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Abstract. In the context of collective risk theory, we give a sam-
ple path identity relating capital injections in the original model
and dividend payments in the time-reversed counterpart. We ex-
ploit this duality to provide an alternative view on some of the
known results on the expected discounted capital injections and
dividend payments for risk models driven by spectrally-negative
Lévy processes. Furthermore, we present a probabilistic analysis
and simple resulting expressions for a model with two dividend
barriers, which was recently shown by Schmidli [10] to be optimal
in various Lévy risk models when maximizing the difference of div-
idend payments and injections in the presence of tax exemptions.

1. Introduction

Consider a Lévy process (Xt, t ≥ 0) started at x ∈ [0, b] for some
b > 0 and let Yt be its reflection in the strip [0, b]:

(1) Yt = Xt + Lt − Ut,

where Yt ∈ [0, b], L0 = U0 = 0 and, moreover, L,U are non-decreasing
and their points of increase are contained in {t ≥ 0 : Yt = 0} and
{t ≥ 0 : Yt = b} respectively (this is a so-called two-sided Skorokhod
problem). In the context of insurance risk theory, Xt can be seen as
a model for the surplus process of an insurance portfolio, and then Ut
and Lt have the interpretation of the cumulative dividend payments
(according to a horizontal barrier strategy at b) and injected capital,
respectively (see e.g. Dickson and Waters [4]). In the queueing context,
the respective quantities are the amount of work lost (in a queue with
buffer b) and unused capacity, see e.g. Asmussen [2].

In this paper we will use the terminology of risk theory. Then the
expected discounted dividends and expected discounted capital injec-
tions

V b
U(x) = Ex

∫ ∞
0

e−δtdUt, V b
L(x) = Ex

∫ ∞
0

e−δtdLt(2)
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are of particular interest, as they often serve as objectives for optimal
control strategies. Here x ∈ [0, b] is the initial surplus in the insurance
portfolio and δ > 0 is the discount rate.

The aim of this paper is to establish simple identities between these
and more general quantities using probabilistic techniques, which ex-
tends the set of respective explicit formulas available in the literature.
In Section 2 we present a general sample path identity that links in-
jections with dividend payments of the time-reversed path. When X
is a Lévy process, this duality leads to a direct link between the quan-
tities in (2). In Section 3 we provide an alternative view on some of
the known results concerning V b

L(x) and V b
U(x) for a spectrally-negative

process. Finally, in Section 4 we obtain explicit expressions for expected
discounted capital injections and dividend payments for a two-barrier
strategy which Schmidli [10, 11] recently identified as optimal in vari-
ous Lévy models when dividend payments are subject to taxation, but
previous capital injections can be deducted from the dividends when
paying taxes. Once again our focus is on a direct probabilistic proof.

2. A sample path identity

Let us start with stating an important alternative representation for
the quantities in (2):

(3) V b
U(x) = Ex

∫ eδ

0

dUt = ExUeδ , V b
L(x) = ExLeδ ,

where eδ is an exponential random variable of rate δ independent of
everything else. In this respect, observe that X does not jump at eδ a.s.
since the set of jump times is countable. Note that Ueδ and

∫∞
0
e−δtdUt

are two different random variables, but they have a common mean (and
analogously for L), and it is the mean that is our focus. Throughout
this paper we assume that E0X1 is well defined and finite, so that both
V b
U and V b

L are finite.

An easy consequence of (1) and (3) is the following bound on the
difference of discounted expected dividends and injections:

V b
U(x)− V b

L(x) = [
E0X1

δ
+ x− b, E0X1

δ
+ x] ∀b > 0,

because E0Xeδ = E0X1/δ. More interestingly, there is an identity
relating dividends and injections, but the initial capital has to be chosen
differently – it is at 0 for injections and at b for dividends:

(4) V b
U(b)− V b

L(0) = E0X1/δ.

The proof is based on a sample path identity that is interesting in its
own right: Consider a sample path Xt (which in fact can be any càdlàg
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function) and its time-reversed path defined for a fixed T > 0 by

X̂t = XT −X(T−t)−, t ∈ [0, T ],

where X0− = 0. It is well known that if X is a Lévy process then

X̂ has the same law as X on [0, T ], see e.g. [7, Lem. 3.4]. We now
provide an intriguing path-wise identity linking total dividends and
capital injections:

Proposition 1. For any b > 0 and every sample path it holds that

ÛT (b)− LT (0) = XT ,

where LT (0) represents the total capital injections up to time T corre-

sponding to X started at 0, and ÛT (b) is the total dividends up to time

T corresponding to the time-reversed X̂ started at b, and both processes
are reflected to stay in [0, b].

