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Abstract. We show that the modal u-calculus over GL collapses to the
modal fragment by showing that the fixpoint formula is reached after two
iterations and answer to a question posed by van Benthem in [vBe06].
Further, we introduce the modal p™~-calculus by allowing fixpoint con-
structors for any formula where the fixpoint variable appears guarded but
not necessarily positive and show that this calculus over GL collapses to
the modal fragment, too. The latter result allows us a new proof of the
de Jongh, Sambin Theorem and provides a simple algorithm to construct
the fixpoint formula.
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1 Introduction

The modal p-calculus is an extension of propositional modal logic, with least
and greatest fixpoint operators. The term “p-calculus” and the idea of extending
modal logic with fixpoints appeared for the first time in the paper of Scott and
De Bakker [SB69] and was further developed by others. Nowadays, the term
“modal p-calculus” stands for the formal system introduced by Kozen [Koz83].
The standard semantics of the modal p-calculus is given by transition systems.
As usual, formulae are interpreted as subsets of a system, the set of states where
the property expressed by the formula holds. Many natural properties such as
“there is an infinite path” can be expressed by a modal u-formula. Indeed, it is
a powerful logic of programs subsuming dynamic and temporal logics like PDL,
PLTL, CTL and CTL*. We refer to Bradfield and Stirling’s tutorial article [BS01]
or Stirling’s book [Sti01] for a thorough introduction to this system.

Godel-Lob logic, GL, is used to investigate what arithmetical theories can
express in a restricted language about their provability predicates. As a modal

* Submitted: July 10, 2008
** Research supported by the Hasler Foundation
*** Research supported by a grant from the Swiss National Science Foundation, n.
200021-116508: Project “Topological Complexity, Games, Logic and Automata”.



logic, provability logic has been studied since the early seventies, and has had im-
portant applications in the foundations of mathematics. Beside the arithmetical
interpretation there is also a semantics given, as for almost all modal logics, by
transition systems. The class of all transitive and upward well-founded systems
forms a complete semantics for GL.

Fixpoints and fixpoint theorems play an important role in GL. The most
famous one, the existence of a fixpoint for guarded formulae was proved by de
Jongh and Sambin independently (c.f., [Smo85]). Even though it is formulated
and proved by strictly modal methods, the fixpoint theorem still has great arith-
metical significance. The uniqueness of the fixpoint was proved later by Bernardi,
de Jongh and Sambin independently (c.f., [Smo85]).

Since the modal p-calculus is a general framework to study fixpoints in modal
logic, studying the modal u-calculus over GL is a promising work. This has been
done by van Benthem in [vBe06] and Visser in [Vis05]. Both authors establish, by
using the de Jongh, Sambin fixpoint theorem, that the modal p-calculus over GL
collapses to its modal fragment. But since they use the already known fixpoint
theorem in order to establish this collapse in [vBe06] van Benthem writes:

“Our ... analysis does not explain why provability fixed-points are
explicitly definable in the modal base language. Indeed, the general rea-
son seems unknown.”

In this paper we answer this question. More precisely, we prove the collapse of
the modal p-calculus over GL without using the de Jongh, Sambin Theorem by
showing that fixpoints are reached after two iterations of well-named fixpoint
formulae.

Fixpoint theorems in GL hold also for modal formulae where the variable
appears guarded but not necessarily positively and, from this point of view,
this first result is not completely satisfactory since modal p-calculus allows fix-
point constructors only for syntactically positive formulae. Therefore, we also
introduce the modal p™~-calculus which allows fixpoint constructors for formu-
lae where the fixpoint variable appears guarded. As can be done also for the
standard p-calculus we define the semantics by way of games, in this case only
over transitive and upward well-founded transition systems and, by using game-
theoretical, we show that the modal p™~-calculus collapses to the modal fragment
by providing an explicit syntactical translation of the modal ©™~-calculus into GL
which preserves logical equivalence. As a corollary of the collapse, we obtain a
new version of the de Jongh, Sambin Fixpoint Theorem with a simple algorithm
which shows how the fixpoint can be computed. In this sense we give an answer
to a generalisation of van Benthem’s question. Summing up, the modal p™~-
calculus allows us to apply techniques similar as those known from the standard
p-calculus to GL and could be regarded as a starting point for further studies in
this direction.

Both the collapse of the modal p-calculus over GL and the one of the p™-
calculus over the same class of models are proved by using techniques and results
from [AFoo].



In the next section we repeat the preliminaries and some results which are
already known. In Section 3 we analyse the modal p-calculus over GL and show
that it collapses to the modal fragment. In the last section we introduce the
modal p~-calculus and show a collapse to the modal fragment. The result is
then used to provide a new proof of the uniqueness theorem of Bernardi, de
Jongh and Sambin and of the existence theorem of de Jongh, Sambin. For the
last one we also give a simple algorithm which shows how the fixpoint can be
computed.

2 Preliminaries

2.1 Godel-Lob Logic GL

We start from an infinite countable set Prop of propositional variables. Then the
collection LgL of GL-formulae is given by:

eu=p| ~p|TIL] (@A) ]| (Ve Op]|DOp

where p € Prop. If all propositional variables occurring in ¢ are in P C Prop,
we write ¢ € L (P). If ¢ is a subformula of ¢, we write ¥ < . We write
1 < ¢ when v is a proper subformula. sub(¢) is the set of all subformulae of ¢.
The formula —¢ is defined by using de Morgan dualities for boolean connectives
and the modal dualities for ¢ and [J and the law of double negation. As usual,
we introduce implication ¢ — 9 as —p V ¢ and equivalence ¢ « 1) as (¢ —
Y) A (p — 1). We say that p € Prop is guarded in ¢ if p < ¢ and all occurrences
of p are in the scope of a modal operator.

