜs Ü��� v

�Ü�� � v �f{km s � v �oqfoqahp fjah s fdc � v wepnrkdm v �dmbfiip adb enbkedm fdc mbfbko qaclkdl v� ��� � ����%s � |�~ ������ s ���� v
�ÜÜ� � v �qfada s � v �adgkb s � v� v �ee{fahbm s � v � ffm s fdc � v 	jdora v wqa oedoanb ey oepede�bedkokbj kd fobgfhkfi mokadoa fdc �dfdoa � fnnikofbkedm v �������%� � ��� � ���%� � � %��

��� �%� s � Ü|�~ �Ü��� Ü� Üs ���� v
�Ü�� � v �qfada s � v �adgkb s � v� v �ee{fahbm s � v � ffm s fdc � v 	jdora v wqa oedoanb ey oepede�bedkokbj kd fobgfhkfi mokadoa fdc �dfdoa � bqaehjv �������% � � ��� � ���%� � � %���� �%� s

� Ü|Ü~ ����� s ���� v
�Ü�� � v �g� a s � v �fd s fdc � v �kdliabed v whfdmyehp fdfijmkm fdc fmmab nhkokdl yeh f� da �gpn�

ckxgmkedm v � %���� ���%�s �� �Ü���� Ü��� s ���� v
�Ü�� � v �eumed v �eugmb qaclkdl ey bqa ieerufor enbkedm v � ����% ��� � ��%� ����%� s � �������� s

Ü��� v
�Ü�� � v �eumed s � v `fghadoa s fdc w v�� v �fdl v �bfbko�fhu kbhfla gnnah uegdcm yeh bqa nhkoam eyufmrab enbkedm v ��������# � �� ��%s � |� ~ �������� s ���� v

Ü�



�Ü�� � v �eumed s � v `fghadoa s fdc w v�� v �fdl v �bfbko�fhu kbhfla enbkp fi mguhanikofbkdl mbhfbalkamyeh ufmrab enbkedm v �������% � � ��� � ���%� ��� � %���� �%� s �� |� ~ �������� s ���� v
�Ü�� � v �foec fdc � v � hebbah v w kpa ha{ahmfi ed `�{j nhe oammam v �� ����� �� � ���������� s

Ü� |�~ ������� Üs Ü��� v
�Ü�� � v �g v � hkokdl z mkfd fdc ufmrab enbkedm {kf wfjieh a�nfdmked v 	������ �� ���� ���������

� ����%s � |� ~ ���� Ü�� s ���� v
�Ü�� w v� v � ifmmad v �kpnia s yfmb fdc �a� ku ia nhkokdl ey z mkfd enbkedm v 	������ �� ���� ���������

� ����%s � |� ~ ���� Ü�� s ��� Üv
���� � v `ehc v �fhbkfiij a�fob fdc uegdcac fnnhe� kp fbkedm yeh fhkbqp abko z mkfd enbkedm v �ehrkdlnfnah s � hfmpgm �dk{ahmkbj �ebbahcfp s ���� v
�� Ü� � v � v � fcfd s � v �fhh s fdc � v � v �qfdl v wqa {fhkfdoa lfppf nhe oamm fdc enbked nhkokdl v� ���� �� � ����% � #�$ s � ���� Ü�� s Ü��� v
���� � v z v � ka imad fdc � v �fdcp fdd v � hkokdl uegdcm ed z mkfd enbkedm v 	������ �� � ����%���

��� ����������# ������� s �� |�~ �������� s ���� v
���� ` v � v � v �elahm fdc � v �q k v wqa {figa ey fd z mkfd enbked v 	������ �� �� ��� � ���������� s

�� �Ü���� Ü��� s Ü��� v
���� � v �oqegbadm v !"#� � ��%��� �� � ����%'s � kiaj ���� v
���� � v �kped s � v� v �ee{fahbm fdc � v �qfada v zd afmj oepngbfuia gnnah uegdc yeh bqa nhkoaey fd fhkbqp abko z mkfd enbked v �������% � � ��� � ���%� � � %���� �%� s �� �Ü��� Ü�� s ���� v
���� � v� v� v wqepnmed v �fmb dfhhet uegdcm ed bqa nhkoa ey z mkfd enbkedm v �ehrkdl nfnah s

�gcla �gkmdamm �oqeei �fpuhkcla s Ü��� v
���� � v 	fdp faia s � v �aaimbhf s � v `kkda{ s � v �qfada s fdc � v� v �ee{fahbm v �egdcm yeh bqa nhkoaey ckmohaba fhkbqp abko zmkfd enbkedm v 	������ �� ���� ��������� ��� �� ��� � ��� � ���%� s

Ü�� ��Ü��� s ���� v
���� � v 	a
a� v �dk�ac zmkfd nhkokdl v � ��� ��� �� ��s Ü� |� ~ �ÜÜ�� ÜÜ� s ���� v
���� � v 	a
a� fdc � v g v � hkokdl z mkfd enbkedm kd f map kp fhbkdlfia pecai v ����������# � ����%s

� |�~ �Ü��� Ü�� s ���� v
���� w v 	ehmb v � hkoam fdc qacla hfbkem ey f{ahfla a�oqfdla hfba enbkedm v ������������ � #�$ ��

� ����%��� ������� s Ü |�~ �Ü��� Ü�� s Ü��� v
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LB1 LB
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