Before we provide a proof let us consider two boundary cases. Firstly,

if b =∞ then ÛT (∞) = X̂T = XT −XT and LT (0) = −XT , and so the
result is obvious. Secondly, if X has bounded variation on [0, T ] then

it makes sense to let b ↓ 0. In this case we obtain ÛT (0) = X̂↑T = X↑T
and LT (0) = −X↓T , where X↓ and X↑ measure the total decrease and
total increase of X. Again the result is then obvious.

b
b

Figure 1. Schematic sample path: capital injections
for the original and dividend payments for time-reversed
process.

Proof of Proposition 1. For a general b > 0 the identity of interest
can be easily understood by inspecting Figure 1. The left and right
axes correspond to the original and time-reversed sample paths, re-
spectively. The solid segments depict capital injections in the original
model, whereas dashed segments depict dividends for the time-reversed
sample path. Thus we are interested in the total height of dashed
segments minus the total height of solid segments, which must result
in XT . �
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Remark 1. Similarly to Proposition 1 one may try to relate LT (0)
and UT (0). Indeed, their difference is also 0 inside each excursion from
the running minimum with height exceeding b. However, here the last
(incomplete) excursion is more complex, not allowing to formulate an
analogous simple relation. �

It should be mentioned that Proposition 1 can be seen as a counter-
part of Lindley’s duality [8], where the event {YT ≥ x} is related to

the two-sided exit problem of X̂ from [x− b, x), see [2, Prop. XIV.3.7]
and a finite horizon version in [6, Lem. 2].

3. Spectrally negative Lévy processes

In the rest of the paper we assume that X is spectrally negative,
i.e. it can only have negative jumps, and it is not a non-increasing
process. Let ψ(θ) = logEeθX1 be its Laplace exponent, which is finite
for all θ ≥ 0. Let Φδ be the unique positive solution of ψ(·) = δ, and
let Wδ(x), x ≥ 0 be the scale function. That is, Wδ is a continuous
non-negative function characterized by its transform∫ ∞

0

e−θxWδ(x)dx = 1/(ψ(θ)− δ)

for θ > Φδ. Furthermore, define the so-called second scale function by

(5) Zδ(x) := 1 + δ

∫ x

0

Wδ(y)dy, x ≥ 0,

and observe that Z ′δ(x) = δWδ(x) and Zδ(0) = 1, see e.g. Kyprianou
[7]. Letting

τ±y = inf{t ≥ 0 : ±Xt > ±y}, ρy := inf{t ≥ 0 : Yt > y},

we recall the basic exit formulas [7, §8] for 0 ≤ x ≤ y and y > 0:

Exe−δτ
+
y =

eΦδx

eΦδy
= e−Φδ(y−x),

Ex(e−δτ
+
y ; τ+

y < τ−0 ) =
Wδ(x)

Wδ(y)
,

as well as

(6) Exe−δρy =
Zδ(x)

Zδ(y)
for y ≤ b.

The fact that all these quantities are ratios of certain functions is a
consequence of the strong Markov property and the absence of positive
jumps (see e.g. Gerber et al. [5] for an intuitive reasoning). Moreover,
these expressions also lead to correspondingly simple expressions for the
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expected discounted dividends in the respective models with a dividend
barrier at b and initial capital 0 ≤ x ≤ b:

(7)
eΦδx

ΦδeΦδb
,

Wδ(x)

W ′
δ(b)

,
Zδ(x)

Z ′δ(b)
=: V b

U(x).

In the first model the process is allowed to be negative (the event of
ruin), in the second it is terminated upon becoming negative, and in
the third capital is injected whenever the surplus is negative.

Let us briefly discuss two ways to derive the formulas in (7) using
the model with injections as an illustration:

(i) The first argument is in the spirit of [5]: Observe that V b
U
′
(b) = 1

which easily follows from the bound hE0e
−δτ+h ≤ V b

U(b)−V b
U(b−h) ≤ h

and the fact that τ+
h ↓ 0 as h ↓ 0 P0-a.s. But V b

U(x) = Zδ(x)/Zδ(b)V
b
U(b)

which yields V b
U(b) = Zδ(b)/Z

′
δ(b) and the formula for V b

U(x).
(ii) When x = b, Ueδ is an exponential random variable (of rate

λb, say). Hence V b
U(b) = 1/λb. But (6) shows that Zδ(b + h)/Zδ(b) ≤

e−λbh ≤ Zδ(b)/Zδ(b−h) and then λb = Z ′δ(b)/Zδ(b) follows, see also [1].