The axioms and inference rules below give a deduction system for GL. As
usual we write GL F ¢ if there is a derivation of ¢ in the system presented
below.

Axioms: All classical propositional tautologies, the Distribution Axziom from
modal logic

(O(a — ) ATa) — 08

and the Lob Aziom
00« — «) — Oa.

Inference Rules: Beside the classical Modus Ponens

a a—pf
B

we have the Necessitation Rule o

Oa’
As for all modal logics the semantics of GL is given by transition systems.
A transition system T is of the form (S,—7,\7) where S is a set of states,
—7 is a binary relation on S called the accessibility relation and X : Prop —

©(S) is a wvaluation for all propositional variables. A transition system 7 with a



distinguished state s is called a pointed transition system and denoted by (7, s).
T denotes the class of all pointed transition systems. The accessibility relation
is called upward well-founded if there is no infinite chain of the form

SQ_7T81 —>TSQ—>....
By T"* we denote the subclass of pointed transition systems such that the
accessibility relation is transitive and upward well-founded.
Given a transition system 7, the denotation of ¢ in T, ||¢||r, that is, the
set of states satisfying a formula ¢ is defined inductively on the structure of ¢.
For all transition systems we set

= lpllz = A(p) and || ~pllz =S\ A(p) for all p € Prop,
laABllT = llellz N[BT,

= [laVvBllr = llallr U8,

I0allr ={s€S | Vt((s =T t) =t € |lallr)}, and
[0allr = {s€S | 3t((s =7 t) At e |afr)}.

We say that a pointed transition system (7, s) is a model of a GL-formula if and
only if s € ||¢|7. If all pointed transition systems (7,s) € T" are a model of
© then we write GL = . A proof of the next theorem can be found in [Boo93].

Theorem 1. For all GL-formulae ¢ we have that

GLF ¢ if and only if GL = .

2.2 The modal p-calculus

The language of the modal p-calculus results by adding greatest and least fixpoint
operators to propositional modal logic. More precisely, given an infinite countable
set Prop of propositional variables, the collection £, of modal p-formulae (or
simply p-formulae) is defined as follows:

pu=p| ~p|T|L](A@) | (V)| Op|Op| pzp|vee

where p, 2 € Prop and x occurs only positively in nz. (n € {v, u}), that is, ~z
is not a subformula of ¢.

The fixpoint operators p and v can syntactically be viewed as quantifiers.
Therefore we use the standard terminology and notations as for quantifiers and,
for instance, free(y) denotes the set of all propositional variables occurring free
in ¢ and bound(y) those occurring bound. Further, we define var(y) = free(y) U
bound(yp). If 9 is a subformula of ¢, we write ¢ < . We write ¢ < ¢ when
¥ is a proper subformula. sub(y) is the set of all subformulae of ¢. We write
¢ € L£,,(P) if it holds that free(¢) C P, with P C Prop.

The negation —p of a u-formula ¢ is defined inductively as for GL-formulae
and, further, for x4 and v we use

—px.p(x) = ve—p(x)x/—z] and —wz.p(x) = px.op(z)x/—x].



Given a p-formula ¢, for all sets of bound variables X C bound(¢y), the formula
©fee(X) is obtained from ¢ by eliminating all fixpoint operators binding a variable
x € X but leaving the previously bound variables x as a free occurrences. When
X = bound(y), sometimes we simply write ¢fee.

Let ¢ € £,(P). An alternating pi-chain in ¢ of length k is a sequence

© > pxoabo > vr1apy > -0 > p/vp_1.0p_1

where for every ¢ < k — 1 the variable z; is free in every 1 such that ¢; >
1 > 1;+1. The maximum length of an alternating p-chain in ¢ is denoted by
max* (). v-chains and max” () are defined analogously. The alternation depth
of a p-formula ¢, denoted by ad(yp), is the maximum of max*(p) and max”(y).
If ¢ is a purely modal formula, we set ad(¢) = 0.

The axioms and inference rules below define the deduction system Koz. As
usual we write Koz F ¢ if there is a derivation of ¢ in the system presented
below.

Axioms: All classical propositional tautologies and the Distribution Aziom
from modal logic and the fixpoint azioms

nz.p(x) < pmr.p(x)), ne€{p,v}.

Inference Rules: Beside the classical Modus Ponens and the Necessitation Rule
we have the Induction Rule
@ — afz/y]
Y —vr.a
It can be shown that the fixpoint axioms can be replaced by the following weaker
axioms:

vap(e) — plvap(e) and prp() — pluz.p()).

We say that a variable & € bound(y) is well-bound in ¢ if no two distinct
occurrences of fixpoint operators in ¢ bind z, and x occurs only once in p. A
propositional variable p is guarded in a formula ¢ € L, if every occurrence of p in
 is in the scope of a modal operator. A formula ¢ of £, is said to be well-named
if every = € bound(yp) is guarded and well-bounded in ¢. For all well-named ¢,
if z is bound in ¢ then there is exactly one subformula occurrence nz.d < ¢
which bounds z, this formula is denoted by ¢,. In Lemma 4 we will see that any
p-formula ¢ is equivalent to a well-named formula wn(yp), therefore, if nothing
else mentioned, we assume that all formulae are well-named.

Let ¢(x) be a p-formula. If x is free and occurs only positively in ¢, then we
define " () for all n inductively such that ¢! (x) = ¢(z) and such that

P (@) = plz/¢" ()],

©"(T) and ¢™(L) are obtained by substituting = with T or L respectively.
The rank, rank(p), of a formula ¢ is an ordinal number defined inductively
as follows:

— rank(p) = rank(~p) =1



— rank(A «) = rank(a) + 1 where A€ {{J, 0}
— rank(a o 3) = max{rank(«), rank(3)} + 1 where o € {A,V}
— rank(nz.a) = sup{rank(a™(z)) + 1 ; n € N} where n € {v, u}.