Remark 2. It may be interesting to note that λb = (logZδ(b))
′, i.e.

it is a logarithmic derivative of Zδ(b). This can be explained by the

identity E0e
−δρb = 1/Zδ(b) = exp(−

∫ b
0
λxdx). That is, we may regard

λx as the rate of an inhomogeneous Poisson process describing killing
of the first passage process ρx, x ∈ [0, b]. �

Now as a consequence of (4) and (7) we get

V b
L(0) =

Zδ(b)

Z ′δ(b)
− ψ′(0)

δ
, V ∞L (0) =

1

Φδ

− ψ′(0)

δ
,

because 1/Φδ is the expected sum of discounted dividends in the model
without ruin nor capital injections (cf. the first expression in (7)).
Moreover, we have for 0 < a ≤ b:

∆(a, b) = V a
L (0)− V b

L(0) = V a
U (a)− V b

U(b) =
Zδ(a)

Z ′δ(a)
− Zδ(b)

Z ′δ(b)
.

Furthermore, for any x ≤ a, neither of the barriers a or b is met before
x is hit by the process started at 0 and reflected to stay positive, and
so we get

(8) V a
L (x)− V b

L(x) = Zδ(x)∆(a, b).

In particular, for b→∞ this leads in a simple way to the identity

(9) V a
L (x) = Zδ(x)

(
Zδ(a)

Z ′δ(a)
− 1

Φδ

)
+ V ∞L (x).

Note that in Theorem 1 of Avram et al. [3] it was shown that

V a
L (x) = Zδ(x)

Zδ(a)

Z ′δ(a)
−
∫ x

0

Zδ(y)dy − ψ′(0)

δ
,
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which is indeed consistent with (9). We will, however, not rely on this
particular expression in the following.

Finally, let τ b0 be the first passage time below 0 of the process reflected
at the upper barrier b. Then we must have

V b
U(x) = Exe−δτ

b
0V b

U(0) +
Wδ(x)

W ′
δ(b)

,

where the last term corresponds to the expected discounted dividends
up to τ b0 , i.e. up to the classical ruin time. Thus from (7) we immedi-
ately obtain the following well known formula [9]

(10) Exe−δτ
b
0 = Zδ(x)− Z ′δ(b)

Wδ(x)

W ′
δ(b)

.

4. A model with two dividend barriers

In this section we consider the model introduced by Schmidli [10,
11] in the context of optimal capital injection and dividend payout
strategies, where dividends are subject to tax (with a constant rate
γ ∈ (0, 1)) whenever their total amount exceeds the total previously
injected capital. The objective was to maximize expected discounted
dividends after tax minus expected discounted capital injections (where
the latter are penalized by a factor η > 1). In the cases where X is a
classical risk process or its diffusion approximation the following model
was found to be optimal:

There are two dividend barriers a and b > a, and one capital injec-
tion barrier at 0. The barrier a is active whenever there are still capital
injections to be amortized (so that the dividends paid at barrier a are
not taxed), and when there are no more amortizations, the barrier at a
is dissolved and a barrier strategy at b becomes active, until new capi-
tal injections are needed and barrier a is again installed, and so on. In
Figure 2 we present a graphical illustration of this strategy, where the
times Ti correspond to dissolving the barrier at a.

b bb
T1 T2 T3

b

a

bc bc

Figure 2. Schematic sample path: two dividend barriers.
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Our aim is to identify in a simple probabilistic way the expected dis-
counted dividends V a,b

U (x, `) paid at (”upper”) barrier b, the expected

discounted dividends V a,b
I (x, `) paid at (”intermediate”) barrier a and

the expected discounted capital injections V a,b
L (x, `) at (”lower”) barrier

0, where we also allow for some initial tax exemption ` ≥ 0 (think of `
as capital injections before time 0). In particular, the above mentioned
objective for the initial capital x ∈ [0, b] is to maximize

(1− γ)V a,b
U (x, 0) + V a,b

I (x, 0)− ηV a,b
L (x, 0).

The following result establishes a link between the three quantities of
interest, additionally using the classical quantities V b

U(x) and V b
L(x)

corresponding to the two-sided reflection in [0, b] (that is, no barrier
at a). The main idea is to identify certain invariance properties by
considering ratios and differences of some value functions.

Proposition 2. For any initial capital x ∈ [0, a], initial tax exemption
` ≥ 0 and discount rate δ > 0 it holds that

V a,b
U (x, `) =

1

Φδ

e−Φδ(b+`−x),

(11)

V a,b
I (x, `) =

(
V b
U(x)− V a,b

U (x, `)
) Wδ(b)

Wδ(a)
,

(12)

V a,b
L (x, `) = V b

L(x) +
(
V b
U(x)− V a,b

U (x, `)
)(Wδ(b)

Wδ(a)
Zδ(a)− Zδ(b)

)
.