In the joint work with Krahenbiihl [AKoo] (see also [Alboo]) one of the authors
shows that the algorithm for rank terminates. Further, it is an easy exercise to
show that for all formulae ¢ we have that rank(¢) = rank(—¢). The next lemma
shows that well-naming iterated formulae which are already well-named does
not affect the rank.

Lemma 2 For all well-named formulae ¢ such that x appears only positively
and all n € N we have that

rank(¢"(T)) = rank(wn(™(T))).
Similarly for L.

Proof. The result follows from the fact that since ¢ is well-named the equivalent
well-named formula is given by simply renaming bound variables in ¢™(L). This
can be verified by showing by induction on n that there are no free occurrences
of a variable x in ¢™(T) which becomes bound in ¢(p™(T)). 4

As for GL the semantics of modal p-calculus is given by transition systems.
In order to define the denotation to fixpoint formulae let A be a valuation, p a
propositional variable and S’ a subset of states S; we set for all propositional
variables p’
s ifp =np,
A(p') otherwise.

Ap = S'(') = {

Given a transition system 7 = (S,—7,A7), then T [p — S'] denotes the tran-
sition system (S, —7, A7 [p — S']). Given a transition system 7, the denotation
of ¢ in T, ||l¢||r, that is, the set of states satisfying a formula ¢ is defined

inductively on the structure of ¢ as it was for GL and, in addition we set

= lvz.allr =U{S" €S | § C ||la(z)|rjz—s1}, and
— Juzallr = S €S | lla@liriesy € 5'F

For a formula ¢(x) and set of states S’ C S we sometimes write ||¢(S')||7 instead
of ||o(z)||7{z—s1- When clear from the context we use ||¢(z)||7 for the function

N CORED
el {S’ — Il

By the Tarski-Knaster Theorem, c.f. [Tar55], |vz.a(z)| 7 is the greatest fixpoint
and ||pz.a(x)||r the least fixpoint of the operator ||a(x)||z. Also for the modal
p-calculus we have a completeness theorem, due to Walukiewicz.

Theorem 3 ([Wal00]). For all pu-formulae ¢ we have that
E v if and only if Kozt .



The next lemma states some basic properties of denotations.

Lemma 4 For all transition systems T = (S,—7,\T) and all formulae ¢ we
have that

- l=ellr =S\ llellr,

- Nnzany-e(e,y)llr = [nep(z,z)|7, where n € {p, v},

. Nvz.p(@)|lr = lle(T)ll7, if  is not guarded,

Npzp@)llr = lle(Lllr, if © is not guarded.

There is a well-named formula wn(yp) such that ||¢||7 = |[wn(p)]|| 7.

Grds WL~

Proof. Part 1 to part 4 are classical properties of the modal p-calculus. Part 5
is a straightforward consequence of parts 2 to 4. —

From now on, we assume that wn is a function associating to every formula ¢
a well-named formula wn(p) and by £} we denote the set of all well-named
p-formulae.

2.3 Embedding GL into the modal p-calculus

In this subsection we define an embedding ¢ from GL into the modal p-calculus.
First, we define the function ()* : LeL(P) — L, (P) recursively on the structure
of the formula such that

Qa)* = px.O(z Vv (a)*).
The embedding ¢ : Lg (P) — £, (P) is now defined as

t(p) = pa.0z — ()"
The following theorem is due to van Benthem [vBe06]. It shows that GL which
semantically lives on transitive and upward well-founded transition systems can
be translated into the modal p-calculus over arbitrary transition systems. For
the first equivalence van Benthem provides a syntactical proof without using
completeness results.

Theorem 5 ([vBe06]). For all formulae ¢ € Lo we have that

(GLE¢ & Kozbi(p)) and (FeLp <« i)

2.4 Parity games

Let V be a set. By V* we denote the set of finite sequences on V, and by VT
we denote the set of nonempty sequences. Finally, by V¥ we denote the set of
infinite sequences over V.



A game G is defined in terms of an arena A and a winning condition W. In our
case an arena is simply a bi-partite graph A = (Vy, V1, E), where VoNV; = () and
the edge relation, or set of moves, is E C (Vo UVy) x (Vo UVL). Let V=V1UV;
be the set of vertices, or positions, of the arena. Given two vertices a,b € V,
we say that b is a successor of a, if (a,b) € E. The set of all successors of a is
sometimes denoted by aF or E(a). We say that b is reachable from « if there are
ai,...,a, €V such that a; = a, a, = b and for every 0 < i <n, a;+1 € a; F.

A play in the arena A can be finite or infinite. In the former case, the play
is a non empty finite path 7 = a1 ...a, € V7 such that for every 0 < i < n,
a;+1 € a;F and a,E = (). In the last case, the play consists in an infinite path
T=ay...an - € V¥ with a;41 € a;F for every ¢ > 0. Thus a finite or infinite
play in a game can be seen as the trace of a token moved on the arena by two
Players, Player 0 and Player 1, in such a way that if the token is in position
a € V;, then Player ¢ has to choose a successor of a where to move the token.

The set of winning conditions W is a subset of V. Thus, given a game
G = (A, W) a play 7 is winning for Player 0 iff

1. if 7 is finite, then the last position a, of the play is in Vi,
2. if 7 is infinite, then it must be a member of W.

A play is winning for Player 1 if it is not winning for Player 0. In this framework
we are interested in what is called a parity winning condition. That is, given a
set of vertices V', we assume a colouring or ranking function 2 : V — w such
that 2[V] is bounded. Then, the set W of winning conditions is defined as the
set of all infinite sequences m such that the greatest priority appearing infinitely
often in £2(r) is even.

Let A be an arena. A strategy for Player ¢ is simply a function o; : V*V; — V|
with ¢ = 0,1. A prefix a; ...a, of a play is said to be compatible or consistent
with o, iff for every j with 1 < j < n and a; € V;, it holds that o;(a1...q;) =
aj+1. A finite or infinite play is compatible or consistent with o; if each of its
prefixes which is in V*V; is compatible with ¢;. The strategy o; is said to be a
winning strategy for Player i on W if every play consistent with ¢; is winning
for Player i. A position a € V is winning for Player i in the parity game G iff
there is a strategy o for Player ¢ such that every play compatible with o which
starts from a is winning for Player i. A winning strategy o is called memoryless if
o(ay...an) =0o(by...b,), when a,, = b,,. For parity games we have a memoryless
determinacy result.

Theorem 6 ([EJ91,Mos91]) In a parity game, one of the Players has a mem-
oryless winning strategy from each vertex.

Having in mind this theorem, in the sequel we assume that all winning strategies
are memoryless, that is, a winning strategy in a parity games for Player 0 is a
function o : Vj — V, analogously for Player 1.



2.5 Evaluation games for the modal p-calculus

In this subsection we will see, given ¢ € £, and a pointed transition system
(T, s0) with 7 = (S, —7, A7), how to determine the corresponding parity game
E(p, (T, s0)), called also the evaluation game of ¢ over (T, sg).

The arena of £(yp, (T, sg)) is the triple (Vp, V4, E) which is defined recursively
such that

<S07 SO> ev

(remember that V' = VU V7) and such that if (1), s) € V then we distinguish
the following cases:

— If ¢p = (~)p and p € free(p). In this case we set E(¢, s) = ) and

seX(y) if=p

o) € V2 I { EAT(Y) i =~p.

— If ¢y = z and z € bound(y). Given (p;,s) € V, in this case we set

(¢, 8), (¢par8)) € E

and we have
(1, s) € V iff z is a p-variable.

— If » = a A 8. In this case we have (¢, s) € V; and
(¢, ), (@, 5)) € E and ((¢,5), (0,5)) € E
— If ¢ = @V B. In this case we have (1, s) € V; and
(¢, 8), (@, 5)) € E and ((¢, ), (0,5)) € E
— If ¢ = Oa. In this case we have (¢, s) € V5 and
((),8), {a, 8')) € E for all s such that s —7 s
— If ¢ = QOa. In this case we have (¢, s) € Vj and
(¥, 5), (o, ")) € E for all s such that s —7 &'
— If ¢ = vz.a. In this case we have (¢, s) € V5 and
(¢, ), (@, 5)) € E.
— If ¢y = pa.«. In this case we have (1, s) € V) and

(1, s), (o, s)) € E.
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We complete the definition of the parity game E(¢, (7, so)) by defining the par-
tial priority function {2 : V' — w. The function is only defined on states of the
form (nz.0,s) € V, where n € {u,v}. In this case we have that:

ad(nx.d) if n = p and ad(nx.d) is odd, or
n = v and ad(nz.J) is even;

ad(nx.6) — 1 if n = p and ad(nz.d) is even, or
n = v and ad(nz.J) is odd.

2, s)) =

Remember that if the play 7 is finite, Player 0 wins iff the last vertex of the
play belongs to Vi, and if the play 7 is infinite, Player 0 wins iff the greatest
priority appearing infinitely often is even.

Theorem 7 ([ES89]) (7,s) € ||l iff Player 0 has a winning strategy for
E(p,(T,5)).

This result can be seen as the “game-theoretical version” of what is usually
called the Fundamental Theorem of the semantic of the modal u-calculus.

The next lemma verifies that over upward well-founded transition systems,
least fixpoints and greatest fixpoints coincide.

Lemma 8 Let T be an upward well-founded transition system. Then, for every
o(x) € L, such that x is guarded and positive it holds that

uz.p(@)|l7 = [[ve.p(z)| T

Proof. Note, that in an evaluation game there are no infinite regeneration of x
since then we would have an infinite chain of the form

So —>Tsl —>T S2....
Therefore, a winning play for vx.p is also a winning play for px.¢. With Theorem
7 we get the result. -

3 The modal p-calculus over GL

In this section we show that the expressivity of the modal p-calculus over GL,
that is, over transitive and upward well-founded transition systems, is the same
as the one of the modal base language. In this sense we answer to van Benthem’s
question cited in the introduction.

In [AFoo] the authors showed that over transitive transition systems every
p-formula is equivalent to a u-formula without alternation of fixpoint operators.
Moreover, they showed that under certain conditions a fixpoint operator can be
eliminated by regenerating the formula:

Theorem 9 ([AFoo]) Let T be a transitive transition system, and let o(x) be
a well-named p-formula such that x € free(p) and occurs only once. Then
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1. If x is in the scope of a O in va.p(x) then

lve.p(@)llr = le*(T)lz-

2. If x is in the scope of a O in px.p(x) then

lpz.p(@)llr = ll¢*(L)ll7.

Definition 1. The translation 7 : L}"(P) — LeL(P) is defined recursively on
the rank of the formula such that 7((~)p) = (~)p, such that T distributes over
boolean and modal connectives and such that for all n € {p, v} we have

r(nz.o) = 7(wn(¢*(T))) = is in the scope of a O in ¢,
(nz.p) {T(Wn(in(J_))) else.

Obuviously, by first well-naming a formula and then applying T we get a transla-
tion from L, (P) to LeL(P).