(13)

The above formulas also hold for x ∈ (a, b], when ` = 0.

Proof. Since any capital injection is taken out of the process as divi-
dends again at level a, X always reaches the barrier b > a at the times
exactly as if there were no injections and no ruin, and so formula (11)
immediately follows from (7).

Part I: Assume x ∈ [0, a].
To establish (12), we proceed as follows. Using the third formula in (7)
we find that

(14) V a
U (x)/V b

U(x) = Wδ(b)/Wδ(a),

where the right hand side does not depend on the common initial
level x. Recall that τ b0 is the ruin time of the process with dividend
barrier b and no injections. Let further vaU(x, b) be the expected dis-
counted dividends up to τ b0 of the process starting at x with horizontal
barrier at a in the presence of injections. Clearly

V a
U (x) = vaU(x, b) + Exe−δτ

b
0 V a

U (0),
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because a ≤ b. Since trivially also

V b
U(x) = vbU(x, b) + Exe−δτ

b
0 V b

U(0),

and using (14), we find that

vaU(x, b)/vbU(x, b) = Wδ(b)/Wδ(a).

Importantly, we have the following representation of the difference: for
` > 0

V a
U (x)− V a,b

I (x, `) = Exe−δT1vaU(a, b) +
∞∑
n=2

Exe−δTnvaU(a, b),

where Tn is the time in the two-dividend barrier model when the process
stops being reflected at a for the nth time. Note that Tn depends on x
and `. For ` = 0, we take T1 = 0 (see Figure 2) and the above equation
is

V a
U (x)− V a,b

I (x, 0) = ExvaU(x, b) +
∞∑
n=2

Exe−δTnvaU(a, b).

For both cases, replacing vaU(·, b) by vbU(·, b)Wδ(b)/Wδ(a) we readily
obtain

V a
U (x)− V a,b

I (x, `) = V a,b
U (x, `)

Wδ(b)

Wδ(a)
,

which by virtue of (14) immediately yields (12).

Next, we prove (13). Consider the difference of expected discounted

injections in (8), and let ∆a,b
L (x) be this difference considered up to the

time τ b0 which according to (10) must be

∆a,b
L (x) = (V a

L (x)− V b
L(x))− Exe−δτ

b
0 (V a

L (0)− V b
L(0))

= ∆(a, b)Z ′δ(b)
Wδ(x)

W ′
δ(b)

= ∆(a, b)Z ′δ(b)v
b
U(x, b).

Similarly to the above we have

V a
L (x)− V a,b

L (x, `) = Exe−δT1∆a,b
L (a) +

∞∑
n=2

Exe−δTn∆a,b
L (a)

= V a,b
U (x, `)∆(a, b)Z ′δ(b)

(for ` = 0 again replace the left ∆a,b
L (a) by ∆a,b

L (x) in the first line,
which leads to the same second line also for that case). This already

gives a nice expression for V a,b
L (x, `), which further can be converted

using (8) to

V a,b
L (x, `) = V b

L(x) +

(
Zδ(x)

Z ′δ(b)
− V a,b

U (x, `)

)
∆(a, b)Z ′δ(b),

and (13) follows.
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Part II: Assume x ∈ (a, b] and ` = 0.
For x > a the basic formulas (8) and (14) do not hold any more,
which necessitates to treat this case differently. In fact, our formulas
generalize easily by conditioning on the process at the time τ b0 .

Considering (12) we may write

V a,b
I (x, 0) = Exe−δτ

b
0V a,b

I (0, `(τ b0))

= Exe−δτ
b
0

(
V b
U(0)− V a,b

U (0, `(τ b0))
) Wδ(b)

Wδ(a)

=
(
V b
U(x)− V a,b

U (x, 0)
) Wδ(b)

Wδ(a)
,

where `(τ b0) is the amount of injections added at τ b0 . Here we also used

the fact that contributions to V b
U(x) and V a,b

U (x, 0) before τ b0 will cancel
out. Similarly with regard to (13) we obtain

V a,b
L (x, 0) = Exe−δτ

b
0V a,b

L (0, `(τ b0)) + Exe−δτ
b
0 `(τ b0)

= (Exe−δτ
b
0V b

L(0) + Exe−δτ
b
0 `(τ b0))

+ Exe−δτ
b
0

(
V b
U(0)− V a,b

U (0, `(τ b0))
)(Wδ(b)

Wδ(a)
Zδ(a)− Zδ(b)

)
= V b

L(x) +
(
V b
U(x)− V a,b

U (x, 0)
)(Wδ(b)

Wδ(a)
Zδ(a)− Zδ(b)

)
completing the proof. �
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