Given the fact that over well-founded transition systems greatest and least fix-
point coincide, this result gives us the collapse of the modal p-calculus over GL
into its modal fragment.

Theorem 10. On transitive and upward well-founded transition systems we
have that the following holds for every ¢ € L,,:

el = l[r(wn(@))l7-

Proof. By Lemma 4 we can assume that ¢ is well-named. The proof is by in-
duction on rank(y). The base case and the case where rank(p) is a successor
ordinal are straightforward. If rank(p) is a limit ordinal then ¢ is of the form
nr.a (n € {u,v}). Assume that ¢ is of the form vz.p. If x is in the scope of a
O in ¢ then the induction step follows from Theorem 9.1. Else, x is only in the
scope of some ¢ in . In this case by Lemma 8 we have that

lve-ellr = [luepllr

and by applying Theorem 9.2 we get the induction step. The case where ¢ is of
the form px.¢ is shown by analogous arguments. -

4 The modal pu~-calculus

In this section we introduce a new language, called the modal ™~ -calculus, which,
in some sense, can be seen as an extension of the guarded fragment of the modal
p-calculus. The main novelty is that we allow the p-operator to bind negative
(and guarded) occurrences of propositional variables. Therefore, the modal p™-
calculus allows us to refer explicitly, that is, in a p-calculus style, to fixpoints of
guarded formulae. For example, the fixpoint of the “equation” p <> a(p) where
a(x) is a guarded formula can be directly denoted as px.a(z). As it can be



12

done for the modal p-calculus the semantics of the modal p™~-calculus is defined
by way of games over transitive and upward well-founded transition systems.
We provide an explicit syntactical translation of the modal p™~-calculus into GL
which preserves logical equivalence. As a corollary of the collapse, we obtain a
new version of the de Jongh, Sambin Fixpoint Theorem. The modal p™~-calculus
could be seen as a starting point for the application of tools of the standard
p-calculus, as for example games, to GL.

4.1 Basic notions and results

The language of the modal p1~-calculus, L£,~, is almost the same as the one for
the modal p-calculus with the only difference that we allow fixpoint constructors
also when the bound variable is appearing negatively, that is, modal p™ -formulae
(or simply p~-formulae) are defined as follows:

pu=p| ~p|TIL]I(@A@) | (V)] Op|Op | pz.p

where p,x € Prop and where x appears guarded in ¢. All syntactical notions,
such as £~ (P), bound variable, rank of a formula, ¢, @free(X) etc., are defined
as for the modal p-calculus. Without loss of generality, we always suppose that
bound(p) N free(y) = 0.

We say that a p™~-formula ¢ is in normal form if bound(p) Nfree(y) = 0 and
if for all subformulae of ¢ of the form pz.uy.ao we have that

— « is not of the form pz.3, and
— x occurs only negatively in a and y has only positive occurrences in «.

For the substitution, if z € free(y), then ¢[z/v] is given by substituting
—) to every negative occurrence ~ x and by substituting ¢ to every positive
occurrence x. As for the modal u-calculus negation is defined by using de Morgan
laws and the duality of (0 and ¢, in addition we set

—pz.a = prooar/-a).

The last equivalence can be rather surprising at a first look. It is motivated by
the fact that the modal p™~-calculus will be interpreted over upward well-founded
models, where least and greatest fixpoint coincide.

Note that, for every y € bound(ux.a), y is negative in pz.a if and only if y
is negative in —px.a.

The semantics for the modal p~-calculus over GL is given by evaluation
games on pointed upward well-founded and transitive transition systems. These
evaluation games are similar to the ones for the modal p-calculus. Let ¢ € £~
and (T,s) € TV,

— First we construct recursively the two arenas (V" V", ET) from ¢ and
(7,s) and (Vy ,V; ,E™) from —¢ and (7,s) as it is done for the modal
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p-calculus, then, for each vertex of the form (~x,t) which was generated in
the recursion defining the arena (V;", V;", ET) we add the condition

(~a,t) € Vo and ET((~a,t) =0,

and if it was generated in the recursion defining the arena (V; ,V, , E~) we
set
(~a,t) € Vg and E™ ((~z,t)) = 0.

— Then the arena of £(y, (T, s)) is the triple (Vo, V1, E) defined by taking the
disjoint union of the two arenas, with the following modification:
e For every vertex of the form (~z,t) where x € bound(y) we set

Bl 2.8)) = {{m,w} CVT i (at) €V
{{pz,t)} CVT if (~x,ty € V.
Since we are on upward well-founded models and that all regenerated variables
are guarded, all plays are finite. Therefore, we have that Player 0 wins if and
only if the last vertex of the play belongs to Player 1. Since therefore we do not
have to care about priorities the definition of evaluation game for p™~-formulae
is admissible and well-defined?.
We say that a pointed upward well-founded transitive transition system (7, s)

is a model of a p~-formula if and only if Player 0 has a winning strategy in
E(p,(T,s)). Further, we define

lellyY ={s€S | (T,s) is a model of ©}.

By ||¢[]”Y we denote the class of all upward well-founded and transitive models
of ¢, that is, all pointed transition systems (7, s), transitive and upward well-
founded, such that s € |¢||"V.

Ezxample 1. Consider the formula puz.( ~z. This formula says that Player 0 can
always force the number of the states visited in a play to be even. Because the
considered models are transitive, this implies that the formula says that the root
of the models has at least one accessible state.

The next lemma states some basic properties of denotation.

Lemma 11 For all transition systems T = (S,—7,\T) and all p~-formulae
uz.o we have that

1. |p.py-o(x, y) |17 = llpz.o(z, )| %,

2. |y .. pan @l = [|pxp) - - - pp-2lIYY , where p is any permutation over
{1,...,n},

4 Note that on non well-founded models a play can be infinite. Thus, since in this
kind of plays it is possible that Player 0 and Player 1 “switch” their roles infinitely
often, it is not clear how to extend our game-theoretical approach also to non well-
founded models by adding a natural and uniform (parity) winning conditions for
infinite plays.
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3. There is a well-named formula wn(p) such that |¢[|%¥ = |lwn(p)||%,
4. There is a formula nf(p) in normal form such that ||¢||7 = ||nf(o)|T-

Proof. Part 1 is by definition of the evaluation game for the modal u™~-calculus.
Part 2 is proved by an easy induction on the length of the prefix. Part 3 is a
straightforward consequence of part 1. Part 4 is a straightforward consequence
of part 1 and part 2. B

The next lemma shows that over upward well-founded models, the positively
bounded fragment of the modal ™~-calculus coincides with the guarded fragment
of the standard modal p-calculus.

Lemma 12 Let ¢ € L, N Ly~. Then for every upward-well founded model T

lell? = llelir.

Proof. This follows by applying Theorem 7 to the fact that, for every ¢ € £, N
L,~, the evaluation games for £,~ and the evaluation games for the u-calculus
coincide over upward well-founded models. B

The next lemma shows that negation behaves as expected.

Lemma 13 Let ¢ be a p~-formula and T = (S,—7,\T) an upward well-
founded transition system. We have that

I=ell? =S\ llell7-

Proof. Consider the evaluation game E(ip, (7, s)) where Player 0 starts to play as
Player 1 and vice versa. Clearly Player 0 (resp. Player 1) has a winning strategy
in this modified game iff she has a winning strategy in (-, (7, s)). From this
fact we get the claim.

The next lemma shows that in the modal p™~-calculus formulae of the form px.
indeed define a fixpoint.

Lemma 14 For every ux.o € L,~ and every upward well-founded transition
system T it holds that

luz.oll Y = llelz/uz.o]|I 7 -

Proof. This result follows straightforwardly by definition of the evaluation game
for the modal p™-calculus. -

4.2 The unicity of fixpoints

Let 7 be a upward well-founded and transitive transition system and ¢ a pu™-
formula. Consider an arbitrary (memoryless) strategy o for Player 0, not nec-
essarily winning. We define the restriction of E(p,(7,s0)) on o, denoted by
Elo(p, (T, s0)), as follows:
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— The set of positions V|, of the restriction is given by all nodes which are the
positions of some play compatible with o starting from position (¢, so),
— The arena of &|,(p, (7, so)) is the triple (Vo|s, Vilo, E|s) where:
1. V0|o- - @,
2. Vilo = V|o,
3. if (¢, s) € V|, N Vi then E|,((¢,s)) = E({¢y, s)), and
4. if (1, s) € V|, NV then E|,({(v,s)) = {a({¥, s))}.

We have that in €|, (¢, (7, so)) the only Player who can move is Player 1. This
can be done because the moves for Player 0 are already completely determined
by the (memoryless) strategy o. Clearly, any play in £|,(p, (7, s0)) is a play in
E(p, (T, s0)) compatible with o. We say that a play 7 in €|, (p, (T, sp)) is winning
for Player 0 if and only if the play 7 is winning for Player 0 in E(y, (7, s0)). If
o is a winning strategy for Player 0 then any play in &£|, (¢, (7, 0)) is winning
for Player 0.

Definition 2. Let 7 be a upward well-founded transitive transition system, @
a p~-formula and o any strategy for Player 0 in the parity game E(p, (T, so)).
Then, for every position (1, s) of E|,(¢, (T, s0)), we define a measure d({1,s)):

0 if Elo((¥,s)) =10
sup{d({¢),s")) +1: (¢, s") € E|,({(¢,8))} otherwise.

Note that, since 7 is upward well-founded, there cannot be an infinite chain of
the form (ag, a1, ag, . ..) such that for every ¢ > 0, {(a;, ai+1) € E|,. Therefore for
all evaluation games £(y, (7, so)) and all vertices (1, v) in the arena d({1, v)) is
a well-defined ordinal number, such that if a vertex (o, v’) is reachable from a
vertex (0, v”) then we have that d({a,v")) < d({8,v")).

The next theorem shows that a fixpoint formula pyz.a(z) in the modal p™-
calculus defines a fixpoint, as proved in Lemma 14, and that any other fixpoint
of a formula a(x) is identical to pxz.«(z). In this sense it is an existence and
uniqueness theorem, and it is the central result of the section.

d((¢, s)) = {

Theorem 15 Let p(x) € L,~ and x € free(p) a guarded variable. Let T be a
upward well-founded transitive transition system. Then, for every A C S we have

lp(AIY = A if and only if A = ||pa-p(x)|7.

Proof. The implication from right to left follows from Lemma 14. In order to
prove the implication from left to right, suppose [|¢(A)||?Y = A. From the def-
inition of evaluation game we straightforwardly can derive the inclusion A C
| ux.o(x)||%Y. For the other inclusion, suppose that s € ||uz.p(z)||%Y. We have
that Player 0 has a winning strategy o in £(ux.@, (7, s)). Consider the restricted
evaluation game &|, (pz., (7, s)). For each vertex (a,v) in &|, (pz., (7, s)), we
have that d({«,v)) is a well-defined measure. Clearly, with the following claim
we finish the proof.

Claim: For all vertices of the form («,s’) in &|,(ux.@,(7,s)) if a = px.p
then s’ € A, and, if & = px.—¢ then s ¢ A.
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The proof of the claim is by induction on d. Since d({ux.¢,s’)) > 0 and
d({pz.—~p,s’)) > 0 the induction base is trivial. For the induction step assume
first that we have a vertex (ux.p,s’) in &|,(pz.@, (7,s)). We distinguish two
cases:

1. If from (px.p,s’) there is no a reachable vertex of the form (uz.p,s”) or
{(px.—p, s") then we have that s’ € [|p(A")||YY for all sets of states A’ and,
therefore, we also have s’ € [|p(A)||¥Y. Since by assumption [|p(A)|}Y = A
we proved the claim.

2. Otherwise we distinguish two subcases given by the first vertex reached which
is of either the form (uz.p,s”) or (uz.—p, s").

(a) If the first vertex reached of such kind is {(ux.¢, s”), then, since we have
that d((ux.@,s’)) > d({uz.p,s"”)), by induction hypothesis we get s’ €
A.

(b) If the first vertex reached of such kind is (uz.—y,s”), then, since we
have that d((uz.@,s’)) > d({uz.—p, s")), by induction hypothesis we get
s’ ¢ A.

Therefore, for each play consistent with o starting from (uz.p, s’) it holds

that if it reaches first a vertex of the form (uz.p, s”) (or equivalently of the

form (x, s”)) we have that s” € A, and, if it reaches first a vertex of the form

(ux.—p,s") (or equivalently of the form (~z,s”)) we have that s” ¢ A. But

it can easily be seen that this implies s’ € ||¢(A)|YY. Since by assumption

lo(A)]|YY C A we finish the induction step for the case a = uz.¢(z).

The induction step for a vertex of the form (uz.—yp,s’) is verified in the same
way by using the fact that by Lemma 13 we have that |[—~p(A)[[%Y = S\ [|p(A)]%Y
and, therefore, by assumption that [|[—~p(A)||}Y = S\ A.

_|

Corollary 1. Let ¢ and ¥ be two u~-formulae. If for all upward well-founded
transitive transition system T we have that |||} = ||@||¥ then for all variables
x and all T we have that
lpa 7 = llna-ol 7

Proof. By the “if” direction of Theorem 15 we have that

|zl = ||¢||7Vy[wH|\M.¢H;V]
and with the premise of the corollary we get

|zl = ||<P||;V[1H||W.w||,vrv]-

Applying the “only if” direction of Theorem 15 we obtain that

x| = |luz.ol 7.
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The next theorem provides a new proof of Bernardi, de Jongh, Sambin The-
orem (c.f. Chapter 8 in [Boo93] or [Smo85]) using our results on the modal
u~-calculus.

Theorem 16. Let o(z) € L, where x is guarded. We have that

GLED(p = ¢(p)) AN (g = () = (p < q)
where %@ := Op A @.
Proof. By Theorem 5 it is enough to show that for all p(x) € Lg it holds that

F pr.Oz — (O°) (P < ¢p) A (E°) (g < »(q) — (p < q)"

And this can be shown by showing for all p(z) € L that we have

FpeOr — (p < o(p) Aq < (q) ANO (g < ¢(q)) ANO"(q < ¢(q) — (p < q))
(1)
where (0*y = vz.0(z A 7).
Assume, that we have

s € [lpr.OzAp < o) Ag < (g NO (g < ¢(q) AT (g < ¢(q))|IT

Then, (7,s) is well-founded and we have for s and for all reachable states s’
from s that ¢ < ¢(q) and p < @(p). Therefore, if we assume that 7 consists
of s and all reachable states from s, which is an admissible assumption, we get
that we have

AT () = e @)Y and AT(q) = (AT ()17

By Theorem 15 we get that

A (p) = |pz.o@)|? and A (q) = [|uz.o(z)|.

and therefore we obtain that

s€|p<qlT.

We have shown Equation 1 and finished the proof. -

4.3 Collapsing the modal p™~-calculus

In this subsection we provide an explicit syntactical translation of the modal u-
calculus into GL which preserves logical equivalence. As a corollary, we obtain a
new proof of the de Jongh, Sambin Fixpoint Theorem which provides an explicit
construction of the fixpoint formula based on the syntactical translation defining
the collapse.

First of all, remember that, by Lemma 11.4, we can suppose that every p™-
formula is in normal form.
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Lemma 17 Let a(x) be a modal formula such that x appears only negatively
and guarded. Then, for every T € T/ we have that

lpa(alz/a@)Y = [lpz.a@)| 7.

Proof. Let A be ||uz.a(z)|Y. By the “if” direction of Theorem 15 we have that
la(A)[|}Y = A. We can iterate this equivalence twice and get

lafz/a(A]7 = A.
Applying the “only if” direction of Theorem 15 gives us

lpz.((afz/a@)]F = A
and therefore the proof of this lemma. -

Note that, if € bound(ux.«) appears only negatively, then 2 occurs only posi-
tively in px.(afz/a(z)]).

Everything is now set up in order to prove that the modal p™~-calculus over
GL collapses to its modal fragment.

Definition 3. The syntactical translation T : L,~ — Lo uses the translation
T from L, to LoL of Definition 1. It is defined recursively as follows:

= Z(p) = p and I(~p) =~p.

~ () =1L and I(T) = T.

— I(ao B) =I(a) o Z(B), where o € {A,V}.

— I(a B) =AZ(B), where Ae {TJ,0}.

— Assume that nf(px.Z(a(x))) is of the form pz.py.6(z,y). We set

T(pa.a) = T(wn(pz.5(:))),
where B(z) = r(wn(py.a(z,y))) [/~ (wn(uy.6(z, 1)))])-
Lemma 18 The translation T is well-defined and, moreover, if
¢ € L~ (P) then I(p) € Lo (P).

Proof. By induction on the structure of the formula. The only critical case is
when ¢ = px.a. By induction hypothesis, Z(«(z)) € L. Therefore a(y, z) €
LL. By definition of normal form, z occurs only negatively and y occurs only pos-
itively in pz.puy.é(y, z). Thus, py.é(y, z) € L£,,. This implies that wn(py.G(y, 2))
is well-defined and by Theorem 10 that 7(wn(uy.é(y, z))) € L. Note that y
occurs only positively in &(y, z) and wn(uy.&(y, z)) is given by duplicating and
renaming y. Therefore, it follows that z occurs only positively in

T(wn(py.a(z,)))[z/m(wn(py.a(z,9)))])-

This implies that pz.8(z) € £, and therefore that wn(uz.6(2)) is well-defined.
Thence by Theorem 10 we have that 7(wn(pz.6(z))) € LeL.
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Theorem 19 Let ¢ € L,~. On upward well-founded and transitive transition
systems T we have that

lell? = 1IZ()I17 -

Proof. The proof goes by induction on rank(y). If rank(p) = 1 or rank(yp) is
a successor ordinal the induction step is straightforward. If rank(y) is a limit
ordinal then ¢ is of the form pz.«. In this case by Lemma 11 we have that

2 I = ||pz.py.6(z,9) |7 -

Since by induction hypothesis we have that ||Z(a)||%Y = |||/}, with Corollary 1
we get that
lpaZ()|7 = |uz.all ¥

and therefore that
pz.alf = |lpzpy.alzy)l7 - (2)
Since by Lemma 18 and by construction of normal forms, & is a modal formula

we have that uy.& € £,. With Theorem 10 and Lemma 11 we get that for all
upward well-founded and transitive 7 we have that

lpy-all? = lIm(wn(uy.c))|17 -

By Corollary 1 it holds that

lpzpy-all P = [|pz.7(wn(uy.a))|[ ¥

and with Equation 2 that

lpz.al P = ||uz.7(wn(py.a))l|7 - (3)
Remember that y occurs only positively and z only negatively in &. Moreover
wn(uy.&(y, 2)) is obtained by multiplying and renaming y. Therefore, since z ap-
pears only negatively in uy.a(y, z) it appears only negatively in wn(py.é(y, 2)),
too. Now, note that by definition of 7 we are “regenerating” the formula only
on positive occurrences and, therefore, we have that z appears only negatively
in 7(py.&), too. By Lemma 17 it holds that

ez (r(wn(uy. @) 17 = llpz. (r(wn(py.a))[z/(wn(uy.a))] () 17

With Equation 3 we get

lpa.al 7 = llpz. (r(wn(py.)) =/ T(wn(py.a))] () 7.

By Lemma 11 and Theorem 10 we finish the induction step. -

The last theorem of the paper is a new version of the de Jongh, Sambin Fixpoint
Theorem. Our version provides an explicit construction of the fixpoint formula
based on the definition of Z.



20

Theorem 20. Let ¢(z) € LaL(P), where x is guarded. We have that
GLF Z(pz.p) < o(Z(pz.9)).
Further if ¢ € Lo (P) then we have that I(pxz.) € Lo (P \ {z}).

Proof. The fact that Z(ux.¢) € Lo (P \ {z}) follows from Lemma 18. For the
provable equivalence, we show that GL | Z(uz.¢) < ¢(Z(ux.)). The proof
then follows by Theorem 1. Let 7 € T, We have

s € |Z(pz.p(@))||l7 < s € ||uz.p(z)||¥Y Lemma 12 and Theorem 19,
& s € |lp(pr.p@))||y Lemma 14,
& s € |lp(x)] ;VJCH”W#)”?] Definiton of evaluation game,
S se e Theorem 19,

71
|T[$H|II(W-¢)II¥V]
|T[ ||T] Lemma 12,
Definition of denotation.

o ||Z (u-c0)

N 8
=
8
)

_|

We end with two examples where we apply our translation in order to find a
solution of a modal equation.

Ezample 2. Consider the modal equation x «» =[z. This is the same as
x — O~ (4)

By Theorem 20 the p™~-formula uxz.Q ~ z is the solution of Equation 4. By
definition of Z we have that

I(px.O ~z) = 7(px.0-0 ~z) = 7(px.00z) = 0000T.

Note, that on upward-well-founded transitive transition system 7, it holds that
10000 |17 = | -OL |-

Ezample 3. Consider the modal equation z « (O(x — ¢) — O ~x). This is the
same as
x = O(zA ~q) v O ~zx. (5)

By Theorem 20 the formula Z(ux.Q(zA ~q) VO ~x) is a solution of Equation
5. Let’s trace the construction of the fixpoint given by Definition 3:
We have that
& = O(axn ~q) v~y

and that
T(pa.&) = O((O(LA ~q) VO ~y)A ~q) v O ~y.

The formula 7(pu2.é&) can be simplified by using the following equivalence

[ (p.a)llr = ([0 ~yA ~q) VO ~yll7.
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Now, we calculate §(y) of Definition 3 by using the simplified 7(uz.é&) above and
get,

Bly) = 0@~(0(@ ~yn ~q) VO ~y)A ~q) VOO0 ~yA ~q) VO ~y).
By definition of negation, we get
Bly) = 0@OOy v 9) A Oy)A ~q) vE(O(Oy V q) A Qy).
Note that the following semantical equivalences hold

= [[0O@AQy V q) AOYA ~q)lT = |O(OLA ~q)||7, and
= 10Oy v q) A0yl = [|[OL]7.

Therefore, we get
luy-B)llr = [[0(OLA ~q) VOL|7 = [OEL — ¢) — OL|7.

Since Z(pz.O(zA ~q) VO ~x) = 7(wn(py.B(y))) it follows that the formula
O0(OL — g) — OL is a solution of Equation 5.
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